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ABSTRACT 

This papers reports the progress obtained by the authors on the development of a numerical 
method for the identification of material parameters from indentation experiments. The pro­

posed technique minimizes a least squares cost functional using gradient descent methods. It has 
previously been shown that the adjoint state method can be extended to variational inequalities 

and this permits to compute the gradient of the cost functional with low numerical cost. Using 
this technique a series of identifications from indentation experiments have been done and their 
results are discussed in the sequel. 
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INTRODUCTION 

An indentation experiment is performed by pressing a punch on a material sample and mea­
suring the applied force and the indentation depth. The underlying inverse problem treated in 
this paper is: 

The identification of the parameters of the constitutive law of the sample from the simultaneous 
knowledge of the displacement and the resultant force on the indenter. 

This inverse problem is of practical interest as the indentation test does not demand the creation 
of complicated specimens and is simple to perform. However the applications are restricted by 

the difficult mechanical interpretation of the test. 

One can differentiate two types of indentation experiments: 

1presented at ISIP 2000, International Symposium of Inverse Problems in Engineering, 6-10 march 2000, 
Nagano, Japan 
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• In the Hardness Test the punch is pressed with a given force on the sample. The punch is 

then lifted and the vertical displacement is deduced from geometrical measurements on the

residual inprint. This test is also known as the Brinell, Rockwell or Vickers hardness test,
the name denoting just the shape of the indenter : three face pyramid, sphere or respectively
a four face pyramid.

• In the Continuous Indentation Test the punch is pressed into the sample and then lifted

under continuous force or displacement control and the dual quantity is measured. An
example of measured indentation curve is given in Figure 1. 

The drawback of the hardness test is the final displacement measurement, which does integrate in 

one global answer loading, unloading as well as the rate effects during the indentation. However, 

due to its experimental simplicity compared to the continuous indentation test it is wide used in 

the industry. The results presented in this paper are focused on the interpretation of the continous 
indentation test but they can easily be extended to hardness tests. 

','""""::...._�--'�,���"'----��--" Penetr.bondeplh(�) 

Figure I: Experimental displacement-force indentation curve

The state of the art in mechanical interpretation of the indentation test is based on a se­
ries of closed form solutions and flow rules for the elasto-plastic constitutive behaviour. The 

monographs of Tabor [16] and Johnson [6] give an overview of the techniques used and the ana­

lytical solutions implied. A series of more recent papers like [4, 7, 13, 15] have introduced new 

semi-empirical formulas based a series of constitutive assumptions and an interpretation of the 
deformation process under the indenter. One of the less covered areas is the one of viscoelastic 

and elastoviscoplastic constitutive laws, where the rate dependence of the behaviour is important. 

Unfortunately even for rate dependent laws, the classical methods do not provide a systematic 

tool to identify constitutive parameters to be finally used in industrial structural computations. 

A state of the art of the mathematical formulation of the direct problem is presented in the

monograph by Kikuchi and Oden [8]. One can remark a series of difficulties related to the contact 
conditions inherent to the indentation problem. 

From the point of view of the inverse problem we dispose of a small number of results. The 

existing studies formulate the inverse problem as the minimization of a cost functional. The 
cost functional is generally a least squares distance between computed and measured indentation 
forces or displacements. 

As theoretical results we can mention the works of Hasanov, who showed in a series of 

papers [9, 10, 11, 12] that the inverse problem admitsits a solution. He assumed that the material 

has a nonlinear elastic behaviour. The numerical identification method proposed was based on a 

step wise trial an error search of the tangent elastic moduli with increasing vertical displacement 
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of the punch. The disadvantage of his reconstruction approach is that it can not be applied to rate 

dependent behaviours or to inhomogeneous sample (for example functionally graded materials). 

A numerical approach, also based on the minimization of a least squares functional, is that 
of Koguchi [14]. He identified the elastic moduli of a layered material. His minimization was 
based on a simplex method and a closed form solution of the direct problem. 

In the same global framework of the minimization of a least squares cost functional the au­
thors have obtained a series of theoretical and numerical results. They have shown that the adjoint 

state method can be extended to variational inequalities in order to compute the gradient of the 

cost functional [18] and used this technique to identify elastic [18] and elastoviscoplastic [2] 

coefficients from simulated indentation experiments. This paper presents on overview of these 

identification techniques and discusses a series of identifications from experimental indentation 
curves. 

THE INVERSE INDENTATION PROBLEM 

The inverse problem formulated as: 

Identify the parameters c of the constitutive law of the sample from the knowledge of the 
indentation curve, given by the displacement-force measurements pairs: (U;'xp, F;'xp), 

i = 0 ... I.

The framework proposed here to solve this inverse problem was the minimization of the least 
squares functional: 

I 
.J(c) = � L(F;(c) - F;'xp)2

i=O 
(1) 

where p denotes the contact pressure on the contact surface r C· 
The direct dependence of the computed forces F;(c) of a direct solution of the indenta­

tion problem, with material parameters c and imposed punch displacements given by U;'xp, 
i = 0 . . . I ,  leads to a constrained minimization problem.

In order to compute the gradient of the cost functional 
a.J 

a Lagrangian [, functional hasac 
been constructed by adjoining to .J the variational formulation of the direct problem. Supposing 

the existence of a saddle point of the Lagrangian [, it has been shown that the gradient of .J 
can be computed from the solution of the direct contact problem and the solution of an adjoint 
problem. 

For the sake of simplicity we shall not present here the complete deduction and the equations 

of these problems. Two classes of constitutive behavior have been treated under the assumption 
of small displacements and rotations: linear elasticity in [17] and in elastoviscoplasticity [19, 2]. 

The passage to large displacements and small rotations for these behaviours in the formalism of 
standard generalized materials is presented in [20]. 

A schematic view of the direct and the adjoint problem are presented in Figure 2. Some 
important properties of the adjoint problem: 

• It is not a contact problem. For the cost functional (1), its loading is given by a Dirichlet

condition (imposed displacement) on the effective contact surface of the direct problem.

• It is a time dependent system of partial differential equations and a final condition given
by the solution of a well-posed elasticity problem.
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Figure 2: Indentation test: The Direct problem 

• Interpreted in the reversed time, the adjoint problem is a linear elastic problem if the direct

problem is elastic [ 17] , and a viscoelastic problem if the direct problem is elastoviscoplas­
tic [2].

• The parameters of the adjoint constitutive law are determined by the coefficients of the 
direct constitutive law and the solution of the direct problem.

Under the assumptions of small strains and an elastic constitutive law: 

u(u) = A(c) : c(u) (2)

where u, c, u, A denote respectively the displacement vector the strain and the stress and the

elasticity tensor; the gradient of the cost functional takes the following form: 

(}[, { oA * "ilc:l = oc =Jn c(u): Ek: c(u ) dO 

where u* is the solution of the adjoint equation.

(3) 

In the computations, the direct and the adjoint problem have been integrated using the finite 

element method and coupled with a gradient descent algorithm as presented in the next section. 

THE NUMERICAL COMPUTATIONS 

The direct and the adjoint problem have been programmed in the finite element oriented 

language Castem 2000 [ 1 ]. The adjoint viscoelastic problem has been integrated using an implicit 

(Forward Euler) integration scheme. The commonly used gradient descent method was the BFGS 
algorithm with an Armijo line search rule [3]. 
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The finite element meshes were refined in the contact area in order to keep results precise in 

a reasonable computational time. From a series of meshes, the one with the largest density and 

not affecting the resultant forces on the indentation curves has finally been chosen (see Figure 3). 
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Figure 3: Comparison of computed indentation curves for a coarse and a fine mesh 

A series of identifications using simulated measurements and the previous technique have 

already been presented for elastic materials in [18] and for Maxwell and Norton-Hoff viscoelastic 
materials in [2]. In the sequel we shall present a series of identifications using the same technique 
and real experiments. 

DISCUSSION OF EXPERIMENTAL RESULTS 

A series of indentation experiments were performed on three different materials: nylon, dura­

luminium and polyethylene. The choice of the materials was justified by their behaviour varying 
from elastoplastic to viscoelastoplastic at normal room temperature. 

The material samples were cylinders with;:::; 2.5 x 2.5 cm, diameter x height. As the maxi­

mum indentation depth was about 25 µm the faces of the samples have been polished and assured
to be parallel. The indentation was done with a Vickers pyramid by a displacement controlled 
machine. 

The identification were done supposing that the material behaves under the elastoviscoplastic 
Norton-Hoff law and under the assumption of large displacements ans small rotations. 

The Norton-Hoff law is a standard generalized constitutive law [5] without work hardening. 
The flow rule can be written as: 

where the pseudo potential <P is given by

<I>( . ) = _!!_((ui)eq - O"Y)m+l u,, c 
m + 1 K + 

(4) 

where aY is the elasticity limit, ( · ) + is the positive part operator and ( · )eq is the equivalent
Mises stress. Finally the plastic strain increment is determined by : 

L\cf = �((ai)eq - ay )'.;' Ui L\t
2 K (ai)eq 

5



ti; is the deviatoric part of u;. 
The Young modulus, the yield limit, the viscosity and the power coefficient have been iden­

tified. The Poisson coefficient has been fixed at the a priori value v = 0.3. 
The row data from the indentation machine has been used for the identification. The last part 

of the unloading has been neglected, due to a convergence problems in the direct algorithm in 
unloading at large step sizes. 

The indentations on the Nylon sample have been performed at 3µm/min. The experimental
and identified indentation curves are presented in Figure 4. The identified parameters (after 53 

iterations) are given in Table I 
It is difficult to judge the validity of the identified parameters as we did not dispose of other 

types of experimental curves in order to determine classically the material parameters. The 
Young modulus and the yield limit are in the intervals commonly reported in the literature for 
this material. 

Table I: Identified parameters for the Nylon

Initial Values 
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Figure 4: Experimental and identified indentation curve for the Nylon and the Duralumin 

The second sample was a duraluminium (Au4G) and the penetration rate was lµm/ min. The

experimental and the identified curve are in good agreement (see Figure 4). However a direct 

inspection shows for example that the identified Young modulus of ::::; 35 GPa (see Table 2) is
at half the common sense value of ::::; 70 GPa for this material. In making this comparison one
should also keep in mind that the duraluminium is almost elastoplastic at room temperature and 

that is does not correspond exactly to the chosen material law. Another difference comes from 
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the role played by the Young modulus in different constitutive laws which can lead to different 
interpretations for this parameter. 

Table 2: Identified parameters for the duraluminium 

Initial Values Final Values 

Iteration 43 

E (MPa) 50000. 37471.8 

K (MPa.s1/n) 1500. 2750.76 

n 5. 4.60 

aY (MPa) 100. 52.09 

J 0.22 0.0034 

The third material, the Polyethylene was indented with a rate was 6µm/min. The identi­
fied indentation curve is good agreement with the experimental one even if the loading and the 

unloading are under and respectively overevaluated (Figure 5). 

In this case, we did dispose of an experimental traction curve and the identified values (see 

Table 3) were used to simulate the same traction experiment. The traction curves are pretty 
different even if the shape and the order of magnitude are similar. 

A possible explanation justifying the difference could be the order of magnitude of difference 
in the global strain rates of the experiments: i = 3 · 10-4 s-1 for the traction and i = 2 · 10-3s-1

for the indentation. 

It is also possible that the friction between the diamond indenter and the polyethylene sample 

has not been negligible. 

Table 3: Identified parameters for the polyethylene 

Initial Values Final Values 

Iteration 53 

E (MPa) 200. 520. 

K (MPa.s1/n) 10. 7.90 

n 4. 7.93 

ay (MPa) 6. 9.28 

J 3.85 0.039 

The performed identification can be qualified as encouraging taking into account that no a 
priori information has been used and that a rate dependent constitutive law has been identified 
from a single experiment at practically constant loading rate. 

It is important to notice that the indentation curves have always been well represented in spite 
of the differences between identified and expected material parameters. 

A global drawback comes also directly from the Norton-Hoff constitutive law itself. As 
shown in a previous work [2], the cost functional presents a long valley if expressed in well 
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Figure 5: Polyethylene. Left: Experimental and identified indentation curves for the Polyethy­

lene. Right: Experimental traction and computed traction with the parameters identified from the 
identation 

definite parameter plane. This would suggest that the material parameters are slightly correlated. 

\s one can remark, a decrease in the yield limit could be compensated by an increase of the 
viscosity and its power coefficient. 

OTHER IDENTIFICATION STRATEGIES 

Besides the identification problem reported in the last section, there are two essential draw­
backs of the identification strategy used before. Both are related with the incomplete usage of the 

available informations. Their resolution could conduct to computationally faster identifications. 

The first drawback comes from the evaluation of the cost functional itself. The cost functional 
and its gradient are integrated on the whole time interval and therefore the descent algorithm can 

not take into account different sensitivities of the material parameters in the different sections of 
the loading-unloading curve. 

A typical method taking into account the "local" sensitivity of a nonlinear function in a least 
squares distance is the Levenberg-Marquardt method. A direct application of this method is 

not possible in our case due to the current gradient computation using the adjoint state method 

translated in the difficulty of computing directly oF;(c) instead of o:T(c). This can be overcome oc oc by changing the expression of cost functional in order to obtain the desired result. The first tests 
done using a Levenberg-Marquardt descent algorithm are promising. 

The second drawback is related to the number of evaluation of the cost functional in the 

line search of the gradient descent algorithm. For a descent step, one needs a first evaluation 

of the functional and its gradient ; several evaluations of the functional are necessary in order 
to determine the optimal step size. In our case, we have remarked that the evaluation of the 

cost functional is ::::; 3 more expensive as the one of the gradient. It is therefore interesting to
compute also the gradient at each evaluation of the cost functional and then to use the obtained 
information more effectivelly. 

In order to solve this problem, we proposed to estimate a model function for our cost func­

tional from a small number of cost functional and gradient computation and then minimize this 
model function. 

An example of the computed cost functional and its model are represented in Figure 6. The 
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Figure 6: The cost functional and its polynomial model in the case of a Maxwell constitutive law 

constitutive model was a Maxwell viscoelasticity law and the model function was obtained by 

fitting the cost functional over a quadratic polynomia with material parameters as variables. With 
9 random evaluations of the cost functional and its gradient, the identified parameters where 53
different of the real values. 

Both strategies, the Levenberg-Marquardt descent algorithm and the model functions are cur­
rently under development for the inverse indentation problem and more results will be provided 
in the near future. 

CONCLUSION 

This paper described an original method for identifying material characteristics from inden­
tation tests. Based on efficient mathematical methods (adjoint state methods and optimization) 

the method applied to different behaviours ranging from elasticity to elastoviscoplasticity (suffi­
ciently smooth standard generalized constitutive laws). The efficiency of this technique has been 

proven through numerically and experimentally based studies. 

The perspectives are the combination of the existing results with more efficient identification 
stategies like Levenberg-Marquardt algorithm or polynomial models and the generalization of 

the adjoint state method to elastoplastic constitutive laws. 
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