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Abstract

Understanding fish-like locomotion as a result of internal shape changes
may result in improved underwater propulsion mechanism. In this article, we
study a coupled system of partial differential equations and ordinary differ-
ential equations which models the motion of self-propelled deformable bodies
(called swimmers) in an ideal fluid. The deformations being prescribed, we
apply the least action principle of Lagrangian mechanics to determine the
equations of the inferred motion. We prove that the swimmers degrees of
freedom solve a second order system of nonlinear ordinary differential equa-
tions. Under suitable smoothness assumptions on the fluid’s domain boundary
and on the given deformations, we prove the existence and regularity of the
bodies rigid motions, up to a collision between two swimmers or between a
swimmer with the boundary of the fluid. Then we compute explicitly the
Euler-Lagrange equations in terms of the geometric data of the bodies and of
the value of the fluid’s harmonic potential on the boundary of the fluid.

Keywords and Phrases: Underwater locomotion, ideal fluid, Lagrangian me-
chanics, PDE-ODE coupled system, shape sensitivity analysis.

AMS Subject Classification: 35Q35, 35R35, 34A34, 34A12, 76B99.

1 Introduction

1.1 History

Initiated by the mathematician, physician and physiologist G. A. Borelli [6] in 1680
and 1681 and continued much later by zoologists and engineers like C. M. Breder
[8] and J. Gray [16], [17] in a series of papers, the investigations to understand
the locomotion of aquatic animals have given rise, up to recent time, to numerous
scientific publications. This constant interest grown from the constatation that
aquatic mammals and fishes evolved swimming capabilities far superior to what has
been achieved by naval technology. A better understanding of the biomechanics
of swimming may allow to improve the efficiency, manoeuvrability and stealth of
underwater vehicles.

After 1910 until 1950 research was done largely by zoologists and engineers.
In the early 1950’s the mathematically oriented scientists entered the scene and
began to develop theories by which it became possible to make qualitative analysis
of swimming propulsion as a continuation of the previously developed quantitative
theories. For example, Sir. G. Taylor studies both large and microscopic swimming
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animals in [35], [34]. Significant contributions are due to T. Y. Wu [38], J. Lighthill
[26] and S. Childress [12]. Recently, J. A. Sparenberg published a survey on the
mathematical theory of fish locomotion [33] to which we refer for a more complete
bibliography on this period.

In the past few years, serious efforts have emerged to study, build and control
underwater vehicles that move and steer by changes of shape and not by direct
propulsion, such as propellers; see for example the works of M. and G. Triantafyllou
and D. K. P. Yue [36], S. D. Kelly and R. M. Murray [23] and E. Kanso, J. E.
Marsden, C. W. Rowley and J. B. Melli-Huber [21] and references therein.

Experiments have shown that the vortices generated by the tail of fishes play
a crucial role to understand their locomotion. Some models incorporate artificially
vortices, like those of R. Mason [28] and Q. Zhu, M. J. Wolfgang, D. K. P. Yue
and M. S. Triantafyllou [39], detailed in [15], [22] and [24]. If we do not neglect
the viscosity effects, the relevant model consists in the non stationary Navier-Stokes
equations for the fluid coupled with Newton’s laws for the fish-like swimming object.
This perspective is adopted by J. Carling, T. Williams and G. Bowtell [9], H. Liu
and K. Kawachi [27] and J. San Martin, J. F. Sheid, T. Takahashi and M. Tucsnak
[31].

Nevertheless, among numerous mathematical articles studying fish locomotion,
most of them address the case of a potential flow which is by definition vortex-free.
It is the point of view we have chosen in the following and on which we focus from
now on.

1.2 Swimming in a potential flow

The study the of the coupled dynamics of a solid immersed in an infinite extended
ideal fluid was initiated by Thomson, Tait, and Kirchhoff. Sir H. Lamb explains
their approach in [25, chap. VI, page 160]: The cardinal feature of the methods
followed by these writers consists in this, that the solids and the fluid are treated
as forming together one dynamical system, and thus the troublesome calculation of
the effect of the fluid pressures on the surfaces of the solids is avoided. They intro-
duce as unknowns of the problem a moment-like quantity called impulse. Denoting
respectively F and T the extraneous force and torque acting on the solid and ap-
plying to the system fluid-solid the principle of conservation of linear and angular
momenta, they derive the equations of motion which take the form:

M=Txw+Pxv+T, P=Pxw+F. (1.1)

In the above system, (IT, P)7 is the impulse and w, v are respectively the angular
and translational velocity vectors of the body relative to a body fixed frame. The
first component of the impulse is the body angular momenta, IT := ([I4c] + [Lad])w
where [I,.] is the actual inertia matrix of the solid and [I,4] is the so-called added
inertia matrix. The second component is the body’s linear momentum P := (m[I3]+
[Mga])v, in which m is the actual mass of the solid, [I3] the 3 x 3 identity matrix and
[Mgaq] the added mass matrix. Both added inertia matrix and added mass matrix
depend on the density of the fluid and on the geometry of the fluid’s domain,
through the solution of a boundary value problem. In the case of a solid alone in
an boundless fluid, [I,4] and [M,4] are both constant, since the fluid’s domain as
viewed by an observer attached to the solid remains unchanged in the motion.
Later in his book [25, chap IV, page 187], Sir H. Lamb tackles a more involved
problem: When we have more than one moving solid, or when the fluid is bounded,
wholly or in part, by fixred walls, we may have recourse to Lagrange’s method of
‘generalized co-ordinates’. Indeed, introducing the generalized coordinates q :=
(q1,-..,qn)" of the problem and the generalized velocities ¢ := (g1, ...,qn) ", they



show that the kinetic energy of the system fluid-solids reads K = ¢ - [K(q)]q/2
where the n x n matrix [K(q)] is the virtual mass matriz. Its entries K;;(q) depend
on the mass and on the inertia matrices of the solids but also on the density of the
fluid and on the geometry of the fluid’s domain through the solution of a boundary
value problem. Contrary to what happens in the case of a sole solid, when there are
several solids or fixed walls, the virtual mass matrix is no longer constant but does
depend on the relative position of the immersed objects. The least action principle
of Lagrangian’s mechanics yields the equations of motion:

d ,
%qulC—qulC:Qi, 1= 1,...,n, (12)

where @; are generalized components of force. Plugging the expression of K into
(1.2), they obtain a system of ODE’s for g1, ..., qn:

d . 1 . .
o > Kij(@d; | - 3 D 0 Kin(@)digr = Qi i=1,...,n. (1.3
j ok

Notice however that before writing this equation, we have to prove that the map-
pings q — M;;(q) is smooth enough to be differentiated. Since the expression of
[K(q)] involves the solution of a boundary value problem on the fluid’s domain,
this task requires to study the sensitivity of a solution of a PDE with respect to
the geometry of its domain. The regularity of the boundaries of the solids and fluid
will play a crucial role when discussing this point. After proving that 0,4, K;; is well
defined, the next step would be to compute explicitly its expression. Invoking the
chain rule, we can rewrite the ODE’s (1.3):

> Kij(@)i; + Y 0q Kij(a)dnds - 3 > 04 Kjn(@)djdn = Qi i=1,...,n. (14)
J 7.k 7,k

To our knowledge, although these equations have been studied in the cases of simple
geometries (for example, the solids are a set of spheres or of ellipsoids) by performing
explicit computations, they have not been tackled in the general case up to a very
recent time. In [14] we prove, assuming only that the boundaries of solids and
the fluid are Lipschitz continuous (which allows corners), that the mass matrix is
indefinitely differentiable with respect to the generalized coordinates and that the
system of ODE’s (1.4) is well posed and admits a unique solution which is also
indefinitely differentiable. As a corollary of a more general result presented later
in in this paper, we will slightly improve this result and prove that both the mass
matrix and the solutions of (1.4) are in fact analytic.

An alternative approach, when several immersed objects are involved, is to as-
sume that they are hydrodynamically decoupled. It means that the added inertia
and added mass associated with a given body is not affected by the presence of
the others. Since each body is considered as being alone in the fluid, the impulse
method applies.

Settle the equations of motion for shape-changing bodies is a more involved
task. When the deformable body is an articulated system of solids connected via
ball-and-socket or hinge joints, E. Kanso, J. E. Marsden, C. W. Rowley and J.
B. Melli-Huber [21] prove that the impulse method can be adapted, assuming the
fluid to be of infinite extend. They obtain equations quite similar to (1.1). The
proof is based on the observation that the Lagrangian of the system is invariant
under superimposed rigid motions. The limitations of this approach are that no
extraneous force like the buoyant force can be taken into account, the fluid has to
be free of any other object and the motion has to start from rest. Some authors



assume in addition that each link is hydrodynamically decoupled from the others.
This hypothesis leads to significative simplifications. However, E. Kanso, J. E.
Marsden, C. W. Rowley and J. B. Melli-Huber [21] and J. B. Melli, C. W. Rowley
and D. S. Rufat [29] show with numerical simulations that in this case the motion
differs from that of the same system in its full complexity.

In this paper we study the locomotion of a set of shape-changing bodies in a fluid
that can be partially or totally bounded. We derive the equations of motions from
Lagrangian mechanics and obtain a system of ODE’s roughly similar to (1.4) for the
generalized coordinates (which are the degrees of freedom of the bodies). We prove
the existence, uniqueness and regularity of solutions assuming that the boundaries
of the bodies and the fluid are Lipschitz continuous only. The key point consists in
studying the regularity of the potential of the flow with respect to the geometry of
the fluid’s domain. This task is achieved using tools of shape optimization theory.
Similar techniques are being developed in the area of fluid-structures dynamics by
M. Moubachir J. P. Zolesio [30].

Our second contribution is to write the system of ODE’s in a form that is conve-
nient for numerical simulation and for studying locomotion. The equations involve
in particular geometric data of the bodies, like the curvature of their boundaries.

1.3 Outline of the paper

This paper is organized as follows: after determining the equations of motion and
stating the main results in the next section, we compute the Lagrangian of the
system bodies-fluid in Section 3. In Section 4, we address an abstract shape opti-
mization problem whose results are used in Section 5 in the proofs of Theorem 2.1
and Corollary 2.1. Section 6 is devoted to the proof of Theorem 2.2 and in Sec-
tion 7 we indicate some future directions of investigations. The Appendix contains
technical results.

1.4 Notation

Throughout this article, we shall use bold print notations for vectors like x, h, q
whereas we keep the usual characters for their coordinates x;, h;, ¢; and in a general
way for any real valued functions like ¢, ¢. The canonical basis of the physical space
R3 is {e;, ez, e3}.

A matrix is denoted in square brackets [M], its entries are M;, j,, [M]7 is the
transposed matrix, [I3] is the identity matrix of R3 and [Q3] the null matrix. The
Jacobian matrix of a differentiable function ¢ is [Dep].

The Euclidian norm in R? is denoted |x| and we keep the same notation for the
associated matrix norm |[M]| := sup|—; [[M]x|, [M] € M(3) (the vector space of
the 3 x 3 matrices).

We use double square brackets for third-rank tensors like [T7]. Its entries are
T}, j,j5- We use the convention ([[T]]q)jIJQ = ng, T}, jajs 55 and (<[[T]]7p7q>)j1 =

s ng, T}, j2jsPj2qjs» Where g; and p; are the coordinates of q and p.

IfEp, k=1,...,pand F are p+1 Banach spaces, we denote L,(Ey x...x E,, F)

the Banach space of the p—linear continuous maps from E; x ... x E, into F'

2 Modelling and main results

2.1 Modelling

We denote by S(t) := U, S(t) the region of the n swimmers at time ¢ and by ()
the domain of the surrounding fluid. The boundary 9€(t) of the fluid is decomposed
into the boundary shared with the swimmers 'y(t) := U, T%(t) := U, 8S(t) and



Iy = 0Q(t) \ Ta(t). We set Q := Q(0), Si := S1(0), Sp := S(0) and I'y := I'5(0).
We will assume in the sequel that €2 is an open and connected set, that I's is
compact and that I'; is either bounded, either an hyperplane. Let F be an inertial
reference frame. In F, the coordinates of the center of mass of the i—th swimmer
are h(t) := (hi(t), hi(t), h5(t))T at time t. We fix a frame F'(t) of origin hi(¢)
to each swimmer and we write hj := h?(0) and F%(0) := F}. Considering M*(t)
a material point of S¢(t) of coordinates x(t) := (zi(t),z%(t),24(t))T in F and
yi(t) == (yi(t),vs(t), yi(t))T in F(t), there exists a rotation matrix [R*(t)] € SO(3)
(the rotation group of R?) such that x*(t) = [R(¢)]y*(t) + hi(t). We can assume,
without loss of generality, that [R?(0)] = [I3]. We assume that the motion of
M(t) in F(t) is only due to the deformation of the body S%(t). Introducing then
Si(t) := [R(t)]T(S%(t) — hi(t)), the deformation of the body from its initial states
S¢ into .S’}i(t) is described in F§ by a given one-to-one smooth function ®(t,y})
where y{ := y*(0) = x{, — h{, (see Figure 1).

; i
Fi Y0,1

Figure 1: The deformation of the i—th body is given in the frame F¢ by a smooth
function ¢’ such that [I3] + ¢' maps B onto B.

~We therefore have with the notations above: y'(t) = ®(t,y§) and Si(t) =
®'(t,Si). The coordinates of M*(t) in the inertial frame JF read:

x'(t) = [R'(1)]®* (¢, x4 — hy) + h'(2), (2.1)
and we define the following map using the partition U?_;S§ of Sy:

A:[0,00) xSy — R? _ (2.2)

(t,x) — [RY(t)]®'(t,x —h}) + h(t), if x € S{. :
We denote ¢ := &' — [I3] and ¢2 = 0,¢". Let B be a ball in R3, centered at the
origin an large enough to contain all the initial regions S —h{, for i = 1,...,n. We
assume that @' = (¢¢, ¢4, #4)T € C™(B,R3) (m > 0), the space of the functions
from B into R, m—times continuously differentiable and compactly supported.
Differentiating (2.1) with respect to ¢, we obtain: x'(t) = [R'(t)|®"(t,x} — hj) +
[Ri(t)]' (¢, x4 — hj) + h'(t). Combining this identity with (2.1), it comes:

(1) = [RO]R' (O] (< (1) — b (8)) + 0’ (8) + [R' (0] (¢, A7 (£,%'(£)) — ).

The matrix [R 2 ()] [RY ()] T bemg skew symmetric, there exists a vector w i(t) such
that [R(¢)][R(t)]T (x(t) — hi(t)) = wi(t) A (x(t) — hi(t)) and we define, for all



z3
y3(t)

S'(t)

~
~

I hi(t)/F = 03/ F (1)

Figure 2: The rigid body S¢(t) and the fluid domain Q(¢). The frames F} and F
are fixed whereas F*(t) moves with the i—th swimmer. The coordinates
of a material point that we follow in his motion is x at time t = 0 in F
and A(t,x) in the same frame at time ¢ > 0.

x € S(t), the Eulerian deformation velocity vé and the Eulerian rigid velocity v?
by:

i (1] bC -1 BN hi) i
vé(t,x) e— [R (t)]¢ (ta A (t’x ) hO) if x € S (t)v . (233)
03 if x € Ujx; 87 (1),
vi(tx) = w'(t) A (x* —h'(t)) + h'(t) ?fxeS(t), 4 (2.30)
03 if x € U#iSJ (t)
The Eulerian velocity in S(t) is therefore:
vi(t,x) = vi(t,x) + vi(t,x), Vt>0. (2.4)

We denote pg(t,x) the density of the bodies, defined for all x € S(t) and for all
x € Sp we set pl(x) := pg(x,0). The principle of conservation of mass leads to the
identity:

ps(t,x) = pQ(A7Y(t, x))|det[DA (£, x)]|, Vt>0,¥xeS(Et). (2.5)

We assume that the swimmers are self-propelled, which means that their defor-
mations are due to inner forces only. The principle of conservation of linear and

angular momenta ensures that, for all time ¢t and all i =1,...,n:
/ ps(t,x)vi(t,x) dx = 03, (2.6a)
5i(t)
/m@@@—ﬂA%@@@z%, (2.6b)
Si(t)



or equivalently, upon a change of variables and taking into account (2.5):
[ 3698 (tx b x = 03, (2.60)
Ss
/ﬁ%(x)(x + &' (t,x —h})) A @' (t,x — hi) dx = 0. (2.6d)
So

When the domain of the fluid (¢) is bounded and since the fluid is incompressible,
both quantities fQ(t) dx and fS(t) dx do not depend on time. By virtue of [18,

Theorem 5.2.2 page 172], we deduce that, for all time ¢:

Z/ div(vi(t,x)) dx = 0, (2.7a)

or equivalently, upon a change of variables:
Z/ div ('(1.x — b)) | det([Ls] + [Dg)(t.x — hi)])| = 0. (2.7h)

Relations (2.7) mean that the volume of the fluid and the volume of the swimmers
are globally preserved in the motion ; see Section A.3 of the Appendix for a precise
definition of the deformations set D™,

According to Relation (2.1), the location and the shape of the i—th body are
given by a pair Q’ := ([R],h?) € SO(3) x R? and a function ¢" := (¢}, ¢h, ¢3)7
C™(B,R3). We write Q := (Q!,...,Q") := (([R'],h),..., ([R”],h”)) € (SO(3) x
Rg) ’ and d) = (d)la"wd)n) (¢17¢2>¢37"'7¢ ¢27¢3) € Cm(B R?))n In
Section A.3 of the Appendix, we define the 6n— dimensional manifold Q"™ of the
swimmers admissible positions and shapes. The pairs (Q, ¢) of Q77" are called
the global coordinates in the sequel. Building a local chart, we define the open
set Q" C RO x C™(B,R*)™ of the local coordinates, denoted (q,¢). In the
same section of the Appendix, we introduce also the tangent bundles TQ"7" >

(Q,$,Q.¢) and TQ" 5 (q, ¢, 4, ).

2.2 Lagrangian mechanics

The equations of motion are obtained by applying the least action principle of
Lagrangian mechanics. In local coordinates, the Lagrangian reads:

L: TQZ(’i'm — R '
(q7 d)a q7 ¢) — ‘C(qa ¢7 Q7 d))

It is obtained as the difference between the total kinetic energy of the system and the
potential energy due to the buoyant force acting on the bodies. It will be computed
explicitly in Section 3. The deformation ¢ (hence ¢ too) of the swimmers being
given, the vectorial Euler-Lagrange equation of the motion reads, following [3, page
56]:

(2.8)

d .
dt (q7 ¢7 q, ¢) - aqﬁ(qv ¢7 Q7 ¢) = OGn- (29)

Since £ depends on time only through the variables (q, ¢, q, (;b) and if £ is smooth
enough, we can apply the chain rule and rewrite (2.9) under the form of a second
order ODE in q:

<82 (q7¢7q7¢)7 > <62 (q7¢’q’¢)’ > <32 (q7¢7q’¢-)),$>
+ (034L(a, 6,6, 8), &) — 0aL( 6,4, $) = Ogn. (2.10)



2.3 Statement of the main results

The first result concerns the existence and uniqueness of local solutions for the ODE
(2.10). We denote ¢ := ([Q3],...,[03]) € C(B,R3)".

Theorem 2.1 (Existence and uniqueness of local solutions) Assume that 0
is Lipschitz continuous and m = 1 in (2.8). Then the Lagrangian (2.8) is analytic!

with respect to (q, ¢, q, ) € TQ!™ and all the terms in the ODE (2.10) make

sense. For any initial positions and shapes So of the bodies, any ¢g € R and any

given deformations t € [0,00) — ¢(t) = (¢ (t),...,¢" ()" € CL(B,R3)" of class

CF (2 < k < o0) (respectively analytic) such that ¢(0) = ¢y and (¢(t), d(t)) €

D™ for all t > 0, there exists T > 0 and a unique twice differentiable func-

tion q* : [0,T) — R®™, for which q*(O) = 06, 4*(0) = qo and that solves the

ODE (2.10). Moreover, the functzon q* is of class C* (respectively analytic) and
(a* (8), @(0)), (6" (1), (1)) € T for all 0 < ¢ < T

Combining this theorem with an a priori energy estimate and using local charts,
we will show:

Corollary 2.1 (Existence and uniqueness of global solutions) Assume that
OS2 is Lipschitz continuous. Then for any initial position and shape Sy of the bodies,
any collection of n 3 x 3 skew-symmetric matrices [RY), ..., [R2], any initial veloci-
ties (h}, ..., h2) € R®" and any given deformations t € [O oo) —o(t) = (o' (1), ...,
" ()T € C&(B,R?’)” of class C* (2 < k < o) (respectively analytic) such that
#(0) = ¢y and (¢(t), d(t)) € D™ for all t > 0, there exists 0 < T* < oo and a
unique twice differentiable function:

(SO(3) x R3)"
([R*(®)], (1)), ..., ([R™(¥)], h"(1))),

for which Q*(0) = ([I3], hi, ..., [I3],hy), Q*(0) = ([R{],hy, ..., [Ry],hy) and such
that the coordinates x*(t) in .7-" of a material point, occupying position x§ € S§
at instant t = 0 be given by (2.1). Furthermore, the functzon Q* is of class C*
(respectively analytic) and ((Q*(t), (1)), (Q*(t), d)( ) € TQY! for all0 <t < T*.
Time T™* corresponds to the time of the first collision between two bodies or between
a body with the fluid’s domain boundary. If there is no collision T* = occ.

:0,77)
t

—
—

Specifying ¢ to be the null function, the bodies behave like a set of n solids in a
perfect fluid. We deduce straightforwardly from Corollary 2.1:

Corollary 2.2 (Motion of solids in a perfect fluid) Assume that 0 is Lip-
schitz continuous. Then, the 6n degrees of freedom of a set of n solids subject or
not to the buoyant force in a perfect fluid are analytic functions of t up to the time
of the first collision between two solids of between a solid with the fluid’s domain
boundary.

This result improves the one obtained in [14] in which we prove under the same
assumptions that the degrees of freedom of the solids are indefinitely continuously
differentiable. In the same paper, we also prove that collisions (i.e. contacts with
non zero relative velocity) can occur. This situation heavily contrasts to the one
encountered for viscous fluids ; see [19], [20], [32] and [37]. Considering again
deformable bodies and assuming additional regularity for the fluid’s boundary and
for the deformations, we can make the ODE (2.10) explicit. We give the result in
the case of a swimmer alone and a bounded fluid’s domain:

I We refer to [10, §4] for the definition of analytic functions of several variables in Banach spaces.



Theorem 2.2 Assume that Q is bounded, O is of class C*', n =1 and m = 2 in
(2.8) and that t € [0,00) — ¢(t) € C2(B,R3) is of class C* with (¢, p) € Dif for
allt > 0 and ¢(0) = [Q3]. Then for any qo € RS, the C?>—function q* : [0,T) — R®
of Theorem 2.1 solves the following second order non-linear ODE with initial data
(q"(0),q"(0)) = (06, o)

(Ks(t @) + [Kr(ta))a + 750 ¢ @l + (150, (¢t @)l 4, @)
([T @) + [Th (L @)l &, &)
+ Mt @la + (IME/A(E )] + ML (ta))a
+FFA q) + F(t,q) = 0g.  (2.11)

The 6 X 6 symmetric matrices [Ks(t,q)], [Kr(t,q)] (nota: [Ks(t,q)]+ [Kr(t,q)] is
the virtual mass matriz) and [Msil/;i (t,q)] are defined in the Appendiz by (A.4), the
6 x 6 x 6 third-rank tensors [Tim(t, )], [T (t, @), [Teym(t, Q)] and [T5m(t, q)]

by (A.5), the 6x6 matrices [Mg/,ﬁ(t, q)] and [MF/d (t,q)] by (A.6) and the 6—length

skew

column vectors F¥/(t,q) and F°(t,q) by (A.7).

The last term F°(t, q) of the left hand side of (2.11) is the buoyant force. Choosing

for ¢ the identically null function, the body behaves like a solid. In this case, all
the quantities [Ks(t, a)l, [7ym (@), [750, (1 @], [Tjm(t. @)l [T, (@) and

F®(t,q) depend on times only through the variable q. Dropping ¢ in the notations:

[Ks(@))a+ (T3 ()] + [T, (@), ) = 0,

is the Euler-Lagrange equation for the free motion of a rigid body in the absence
of fluid and of gravity. In the same way, the Euler-Lagrange equation for the same
solid immersed in a bounded weighted fluid is:

(Ks(@)] + [Kr(@)a + ([T @] + [T (@], &, )
+([TEr (@] + [T5 (@), &) + FP(q) = 0.

3 Computation of the Lagrangian of the system

Keeping the notation ®' := [Is]+¢" foralli = 1,...,n, weset ® := (&', ..., &")7 :
R3 — R3". In local coordinates (see Appendix, Section A.3), we rewrite (2.1):

x'(d', ¢") = R(a')®'(x) — hj) + h'. (3.1)

The domain of the i—th swimmer is Si(qi,qbi) = R(a’)®'(S) — h}) + h’ and
S(a, @) = Ui, 5", @), Ts(q, @) := 05°(q, ¢) and T'y(q, @) := 95(q, ¢). The
definition (2.2) of the function A turns into:

A QZ;lm X S() — RS

(a,¢),x) — R(a))®(x—hj)+h', ifxe S (3:2)

Since the compact regions S and the boundary I'; do not touch or overlap each
other, we can extend the function A to Q7" xR in such a way that A((q, @), -)|r, =
[I3] for all (q, ¢) € Q))", using an appropriate C°°—partition of unity. The resulting
function A((q, ¢), -) is a C™—diffeormorphism from R? onto R3 for all (q, ¢) € Q7"
and the domain of the fluid is Q(q, @) := A((q, ¢),). We rewrite the Eulerian
velocities (2.3):

R(a)d' (A~ (q,¢.x) —hi) if x € S*(d’, @), 53)

va(a, @, ¢, x) = {03 if x € S(q,0)\ S'(d’, ¢"),



and

w(a)]a! A (x —h) +h' if x € S'(q’, '),

05 ifx € 5(q,0)\ Si(ct ), )

V'lr.’(qa ¢a qa X) = {

the matrix [w] and the vectors wy, k = 1,2,3, being defined in Section A.1. We
denote merely [w] for [w(a')] and wi for wi(a’). The rigid velocity vi(q, @,q,x)
of the body can be decomposed into vi(q, ¢, q,x) = 22:1 vik(q, ¢, x)ql, where
we have set:

: —h?) ifk=1,2 o
ik wk/\ (X ) 1 9 737 ifx e Sz(ql,(bl),
v, (4, ¢,%x) == { | ex—3 if k=4,5,6,
03 if x € Uji87 (¢, ¢7).

The kinetic energy of the i—th body reads:
ioio i ol 1 i1 AR A
Csi(a's 9, a8 = 5 [ psllllal A fe— ) 4 vy dx
Si(at,¢")

Taking into account the properties (2.6) and (2.7) of ¢ and c'ﬁi, the expression
above can be expanded as follows:

1

1. i Grd piNIL g L L g '\ i
Kor = [T 1+ gm0+ 5 [ 31 (x = bp)ax, (35)

where [I'(al, ¢))] is the inertia tensor of the i—th body. It is classically defined by:
[I'(a’,¢")] == / ps(x)(lx — h'*[Is] - (x —h') ® (x — h')) dx,
Si(at,¢")
or equivalently, upon a change of variables by
(e, @)] = R(a)[I5(#)]R ()",

with:
[I5(¢")] = /Sipgs(l@i(x —hy)]?[Is] - @'(x — hj) ® '(x — hy)) dx. (3.6)

Let m? be the mass of the i—th body. Setting the 6n x 6n symmetric block-diagonal
matrix:

[K5(a, ¢)] = diag ('] [['][w],m* [I3], ..., [w'] " [I"][w'], m"[I3)), (3.7)

and the scalar: .
K3.0):= Y [ 8167 —ni)P ax (38)
=1 0

we obtain that the total kinetic energy of the bodies is Ks(q, ¢, q, qb) = (1/2)q -
[K%(q, ¢)]q + (1/2)K¢(¢, ¢). Let us compute now the kinetic energy of the fluid.
The Eulerian velocity in an perfect fluid is given by u(t,-) = V(t, )T, where ¢(t, -)
is the harmonic potential. Using the local coordinates, we can write that ¢(¢,-) =
v(a, o, q, {b, -) and the Kirchoff principle for potential flow allows us to decompose

) . 6 ) y . . ]
2 into the form @(q, ¢7 q, ¢7 ) = Z?:l (Zk::l (p:‘,k(q’ ¢a )qlk + Sp,él(qv ¢7 ¢7 )) m
which the functions <pi7 :(Q, @, ) are the potentials resulting from the rigid motion
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and cpfi(q, o, (jb, -) are the potentials due the deformations of the swimmers. Each
potential is harmonic in §2(q, ¢) and satisfies Neumann boundary conditions:

an(pviﬂ,k(qa P, ) =0only, (39&)
al’lsa;{,k(qa ¢7 ) = vfjk *non FQ(qa ¢)7 k= 13 teey 67 (39b)

and
anQDZ(q, d)v d.)v ) =0on F17 an‘zpld(qv ¢)7 d.)v ) = Vil -non F2(CI» ¢)) (390)

The vector n is the unitary normal to 9(q, ¢) directed toward the exterior of the
fluid. Following our notation, we denote .. := (¢l |, ..., ¢l )" : Q(q,¢) — R° and
e, = (Pl . M7 Q(q, d) — RE™ whereas ¢q := Y1, ¢ is a scalar function.
Introducing pp, the constant density of the fluid, the kinetic energy of the fluid is:

) 1 )
Kr(a.6.a.8) = | prluad.4.6.0 dx. (3.10)
Q(a,9)

Setting the 6n x 6n symmetric matrix:

Ki(a.8) = [ priDe,(a.0)De,(a.8) dx (3.11a)
Q(a,¢)
the scalar:
Kg’ (qa ¢a (.ﬁa ¢) = / vaSDd(q, ¢, ¢) : (V@d(q, ¢a ¢))T dX, (Sllb)
Qa,¢)

and the 6n—length column vector:
Kj'(a 0. 8) = [ pelDe (@ 8)(Voala.0.8)" dx, (3.110)
Q(a,¢)
we rewrite (3.10):

Kr = 54 [Kp(a, #)a + Ky, 6,8) - a-+ 3 Kia,6,.)

Remark the boph quantities K% (q, ¢, qb) and K;d(q7 o, P, (;5) are linear with respect
to each entry ¢. Let now g be the gravitational constant and G(x) := —gx3. By
virtue of Archimede’s principle, the buoyant force on the i—th body is:

Fi(a'¢) = [ (ps(x) = pr)VG() dx,
Si(a’,e")
and the associated potential energy of the system reads:

Pla,¢) = — /S (p5) ~ pr)Gx) . (3.12)

Finally the Lagrangian of the system fluid-bodies is:

£(a,6.6.6) = ya- (K5(a,8)] + [Ki(a.8))a + Ki'(a,6,6) @
FLKLG.8) + LK@ 6 b ) - Pla.g). (313)

In order to study the regularity with respect to (q, ¢) of the quantities (3.11), we
apply results of shape sensitivity analysis.

11



4 Shape sensitivity analysis

This section is self-contained and address an abstract shape optimization problem.

4.1 The context

Let B be a large ball in R? centered at the origin and €2 be an open connected
set in R3 which may be bounded or not. We assume that 9Q = I'; UT's such that
Ny =0, Ty C B is compact and I'y is either a hyperplane, either bounded, either
the empty set. Any ¢ := (¢1, 2, #3)T € C(B,R3), (m > 1) can be extended by 03
in R3\B. The resulting function is still denoted ¢ and we set ® := [[3]+¢. In all the
sequel, we assume that ||@||1,00 < 1 so that the function ® is a C™ —diffeomorphism
from R? onto R®. We assume also that supp ¢NT'; = () and we denote Q(¢p) := ®()
and I'z(¢) := ®(I'z). Let E be a Banach space endowed with the norm | - ||g. We
consider for any two given functions (x, ) € I's(¢p) x E — b;i(¢, ¢, x) € R, i =1,2
the functions u; (¢, 1, -) and us (¢, 1, ) that solve the following Neumann boundary
value problem:

_Aui(¢7¢7 ) =01in Q(d))a (418“)
anui((ﬁvwa ) =0on Fl» 8nui(¢v¢v ) = bl((f)?/l:b) ) on F2(¢)a (41b)

for ¢ = 1,2, the vector n being the unitary normal to 92(¢) directed toward the
exterior of Q(¢). If  is bounded, we assume furthermore that the compatibility
conditions:
[b(o.0.x) dr. =0, i=12,
I2(¢)

are satisfied. These conditions are not needed any longer when 2 is not bounded, as
it is explained in [7]. The aim of this section is to study the regularity with respect
to (¢, ) in a neighborhood of {[03]} x E C C™(B,R?) x E of the functional:

T, ) = /Q V(.30 Vus(6, ) b

4.2 Some function spaces

In order to study the existence and uniqueness of solutions for the Neumann bound-
ary value problem (4.1), we introduce the following weighted or quotient Lebesgue
and Sobolev spaces. We denote D’(2(¢)) the distribution space and L?(Q(¢)),
HY(Q(p)), H*(Q(¢p)) and H/2(T'y(¢)) stand for the classical Lebesgue and Sobolev
spaces.

The case () bounded

We define the quotient spaces:

o L3,(Qg)) := L%(Q(¢))/R. The quotient means that we identify two functions
which differ from an additive constant. This space is endowed with the scalar

product (u,v)rz = fo4) uvdx — (fQ(¢) udx) (fﬂ(¢) vdx) .

o HY(Qp) = HY(Q(¢))/R endowed with the scalar product (u,v)y
Joggy Vi Vv dx.

o H(Q¢p)) := H?*(¢))/R endowed with the scalar product (u,v)pz :=

(w,v) gy + f9(¢) D?u : D?v dx, where D?u and D?v are the Hessian matrices
of v and v.

12



Assuming that I'y is Lipschitz continuous (and then also I'y(¢) since ¢ is at least
continuously differentiable), we define:

Blra() = {we 1200« [ g ar. <o},
and if T'y is of class C1'! and ¢ twice continuously differentiable, H}V/Q(Fg(¢)) =
H'2(Ta(¢)) N Ly (T2(9)).
The case () not bounded

The definitions of the functions spaces turn into:

o L% (Qe)) := {u € D’(Q(¢)) s /14 |x\2u € L2( (¢))} endowed with the

scalar product (u,v)z = fQ uv(1+ |x[?) d

o H\ (o)) —{uGD’ ) u/+/1+ |x[2 € L2(Q(p)), Or,u € LE(QP)), i =
1,2,3} endowed with the bcalar product (u,v) g1 = wi uv/(1+]x]?) dx +
Jowg) Vu Vv dx.

o H (o)) = {u € Hy(Qep)) : /1+[x[20;, u € L3 (), 3,7 = 1,2,3}
endowed with the scalar product (w,v) gz = (u V) + fQ(¢) D%*u: D?v (1+
[x[?) dx

Assuming that I'y is Lipschitz continuous, we set L% (I2(¢)) := L?(I'2(¢p)) and
if Ty is of class C'! and ¢ twice continuously differentiable, H le/ 2(Ty(9)) :
H'?(Ty(9)).

4.3 Regularity results

Proposition 4.1 (Existence and uniqueness) Assume that OS2 is Lipschitz con-
tinuous. Then for any (¢,) € CL(B,R?) x E and for any b;(¢,v) € L3 (Ta(9)),
the system (4.1) admits a unique weak solution u;(¢,v) € Hx(Q(p)) defined by:

Vui(¢, 9, %) - Vip(x) dx =/ bi(p, 9, x)p(x) ATz, Vo € Hy(Q(¢)). (4.2)
Qo) Ta(¢)
Moreover, there exists a constant C1(2(¢p)) > 0 such that

[ui(@ )|y, < CL(UD))1bi(B, )l 12, -

If 99 is of class CY1, ¢ € C2(B,R?) and b;(¢p,v) € H}V/z(l"g(d))), the solution
wi(p, 1) is in H3(Q(ep)) and there exists a constant C2(2(p)) > 0 such that

[ui(é, P) |2, < Cz&(‘ﬁ))”bi((ﬁ,’,b)HH}V/z-

These results are classical when €2 is bounded. For the others cases and the use of
weighted Sobolev spaces, we refer to [2], [1] and [7].

From now on, we will denote U; (¢, 4, ) := u; (@, ¢, ®(+)), Bi(¢, ¢, ) = bi(¢, ¢,
and B;(é,1,-) := Bi(p,v,-) Jacr(¢), Jacr(¢) being the tangential Jacobian de-
fined by Jacr(¢) := |[D®] ! n|/det[D®]|. Notice that if JQ is Lipschitz con-
tinuous, ¢ € C(B,R?) and b;(¢,v) € LA (Ia(p)) then B;(¢,vp) € L*(I's) and
Bi(¢, 1) € L% (T2) (since Jacr(¢p) € L>(T3)) and:

/ bi(,tb,x) AT = | Bi(stp,x) dT'
T2 () s

In the same way, if 9 is of class Ctt, ¢ € C%(B,R?) and b;(¢, ) € H}V/2(F2(¢))
then B, (¢, 1) € H'/?(T5) and By(¢, ) € Hy*(T2).
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Proposition 4.2 (Regularity of the solutions) Assume that 052 is Lipschitz con-
tinuous and that the given mapping (¢, 1) € CL(B,R3) x E +— B;(¢, 1) € L*(T's) is
of class C* (1 < k < o) (respectively analytic) and satisfies b;(¢p, 1) € L3 (T2(¢p))
for all (¢p,v) € CL(B,R?) x E. Then both mappings:

(&%) € C.(B,R?) x E — Ui(¢,9) € Hy(9),

(&%) € C.(B,R) x B J(¢,9) €R,
are well defined and also of class C* (respectively analytic) in a neighborhood of
{[03]} x E € CL(B,R3) x E.

If 9Q is of class CY1 and the mapping (¢,v) € C2(B,R3) x E +— B;(¢,v) €
HY2(Ty) is of class C' and satisfies bi(¢, ) € HY*(Ta(p)) for all (¢p,2h) €
C?(B,R3) x E, then the mapping:

(¢.4) € C2(B,R?) x E — U(¢,9) € HY (%),

is well defined and also of class C1 in a neighborhood of {|03]} x E C C2(B,R3) x E.
Furthermore, for all compact set K € Q we have K C Q(¢) whenever ||¢|1,00
remains small enough and the mappings:

(¢,9) € CLB,R?) x E — u;(¢,9)|x € L*(K),

(¢, %) € C2(B,R®) x E — 9p,ui(¢p, )|, € L*(K), i=1,2, j=1,23,
are well defined and of class Ct in a neighborhood of {[Q3]} x E. Moreover, we
have the following reqularity for the partial derivatives:

<8¢,U1([@3},¢, )’€> € Hjl\/'(Q)? VT/’ € E7 vé € Ccl(BaRB)a

<8¢ (amjuz) ([©3]7¢» )»£> € Lz(Q)v V’l,b € Ea V& € CCQ(Bng)v ] = 17273~
For any given C'—functions t € R — 4(t) € E and t € R — ¢(t,-) € C3(B,R?)
such that ¢(0,:) = [O3] and ||¢(#)|l1,0c < 1 for all ¢ € R, we denote ®(t) :=

5] + (1), Qt) == @(t, ), wi(t) = ui(P(t), (1)), bi(t) == bi((t), (1)), Bi(t) :=
Bi((t), (1)) for i = 1,2 and

J(t) = Vui(t) - Vug(t) dx.
Q(t)
We can compute the expression of 9;J(¢):

Proposition 4.3 Assume that 0Q is of class %' and t — B;(t) € HY?(Ty)
is of class C*. Then, denoting v(t,x) = 0,¢(t,® '(t,x)) for all x € B and
vr(t,x) := v(t,x) — (v(t,x) - n)n for all x € To(t), we have:

O J(t) = _/F (Vt)lu(t) - Vug(t)(v(t) -n) dTy
+ [ (0B1@70) = Trh ) ve(0) o) ar

! /m) (0:B2(@7" (1)) = Vrba(t) - ve(®) Jun (1) dT,

+2 [ bi(@)b2(t)(v(t) -m) dl'y
T (t)

—9 H(t)(bl(t)ug(t)+b2(t)u1(t)>(v(t)-n) dr,, (4.3)

Ia(t)

where Vr is the tangential gradient, ki(t,x) and ko(t,x) stand for the principal
curvatures of the surface T'a(t) at the point x and H(t,x) = (k1(t,x) + ka(t,x))/2
is the mean curvature.
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The proofs of Propositions 4.2 and 4.3 are deeply inspired by that of [18, Theorem
5.5.1 page 203]. Nevertheless, due to notable modifications, we write it thoroughly
in the Appendix, Section A.5.

5 Existence, uniqueness and regularity of the swim-
mers trajectories

This section is devoted to the proofs of Theorem 2.1 and Corollary 2.1. The nota-
tions are those of Section 3.

5.1 The problem in local coordinates

We assume in all this subsection that the assumptions of Theorem 2.1 are satisfied,
namely 9 is Lipschitz continuous and m =1 in (2.8).

It is clear that (q, ¢) € Q7' — [K%(q, ¢)] € M(6n) defined by (3.7) is analytic.
In the same way, (1;,%,) € CL(B,R?)? — Kd(p;,1,) € R defined by (3.8) is
bilinear, continuous and hence analytic.

To study the regularity of (q, ¢) € Dad — P(q, @) € R, we rewrite it as follows:

Pla.¢) = - /S PLG(A(q §,x)) dx + /S prG(A(q, ¢, ) det [[DA(q, ,x)]] dx,

in which A(q, ¢) is given in (3.2). Since we have:
/S prG(A(q, ¢,x))det |[DA(q, ¢, x)]| dx =
> [ prG(A(a, ) det [DF(x — i) x.
i=1"*0

we conclude that (q, ¢) € Qad — P(q, ¢) € R is analytic.
The Stokes formula yields, for all (q, ¢) € QZ(’; andalli=1,...,n

/vf.’k(q,¢)~ndx: div(vi*(q,¢))dx =0, Vk=1,...,6,
T2(a.¢) Si(q,e)

the vector field vi*(q, ¢) being defined by (3.4). The hypothesis (2.7) ensures that,
for all (q, ¢,d,¢) € TQY, and alli =1,...,n

Z/F vi(a, ¢, ) -

2(q,9)

where vé(q,q&,zﬁ) is given in (3.3). Hence Proposition 4.1 applies to the func-
tions % and ¢, defined by (3.9). We deduce that [K%.(q, ¢)], K& (q, ¢, ¢, ¢) and
K;ld(q7 ¢, @) given in (3.11) are well defined for all (q, ¢, 4, @) € TQZC’;. We address

now the sensitivity of K&(q, ¢, ¢, ¢) and K}’d(q7 ¢, @) with respect to (q, @, q, ¢).
To fit with the notations of Proposition 4.2, we define:

bﬁ’k(q7 ¢,x) = vi’k(q, ¢,x)-n(x), xelsq,¢), Vk=1,...,6,
bb(q’ ¢7 ¢7 X) :: V;Li(q7 ¢7 ¢7 X) : n(x)7 X E F2(q7 ¢)7 Vi = 17 A 7n7
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and B*(q, ¢,%) == b*(q, ¢, A(q, ¢, %)) and Bj(a, ¢, &, %) := by(q, ¢, &, A, ¢, x))
for all x € I'y. We easily obtain that, for all x € I's(q,¢) and alli =1,...,n:

Bj;’k(% @, X) =
(R(a)Tw) A ®'(x —hj) - n(®(x—hj)) if k=123 . €T
R(ai)Tek—s ‘n(P(x — h%))) itk =456, i
. otherwise,
and

o(x —hi) -n(®'(x —hj)) ifx T},
0 otherwise.

BZl(qa ¢)7 d.)a X) = {

At this point we need the following proposition whose proof in given in Section A.5:

Proposition 5.1 Let ' be a Lipschitz continuous surface in R® and denote:

C(R?R3) :={® € O™ (R*R?) : |® — [[3][1.00 <1}, (0<m < o0),

mnv
(see Section A.2). Then:

1. It is possible to define x—almost everywhere on I' a unitary normal vector
n(x).

2. The normal vector n(x) being given x—a. e. on T, for all & € C;,;C;O(R?’,R?’)
such that ||® — [Is]|l1.00 < 1, it is possible to define x—almost everywhere on
®(T") a unitary normal vector n(®,x) such that n([I3],x) = n(x) for almost
every x € I' and such that the mapping:

® c CL°(R3 R?) - n(®,®(-)) € L=(T),

be analytic. We denote N(®,x) := n(®, ®(x)).

3. There exists x—a.e. on ®(I") a tangent plane. Denoting {T1(®), T2(P)}
an orthogonal basis of this plane such that {n(®), 71(P), 72(P)} be a direct
orthogonal basis of R®, we have x—a. e. on ®(I):

2
(0N (®,®71), &) = — Zn(i’) (D€ 0@ )Ti(®), VEeCHP(R®RY).

(5.1)

Let us consider a given C*—function, 1 < k < oo (respectively analytic):

t € [0,00) — ®(t) € O (R3,R?),
such that ®(0) = [I3] and denote n(t) := n(®(t)), Tx(t) = T(P(t)), N(t) =
N(®(t)), v(t,x) := 9, ®(t, ® ' (t,x)) and vr(x,t) := v(t,x)—(v(t,x)-
(the tangential part of v(t,x)). Then, the identity (5.1) reads:

ON( @7 (1) = = Y _(m(t) - [Dv()]T (1) Ti(t), (5.2)

k=1

almost everywhere on ®(t,T).
Assume now that T is C11 and ® € C2°°(R3,R?). At any point x of ®(t,T),

muv

M5 (t,x) stands for the second fundamental form. Then the mapping: t € [0, 00) —
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N(t) € L®°(T) is of class C* (respectively analytic) in a neighborhood of t = 0 and
for allx € ®(t,I):

ON(t, @7 (t,x)) = —Vr(v(t,x) - n(t,x)) — ([2(t,x), vr(t,x), vr(t,x),  (5.3)

where Vr is the tangential gradient. Introducing also k1(t,x) and k2(t,x) the princi-
pal curvatures of ®(t,T's) at the point x and choosing for T1(t,x), T2(t,Xx) the asso-
ciated principal directions such that Iy (t,x), 7;(t,x), T:(t, x)) = —([Dn(t,x)]7;(t,x))-
T:(t,x) = ki(t,%x), i = 1,2, we also have:

2
(I (t, x), vr(t,x), vp(t,x)) = Zm(t,x)(v(t,x) (%)) T (8, X).
i=1

Using this proposition, we deduce that the functions (q, ¢) € DZ&l — B (q, ) €
L*(I'y) and (q, ¢, 4, @) € TQZC’; — Bi(q, ¢, ) € L?(T'y) are analytic. We conclude,
applying Proposition 4.2, that all the quantities defined by (3.11) have the same
regularity and hence that £ is analytic.

Computing each term of (2.10) from the expression (3.13), we obtain that (2.10)
reads:

((Ks(a,®)] + [Kr(a, )], 4, )

(0K (@ #)). 4.6, — 5 (0a[KE (@, D)), 4. 4)

(04K (@, )] 4,6, — 3 (@alKE (@, 8)], - 4.4)
<8¢[Kg(q’ ¢)]7 ¢7 q? > + <a¢[K};‘(qa ¢)]7 d)7 éb >
<8qKTI:',‘d(qa ¢)7 qa (.ﬁa > - <6qK;d(q7 ¢)7 X (isv q>

+ <K7I;"d(qa ¢)7 é? > + <6¢K7I;"d<qa ¢)7 d), (.b, > - %<aqu‘(qv ¢)> E d)> ¢>

+ (04P(q, @), ) = Ogp,. (5.4)

+
_|_

Let us make precise the nature of each term arising in this expression:

o [K%(q,9)] + [Ki(q,¢)] is a 6n x 6n symmetric matrix, that is to say an
element of Lo(R%" x R%" R),

e 0q[K5(a, @) and 0q[K}:(q, ¢)] are 6n x 6n x 6n third-rank tensors, that is to
say elements of Lg(R®™ x R6" x R R),

o 95[K5(q, @)] and 9K (q, ¢)] lies in Ls(CL(B,R3)" x RS x R R),

o 9,K7%(q, ¢) is an element of L3(RS™ x C1(B,R3)" x RO, R),

e K7%(q, $) belongs to Ly(CL(B,R?)"™ x RS™ R),

e 04K%(q, ) is in L3(R™ x C1(B,R*)" x C1(B,R?)", R),

o 95K (q, ¢) is in L3(CL(B,R?)™ x C1(B,R3)" x R, R),

e 94P(q, ®) is a 6n—length column vector, that is an element of L; (R, R).

The last remaining point to prove before applying the Cauchy-Lipschitz Theorem
to the ODE (5.4) is:
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Lemma 5.1 For all (q,¢) € Q7/, let Xi(¢') > 0, i = 1,...,n be the smallest
eigenvalue of the inertia tensor [Ii(¢")] defined by (3.6) and remind that m' > 0 is
the mass of the i—th body. Then, for all ¢ € R":

a- ([Ks(a, @)l + [Kk(a,9)))a > @ign{Ai(W) cos®(ay),m’ cos®(ap) }af.

In particular, the family of symmetric matrices [K§(q, ¢)|+[K5(q, ¢)] is uniformly
elliptic on R%™ x RS whenever (q, @) remains in a compact subset of QZ&l.

Proof : Beforehand, notice that since q- [K}.(q, ¢)]q := fQ(q ®) IV (e, q)|? dx, the

matrix [M=(q, @)] is positive definite for any (q, @) € DZ(’;. The estimate arises,
taking into account the definition (3.7) of [K%(q, ¢)] and remarking that, for all
1=1,....n

g WTREGRE) e g B0
a'#0; CUE a'#0s |[W] 1 R(a) g’ [*’
and that |[w']"'R(a?)q’| < 1/cos(ad)|g]. W

Let now t € [0,00) — ¢(t) € CL(B,R®)" be a given function satisfying the as-
sumptions of Theorem 2.1 and plug the expression of ¢(¢), ¢(t) and qb(t) into the
ODE (5.4). Applying the Cauchy-Lipschitz Theorem, we obtain the conclusion of
Theorem 2.1. The proof is then complete.

5.2 The problem in global coordinates

In this section, we tackle the proof of Corollary 2.1. Under the assumptions
of Theorem 2.1, we denote [K"(q,¢)] = [K%(q,¢)] + [Kn(q,¢)] and, for all

(a,¢,4.¢) € TQY

Bla,4.6) = ya-[K"(a )4 (5.52)
o (06K (@0, 66,
(01(a, @), D) S TP S R (5.5b)
r,d r,d .
5r(t, b, 6, #) = sup —V2EE (q’¢)’¢’q>+<a"’K€ (499,64 (55

P VK (q,¢)],q,4q)

For any C?—function t € [0,00) — (q(t), ¢(t)) € Q' such that (q(t), (t), a(t), d(t)) €
TQ"' we define:

(.., 6.0) = 3 (K} (a.6).6.9) ~ Pla,9)

. ~ 1 L _
B0 (16 (0, 00), s )+ Plctn o) + Bl )

+ A (61(a. 9), ) (;<K;£(q, ®), ¢, ) — P(q, ¢)> oI L0 (ae)ddr g
+ [ (3 0ukt (@00, 5:8.8) - (K (@ 9.6
+(0pP(a, @), <b>) el 0r(@d)d)irqs  (5.6a)

and:

k(q’ ¢’ ('b7 éﬁ? t? S) = ef‘: <61 (q’¢)’¢>dT62 (q7 ¢7 é? ¢)7 (5'6b)

18



and we set a™ =: max{a,0}, k" := max{k,0}. According to Lemma 5.1 and
regularity results proved earlier, we deduce that the quantities (5.5) are (at least)
Lipschitz continuous with respect to (q, ¢, q, d) d)) eT ’1 x R®™. We draw the

same conclusion for the functions ¢ € [0,00) + a(q, ¢, (],’),(],’), t) € R and (s,t) €
[0,00)2 — k(q, P, P, ¢, t,s) € R (and then also for a* and b™).

Lemma 5.2 (Energy estimate) Let q* be the solution defined on [0,T), arising
in Theorem 2.1 and ¢ be the corresponding deformation function. Then, for all
t €[0,T), the following estimate holds:
E(q",q", ¢) <a* ¢ ¢, b.1)
1 * — /2
P12 ([ R b b tspfar @ 0,68, ds

t . . 2
+/ k*(q*,¢,¢,¢,t,s)ds] . (57)
0

It means in particular that E(q*, &, &) is not able to blow up in finite time whenever
(a*, @) remains in a compact subset of 92&1'

The proof of this technical lemma is given in Section A.5.

Let q* be the solution defined on [0,7) given in Theorem 2.1 and denote T :=
sup{t € 0,7) : (a*(s), d(s)) € Qu, Vs = [0,¢]} and Q”(¢) := §1(q’(t)) for all

€ [0,T) (see Section A.3 for the definitions of Q™ d and §1). Classical behavior
results for solutions of ODE’s (see for example [13, Theorem 4.1, page 15]) ensure
that:

lim (¢, q" (t), ¢(1), 4" (t), ¢(t)) € ([0, 00) x TQL').

t—T

It means that one of the following alternatives happens:
e Either T = 0,
e Either (q*(T),¢(T), q*(T), d(T)) € 8T§Z£l1' Only two events are possible:

— Either (q*(T), ¢(T)) € 3}52&1 \ 99" Hence, making use of Lemma 5.2
together with Lemma 5.1, we deduce that |q*(T )| < oo. The configura-
tion (locations and shapes) for the bodies at time T, that is S(q*(T'), ¢(T)),
can be chosen as new initial configuration. We denote it Sp and we can
reapply Theorem 2.1 with (qo, ¢y) = (q*(T), ¢(T)). We obtain a new
function q* and the function Q* can be extended to the right of T by
setting Q*(T +t) = F1(q*(¢ ))

— Either (q*(T), ¢(T)) € oM N 5‘Q . This possibility means that time
T corresponds to the time of a colhs10n between two bodies or between
a body with the fluid’s domain boundary. It is the only case where we
may have |q*(t)] > o0 ast — T.

The proof of Corollary 2.1 is then complete.

6 Explicit form of the Lagrangian system of ODE’s
in a particular case

In this section we address the case of a swimmer alone and we assume that the
system body-fluid fills a bounded region in R®. We denote h(t) the coordinates
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of the center of mass of the body with h(0) = 05. The deformation is given by a
C*—function (k > 1):

t € [0,00) — ¢(t) € C"(B,R?),

for which (¢(t),¢(t)) € D™ for all t > 0 and ¢(0) = [03]. We denote ®(t) :=
[I3] + ¢(t) and the deformed swimmer is S4(t) := ®(¢,Sy). For any pair (¢,q)
such that (q, ¢(t)) € Di’;n, we denote merely A(t,q) instead of A(q, ¢(t)) defined

by (3.2). We recall that A(t,q) is a C™—diffeomorphism from R?® onto R3. In
particular, we have:

R(a)®(t,x) +h  if x € So,
X if x eI'y.

A((t q),x) = {

We set S(t,q) := A((t, ), So), Q(t,q) == A((t,q),Q) and I'5(t, q) := 95(t,q). We
define also A, a C™—diffeomorphism from R? onto R? by:

A((t,q),%) == R(a)"(A((t,q),X) —h), VX ER?

and we set S(t) := A((t,q), S0) = ®(t, o), QAt,q) = A((t,q),Q), Ta(t) = 0S(t)

and T'1(q) := A((t,q),T1) = R(a)T(I'; — h). We introduce the following vector
fields compactly supported in R3:

VE((t.a). ) = Oy A(t @), A (1), ), k= 1,....6,
va(t.q). ) = BA((L ), A7 (t ), ),
vi(t.q), ) = ZA(L @), AN (), ),
Vi((ta).) = Oy At @) A ((ta), ) k=1,....6,
v((t,),) == DAt @), A ((t,q), ")),

and we can make them explicit on the boundaries of Q(t,q) and ﬁ(t7 q). Thus, we
have:

vi((t,q),x) = 03 onTy, k=1,...,6,
v4((t,q),x) = 03 on Ty,
vi((t,q),x) = wi A (x —h) onTy(t,q), k=1,2,3,
vi((t,a),x) = ex—3 on I'y(t,q), k =4,5,6,
vi((t,q),x) = R(a) (p, A" ((t,q),x)) on Ty(t,q),
v((t,q),x) = R(a)¢ (p, A ((t,q),x)) on Iy(t,q).
and:
Vi((t,q),%) = —(R(@)Twiy) AX, onTi(q), k=1,2,3,
vi((t,q),x) = —R(a) ex_3 onT1(q), k= 4,5,6,
v4((t,q),X) = 03 on T'y(q),
Vi((t,q),X) = 03 on To(t), k=1,...,6,
v((1,0).%) = $(p. A ((1,).%)) on T (1),
V(t@),%) = d(p, A ((£,0).%)) on Ta(t).

We denote [V (t,q)] the 3 x 6 matrix defined on R?® and whose column vectors
are v, k = 1,...,6. Like in Section 3, the potential of the fluid reads ¢(t,q) =
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22=1 o5 (t,a)dr + ©%(t,q), where ©r(t,q) and ©%(t,q) are harmonic in Q(¢, q) and
satisfy the following Neumann boundary conditions:

(t,q) - non Ty UTL(t,q), k=1,...,6,
d(tvq) s on Fl U FQ(taq)

Onpp(t,q) = bi(t,q) =
O (t,q) = b(t,q) ==

We introduce also:

=
=
2
Rl
|
AS)
/—S.‘
=
2
=
£
<
+
=
<
<2
m
N
=
2

The functions @%(¢,q) and $%(t,q) are also harmonic in Q(t,q) and satisfy the
Neumann boundary conditions:

Ondh(t,q) = bi(t,q) =0 onTi(q), k=1,...,6,
OaPh(t,q) = bi(t,q) == (R(a)Twr) AX-n on [y(t), k=1,2,3,
Oni(t,q) = bi(t,q) == R(c)Tex_3-n  onTa(t), k =4,5,6,
Oad(t,@) = b'(t,q) = V(t,q) - n on Ty (q) UT(t).

Weset ¢ 1= (¢7,...,¢5) 7 and @" := (7, ..., ¢5)" and we denote merely [K5(t, q)], .
(@), K1, ) and K21, q) instead of [K5(, 6(1))], [KF(a, #(0)], K} (a, (1), d(0)

and K&(q, ¢(t), ¢(t), p(t)) defined in (3.11). The Lagrangian reads:

L(t,q,q)

[T

, i . o 1
a- (K5t q)] + (Kt a))a + Kp'(ta) - a+ 5 Ki(t.a) - P(t.q).
and the ODE (5.4) becomes:

<[K§(t7q)] + [K;‘(tvq)]vfb >

+ <3q[Kg(ta q)]vqa q7 > - %<aq[ng(t,q)L '7q7 q>

+{0E () 6,8 ) — 5 (0aKE ()l 4. @)
+ <at[Kg'(t7q)}>q, > + <8t[K;‘(t7q)]vq7 >
+ <aqK7I‘7"d(t7 q)> q7 > - <6qK;ld(t7 CI), B q> + <atK7I‘7)‘d(t7 q)7 >
~ S{0KE (), ) + (04P(1,), ) = Ogn. (6.1)

The expressions of [K5(¢,q)] and [K(¢, q)] (upon an integration by parts) are given
in (A.4). Tedious computations involving the formulas (A.1) yields:

(Ol K50, 6,8) — 5 (0l K (¢ ). 6,0) =
(TS @l + T30, ()l 4. 4.0,

where the 6 x 6 x 6 third-rank tensors [[Tg?ﬁ(uq)]] and [[Ti/;u (t,q)] are given in
(A.5). Without difficulty, we obtain also the identity:

O K5t @) = [Mn(t, a)l,
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the 6 x 6 symmetric matrix in the right hand side being given in (A.4). Observe
now that we have:

Kot q)yy = / Vel (t, %) - Vi (t q, %) dx
Q(t,q)

:/ VEI(t %) - VE(ha,R) %, 1<i,j <6,
Q

(t,a)

Kp(t,q); = 5 v)ad(t,q,i)-vag(t,q,i) A%, i=1,....6,
Q(t,q,x

and
Kpta) = [ Ve i
Q(t,q,%)
Applying formula (4.3), we obtain:
DIt (tq) = — /~ pr|VE [T T,
T'i(a)
The change of variables x := R(a)X + h in the integral above yields:

0qKf(t,q) = —/F pr| Ve PWr T ndl,,

where the matrix [WW7"] is given by (A.3) in the Appendix. In order to apply again
the same Formula (4.3) to the others terms, we introduce:

Bi(t,q,x) := by(t,q, A((t,q),x)) on [ UTy, k=1,...,6,
d

Bd(ta q, X) =b (tv qvA((tvq)aX)) on Fl ) FQ;

and we have:

é,:(t q,x) = onT'y, k=1,...6,
Bi(t,q) = on I'y,

Bk(t q,x) = (R( Vwr) A®(t,x) -n(®(t,x)) on Ty, k=1,2,3,
Bi(t,q) = R(a) ep_3 - n(D(t,x)) on I'y, k=4,5,6,
Bi(t,q) = p(t,x) - n(®(t)) onTy, k=1,...,d.

Straightforward computations yield, for all X € Ty (q): 8, B((t,q), A 1((t, q),X)) =
Oforallk=1,...,6 and alli=1,...,6 and for all x € Fg(t) we have:

) (wp Aw;) - R(a)(xAn) if1<k<i<3,
0. Br((t,q), A ((t,9),X)) =< (R(a)n A ek_3) - w; if k=4,5,6,i=1,2,3,
0 otherwise.
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~ ~ ~ ~—1
We denote [N (¢, q)] the 6 x6 matrix whose entries are N; (¢, q) := 9y, By (t,q, A (¢,q))
and invoking formula (4.3), we get:

(Ol )] b0) — 5 (Ol KE () 60) =

1 . . 1 o .
=5 . prio@ D@ an- (V@) AT+ 5 [ ped (@ (N + (N])a)ar

*i/fl@f (@' (DRIDPI" @)V n) ~ [DF)[D | a(n - (DY) ) I,

+/~ pr(@" - @)([N] — [N]7)g dr,.
Ta(t)

Applying the change of variables x := R(a)x + h, we get:

L OalE ()], &) = ([TE + [T 1,6, 4),

<8Q[K;'(t7q)]’qv q) > 2

in which the expressions of the 6 x 6 x 6 third-rank tensors [[Tj“;/,,i]] and [[TSI;{Q]] are
given by (A.5). The same formula (4.3) yields also:

(0K (8, q), 4, ) — (0KR'(t,q), -, q) =

= e (D@98 (@ 771w~ (- (DT VT ) s

I'i(q

+ / pr@((N] — [N]T)q dr,.

T2 (t)
The change of variables x := R(a)xX + h leads to:
T . r, . F/d .
<aqKF7‘d(t7 q)7 q, > - <8qKFd(t7 q)a ) q> = [Msk/ew (ta q)]q7

the definition of 6 x 6 skew-symmetric matrix [M EB/d (t,q)] being given in (A.6).

skew
As regards the computation of 9; B4(t,q), we require the use of Lemma 5.1. Since

A(t,q,X) = ®(t,%) on ['5(t), we obtain that:
~ ~_1 "
atBl:(t?qu (tqux)) =
R(a)(Vv¢EAn+XA((-n- [DVYr)T1 + (-1 - [D?d]72)72)> ‘wy ifk=1,2,3,
R(a)((—n - [DVIT)T1 + (- - [DVd]Tg)TQ) - ep_3 if k=4,5,6.
We also have on T'p(t):
VF/EI,@ (tv q, i) : gd =
R(@)(VEAn+FA (—k1 (1 - V)71 — Ra(T - vd)n)) ‘wy, ifk=1,2,3,
R(a)(—k1(T1 - V) T1 — Ka(T2 Vd)Tg) “ep_3 if k=4,5,6.
But the definition of the tangential gradient allows us to write Vp(v¢-n) = (V(v?-

n)-71)71+(V(v4n)-12)7T2 and according to the definition of the principal curvature

ki, we get V(V?-n) -7 = n - [DV 71, + V¢ [Dn]r, = n- [DVI71), — kp(VE - T4).

We deduce that on I's(t):

~ ~—1 . ~ . -
0:Bi(t,a, A (t,9,%)) = Vrbj(t,q,%) - v* =
~R(@)XAVp(ve-n)) wy ifk=1,23,
~R(a)Vr(ve-n)-e,_3 if k =4,5,6.
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We denote A(t,q) the 6—length column vector defined on I'5(t) whose entries are
~—1

Ax(t,q) ==, Bi(t,aq, A (t,q)) — Vrby(t,q) - v,

and applying one more time formula (4.3) we obtain:

KRt q)]d = — / pr[DF|[DF [ a(¥ - n) dr,
Ta(t)

+/f2g(¢r(qﬁ)+(¢r-q)§) drﬁz/~ pr[VT ) n(n - [V7]q)(¥? - n)dl,

Ta(t)
2 /m(pgw(an@r @)+ (@ [77]7m) (¥ m) dr..

Upon the change of variables x := R(a)X + h, the identity above turns into:
QKL (t @)l = M5t q)la,

the 6 x 6 symmetric matrix [M. 5/,;1 (t,q)] being given in (A.6). We compute as well

~ ~ ~_ .d
that, on T'y(t): 9;B%(t,q, A 1(t,q)) =v n—Vr[@?.-n) v — g (¥ 7)% -
ka(Ve - T9)2. Since Vrbi(t,q) - v? = Vp(v? - n) - v, we obtain that, on [a(t):
OBt A" (@) - Vrb(t,q) - 9 = ¥4 - — 2Vp(F o m) = gy (F 77 -
ka(Ve - T9)2. Applying formula (4.3), we get:

OK(tq) = / pr(v* - m)[DF(VEY AL
2(t

12 /~ pr[7Tn(# - n)2drl, — 2 / prH (7 n+ @ )@ )¥ ndr,

I's (t) fg (t)

—i—/~ pp(@dx—&-(\id-n—QVp(Vd-n)-Vd
T2 (t)

k(3 T1)? — ko (FE- TZ)Q)CJ) dr,.

The change of variables x := R(a)X + h leads to:

OK(t,q) = /F pr(v! MV
2(t,q

+ 2/ prWTn(v? - n)?dr, — 2/ pFH(god[W’"]Tn + (v n)tp’“)vd -ndl,
T2 (t,aq) T2 (t,aq)

—|—/ pp<g0dA + (\'fd ‘n—2Vp(v?-n)-v?
T2(t,q)

— k(v T1)? = ra(v? )" ) A
Notice that —r(v®-71)2 — ka(ve-7T3)? can be replaced by Ilo((t,q), v, vi) where
(¢, q) is the second fondamental form on T'y(t,q) and v{ := v¢ — (v¢.n)n is the
tangential part of v?. Following the same ideas we obtain:

0qK#(t,q) = _/1“ pr| Ve PW T ndl,.

Eventually we get upon a change of variables:

Pt,q) = - /ﬂ (1% — prl det DA(t, q, %)) G(A(t, q, ) dx.
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Applying [18, formula (5.16) page 175], that is:
O, det[DA(t, q)] = det[DA(t, q)]div[dg, A(t, q)],

we obtain that:

04, P(t,q) = / pr div(d, A(t,q, A (t, q,x))G(x) dx
S(t,q)

_ / (ps5(x) = pr)VG(X) - D Alt, s A (1, q, x)) dT'.
5(t,q)
But 9, A(t,q, A" (t,q,x)) = v} and div(v}) = 0 for all i = 1,...,6. Hence we
obtain:
0,P(t.2) = [ (ps(x) = pr)glW"  es .
S(t,q)
and this expression fits with that of F?(t, q) given by (A.7). All the terms arising in
the ODE (6.1) have now been computed and the proof of Theorem 2.2 is complete.

7 Future directions

A natural continuation of the results presented in this paper would be to perform
3d numerical simulations using the formula given in Theorem 2.2. This work is in
progress.

About control, an interesting question is: for a given rigid motion of the swimmer
in the fluid, is there a deformation that yields this motion ? This problem is known
as tracking problem. Equation (5.4) is then considered as an ODE in ¢, in which
q,q and q are given parameters. The uniqueness in the Cauchy-Lipschitz Theorem
ensures that if such a deformation exists, when replugging it into the same ODE
as parameter, the solution cannot be anything but the initial targeting motion.
The theoretical problem of controlling an ellipsoid (modelling a submarine) in a
potential flow was recently tackled by T. Chambrion and M. Sigalotti [11] using
tools of geometric control.

At last, a precise asymptotic study of the motion when two bodies get close and
finally collide remains to be done.

A Appendix

A.1 Euler angles

Let be A :=] — 7, w[x] —7/2,7/2[x] — 7,7 and A :=] — 7, w[x] — 7 /4, 7 /4[x] — 7, 7]
and define the function:

R:A— SO(3)

C2C3 —C283 —S2
_ T R —
a = (ar,a,a3)" — R(a):= | —s152¢c3+c183 S15283 +cic3 —s1c2 |,
C182€3 + 8183  —C18283 + S1€3  CiC2

where c¢; stands for cos(;) and s; for sin(c;). The pair (A, R) is an analytic chart
from A onto a neighborhood of [I3] in SO(3) such that R(03) = [I3]. The coordi-
nates «; are the so-called Euler angles with the “xyz” (pitch-roll-yaw) convention.
Introducing the vectors

wl(a) = (17070)T7
wa(a) := (0, cos(ay),sin(a))?,

ws(a) := (—sin(az), — sin(a;) cos(az), cos(ay) cos(az)) T,

25



we have the relations, easy to prove:

gR (@R(a)'x =wi(@) Ax, VxeR? Vac A Vi=1,2,3. (A.1a)
Q
We denote:
1 0 —sin(ag)
[w(@)]:=1] 0 cos(a;) —sin(ag)cos(az)

0 sin(ay)  cos(ay)cos(as)

We can compute the derivative of the vectors wy(a):

; i <9 <
Owy, () = {w](a) Nwi(a), if1<j<k<3, (A1D)

da; 0, if1<k<j<3.
The differential of the matrix [w(a)] is a third rank tensor given by:
Oajw(a)] =e2® (w1 Aw2)®e; +e3® (w1 Aws)Re; +e3® (w2 Aws) ®eq. (A.lc)

The 6 x 6 block-diagonal matrix [W(c)] is defined by :

[W(a)] := diag ([w(ex)], [I]), (A.2)

and we have det[w(a)] = cos(az).

A.2 Deformation spaces

Let B be a ball in R3, centered at the origin an large enough to contain all the
initial regions S§ — h{ for i = 1,...,n. Let C™(B,R?®) (m > 0) be the space of the
functions F = (Fy, Fy, F5)T from B into R®, m—times continuously differentiable
and compactly supported. This space, endowed with the norm:

L”(B)> 7

is a Banach space. If m > 1 and ||F||1,00 < 1, then a fixed point argument
ensures that [I3] + F is a C"™—diffeomorphism from B onto B. The functions
of C™(B,R3) can be extended by 03 in R® \ B and therefore can be considered
as functions of C™°°(R3 R3), the space of the m—times continuously differen-
tiable functions, uniformly bounded in R? as well as all of their derivatives. This
space is also a Banach space endowed with the norm | - ||;n,c0. For any func-
tion F := (Fy, Fy, F5)T € C™>(R3,R3), the Jacobian matrix [DF] can be con-
sidered as a function of C™~1>°(R3 R3)? since each row VF; of the matrix is
in C™~L°(R3,R3). More generally, if [F(x)] is a matrix for which the rows
are three functions F;,Fo and F3 lying in C">°(R3,R?), we will consider that
[F] € C™>(R3,R?)? and denote

ovitrz+s Fz

8’)’1 xq 672 x28'}’3 T3

71 +72+v3 <m \i=1,2,3
Y1,72,73 €N

|F||m,c0 :== sup ( sup

[Ellmo0,3 7= sup (|Fs[|m,c0-

1=1,2,

Obviously, the space C"™>°(R3,R?)? endowed with the norm || - ||, 00,3 is a Banach
space.

Denoting ¢ == (¢,...,¢™)T € C(B,R®)" and o := (¢',...,9™")T € C(B,R%)"
with ¢ := ( 11’(#2;(;3123)71 € CT(B»RJ) and 9" := ( ia%,%) € an(B’Rg)v we de-
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fine the deformation fiber bundle:

DM {((z)’r(/,) c C?(B,R?’)” X C?(B,Rg)n : ||¢z

1,00 < 1a

[ A3 x— ) dx = 0a. [ pGo)x-+ 8'x — bi) A9 x ) = 04
Si S

and if € is bounded:
> [ diviw!ox— i) det([l] + [D§'Cx — )| =0, ¥i = 1,....n}.
=1 0

Remark that D™ does not contain any function that reduces to a rigid displace-
ment on one S§.

A.3 Global and local coordinates
Global coordinates

According to relation (2.1), the location and the shape of the i—th body are given by
a pair Q' := ([R],h?) € SO(3)xR3 and a function ¢" := (¢}, %, $%)T € C™(B,R?).
We denote

Q:=(Q',...,Q") := (([R'],n'),..., ([R"],h™)) € (SO(3) x R3)",

and b = (@1, ") = (61,64 6L .6 dn. 68)T € O (B.RY)". The SO(3)
group being an indefinitely differentiable 3—dimensional submanifold of M (3) (the
vector space of the 3 x 3 matrices), (SO(3) x R3)™ is a 6n—dimensional submanifold
of (M(3) x R®)". We define Q™™ as being the open subset of (Q, @) € (SO(3) x
R3)™ x C™(B,R3)™ for which any body do not touch or overlap another body or
the boundary of the fluid region. The connected component set of Q™™ containing
the pair (Qo, ®¢) in which:

QO = (([Hfi]vh(l))v LR ([Hd]vhg)) € (50(3) X Rg)nv
¢0 = ([©3]a RS [©3]) € CZH(B’RB)na

is the set of all the reachable (or admissible) configurations. It is denoted Q7'}". We
denote TQ™™ the tangent bundle of Q™™ and we introduce the subset of TQ.""
of all the admissible positions, velocities, deformations and deformations rate of the
bodies:

TN :={((Q,¢),(Q,9) € TQ"™ : (Q,¢) € Q%", (¢, }) € D™}.

Remark that this set keep a structure of fiber bundle. The elements (Q, ¢) € Q.""
are called the global coordinates.

Local coordinates

Let us denote o' := (at, ab,a}) € A the Euler angles of the i—th body (the Euler
angles are detailed in Section A.1) and introduce the function:

T (A xR x C(B,R*)" — (SO(3) x R*)" x C™(B,R?)"
((a',h!),..., (a™ h"),¢) — (R(a'),hl),..., (R(a™),h™), ¢).

We set § == (§1,2) with §1((a',h'),..., (a",h"), ¢) := (R(a'),h'),..., (R(e"), h")
and F2((al,hl), ... (a™, h"), ¢) := ¢. The elements

1 1 1 1 1 1
(q7 ¢) = (ala 042, a37 hla h27 h37 e ,Oé?, 0437 aga hrlla h;a hga ¢)7
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of the open subset Q77" := (A x R3)" x C"(B,R?)"NF1(Ql)") of (R? x R3)" x
C™(B,R3)"™ will also be generically denoted:

(A, @) = (41,03, B3 - - - 47+ 45 45 D).

We set also 5:{,;1 = (A x R3)™ x C™(B,R3)" N F7HQ™) € Q" The pairs
Q™. §) or (Q.",F) are local analytic charts of Q7" in a neighborhood of

(Q07 ¢O) such that S(q()) ¢O) = (QOa ¢O) where
qo ‘= ((037 hé)7 sy (037 hg))T € Rﬁn'

We denote

{((a.9), (a.9)) € Q7" x (R™ x C"(B,R*)") : (¢, ¢) € D"},
{

TQ
TR = {((a, ). (4 #) € Q" x (R x CP'(BRY)") : (¢,6) € D"},

The elements (q, ¢) € Q7 are called the local coordinates.

A.4 Definitions of some tensors, matrices and vectors

Under the assumptions of Theorem 2.2, we denote ®(t) := [I3] + ¢(t), for all
0<t<T. Forall (t,q) € [0,T) x RS such that (q, ¢(t)) € Q12 Q(t,q) and S(t,q)
stand for the region of the fluid and the region of the swimmer respectively and
Ty (t,q) := 9S(t,q). We define the following vector fields for all x € S(t, q):

vi(t,q,x) = R(a)d)(t, ‘I>_1(t, R(a)T(X —h))),

vi(t,q,x) == R(a)p(t, @' (t, R()” (x — h))),
where ¢ stands for 8,.¢. Also for all x € S(t,q), the vector A(t,q,x) is given by:

—w; A (x —h)-Vp(vi(t,q,x)-n) ifi=1,2,3,

Ai t7 ) =
() {ei—S - Vr(v¥(t,q,x) - n) ifi=4,5,6.

We define the 3 x 6 matrix [W"(¢,q,x)] on I'; U S(¢,q) by:

—wj/\(x—h)~ei 1f1§2,j§37

Vxely, Wit qx):=4q-1 ifi=35-3, j=4,5,6,
0 otherwise,
(A.3a)
wjA(x—h)-e if1<4,5<3,
Vx e S(t,q), Wi(t,q,x):=1q1 ifi=35-3, j=4,5,6,
0 otherwise.
(A.3Db)

We set for all ¢ = 1,...,6 and all x € S(¢,q): vi(¢,q,x) = [W"(t,q,%x)]f; where
{f1,...,fs} is the canonical basis of R®. The potential functions 7 (t,q) (i =
1,...,n) and ¢%(t,q) are harmonic in Q(t,q) and satisfy the Neumann boundary
conditions:

Onpi (t,q) =0on Ty  and Onpl(t,q)=v](t,q)-n on 'yt q),
Onpl(t,q) =0onT; and dnp’(t,q)=vi(t,q)-n on Iy(t,q).
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We set the function ¢"(t,q) : Q(t,q) — R® by ¢"(t,q) := (¢1(t,q),...,¢5(t,a))"
We introduce the following 3 x 3 symmetric matrices, where pg stand for the density
of the bodies and m its mass:

[1(t,q)] = /S ps(t, ) (jx — h2[T] — (x — h) @ (x — b)) dx,

(t,a)

ot s= [ ps(t.30(20x 1) v¥(t. 0. x) )

(t,a)

—vi(t,q,x) ® (x — h) — (x — h) ® vi(t, q, x)) dx,

the 6 x 6 symmetric matrices (the matrix [©] arising below is defined by (A.2)):

[Ks(t, q)] :=[0(t, )] diag ([1(t, )], m[Is]) (4, )], (A.da)

[Kr(t,q)] ::% / pF (gf @ W n+ W nee")dl,, (A.4b)
T2(t,q)

(M), )] :=[@(q)] " diag ([9:1(t, @)], [0s]) [@(a)], (A.dc)

and the following 6 x 6 matrices for all x € T's(¢, q):

(xz ) ni(l‘j—h]‘) if 1 SZS] §3,
Nii(t,q,x):=¢ (nAe;_3) e ifi=4,56, j=1,2,3,
0 otherwise,
(

[N(t,q,%)] = [&(q)] [N (t, q,%)][@(q)]-

The entries of the 6 x 6 x 6 third-rank tensors ﬂTsSy/,Z(t q)] and [ Skm(t, q)] are:

(Ti;/vz)jlj’zjs (t7 q) =

1 . R
{2 [(wmin{jz,js} A Wiax(jaga}) Lws, | if 1< g1, ja, jis <3, (A.5a)

0 otherwise,

and

S/r
(Tsk/ew)hh]s (t CI)
1 . L.
@ Ay, + (i, Aws) s ], 1< jujods <3 o
0 otherwise.

Let pr be the constant density of the fluid. The 6 x 6 x 6 third-rank tensors
[[Tgé;(t q)] and [T i/efu(t,q)]] read respectively:

3l = = [ orlDe I @ (W) ar,

+ l/r £F;PT ® ([N(t,q,x)] + [N(t,q,x)]7)dl,, (A.5c)
and
5= [ pr(N(a) - NG ))& ' dr.
T2 (t,q)
+: / pr (W10 @ D@ ][D@"]" — [Dg'][Dg']” @ [W']"n) dT,.  (A.5d)
Iy
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The matrices [MS};/,,Zl(t, q)] and [M F/d (t,q)] are given respectively by:

skew

[(MEI(t, q)] = /F PF (<p’” ®A+A® sor) dr,
2

(t,a)

~ [ pr(vt mD@DET AT, 2 [ pr(e m) 0 (W7 T,
T2 (t,q) a(t,q)

—9 / prH(v? - n)([WT]Tn D¢+ ® [WT}Tn) dr,, (A.6a)
T2(t,q)

and
IME (t q)] = / pre®(IN] - [N]T) dT,
Ta(t,q)

+ [ oe (W70 8 (DT~ [PV @ W] dT,  (A.6D)
Iy

where k1(t, q,x) and k2(t, q, x) are the principal curvatures at the point x of I's(¢, q)
and the unitary vectors 71 (t,q,x) and T2(t,q,x) are the associated principal di-
rections such that {n, 71,72} is a direct orthogonal basis and [Dn|r; = —k;T;,
i=1,2. H(t,q,x) := (k1(¢,d,%X) + k2(t,q,x))/2 is the mean curvature. Finally,
the expressions of both vectors F¥/4(t,q) and F9(t,q) are:

X 1 X

F4(t, q) ;:/ pF<(Vd-n)<p7+30dA) dl“m—i—f/ pr Ve PW T ndl,
T (t,q) 2 Jr,
(t,9) T2(t,q)

— | pr (2H(v n)? — (v, v&) + 2V (v? - n) - vd> p"dr,
T2 (t,q)

+ 2/ pr(v?-n)? (W Tndl, — 2/ prH(ve-n)ed W Tndl,
I's
d

- / pr(v! - m)[D@'(Ve!)T dr,,  (A.7a)

2(t,q)
where T((t, q,x), v, v&) = —k1 (v? - 71)% — ko (v - 72)2 and
Fita) = - [ s pr)g0 " esdx (A.7h)
t,q

Observe that F’(t,q) = 0 for i = 4,5 and, taking into account (2.6) and (2.7),
F(t,q) = (m— prvol(Sy))g, where vol(Sp) is the volume of the swimmer and g the
gravitational constant.

A.5 Proofs of the Propositions and Lemmas

Proof of Proposition 4.2: We use the notations introduced in Section A.2.
For all ¢ € C™(B,R?) we recall that ® := [I3] + ¢ and ® € C™>(R3,R3). If
¢ € CH(B,R?) is such that ||¢[|1,00 < 1, the matrix

[A(¢, )] = [D®]'[D®] "' | det([D®]),
is well defined and lies in C'%°°(R3,R?)3. Furthermore the mapping
¢ € C.(B,R?) — [A(9)] € CV=(R®, R*)?,
is analytic in a neighborhood of ¢ = 03. We deduce that the set:
g™ = {¢p € CI"(B,R%) : [[@]l1,00 < 1, [I[A(@)] — [T3]l0,00,8 < 1/2},
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is an open subset of C™(B,R?) and we denote 7™ := €™ x E.

Let now ¢ be a function of Hi () and define for all ¢ € £™ the function
P(¢,-) == @(®'(:)). Simple computations yield V@ = V(@ H[D®(® )]}
and hence, upon a change of variables:

/ VE? dx = / Vel A($) V" dx.
Qo) Q

According to the definition of £™, §(¢p) € HX (Q(¢)) for all ¢ € EL. The variational
formulation (4.2) can be rewritten with the test function @(¢) and we get, upon a
change of variables:

/Q VU, ) AV  dx = | Bi(, ) dT,. (A8)

I'>

We then define the mappings:
Fl:T' x Hy(Q) — Ha(Q)
(¢a 11b7 U) = <[A(¢)]7 Ua > - <Bl(¢7 w)a '>a

where:
(A(B)]. U, ) = /Q VUIA($)IV" dx, VU, € HY(Q).

(Bil¢ ). = | Bulew)p dlu,  Voe Hy(9).
2
On the one hand, the mapping ¢ € &' — Jacr(¢) € L>(I'3) is analytic and
by hypothesis, (¢,%) € T' +— Bi(¢,9¥) € L?(I'y) is of class C* (respectively
analytic). Hence (¢,9) € 71 — Bi(¢p) € L%(I'2) and then (¢,v) € T! —
(Bi(¢),-) € Hx(Q)" are also of class C*¥ (respectively analytic). On the other
hand, ¢ € &' — [A(¢)] € CO(R3 R3)3 is analytic. We deduce that F}! is
of class C* (respectively analytic). We remark furthermore that for all 9 € E,
FH[03], v, u;([03],%)) = 0 and 9y F([03], 1, u;([03],v)) is an isomorphism from
H3,(2) onto H ()" according to the Riesz representation theorem, since we have:

(00 FM(03], 9, s (03], %)), U, 0) = /Q VU Ve dx, YUpe HY(9).

The implicit function theorem (we refer to (3.1.10), (3.1.11) and remark below, page
115 of [5] for the classical one and to (3.3.2) page 134 for the analytic version) applies
and allows us to conclude that there exists a neighborhood 77 of {[Qs]} x E in T*
and a C*¥—function (respectively analytic) (¢,) € T = Uj(,9) € H3(2) such
that F} (¢, ,, ﬁi(d),d;)) =0 for all (¢, ) € T By uniqueness of the solution of

(42) in HJI\/'(Q((Z&))a we deduce that U’L(¢7¢? ) = Ui(¢7¢7 ) = ui(¢7¢a (D())
Proceeding as in (A.8), we rewrite J(¢, 1)) under the form:

J(oap) = /Q VUL, ) [A($)]VUa (e, )T dx.

Since (¢, 9) € Tt U;(¢p, ) € HL(Q) is of class CF (respectively analytic) and
¢ € &' — [A(p)] € CU°(R3,R3)3 is analytic, we deduce that (¢,7) € T! —
J(¢,) € R is also of class C* (respectively analytic).

Assume now that 9 is of class C'! and that B;(¢, ) is like in the hypothesis
of the second part of the proposition. We define the space H when 2 is not bounded
by:

H = L%(Q) x HY*(I,),
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and this definition turns into:

H o= {(U,B)ELZ(Q) x HY2(Dy) : /U dx+/ Bdezo},
Q T

2

when € is bounded. We introduce for i = 1, 2, the functions:

F?:T?x H%,(Q) - H
(¢,9,U) = (—=div([A(9)]VU), VU|r, [A(P)In — Bi(¢, ¥)).

The same arguments we used for F}! allow to prove that F? is continuously differ-
entiable. Moreover, for all ¢ € E, F2([03],, u;([03],%)) = 0 and

(0u F7([0s], 9, ui([0s],9)),U) = (—AU,0,U), YU € H (D).

Classical results for the Neumann boundary value problem (see [2], [1] and [7] for
the less classical case where 2 not bounded) ensure that 9y F?([Q3], 9, u;([Q3], )
is an isomorphism from HZ(2) onto H. Applying the implicit function theo-

rem, we conclude that there exists a neighborhood 72 of {[Qs]} x E in 72 and
a continuously differentiable function (¢, %) € T2 — Uy(¢p,vp) € HZ () such that
Ff(gi),@b,ﬁi(qb,i/))) = 0 for all (¢,v) € T2, By uniqueness of the solution of the
Neumann problem in HZ% (Q(¢)) we necessarily have Ui(¢,%,) = U, p,-) =
ui(p, 9, ().

Let K now be a compact set in Q and (r € C2°(R?,R) such that supp(Cx) C Q
and (x = 1 in a neighborhood of K. We can assume that for all (¢,1) € T, we
have & ' (supp Cx) C Q. We define, for all x € R3:

Us(p, b, x)Cx (®(x)) if x € &~ (supp (k),

Uz*(¢ﬂ ¢7X) = {O if x ¢ <I>_1(Supp (K)

The mapping Cx : ¢ € CL(B,R3) — (i (@) € L®(R?) is continuously differentiable,
the differential being given by:

(00Ck (9),6) = V(x (@) € V&€ CLHB,RY).
Indeed, we have:
Cr (P (x) + &(x)) = Cx (B(x)) = V(k (P(x)) - &£(x) = &(x) - [r(P(x), £(x))]€(x),

where [r(®(x),y)] = fol(l — 8)[D*¢k (®(x) + sy)]ds. Extending the functions ¢
and & by 03 in R? \ B, the conclusion arises by remarking that:

sup _[|[r(®(x), y)lllo,co3 = sup  |[r(®(x),y)]
(x.y)€R? x 5(0,1) (x,)€(BUK) x B(0,1)

0,00,3 < 0OO.

Since (¢, ) € T' — Ui(p,2p) € HL(Q) is also continuously differentiable, we
deduce that (¢,v) € T* — U*(¢, ) € L2(R3) has the same regularity. We have
(06U} (1), &) = Ui(¢, ) VCk (@) - € + Cx (®)(0pUi(b, %), &), V& € CL(B,R?),
and then (9U* (¢, ), &) € H'(R?). Remark that:

(0pU7 (., 87 ()i, ) = (0sUi($,9, 87 ()i, €), Y ($yop) € T,
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Applying [18, Lemma 5.3.3 page 181] to the function u} (¢, v, ) = U (¢, v, 1()),
we obtain that (¢,1) € T' — u} (¢, 1) € L?(R3) is continuously differentiable and
that:

(O} (D.9).€) = (06U; (6,9, 27'(-)),€)~VU; (¢,9, 27" (-))€, V&€ C;(B,R).

We define the function dgu;([Q3],7)) in the whole set Q by its restriction to any
compact subset K of €:

(0pui([05], )|k, €) = (Opu*([03],9)|x, &), V&€ C.(B,R), Vep € E.
We obtain therefore the following identity for all £ € C}(B,R3) and for all ¥ € E:

(0pui([03],1), &) = (0pUi(d, %, @7 (-))|p=(0a), &) — VUi(D, 1, @7 ()| g=(04] - &-
Since (¢, ) € T' — Us(¢p, ) € HL(Q) is differentiable, we obtain that
(0pUi(¢, 2, 271(-)), &) € Hy (o)),

and since U; (¢, ) € H%(Q) if (¢, %) € T2, we obtain that 02, Ui(@, 9, () €
H, (o)) for all j =1,2,3. We deduce that:

(0pui([03],,9),€) € HN(Q), V&€ CL(B,RY), Ve € E.

We proceed as well to define 0g(0,;ui(¢,v)), taking into account that (¢,p) €
T2 Ui(, ) € H%(Q) is continuously differentiable. M

Proof of Proposition 4.3: The domain €2 being of class C'!, we can extend any
function p € HZ (2(t)) to be a function of H%(R?). Reciprocally, for any function
¢ in H{(R?), plq) lies in H(Q(t)). Choosing such a test function in (4.2), we
compute the derivative with respect to t of the variational formulation:

/ Vuilt)- Ve dx = | By(t)p(® (1)) dT,.
Q(t) T2
Applying [18, Corollary 5.2.5, page 173|, we obtain that:

O Vu,(t) - Vo dx +/ (Vu(t) - Vo) (v(t) -n) dTy

Q(t) Ta(t)

- % ( 5 B;(t)p(®(1)) drw) . (A9)

As already mentioned earlier in we can extend any function ¢ € C™(B,R?) to be a
function of C>°(R3,R?). Since p € H%(R?), [18, Lemma 5.3.3 page 181] ensures
that ¢ : t € R— p(®(t)) € H}(R?) is differentiable and that:

0 3(t) = Vp(®(t)) - v(t) € Hy(R?).
In particular, 9;3(t) € H'/?(I'y) and we have:

d
o ( | Bit)e(®(1)) dFa:) = | 0Bi(t)p(®()) + Bi(t)Vip(®(1)) - v(t) dla.
We recall that B;(t) := B;(t)Jacp(®(t)) and B;(t) := b;(t, ®(¢)). Hence, according
to [18, Lemma 5.4.15 page 199], we get:

8B (t) = (9, Bi(t) + b, ®(t)) divr (v(t, B(1)))) Jacr (B(1)).
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Plugging this expression into (A.9) we obtain on the one hand the variational for-
mulation for 0;Vu,(t):

WVu,(t) - Vi dx —|—/ (Vui(t) - Vo)(v-n) dl'y =

Q) Ta(¢)

i B;(t, @ (1)) + bi(t) @ divp(v(t)) dT,
Ta(t)

+/ bi(t)Ve-v(t) dT,, Ve € H3(Q(t)). (A.10)
Ta(t)

On the other hand, applying [18, Theorem 5.2.2 page 172], we compute the deriva-
tive of J(t) as follows:

aJ

(1) = /Q RACUR ORI AZEOR IS

+ Vui(t) - Vua(t)(v(t) - n) dTy.
Ta(t)

Since uy(t) and uz(t) lie in H%(Q(t)), we can use the identity (A.10) in order to
transform both right hand side terms. Since B;(t) := b; (¢, ®(t))Jacr(®(t)), we get:

%‘t](t) =— Vui(t) - Vua(t)(v(t) -n) ATy
Ta(t)

+ Oy B1(t, ® () ug(t) + uy ()0, Ba(t, @ 1(t)) dT,,
s (t)

+ / (b1 (H)ua(t) + w1 (¢)ba(t)) divp(v(t)) dx
Ta(t)

+ / by () Vuz(t) - v(E) + ba () Vaur (t) - v(t) dTy.  (A.11)
Ta(t)

Then, decomposing v(t) into its normal and tangential part on I's, namely v(t) =
(v(t) -n)n + vp(t), we obtain that:

Vu(t) - v(t) = Onui(t)(v(¢) - 1) + Vpu,(t) - vp(t)
=bi(t)(v(t) -m) 4+ Vpu(t) - vr(t), (A.12)

where Vi stands for the tangential gradient. Using some results of differential
geometry (see [18] pages 192-197), we get:

b1 (t)Vrug(t) - vr(t) = divp(by (B)ua(()vr(¢)) — ue(t)Vrby (t) - vr(t)
— b1 (t)ua(t)divp(v(t)) — (k1 + k2)b1 (t)uz(t)v(t) - n, (A.13)

where k1 and ko are the principal curvatures of I'y(¢). In particular divp(n) =
—(k1+ K2). Summarizing (A.11), (A.12) and (A.13), we obtain formula (4.3) of the
proposition. W

Proof of Proposition 5.1: The surface I' being Lipschitz continuous, there
exists x—almost everywhere a tangent plane and then also a unitary normal vector
n(x). For each tangent plane, we can consider an orthogonal basis {71(x), T2(x)}
in such a way that {n(x),71(x),T2(x)} be a direct orthogonal basis of R3. We
denote 7;(®,x) := [D®(® ' (x))]7:(® ! (x)), i = 1,2 for almost every x on &(T).
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Since ® is a C'!'—isomorphism we deduce that {71 (®,x), 72(®,x)} is a basis of the
tangent plane to ®(I") at the point x. Therefore:

71(P,x) A T2(P, %)

n(®,x) = [71(®,%) A T2 (®,%)]

is well defined x—a.e. on ®(I") and satisfies n([I3],x) = n(x), x—a. e. on I.
Consider now the mapping:

(Is] + [AD[Rles A ([Is] + [A])[Rle,
|([I] + [A])[R]e1 A ([Is] + [A])[R]ez2|

For all [R] € SO(3), the function [A] € M(3) — N([R],[A]) is analytic when-
ever |[A]] < 1, i.e. the convergence radius of the Taylor series of this function at
the point [A] = [Qs] is equal to 1 and the sum coincides with N([R],[A]). Fur-
thermore, it is worth noting that the convergence of the series is uniform with
respect to [R] € SO(3). This assertion derives from the equality N([R],[4]) =
[RIN([I3], [R]T[A][R]) and the compactness of SO(3). For a.e. x on I', we denote
[R(x)] the matrix of SO(3) for which [R(x)le; = 7i(x), i = 1,2 and we have:
N(®,x) = N([R(x)], [D®(x)] — [I3]). We deduce that the mapping:

® c CL°(R3,R?) — N(®) € L=(I),

muv

([R], [4]) € SO(3) x M(3) — N([R],[4]) =

is analytic.
Straightforward computations yield:

N(@+£87") =n(®) + [D( 0 &7)|71() A 2(®)
+71(®) A [D(€ 0 @) (@) — n(@) ([D(€ 0 @)1 (@) A T2(®)
+71(@) A [D(E0 @7)|72(®)) - (@) + O([DE 0 @7IE ) (A14)

Formula (5.1) arises after remarking that, for all [4] € M(3), [A]T; = Zk 1([A]T;
71)Tk + ([A]7; - n)n and after plugging these expressions with [A] = [D(£ o ™ )]
into (A.14). Identity (5.2) derives straightforwardly from (5.1). To obtain (5.3)
from (5.2), we make use of the following formulas, holding on the C!!—surface
®(¢,T):
Vr(v(t) - n(t)) - 7x(t) = [Dv()]T(t) - n(t) + [Dn(d)]74(t) - n(D),
[Dn(8)]74(t) = =k (t)T5(?)-

The proof of the proposition is then complete. W

Proof of Lemma 5.2: Forming the scalar product of (5.4) with q, we obtain,
after simplifications due to symmetry properties:

(157 (0, @), 6, 6) + 5 (0al K" (0, 0], 1,6, 6) + (04[K" (0, D), b,,)
+ (Kii'(a, 9), 6,4) + (05K} (0, ), &, 6, @)
5 (0aH (0, 8),6,6,8) + (04P(a, 8).) = 0. (A15)

On the one hand, we remark that:

LK (@ @) ) = (K7 (@), ) + 1 (0l K” (0, D)), 6,0

2dt
+ 5 (O6lK" (@ @), 6.0, (A10)
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On the other hand, we have:

and

Sum

1d
2dt

- <K§7l‘(q7 ¢)7¢7¢>7 (A]-?a)

(0P, 9), 4) = $P(a.8) — (0P (a, 8). &) (A7)
marizing (A.15), (A.16) and (A.17), we get:

(K" (@, 8)),606) + 5 (06lK" (0, 8], 6,1,
+ (Ki'(a,0), 6, 4) + (05K (0, ), &, 6, )
= L LK@ 6).6.8) — TP(a,6) — 50K 8). b b, )
- <K%(q7 ¢)7 &)7 ¢> + <8¢P(q7 d))? ¢)>

With notations (5.5), we deduce from this equality that:

dt

d o - . o -
4 (E(q,q, p)e Ji @1 (a).d)d ) < 6ol b, &, D) E (@ G P)e— o (1 (ad).ya

d

+ % (<;<K}1«“ (qv ¢))¢a (w:ba > - ’P(CL d))) e f(; (61 (Q7¢)7d’>d‘r>

+(61(0.0). ) (3K (@.6).6.8) ~Pla. ) ) e 0010

(5001016 6.0 (5H0.0). 6.5+ 0P (. 8). ) ) i 0010

Then, integrating from 0 to ¢ and using notations (5.6), we get a Bihari-type in-
equality:

E(a,d ) < a*(a.b.b,d,t) + /O K (q .. .1, 5)V/B(a, &, @) ds.

Estimate (5.7) arises after applying [4, Theorem 5.5 page 47]. B
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