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Joint back-analysis in mining subsidence 

A.Constantinescu, D. Nguyen Minh & D.Deng 
Laboratoire de Mecanique des Solides (CNRS URA 317, Polytechnique, Mines, Pants et Chaussees) Ecole 
Polytechnique, 9ll28 Palaiseau Cedex, France 

ABSTRACT 
Subsidence due to underground mining excavation is a typical limited data problem. For a preliminary identifi­
cation problem, elastic rockmass and joint behavior is supposed, and a method based on minimization error of 
constitutive law has been used. In this subsidence problem, joints behaviour appear to have a great importance. 
This inverse method is proved to be efficient and with a rapid convergence. Finaly, selection and position of 
measuring points are analysed. 

INTRODUCTION 

One of the damaging effects of underground mining 
is subsidence. In the case of underground mining the 
intensity of the subsidence can reach the order of me­
ters and a surface extension of some square kilometers 
and is thus larger than the effects induced by other un­
derground projects like tunnels or deep caverns. Sub­
sidence affects generally the safety of surface struc­
tures but has also an impact on enviromental issues 
like surface hydrogeology. Its prediction and control 
are therefore an important task of mining engineering. 

A typical problem of long time subsidence related 
to mining, can be encountered in the region of Nord 
Pas de Calais, between France and Belgium. A sur­
face of 150 x 15 km covers an old web of coal mines 
in a region with more than 1.5 milion inhabitants and 
should be continously monitored and managed. In or­
der to predict the behaviour of this zone a series of 
informations should be gathered and processed based 
on using existing models. The difficulty lies on one 
hand on the complexity of the models relating geol­
ogy, hydrology and mechanics and on the other hand 
on the limited amount of measured data. The purpose 
of this work is to show that a series of mechanical in­
formations on the geology of a typical subsidence site 
can be recovered using a back-analysis technique. 

In a previous geomechanical study (Constantinescu 
& Nguyen 1997) of a site with typical geological 
stratification it has been shown that the zone affected 
by plasticity is confined near the old mine galery, 
which conducts to stress concentrations similar with 
those found near cracks. The subsidence in this case 

is mainly driven by the elastic part of the material 
parameters of the layers and the joints in between. 
This has permitted to apply an elastic inversion tech­
nique (Constantinescu 1995) supposing known prop­
erties of the joints and to show that the elastic moduli 
of the layers can be recovered by back analysis from 
the known subsidence displacements at the surface. 
As a large part of the subsidence is directly related to 
the elastic deformation of the joints it is interesting to 
apply the back-analysis technique to the joints. 

In this paper we shall present a complete analysis 
of the system involving the joints. The geological sys­
tem of the layers, presented in figure I, is a simplified 
model of a typical site morphology in the Nord Pas 
de Calais region. In a first part, a direct mechanical 
analysis of the system is performed using a finite ele­
ment model. This analysis shows the influence of the 
behaviour of joints on the subsidence phenomenena. 
In a second part a back analysis is performed in oder 
to recover the material parameters of the joints. As 
a prelimary results we shall only present the case in 
which the rockmass and the joints behave elastically. 

Previous back-analysis techniques used in geotech­
nics for the identification of the material parameters 
such as (Cividini et al. 1981; Gioda & Sakurai 1987; 
Sakurai et al. 1994) have been based on direct min­
imisation technique of a cost functional representing 
the difference between measured and simulated quan­
tities. One of the drawbacks of the employed minimi­
sations was the gradient computation obtained gen­
erally through finite difference and which drew to a 
computational burden. 
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Figure 1: The reference problem of the study 

The back-analysis technique used here is based on 
the minimisation of the error on constitutive law (Bui 
1993; Constantinescu 1995). The error on constitutive 
law is a cost functional, the spatial integration of a 
distributed energy measuring the misfit in the consti­
tutive law. The previous forms of the functional have 
been extended in order to include the joints. Using 
this error functional presents essentially two advan­
tages: the direct spatial localization of the error and 
a simple gradient computation conducting naturaly to 
an alteming direction minimization algorithm. In this 
framework an iteration of the descending algorithm 
is constituted by 2 direct computations and a simple 
algebraic update of the elastic moduli. 

2 THE GEOLOGICAL CONTEXT AND THE 
NUMERICAL MODEL 

The plane strain model shown on figure I. is a simpli­
fied cross-section of a mine from a site near from Va­
lenciennes. Alternation of the lithostatic layers have 
been choosen according to geological information 
provided by the geological laboratory. The rockmass 
was assumed to behave as a Coulomb elastoplastic 
material, with "reasonable" parameters. A series of 
material parameters are presented in figure 2. For the 
behaviour of the joints no data was avaible and as such 
two extreme interface hypothesis have been proposed 
in order to estimate the subsidence: perfectly bonded 
and perfectly smooth interfaces. 

2.1 Perfectly bonded interfaces 

In the case of perefectly bonded interfaces, it can 
be verified by numerical computations that the sub­
sidence of the model remains practically elastic. This 
could be explained by the fact that compressive plas­
tic zones are limited at the two front faces and there­
fore we will see that the propagation of the closure 
of the mine roof is practically transmitted up to the 
surface subsidence. On the roof and on the bottom of 
the mine galery, tensile stresses prevail, but remain in 
a limited zone. This is in accordance with experience 
and site inspection where partial fracturing of the roof 
and the bottom have been reported. It is important to 
remark, that halving the compressive yield limit did 
not induce changes in the subsidence displacement 
(see figure 3.). 

As a consequence of the plastic confinement and 
the negligible influence of plastic properties of the 
global subsidence we will use an elastic approach 
when the joints are perfectly bonded. 

2.2 Perfectly smooth interfaces 

The analysis of the perfectly smooth interface shows 
the importance of the material behavior of the joints. 
The surface settlement, which was 18 cm in the case 
of fully bonded interfaces, increases up to 30 cm 
when one joint above the opening is transformed into 
a smooth interface. An example for the joint corre­
sponding to the schist/marl interface is depicted in 
figure 4. If both the schist/marl and the coal seam I 
schist interface are smooth, the surface displacment 
attains 45 cm (see also figure 4.). This is mainly due 

2



I p[kg/m3] I E[GPa] I v[adim] I C(MPa] I cp[deg) I 
chalk 2000. 2.0 0.2 1.3 30. 
coal 1.2 0.1 0.5 45. 

sandstone 40. 0.15 22. 30. 
tourtia 4. 0.2 0.001 28. 

marl 6. 0.25 5. 3. 
schist 10. 0.25 4.8 58. 

Figure 2: Geotechnical characteristics of the materials 

Tassements en surface. Coupe 1 . 
0 

-0,05 

-
s -0,1 
(/) 

---&---- Essai1 
--a-- Essai1 2 
--<>--- Essai1 3 -0, 15 
--Essai14 

-0,2 
-200 -100 0 100 200 300 400 

X (m) 

Figure 3: Vertical surface displacements from FEM comptutions with elastic and elastoplastic constitutive mod­
els 

to bending of the overlying strata when they are lib­
erated by joint release, inducing large development of 
the yielding tensile zones. 

Therefore tensile strength appears to be a lead­
ing parameter of this problem in oposition to the 
compressive strength which did not influence the be­
haviour. 

In the identification problem presented next, only 
one smooth joint (schist/marl) is considered (see fig­
ure 5). 

3 THE INDENTIFICATION OF THE ELASTIC 
PARAMETERS OF A JOINT 

The identification problem which will be addressed 
next, will be defined within an elastic rockmass and 
joint behavior hypothesis. The problem can be stated 
as follows: 

Can one find out elastic parameters of the 
geological joint from the knowledge of subsidence 

measurements at the surface ? 

It is important to remark that the subsidence mea­
surement is surface displacement and supposes im­
plicitely a free surface. Thus we actually dispose of 
two simultanously known boundary conditions on the 
same boundary. It is the overspecifyied boundary data 
that permits the existence of the solution of this in­
verse problem as it has already been discussed in a 
series of mathematical papers on similar problems. 

More precisely, the answer of the elastic identifi­
cation question is affirmative in the case of isotropic 
elasticity and in some cases of anisotropic elastic­
ity, provided all displacement-force boundary data 
are given. Ikehata (Ikehata 1990) and Nakamura & 
Uhlmann (Nakamura & Uhlmann 1994 ). A numerical 
reconstruction example of a continuous distribution of 
elastic moduli from afinite number of boundary mea­
surements is described in (Constantinescu 1995). 

Regarding the previous treated problem it seems 
that large amount of data are generally needed to re­
cover the unknown coefficients. However, one can re­
mark that the previous results adressed the identifica-
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Figure 4: Vertical surface displacements computed by the FEM for perfectly bonded (AP) and perfectly smooth 
(GP) interfaces between different geological layers 

tion of distributions of elastic moduli. As a large num­
ber of measurements are not available from a practical 
point of view in the subsidence problem we shall bal­
ance these deficiencies stating the following assump­
tions: 

1. linear elasticity, 

2. constant elastic parameters in the joint, 

3. 1 The identification method 

In the following it will be assumed that the behaviour 
of the rock body is governed by the following set of 
equations: 

(I) 

diva-= pgez 

Where u, €, o- denote respectively the displacement 
vector field, the strain and the stress tensor field. C 
is the forth order tensor of the elastic moduli of the 
rockmass. 

The elastic joint r is governed (Goodman 1976) by

o- · n = K[u] (2) 

where n is the unit normal vector field on the joint and
[u] the jump of the displacement field on the joint. K 
is the tensor of elastic moduli of the joint, which will 
be supposed diagonal: 

with kn and ks the normal and tangential elastic pa­
rameters of the joint. 

The following boundary conditions on the surface 
of the rockmass will be used: 

ulsurface =um (3) 

with um representing the subsidence measurements; 
or: 

(7. nlsurface = 0 (4) 

representing the free surface. 
The other faces of the rockmass where supposed 

to be completed blocked and therefore imposed zero 
displacements have been used. 

The identification of K is based on the minimiza­
tion of the error on the constitutive law which in this 
case can be written as: 

over kinematically admissible strain fields, statically 
admissible stress fields and admissible values of K, 
i.e. kn and ks- An alternating direction minimization 
method conducts to the following algorithm: 
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• initialize the elastic parameters of the joint. 

• with given elastic parameters do the following 
computations: 

1. Compute the strain field € from the Dirich­
let Problem defined by: 
Equations ( 1 ), and the boundary conditions 

ulsurface =um (5) 

2. Compute the stress field u from the Neu­
mann Problem defined by: 
Equations (I), (2) and the boundary condi­
tions 

<7. nlsurface = 0 (6)

3. with u and € calculated before update the 
elastic parameters of the joint: 

where n, s denote the normal and tangential compo­
nents of the stress on the joint and the jumps of the 
displacments. 

3.2 Numerical results in the subsidence problem 

The numerical results for the problem presented be­
fore were obtained on a mesh having � 1400 lin­
ear quadratic and joint elements using the FEM ob­
ject oriented language CASTEM 2000 (CEA, France, 
see http: I /www. eastern. org: 8001). A direct elas­
tic computation took a couple of seconds on a HP 720 
workstation. 

The joints have been modelized using special joint 
elements relating directly the degrees of freedom of 
the two layers through a rigidity matrix. Therefore, 
one can consider that the joints do not have a physi­
cal thickness in the FEM model. Regarding the rigidi­
ties of the joint, direct computations with different 
values have been considered and finally the values 
kn= 1x1018N/m3 and k, = 2.5 x 107N/m3 have 
been choosen for the direct simulation, used to pro­
vide "measurement data" for the inverse computation. 
The larger normal rigidity of the joint, implies a per­
fect transmission of the displacement and thus does 
not permit a vertical jump in the displacement field. 
The only displacement jump corresponds to sliding 
along the joint and is represented by ks rigidity in the 
model. Moreover, during direct computations it has 
been observed that kn does not influence the subsi­
dence phenomena but that k, is a leading parameter. 

Due to the importance of ks on the subsidence 
problem, only identifications of this parameter have 

been done. 
The numerical computations show that the tangen­

tial parameter k, is generally found out within 5 3 
of the actual value after 15 - 25 iterations (see fig­
ure 6.). The starting values in the inverse algorithm 
have been chosen in a wide range: from one hundred 
thousandth to a hundred thousand times the actual pa­
rameter value. 

In order to estimate the impact of the measurements 
position on the final identified result, an analysis using 
two sets of measuring points has been done. The two 
series of measuring points, denoted as Al, A2, · · · A9 
and El, E2, · · · E9 are plotted in fig 5. The first series 
Al, A2, · · · A9 is situated on the surface just above 
the excavation. With the measurements from these 
points, the convergence to the real value of sliding 
rigidity ks of the joint is almost as rapid as the in­
version using measurements from all the points of 
the subsidence surface (see figure 7 for initial value 
k. = 2.5 x 109N/m3, the converged value of k, is
2.5 x 107N/m3). On the contrary, with the measur­
ments of the second series El, E2, · · · B9 situated on 
the surface far from the excavacion, the iteration con­
vergence is too slow to be pratically used (figure 7). 

From this analysis, it can be seen that the selec­
tion of measuring points and their positions are very 
important in the back-analysis problem. For practical 
purpose, it is not necessary to measure all the dis­
placements on the surface of this underground min­
ing excavation. Measuring the key points above the 
excavation is suficient for the identification of joint 
parameters. This will greately reduce the measuring 
work and allow to obtain an acceptable result. 

4 CONCLUSION 

Although a rather simplistic mining model has been 
used, the elastoplastic finite element analysis of the 
mine model has clearly shown that joints between dif­
ferent layers play an important role on the response of 
the system. Two limiting cases have been considered 
for joints : 

• fully bonded joints, which leads to an elastic be­
haviour of the system, as plastic zones are con­
centrated at the front face of long wall excava­
tions. 

• perfectly smooth interfaces, which leads to large 
development of plastic tensile zones. Tensile 
strength is then the leading mechanical param­
eter, due to bending of the seams. 

In both cases, compressive strength showed to be of 
secondary importance. 

Assuming, for a preliminary inverse problem study, 
that the system behaves elastically, one has consid­
ered the problem of identification of mechanical pa­
rameters of the joint from surface displacement mea-
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Figure 5: The contours of the different domains and layers in the inverse problem (half of the site is modelised) 
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Figure 7: Convergence of the k, for different measurements 

surements. This method, based on the minimization 
of the error on constitutive law, has proved to give 
accurate results and rapid convergence. The selection 
of measuring points and their positions on the sur­
face greatly affects the convergence of iteration in 
the identification of joint parameters. The key points 
which should be measured in this underground min­
ing excavation are those just above the excavation. 
Extension of this method to non linear joint behaviour 
will be the next step of this work. 
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