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One-dimensional random field Kac’s model:
weak large deviations principle *

Enza Orlandi ! and Pierre Picco 2

Dedicated to A.V. Skorohod for the fiftieth birthday of its fundamental paper [37].

Abstract We prove a quenched weak large deviations principle for the Gibbs measures of a Random
Field Kac Model (RFKM) in one dimension. The external random magnetic field is given by symmetrically
distributed Bernoulli random variables. The results are valid for values of the temperature, 8~!, and
magnitude, 0, of the field in the region where the free energy of the corresponding random Curie Weiss
model has only two absolute minima mg and T'mg. We give an explicit representation of the rate functional
which is a positive random functional determined by two distinct contributions. One is related to the free
energy cost F* to undergo a phase change (the surface tension). The F* is the cost of one single phase
change and depends on the temperature and magnitude of the field. The other is a bulk contribution due to
the presence of the random magnetic field. We characterize the minimizers of this random functional. We
show that they are step functions taking values mg and T'mg. The points of discontinuity are described by a
stationary renewal process related to the h—extrema for a bilateral Brownian motion studied by Neveu and
Pitman, where h in our context is a suitable constant depending on the temperature and on magnitude of
the random field. As an outcome we have a complete characterization of the typical profiles of RFKM (the
ground states) which was initiated in [14] and extended in [16].

1 Introduction

We consider a one-dimensional spin system interacting via a ferromagnetic two-body Kac potential and
external random magnetic field given by symmetrically distributed Bernoulli random variables. Problems
where a stochastic contribution is added to the energy of the system arise naturally in condensed matter
physics where the presence of the impurities causes the microscopic structure to vary from point to point.
Some of the vast literature on these topics may be found consulting [1-4], [6], [8], [12], [21- 24], [28], [36].

Kac’s potentials is a short way to denote two-body ferromagnetic interactions with range %, where v is a
dimensionless parameter such that when v | 0, i.e. very long range, the strength of the interaction becomes
very weak keeping the total interaction between one spin and all the others finite. They were introduced
in [25], and then generalized in [29] and [33] to present a rigorous validity of the van der Waals theory of
a liquid-vapor phase transition. Performing first the thermodynamic limit of the spin system interacting
via Kac’s potential, and then the limit of infinite range, v | 0, Lebowitz and Penrose rigorously derived
the Maxwell rule, i.e the canonical free energy of the system is the convex envelope of the corresponding
canonical free energy for the Curie-~Weiss model. The consequence is that, in any dimension, for values of the
temperature at which the free energy corresponding to the Curie-Weiss model is not convex, the canonical

* Supported by: CNR-CNRS-Project 8.005, INFM-Roma; MURST/Cofin 05-06; GDRE 224 GREFI-MEFI, CNRS-INdAM.
1 Dipartimento di Matematica, Universita di Roma Tre, L.go S.Murialdo 1, 00156 Roma, Italy.

orlandi@matrm3.mat.uniroma3.it
2 CPT, UMR 6207, CNRS, Université de Provence, Université de la Mediterranée, Université du Sud Toulon Var, Luminy,

Case 907, 13288 Marseille Cedex 9, France. picco@cpt.univ-mrs.fr
AMS 2000 Mathematics Subject Classification: Primary 60K35, secondary 82B20,82B43.

Key Words: phase transition, large deviations random walk, random environment, Kac potential.

1



free energy of the Kac’s model is not differentiable in the limit v | 0. These results show that long range
models give satisfactory answer for canonical free energies. At the level of Gibbs measures the analysis is
more delicate since the behavior of Gibbs measures depends strongly on the dimension.

There are several papers trying to understand qualitatively and quantitatively how a refined analysis of
the Gibbs measures of the Kac models allows to see some features of systems with long, but finite range
interaction, see for instance [18], [30], [11].

For ~ fixed and different from zero, if d = 1, there exists an unique Gibbs state for the Kac model while
for the Curie-Weiss model the measure induced by the empirical magnetization weakly converges, when
the number of sites goes to infinity, to a convex contribution of two different Dirac measures. In the one
dimensional case, the analysis [17] for Ising spin and [9] for more general spin, gives a satisfactory description
of the typical profiles. In these papers a large deviations principle for Gibbs measures was established. The
ground state of the system in suitable chosen mesoscopic scales, is concentrated sharply near the two values
of the minimizers of the corresponding Curie-Weiss canonical free energy. The typical magnetization profiles
are constant near one of the two values over lengths of the order e%F where F' was explicitly computed and
represents the cost in term of canonical free energy to go from one phase to the other, i.e the surface tension.
Moreover, suitably marking the locations of the phase changes of the typical profiles and scaling the space
by e_%F, one gets as limiting Gibbs distribution of the marks, the one of a Poisson Point Process. The
thermal fluctuations are responsible for the stochastic behavior on this scale.

The same type of questions could be asked for the RFKM which is one of the simplest disordered spin
system. This motivated the [14], [16] as well as the present paper. The answers we found, as explained below,
are dramatically different from the ones obtained without the presence of the random field. The analysis
done holds in dimension d = 1 and for values of the temperature and magnitude of the field in the whole
region of two absolute minima for the canonical free energy of the corresponding Random Field Curie Weiss
model. This region is denoted &, see (2.19) for the precise definition. In the first paper [14] we gave the
results for (3,0) in a subset of £, under some smallness condition, whereas in [16] as well as in this paper we
give the result for (3,0) in £ without further constraints. We will comment later about this, but one should
bear in mind that the results proven in [14] hold for almost all realizations of the random magnetic fields,
the ones proven in [16] hold for a set of realizations of the random magnetic fields of probability that goes
to one when v | 0, while the ones in the present paper hold merely in law.

Let us recall the previous results: Here, as well in the previous papers, the first step is a coarse graining
procedure. Through a block-spin transformation, the microscopic system is mapped into a system on 7 =
L>(IR,[-1,1]) x L*(IR,[-1,1]), see (2.14), for which the length of interaction becomes of order one (the
macroscopic system). The macroscopic state of the system is determined by an order parameter which
specifies the phase of the system. It has been proven in [14] that for almost all realizations of the random
magnetic fields, for intervals whose length in macroscopic scale is of order (vloglog(1/v))~! the typical block
spin profile is either rigid, taking one of the two values (mg or T'mg) corresponding to the minima of the
canonical free energy of the random field Curie Weiss model, or makes at most one transition from one of
the minima to the other. In the following, we will denote these two minima the + or — phases. It was also
proven in [14], that if the system is considered on an interval of length %(1og %)p, p > 2, the typical profiles
are not rigid over any interval of length larger or equal to Li(v) = %(1og %)(log log %)Hp, for any p > 0.

In [16] the following was proved: On a set of realizations of the random field of overwhelming probability
(when v — 0) it is possible to construct random intervals of length of order % (macro scale) and to associate
a random sign in such a way that, typically with respect to the Gibbs measure, the magnetization profile
is rigid on these intervals and, according to the sign, it belongs to the + or — phase. Hereafter, “random”
means that it depends on the realizations of the random fields (and on 3, 6). A description of the transition
from one phase to the other was also discussed in [16]. We recall these results in Section 2. The main
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problem in the proof of the previous results is the “non locality” of the system, due to the presence of the
random field. There is an interplay between the ferromagnetic two-body interaction which attracts spins
alike and the presence of the random field which would like to have the spins aligned according to its sign.
It is relatively easy to see that the fluctuations of the random field over intervals in macro scale % play an
important role. To determine the beginning and the end of the random interval where the profiles are rigid
and the sign attributed to it, it is essential to verify other local requirements for the random field. We need
a detailed analysis of suitable functions of the random fields in all subintervals of the interval of order %
In fact, it could happen that even though at large the random fields undergoe to a positive (for example)
fluctuation, locally there are negative fluctuations which make not convenient (in terms of the cost of the
total free energy) for the system to have a magnetization profile close to the 4+ phase in that interval.

Another problem in the previous analysis is due to the fact that the measure induced by the block-spin
transformation contains multibody interaction of arbitrary order. Estimated roughly as in [14], this would
give a contribution proportional to the length of the interval in which the transformation is done, there
the length of intervals was (vloglog(1/7))~! and the (loglog(1/v))~! help us to get a small contribution.
Here we are interested in intervals of length % Luckily enough, exploiting the randomness of the one body
interaction, it is enough to estimate the Lipschitz norm of the multibody potential. Using cluster expansion
tools, this can be estimated through the representation of the multibody interaction as an absolute convergent

series.

In this paper we first extend the results of [16] by defining a random profile u’ which belongs to
BV ([-Q(7), Q(y)], {mga, T'mg}), the set of function from [-Q(7), Q(7)] to {mg, T'mg} having bounded vari-
ation. Here Q() 1 oo when ~ | 0 in a convenient way. On a probability subspace of the random magnetic
field configurations of overwhelming probability, we identify a suitable neighborhood of v that has a over-
whelming Gibbs measure.

Then we prove that when v | 0 the limiting distribution of the interdistance between the jump points of
u? with respect to the distribution of the random magnetic fields is the Neveu-Pitman [32] stationary renewal
process of h-extrema of a bilateral Brownian motion. The value of h depends on 3 and 6. Surprisingly the
residual life distribution of the renewal process that we obtained is the same (setting h = 1) of the one
determined independently by Kesten [26] and Golosov [22] representing the limit distribution of the point of

localization of Sinai’s random walk in random environment, see Remark 2.7, in Section 2.

This allows us to define the limiting (in Law) typical profile u* that belongs to BViec(IR, {mgs,Tmg}),
the set of functions from IR to {mg,T'mg} that have bounded variations on each finite interval of IR. The
total variation of u* on IR is infinite.

Note that here, the Gibbs measure is strongly concentrated on a random profile that we relate to a renewal
process, the randomness being the one of the random magnetic fields. The phase change of this random
profile occurs on such a small scale that we cannot see the thermal fluctuations that were responsible in the
case without magnetic field of the previously described Poisson Point Process. At the same scale where we
find the renewal process, the system without magnetic fields is completely rigid, constantly equal to mg or
T'mg. Having exhibited the typical profile v, and its limit in Law u* the next natural question concerns the
large deviations with respect to this typical profile. Formally we would like to determine a positive functional
I'(u) for u € A, where A C 7, so that

1A ~ exp(~2 inf T(u). (1)

When A = A(u) C 7 is a convenient, see (2.33), neighborhood of u € BVioc(IR,{T'mg, ms}) and u is a
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suitable local perturbation of the typical profile w7, (1.1) should be understood as

i | -3 g2 4(w]| = T, (12)

One has to give a probabilistic sense to the above convergence. It appears that contrarily to the large
deviation functional associated to the global empirical magnetization (the canonical free energy of the RFKM,
see (2.18)) which is not random, I'(u) is random and the above convergence holds in Law. In fact I'(u) can
be expressed in term of u, the limiting «* and the bilateral Brownian motion. It represents, in the chosen
limit, the random cost for the system to deviate from the equilibrium value u*. The interplay between the
surface free energy F* (the cost of one single phase change) and the random bulk contribution appears in
a rather clear way. Note that in (1.2) the functional is evaluated at u even if the considered neighborhood
of u does not shrink when v | 0 to u. This fact allows us to avoid to face difficult measurability problems
when performing infimum over family of sets. The random functional T" in (1.2) could be seen as the “ De
Giorgi Gamma-limit in Law” for a sequence of intermediate random functionals obtained through a coarse
graining procedure over 7. Since a precise definition of such a convergence is beyond the scope of the paper,
see however [19], and presents more complications than simplifications we will not pursue it here.

The plan of the paper is the following. In Section 2 we give the description of the model and present the
main results. In Section 3 we recall the coarse graining procedure. In section 4 we prove the main estimates
to derive upper and lower bound to deduce the large deviation estimates. In Section 5 we prove the above
mentioned convergence in Law of the localization of the jumps of u to the stationary renewal process of
Neveu—Pitman. In section 6 we give the proof of the main results.

Acknowledgements We are indebted to Errico Presutti who gave us years ago the expression of the random
functional, see (2.46). We thank Jean—Francois Le Gall for mentioning to us the article by Neveu and Pitman,
Jean Bertoin, Zhang Shi and Isaac Meilijson for illuminating discussions.

2 Model, notations and main results
2.1. The model

Let (2, A, IP) be a probability space on which we define h = {h;};c z, a family of independent, identically
distributed Bernoulli random variables with I[P[h; = +1] = IP[h; = —1] = 1/2. They represent random signs
of external magnetic fields acting on a spin system on ZZ, and whose magnitude is denoted by 6 > 0. The
configuration space is S = {—1,+1}%. If 0 € S and i € Z, 0, represents the value of the spin at site i. The
pair interaction among spins is given by a Kac potential of the form J,(i — j) = vJ(y(¢ — j)), v > 0. We
require that for r € IR: (i) J(r) > 0 (ferromagnetism); (i) J(r) = J(—r) (symmetry); (iii) J(r) < ce=<'I"!
for ¢, ¢’ positive constants (exponential decay); (iv) [ J(r)dr = 1 (normalization). For sake of simplicity we
fix J(r) = L, j<1/2)(r), where we denote by 14(-) the indicator function of the set A.

For A C Z we set Sy = {—1,+1}%; its elements are denoted by oy; also, if ¢ € S, o5 denotes its
restriction to A. Given A C Z finite and a realization of the magnetic fields, the Hamiltonian in the volume
A, with free boundary conditions, is the random variable on (£2, A, IP) given by

HW(JA)[W]:% > L)ooy =0 hilwlo. (2.1)

(1,7)EAXA i€EA



In the following we drop the w from the notation.

The corresponding Gibbs measure on the finite volume A, at inverse temperature 8 > 0 and free boundary
condition is then a random variable with values on the space of probability measures on Sp. We denote it
by 118,0,y,A and it is defined by

1
1p.0.7.000) = Z———exp{—=BH,(0a)}  on €S, (2.2)

B,0,7,A

where Zg g, A is the normalization factor called partition function. To take into account the interaction
between the spins in A and those outside A we set

Wy(on,one) == Y Jo(i = j)oio;. (2.3)

i€A jEAC

If 6 € S, the Gibbs measure on the finite volume A and boundary condition ac is the random probability

measure on Sy, denoted by ;LZAGC A and defined by

Frc 1 .
55 (08) =~ exp {=B(H, (o) + W (a5} (2.4)
B,0,7,A

c

where again the partition function Zg,Ae A is the normalization factor.

Given a realization of h and v > 0, there is a unique weak-limit of p3 ¢, A along a family of volumes
Arp = [-L,LINnZ, L € IN; such limit is called the infinite volume Gibbs measure pgg,. The limit does
not depend on the boundary conditions, which may be taken h-dependent, but it is a random element, i.e.,

different realizations of h give a priori different infinite volume Gibbs measures.
2.2. Scales

When dealing with local long range interaction, as we did in [17], [14] and [16], the analysis of the
configurations that are typical for pgg - in the limit v | 0, involves a block spin transformation which
transforms the microscopic system on Z in a system on IR. Such changes of scales are standard in Kac
type problems. Here, notations are particularly troublesome because we have three main different scales and
according to the case it is better to work with one or the other. There will be also intermediate scales that
we will discuss later. For historical reasons the three main scales are called: microscopic, macroscopic and
Brownian scale. More properly they should be denoted microscopic, mesoscopic and macroscopic. Since in
the previous papers, [14] and [16], the intermediate scale was called macroscopic, we continue to call it in
such a way to avoid confusion. Then we will call mesoscopic scales all the intermediate scales between the
microscopic and macroscopic scales. These mesoscopic scales are not intrinsic to the system but superimposed
to study it.

o The microscopic and macroscopic scales.

The basic space is the “microscopic space”, i.e. the lattice ZZ whose elements are denoted by 4, j and so
on. The microscopic scale corresponds to the length measured according to the lattice distance. The spin
o; are indexed by Z and the range of interaction in this scale is of order %

The macroscopic regions correspond to intervals of IR that are of order % in the microscopic scale ; i.e.
if I C IR, is an interval in the macroscopic scale then it will correspond to the interval % in the microscopic

1

scale. Since the range of the interaction is of order y~" in the microscopic scale, in the macroscopic scale it

becomes of order 1.



e The Brownian scale

The Brownian scale is linked to the random magnetic fields. The Brownian regions correspond to intervals
of IR that are of order 712 in the microscopic scale; i.e. if [-Q, Q] C IR, @ > 0 is an interval in Brownian scale

then it will correspond to [f%, Q] in the microscopic scale. In the Brownian scale the range of interaction

ot
is of order 7.

e The partition of IR.

Civen a rational positive number 8, D denotes the partition of IR into intervals As(u) = [ud, (u+ 1)) for
u € Z. If § = nd’ for some n € IN, then Dj is coarser than Dy,. A function f(-) on IR is Ds—measurable if it
is constant on each interval of Ds. A region A is Ds—measurable if its indicator function is Ds—measurable.
For r € IR, we denote by Dj(r) the interval of Ds that contains r. Note that for any r € [ud, (u + 1)d), we
have that Dj(r) = As(u). To avoid rounding problems in the following, we will consider intervals that are
always Ds—measurable. If I C IR denotes a macroscopic interval we set

Cs(I) = {u e Z;As(u) C I}. (2.5)

e The mesoscopic scales

The smallest mesoscopic scale involves a parameter 0 < §*() < 1 satisfying certain conditions of smallness
that will be fixed later. However we assume that 6*y~! 1 co when v | 0. The elements of Ds- will be
denoted by A(x) = [#0*, (x + 1)8*), with 2 € Z. The partition Ds- induce a partition of Z into blocks
Alz) ={ie Z;iy e A(z)} = {a(x),...,a(z + 1) — 1} with length of order *y~! in the microscopic scale.

For notational simplicity, if no confusion arises, we omit to write the explicit dependence on v, d§*. To
avoid rounding problems, we assume that v = 27" for some integer n, with 6* such that §*y~! is an integer,
so that a(z) = x0*y~!, with x € ZZ. When considering another mesoscopic scale, say § > §*, we always

assume that =1 € IN and § = kd* for some integer k > 2.
2.3 Basic Notations.
e block-spin magnetization

Given a realization of h and for each configuration o, we could have defined for each block A(z) a pair of
numbers where the first is the average magnetization over the sites with positive A and the second to those
with negative h. However it appears, [14], to be more convenient to use another random partition of A(x)
into two sets of the same cardinality. This allows to separate on each block the expected contribution of the
random field from its local fluctuations. More precisely we have the following.

Given a realization hlw] = (hi[w])icz, we set AT(z) = {i € A(z);hilw] = +1} and A~ (z) = {i €
A(z); hilw] = —1}. Let A(z) = sgn(|A™* (z)| — (2v)7'6*), where sgn is the sign function, with the convention
that sgn(0) = 0. For convenience we assume §*y~! to be even, in which case:

PA@) =0 =277 (5271 /2). (2.6)

We note that A(z) is a symmetric random variable. When A\(x) = £1 we set

l
() =inf{l > a(@) : Y T () ="y /2} (2.7)

j=alx)
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and consider the following decomposition of A(z): B®) = {ie AN ()0 < U(z (z)} and B~ A )( ) =
A(z) \ BM®)(x). When \(z) = 0 we set Bt (x) = At (x) and B~ (z) = A= (x). We set D(z) = A*®)(2) \
B #)(z). In this way, the set B¥(z) depends on the realizations of the random field, but the cardinality
|BE(z)| = §*y~1/2 is the same for all realizations. Set

m? (£, x,0) 2’y Z ;. (2.8)

ZEBi(I)
We call block spin magnetization of the block A(z) the vector
5 — (" 5
m (.CC,O') - (m (+,:C,O'>,m (775670))' (29)

The total empirical magnetization of the block A(x) is, of course, given by

¥ 1 5* 5*
_ L — 2.1
5 .GAE( )UZ 2(m (+,2,0) +m° (—,z,0)) (2.10)

and the contribution of the magnetic field to the Hamiltonian (2.1) is

7 Z hioi = =(m® (+,z,0) —=m? (—,z,0) Z 0. (2.11)

zEA () ZED

N)I»—l

e spaces of the magnetization profiles

Given a volume A C Z in the original microscopic spin system, it corresponds to the macroscopic volume
I =~A = {vi;i € A}, assumed to be Ds-—measurable. The block spin transformation, as considered in [14]
and [16], is the random map which associates to the spin configuration o the vector (m® (z, 0))weCse (1)
see (2.9), with values in the set

4 8 vy ?
Ms-(D = ] {1 1+5—Z,1+6—Z,...,16—Z,1}. (2.12)
z€Cs+ (1)

We use the same notation g g ~,a to denote both, the Gibbs measure on S, and the probability measure
induced on Mg« (I), through the block spin transformation, i.e., a coarse grained version of the original
measure. Analogously, the infinite volume limit (as A T Z) of the laws of the block spin (m® (7)) zecs. (1)
under the Gibbs measure will also be denoted by pgs.6.-

We denote a generic element in M- (I) by

*

mi = (m” (2)recy (1) = (] (€),m3 ())zecy. (1) (2.13)

Since [ is assumed to be Ds«—measurable, we can identify mﬁ* with the element of

T = {m = (m1,mz2) € L¥(IR) x L*(IR); [|malcc V [[malec <1} (2.14)

piecewise constant, equal to m® (z) on each A(x) = [26*, (x4 1)§*) for = € Cs-(I), and vanishing outside 1.
Elements of 7 will be called magnetization profiles. Recalling that I = yA, the block spin transformation
can be identified with a map from the space of spin configurations {—1, +1}* (with A a microscopic volume)
into the subset of Ds-—measurable functions of L>°(I) x L°°(I) (with I = yA a macroscopic volume).

7



For § > 6*, recalling that Vr € [ud, (u+ 1)8), we have Ds(r) = As(u), we define for m = (my,mg) € T
and i = 1,2

ms(r) = 5 /DJ(T) m;(s)ds. (2.15)

This defines a map from 7 into the subset of Ds—measurable functions of 7. We define also a map from 7
into itself by
(Tm)(z) = (—ma(x),—m1(z)) VY € IR. (2.16)

In the following we denote the total magnetization at the site x € IR

. ma (z) +ma(z)

m(z) = 5 (2.17)

o The Random Field Curie—Weiss model

The Lebowitz -Penrose theory, [29], is easy to prove for the Random Field Kac Model see [14], Theorem
2.2. Namely, performing first the thermodynamic limit of the spin system interacting via Kac’s potential
and then the limit of infinite range, v — 0, the canonical free energy of the Random Field Kac model is the
convex envelope of the corresponding canonical free energy for the Random Field Curie-Weiss model.

The canonical free energy for the Random Field Curie-Weiss model derived in [17] is

fo(ma,ma) =~ . 5

where Z(m) = @ log (142) + (1_2—m) log (152). In Section 9 of [16], it was proved that

0<0<6,.(08), forl<pB<3;
&= ’ ’ 2’ 2.19
{0<9§917c(ﬁ) for3 > 3, (2.19)
where ) )
01..(3) = = arctanh (1 — =)/, (2.20)
g B
is the maximal region of the two parameters (53,6), whose closure contains (1,0) in which fgg(-,-) has
exactly three critical points mg,0,Tmg. The two equal minima correspond to mg = (mg1,mgz2) and
Tmg = (—mg2, —mg 1) and 0 a local maximum. Calling g = ™213™%2 on £ we have
b b <1. (2.21)

2 cosh?(B(ms + 6) * 2 cosh? B(ms — 6)

Moreover, for all (3,0) € £, the minima are quadratic and therefore there exists a strictly positive constant
(83, 0) so that for each m € [—1,+1]?

fa.0(m) — fs.0(mg) > k(B,0) min{|[m — mgl|7, [m — Tmg||7}, (2.22)

where || - ||1 is the ¢! norm in IR*.

o The spatially homogeneous phases



We introduce the so called “excess free energy functional” F(m), m € T:
f(m) =F ml,mg)

(
2 (2.23)
= i//J(T — 7“/) [Th(r) — 7’7’L(7~’)] drdr’ + / [fﬁﬂ(ml (T), mg(T)) — fﬁ,@(mﬁ,la mﬁ@)] dr

with fzg(m1, mg2) given by (2.18) and m(r) = (m1(r) +ma(r))/2. The functional F is well defined and non-
negative, although it may take the value +o00. Clearly, the absolute minimum of F is attained at the functions
constantly equal to mg (or constantly equal to T'mg), the minimizers of f3 9. These two minimizers of F are
called the spatially homogeneous phases. The functional F represents the continuum approximation of the
deterministic contribution to the free energy of the system (cf. (3.3)) normalized by subtracting fge(mg),
the free energy of the homogeneous phases. Notice that F is invariant under the T-transformation, defined
in (2.16).

o The surface tension

In analogy to systems in higher dimensions, we denote by surface tension the free energy cost needed by the
system to undergo to a phase change. It has been proven in [15] that under the condition m4(0)4m2(0) = 0,
and for (3,0) € &, there exists a unique minimizer m = (M, M2), of F over the set

Moo = {(m1,m2) € T;limsupm;(r) <0 < lim_iirnfmi(r),i =1,2}. (2.24)

T——00

Without the condition m;(0) + m2(0) = 0, there is a continuum of minimizers obtained translating m. The
minimizer m(-) is infinitely differentiable and converges exponential fast, as r T +oo (resp. —o0) to the limit
value mg, (resp.T'mg). Since F is invariant by the T-transformation, see (2.16), interchanging r 1 +oco and
r | —oo in (2.24), there exists one other family of minimizers obtained translating Tm. We denote by

F*=F*(p,0) =F(m)=F(Tmn) >0, (2.25)
the surface tension.

e how to detect local equilibrium

As in [14], the description of the profiles is based on the behavior of local averages of m® (z) over k
successive blocks in the block spin representation, where k > 2 is a positive integer. Let § = kd* be such
that 1/6 € IN. Let £ € Z, [¢,£+ 1) be a macroscopic block of length 1, C5([¢,£+ 1)), as in (2.5), and ¢ > 0.
We define the block spin variable

5.c L, if Yuecs(ie,e+1)) % Zz€C5*([u6,(u+1)5)) ||m6* (,0) —mgll1 < ¢
M) =4 =1, if Yaeesqeerny & Y v (s (urnysy 1M (2,0) = Tmpglly < ¢ (2:26)
0, otherwise.
where for a vector v = (vy,v2), ||[v]l1 = |vi] + |v2]. When 7%¢(¢) = 1, (resp. —1), we say that a spin

configuration o € {71,1}%[&“‘1) has magnetization close to mg, (resp. Tmg), with accuracy (4,(¢) in
[6,£41). Note that n%¢(¢) = 1 (resp —1) is equivalent to

1 «
Yy e[l,£+1) —/ dz|m® (x,0) —v|1 < ¢ (2.27)
Ds(y)
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for v = mg (vresp. T'mg), since for any u € Cs([¢,£ + 1)), for all y € [ud, (u + 1)8) C [(,£ + 1), D°(y) =
[u6, (u + 1)8). We say that a magnetization profile m® (-), in a macroscopic interval I C IR, is close to the
equilibrium phase 7, for 7 € {—1,+1}, with accuracy (9, () when

() =7, Vl e INZ} (2.28)
or equivalently if
1 .
Yy el - dz||m® (z,0) —v|1 < ¢ (2.29)
0 Jps)
where v = mg if 7 = +1 and v = T'mg if 7 = —1. In the following the letter ¢ will always indicate an

element of ZZ. This will allow to write (2.28) as {n®¢(¢) = 7, V¢ € I}. In (2.29) the interval I is always

given in the macro—scale. The definition (2.29) can be used for function v more general than the constant

ones. In particular, given v = (v1,v2) € T, § = nd* for some positive integer n, ¢ > 0, and [a,d) an interval
b

1 5)
72

in Brownian scale, we say that a spin configuration o € {—1, 1}[;L2 has magnetization profile close to v

with accuracy (4, ¢) in the interval [a,b) if o belongs to the set

a’b 1

{06{1,1}[%2’%2) Yy e[-,-) —/ dz|m® (z,0) — 0% ()| gg}. (2.30)
v 0 Jps(y)

In view of the results on the typical configurations obtained in [16] the above notion is too strong. In fact
the typical profiles form long runs of length of order y~! (in the macroscopic scale) of 7%¢(-) = 1 that are
followed by short runs of 7%¢(-) = 0 that are in turn followed by long runs of 7%¢(-) = —1. The typical
profiles undergo to a phase change within the runs of 7%¢(-) = 0 . The length of these runs, see Theorem
2.4 in [16], is smaller than 2Ry = 2Ry(7y) T oo in the macroscopic scale, see (2.66). In the Brownian scale,
this length becomes 2vRs and one obtains that yRy | 0. So in Brownian scale, when | 0, the localization
of the phase change shrinks to a point : the point of a jump. For small v > 0, the results in [16] allow to
localize these points within an interval of length 2p >> 2vyR5 centered around well defined points depending
on the realizations of the random field. We call p the fuzziness and p = p() | 0 in the Brownian scale.

With this in mind, a candidate for the limiting support of p13,9,, when v | 0 is an appropriate neighborhood
of functions on IR, (considered in the Brownian scale), taking two values mg = (mg,1,mg2) or Tmg =
(—mgp.2, —mg,1) that have finite variation. To fix the notations, we recall the standard definitions. Let us
define, for any bounded interval [a,b) C IR (in the Brownian scale) BV ([a,b),{mg, Tmg}) as the set of
right continuous bounded variation functions on [a,b) with value in {mg, Tmg}. Since we consider mainly
bounded variation functions with value in {mg, Tmgs}, we write BV ([a,b)) = BV ([a,b), {mg, Tmg}). Since
any bounded variation function u is the difference of two increasing functions, it has a left limit. We call the
jump at r the quantity Du(r) = u(r) — u(r—) where u(r_) = limgq, u(s). If r is such that Du(r) # 0 we call
r a point of jump of u, and in such a case || Du(r)||1 = 41mg. We denote by N, (u) the number of jumps
of u on [a,b) and by V.’(u) the variation of u on [a,b), i.e.

Vo) = Y IDu(r)lly = Niap (u)2lmg,1 + mp,2] = 415 Nja () < oo. (2.31)

a<r<b

Note that Du(r) # 0 only on points of jump of u and therefore the sum in (2.31) is well defined. We denote
by BViec = BVioc (IR, {mg, T'mg}) the set of functions from IR with values in {mg, Tmg} which restricted
to any bounded interval have bounded variation but not necessarily having bounded variation on IR. If
u € BVipe(IR, {mg, Tmga}), then, see (2.17), & € BVioc(IR, {Thg, —mg}) where mg is defined before (2.21).
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Since a phase change can be better detected in macro units we state the following definition which corresponds
to Definition 2.3 of [16].

Definition 2.1 The macro interfaces Given an interval [¢1,03] (in macro-scale) and a positive integer
2Ry < |l — U], we say that a single phase change occurs within [f1,02] on a length R if there exists
lo € ({1 + Ra,la — Ra) so that n%S(€) = n>S(6y) € {—1,+1},V0 € [l1,ly — Ro]; n%¢(€) = n®(ly) =
—n(€1),Yl € [ly + Ra,ls], and {{ € [lo — Ra,lo + Ra] : n®<(£) = 0} is a set of consecutive integers. We
denote by Wi ([l1,£2], R2, ) the set of configurations n>< with these properties.

In words, on Wi ([¢1, £2], R2, (), there is an unique run of n%¢ = 0, with no more than 2R, elements, inside
the interval [¢1, £5]. To take into account that for the typical profiles the point of jumps are determined with
fuzziness p, it is convenient to associate to u € BV ([a, b)) a partition of the interval [a, ) (in Brownian scale)
as follows :

Definition 2.2 Partition associated to BV functions Given u € BV ([a,b)), p > 6 = nd*, with 8p+ 86
smaller than the minimal distance between two points of jumps of u, let Ci(u), i = 1,.., Niqp)(u), (see (2.81)),

be the smallest Ds measurable interval that contains an interval of diameter 2p, centered at the i—th jump

of u in [a,b). We have C;(u) N Cj(u) =0 for i # j.

Let C(u) = U;V:[i’b)(u)ci(u). We set B(u) = [a,b) \ C(u) and write [a,b) = C(u) U B(u). We denote by
Ci~(u) =~v71Ci(u), Cy(u) =y~ 1C(u) and By(u) = v~ B(u) the elements of the induced partition on the

macroscopic scale.

Whenever we deal with functions in 7 we will always assume that their argument varies on the macroscopic
scale. So m € T means that m(z),z € I where I C IR is an interval in the macroscopic scale. Whenever we
deal with bounded variation functions, if not further specified, we will always assume that their argument
varies on the Brownian scale. Therefore v € BV ([a, b)) means that u(r),r € [a,b) and [a,b) is considered in
the Brownian scale. This means that in the macroscopic scale we need to write u(yz) for x € [2 %) For

ry,
u € BV ([a, b)), we define for = € [%, %) i.e in the macroscopic scale,
« 1
w0 (z) = —*/ u(ys) ds. (2.32)
0" /s ()

Given [a,b) (in the Brownian scale), u in BV ([a, b)), p > § = nd* > 0, with 8p + 80 satisfying the condition

a_ b
of Definition 2.2, ¢ > 0, we say that a spin configuration o € {—1, 1}[72’72) has magnetization profile close

to u with accuracy (6, () and fuzziness p if o € ng ¢ jasb) (u) where

IO
Niq,p)(u)

{a e{-1, 1}%2%2) : Yy € By(u), %/ [m? (z,0) — w9 (2)||1 do < (} ﬂ Wi ([Ci5(w)], R2, Q).
D3 (y) i=1

(2.33)
In (2.33) we consider the spin configurations close with accuracy (9, () to mg or T'mg in B, (u) according to
the value of u?%"(-). In C,(u) we require that the spin configurations have only one jump in each interval
Ci~(u),i=1,..N, and are close with accuracy (9, ) to the right and to the left of this interval to the value of
u in those intervals of B (u) that are adjacent to C; ,(u). With all these definitions in hand we can slightly
improve the main results of [16].
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Theorem 2.3 [COPV] Given (3,0) € &, see (2.19), there exists vo(8,0) so that for 0 < v < v(5,0),
for @ = expl(logg(1l/v))/loglogg(1/7)], with g(1/7v) a suitable positive, increasing function such that
limzpoe g(z) = 400, limgroo g(z)/x = 0 for suitable values of 6 > 6* > 0, p > 0, ¢ > 0, @’ > 0, Ry
there exists Q11 C Q with

Pl > 1- K(Q) (g(fm)> (2.34)
where
K(Q)=2+5(V(8,0)/(F*)*)Qlog[Q%g(1/7)], (2.35)

F*=F*(B,0) is defined in (2.25) and

1+ mg o tanh(230)
1 —mg, tanh(256)

V(B,0) = log (2.36)

For w € Oy we eplicitly construct u’(w) € BV([-Q,Q]) so that the minimal distance between jumps of u}
within [—Q, +Q)] is bounded from below by 8p + 86,

* B_1__
Hp.6y (Pgmc,[—Q,Q] (“v(“’))) >1—2K(Q)e 7 o0/, (2.37)

and

Ve (u}) < dingK(Q). (2.38)

The previous Theorem is a direct consequence of Theorem 2.1, Theorem 2.2 and Theorem 2.4 proven in [16],
together with Lemma 5.14 that gives the value (2.35). The control of the minimal distance between jumps
of u is done at the end of Section 5.

To facilitate the reading we did not write explicitly in the statement of Theorem 2.3 the choice done
of the parameters §,0%,(, g, R2 nor the explicit construction of uZ. We dedicate the entire Subsection 2.5
to recall and motivate the choice of the parameters done in [16] as well as in this paper. The u’(w) in
Theorem 2.3 is a function in BV ([—Q, Q]) associated to the sequence of maximal elongations and their sign
as determined in [16] Section 5. For the moment it is enough to know that it is possible to determine random
points o = & (y,w) and a random sign +1 associated to intervals [ea;, eaj, ;) in the Brownian scale, where
€ = €(7y) has to be suitably chosen. These random intervals are the so called maximal elongations. We denote

. mg, 1€ [ea],ea;,,) if the sign of elongation [eaj, €], ) is = +1
uy(w)(r) = - : : : . e (2.39)
Tmg, r € leaj,ea;,,) if the sign of elongation [ea],ea], ) is = —1.
fori e {k*(—Q)+1,...,—-1,0,1,...,k*(Q) — 1}, where
K (Q)=inf(i > 0: eaf > Q), K (—Q) =sup(i < 0:ea] < —Q) (2.40)
with the convention that inf() = 4o0,sup(f)) = —oo and ey < 0 and eaj > 0, that is just a relabeling

of the points determined in [16], Section 5. The x*(—Q) and £*(Q) are random numbers and Lemma 5.14
gives that, with a IP-probability absorbed in (2.34), we have |*(—Q)| V *(Q) < K(Q), with K(Q) given
in (2.35). This implies (2.38)

2.4. The main results
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Let u and u* € BVoc. Denote by (W (r),r € IR) the Bilateral Brownian motion (BBM) , i.e. the Gaussian
process with independent increments that satisfies IE(W (r)) = 0, IE(W?(r)) = |r| for r € IR (and therefore
W(0) = 0) and by P its Wiener measure on C (IR, B(C(R))). Let W be a real valued continuous function
from IR to IR, that is a realization of a BBM. Let [a,b) C IR be a finite interval and denote by Mg p)(u, u*)
the points of jump of u or u* in [a, b):

N (u,u*) ={r € [a,b) : [|Du(r)[|s # 0 or [[Du”(r)[|x # 0} (2.41)

Note that by right continuity if ||Du(a)||1 # 0 then a € Njgp)(u,u*), while if |[Du(b)|y # 0 then b ¢
Niap) (u,u*). Since u and u* are BV, functions N, ) (u, u*) is a finite set of points. We index in increasing
order the points in N, p)(u, u*) and by an abuse of notation we denote {i € N, ) (u, u*)} instead of {i:r; €
Niap) (u,u*)}. Define for u € BVio, the following finite volume functional

Do) (ulu®, W)
—om X G I0ue - 10w ) - Ve - @ )W) - w4

m 2
B i Ny (uyu)

The functional in (2.42) is always well defined since it is sum of finite terms. In the following u* = w*(W) is
a BV, function determined by the realization of the BBM. We construct it through the h—extrema of BBM
where h = %. In Section 5, we recall the construction done by Neveu and Pitman, [32], together with all
its relevant properties. Here we only recall what is needed to state the main theorems. Denote, as in [32] , by
{S; = SZ-(h); € Z} the points of h— extrema with the labeling convention that ... S_1 <S5 <0< S; < S3....
They proved that {S; = Si(h); € Z} is a stationary renewal process, and gave the Laplace transform of the
inter-arrival times. The u* = u*(W) is the following random BV, function:

mg,  for r€[S;,Siy1), if S; isa point of A-minimum for W ;
u(r) = (2.43)
ng, for re [Si—i-l; Si+2).
Tmg, for relS;,Sit1), if S; isa point of h-maximum for W ;
u*(r) = (2.44)
mg, for re [Si+1,Si+2).
For W and u*(W) chosen as described, we denote for u € BV,
D(ulu®, W) =Y Ts,.s,,,) (ulu™ (W), W). (2.45)

JEZ

Since |[S;, Sj+1)] is P a.s a finite interval, I's; 5, ;) (u[u*(W), W) is well defined. Actually it can be proven,
see Theorem 2.4 stated below, that the sum is positive and therefore the functional in (2.45) is well defined
although it may be infinite. The I'(-|u*, W) provides an extension of the functional (2.42) in IR. One can
formally write the functional (2.45) as

P (ufu®, W) = iﬁ {f - /Rdr[HDmmHl IDur )] ~ V(5,0) /R@(r) a*(r))dmm}. (2.46)

2m 2

The stochastic integral in (2.46) should be defined but since we use merely (2.45) that is well defined, we
leave (2.46) as a formal definition. We have the following result:
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Theorem 2.4 P a.s. one can construct an unique u* = u*(W) € BViee such that for any u € BV,
(u|u*, W) > 0.

Theorem 2.5 and Corollary 2.6 stated next relate u’(w) defined in (2.39) with uw*(W) the minimizer of
T (u|u*, W).

Theorem 2.5 Given ((3,0) € £, see (2.19), choosing the parameters as in Subsection 2.5, setting h = 2(%:*9) ,

we have that
lim e(y)al(y) 2 s™ = g, (2.47)

7—0

fori € ZZ. The {S;,i € Z} is a stationary renewal process on IR. The S;y1 — S;, (and S—; — S_;—1) for
i > 1 are independent, equidistributed, with Laplace transform

lE[e_/\(Si“_Si)] = [cosh(hV2X\)] " for A >0 (2.48)

(mean h?) and distribution given by
oo 2
(IP[Sy — 1 < z]) = gz (~1)F = exp {—(2/{ + 1)2%%] for x > 0. (2.49)

Moreover S1 and —Sy are equidistributed, have Laplace transform

1 1
Ele %] = — (1 - 7> for A >0 2.50
[ ] h2X cosh(hv2)) N (2:50)
and distribution given by
d 4 & w2 x
— <a)=-> —(2k+1)*—==| f : 2.51
az (Pl =) T 2k+1h2€XP{ (2k+1) 8h2] orx >0 (251)

The formula (2.48) was given by Neveu and Pitman in [32] and is reported here for completeness.

Corollary 2.6 Under the same hypothesis of Theorem 2.5, for the topology induced by the Skorohod metric
that makes BVioe a complete separable space, see (5.4) we have
Law

lylfrolu"y = u*. (2.52)

The proof of Theorem 2.5 and Corollary 2.6 are given in Section 5.

Remark 2.7 . Note that the Laplace transform (2.50) is the one of the limiting distribution of the age or
the residual life of a renewal process whose Laplace transform of inter-arrival times is given is (2.48). The
explicit expression given in (2.51) is the same found by H. Kesten, [26], and independently by Golosov, [22],
for the limiting distribution of the point of localization of the Sinai random walk in one dimension given that
this point is positive, [35]. The formula (2.49) can be easily obtained from (2.51) knowing that (2.51) is the
limiting distribution of the age of the above renewal process.

Remark 2.8 . An immediate consequence of Theorems 2.3 and 2.5 is that to construct the limiting (in Law
when ~ | 0) typical profile of the Gibbs measure one can proceed in the following way: Starting on the right
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of the origin take a sample of a random variable with distribution (2.51) and put a mark there and call it
S1, make the same on the left of the origin and call the mark Sy. Then the limiting typical profile will be
constant on [Sp, S1). To determine if it is equal to mg or T'mg, just take a sample of a symmetric Bernoulli
random variable 7 with value in {mg, Tmg} and take the profile accordingly. To continue the construction,
use the above renewal process to determine marks So and S_; then take for the typical limiting profile in
[S1,92) and [S_1,Sp) the one with T'7 defined in (2.16) with T the identity, then continue.

Recall that the results of Theorem 2.3 are obtained in a probability subset (2; depending on v and u is
defined only on the interval [—Q, +Q] = [-Q(¥), Q(v)] which is finite for any fixed ~, see (2.67). To our aim
it is convenient to consider u} € BV ([~Q,+Q)]) as an element of BVj.. by replacing u’ by uﬁQ where for

u e BV([-Q,+Q)),

_ Julrn@), if r>0;
u?(r) = {u(r V(—Q), ifr<o. (2.53)

In Theorem 2.5 we related the profile u}(w) € BV ([~Q(7),Q(7)]), (or what is the same u% in BVis)

to u*(W) € BWoc. Next result which is a weak large deviation principle, connects the random functional
I(-|u*, W), (2.45), with a functional obtained when estimating the (random) Gibbs measures of the neigh-

P
boorhood P5, ¢ _0,+q)
us denote for Q = Q(v) and f(Q) a positive increasing real function,

(u) for u belonging to a class of perturbations of u(w) that has to be specified. Let

Uag(us) = {u € BVio; u®(r) = @) VIr 2 Q 1, V() < VLMF@).  (25)

The last requirement in (2.54) imposes that the number of jumps of u does not grow too fast with respect
to the ones of u?. Note that u in Ug(,)(u}(w)) is a random function depending on 7 that is u = u(y) and
u = u(y,w) if one needs to emphasize the w dependence.

Theorem 2.9 Given (8,0) € &, let u* € BVige be the P a.s. minimizer for T'(-|u*, W) given in (2.43),
(2.44). Setting the parameters as in Subsection 2.5, taking

F(Q) = e(8+ﬁfb)(log;Q)(loglogQ)7 (2.55)

with 0 < b < 1/(8 +4a), for u(y,w) € Ug(ul(w)) such that

Law
li = * 2.
;%(U(v),uv) (u, u™) (2.56)
we have
. P Law *
lim | 1081150, (P5 ¢ (0.0 ()| = Tulu”, W). (2:57)

Let us consider some examples: Suppose u1 € Ug(u’(w)) is such that for some L > 0

ur (W) (r) = v(r) Mg 0)(r) + u (W)L _q,Qn\[-L,L](T); (2.58)

where v € BV is non random function. When L is a fixed number independent on + then (uy, u?) converges
in Law when v | 0 to

() Mg, )(r) + ™ (r, W)T g\, (1), w" (r, W))
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and the functional in the r.h.s. of (2.57) is computed on u(r) = v(r)M_, )(r) +u* (r, W)L g\[-1,£)(r). When
L = L(v) in (2.58) goes to infinity when ~ | 0 then (u;,u}) converges in Law to (v,u*) and the functional
in the r. h. s. of (2.57) is computed on the function u(r) = v(r). Theorem 2.9 is a consequence of accurate

estimates, see Proposition 4.2, where approximate terms and errors are explicitly computed.

2.5 Choice of the parameters We regroup here the choice of the parameters that will be used all along
this work. This choice is similar to the one done in [16]. First one chooses a function g on [1,00) such that
g(z) > 1,g(z)/z < 1,Vz > 1 and limgj0 271 ¢g38(z) = 0. Any increasing function slowly varying at infinity
can be modified to satisfy such constraints. A possible choice is g(z) = 1V logx or any iterated of it. For
0*, which represents the smallest coarse graining scale, we have two constraints:

(6*)* 3/2,0" 1
) eE e 22

where x(8,0) is the constant in (2.22) and

27.1/2 1 log g(6™ /) 1
— I —_— | < —. 2.60
(5* ) 08 ~o* + loglogg(6*/v)) — 32 ( )

A possible choice of §* is
§* =43 forsome0 < d* < 1/2. (2.61)

The first constraint, (2.59), is needed to represent in a manageable form the multibody interaction that
comes from the block spin transformation, see Lemma 3.5; the second one, (2.60) is needed to estimate the
Lipschitz norm when applying a concentration inequality to some function of the random potential.

Taking g slowly varying at infinity, the conditions (2.61) (2.59) and (2.60) are satisfied by taking ~ small
enough. For (¢, d), the accuracy chosen to determine how close is the local magnetization to the equilibrium
values, there exists a (o = (o(3,6) such that

1
< ¢ < (o, 2.62
R3O gy <= (262)
and ¢ is taken as 1
b= —— . (2.63)
9*\\1/2
5(9(5 )Y
The fuzziness p is chosen as
5 1/(24a)
= —= , 2.64
’ (g((?*/v)) (264

where a is an arbitrary positive number. Note that § < p and p/d 1 oo, so in Definition 2.2 we have just a
constraint of the form v < ~vo(u). Furthermore € that appears in (2.39) is chosen as

e=(5/9(" /)", (2.65)
R, that appears in Definition 2.2 is chosen as
Ry = c(8,0)(9(6" /7)) (2.66)

for some positive ¢(3, 6), and
Q = exp[(log g(6*/7))/ loglog g(6" /7)]. (2.67)
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Note that choosing §* as in (2.61), in Theorem 2.3 we have called g(1/v) what is really g(y~(/2+4") however
since g is rather arbitrary this is the same. Note also that since g is slowly varying at infinity, as we already
mentioned YRy | 0 when v | 0. At last, note that the only constraint on ¢ is (2.62). In particular one can

also choose ¢ in Theorem 2.3 as
1

RGO Bg ()

(2.68)

that goes to zero with ~.

3 The block spin representation and Basic Estimates

As explained in the introduction the first step is a coarse graining procedure. The microscopic spin

system is mapped into a block spin system (macro scale), for which the length of the interaction becomes
1. In this section we state the results of this procedure, see Lemmas 3.1 and 3.2. The actual computations
are straightforward, but tedious. Once this procedure has been accomplished one needs to estimate and
represent in a form, convenient for further computations, the multibody interaction, which is a byproduct
of the coarse graining procedure, and the main stochastic contribution to the coarse grained energy. The
multibody interaction is represented as a convergent series applying a well known Statistical Mechanics
technique, the Cluster expansion, see Lemma 3.5. The main stochastic term is represented with the help of
Central Limit Theory, in Proposition 3.6. We then give some basic estimates which we will apply in Section
4.
With Cs-(V) as in (2.5), let X% denote the sigma-algebra of S generated by m$, (0) = (m® (x,0), = €
Cs-(V)), where m% (z,0) = (m® (+,z,0),m% (=, z,0)), cf. (2.8). We take I = [i~,iT) C IR with i* € Z.
The interval I is assumed to be Ds«—measurable and we set 071 = {x € IR:iT < x < it +1}, 071 =
{r € Rii~ —1 <2 < i },and I = 0TTUO~I. For (m$ ,mY;) in Ms-(I UII), cf. (2.12), we set
" (@) = (md (@) +m§ (2))/2,

Em§) = -+ > s+ (x = y)m® (z)m® (y), (3.1)
(2.)€Cs (D) xCr (1)

E(my ,mye,) =—6" Y S Tslw—yyn® (2)m (y), (3.2)
x€Csx (I) yECsx (OF 1)

where Jg () = §*J(6*x). Further denote

06*

F(my |mr) =B(m] )+ B(m] ,my) — =~ Y. (mi (@) —mj (x)
z€Cs+ (I)
3.3
oY 2 < 0*y7t/2 0y7t/2 33
- Ak 0og 1+mf* () ¢y _ > <1+mg* () ¢p _ >7
veCo (1) Bo —a——0"y7/2) \—=2—=0*y"1/2
g(mi*) = Z gz,m‘s*(z)()‘(‘r)) (34)
z€Csx (I)

where for each x € Cs+(I), G, 1,6+ (57 (A(2)) is the cumulant generating function:

1 * x ag;
o 0 N@) = =5 08 IEL, 5y (¢ Zevcon ™), (35)
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of the “canonical” measure on {—1,+1}4(®)  defined through

* E (P( ]I mé™ (z,0)=ms" (z
Eg,mé*(z)( ) = S 1 tm” (z.o)=m? ( )} (3.6)
{m?®” (z,0)=m?" (2)}
the sum being over o € {—1,+1}4®). Finally denote
1
V(mg ) =Vi(mi ,h) = ] log IE,,s (1 11 e PUEaE 2aw)], (3.7)
TFY
z,y€Cs« (I)XCsx (I)
where
Uoa@yoaw) == > AJONi=jl) = J(E" |z — yD)]oioy. (3-8)
i€A(x),j€A(y)
and
280X (x1) . o
Zav,ll Hzlecé* (I) ]I{ms* (z1,0)=m3* (z1)}€ ZIGD(II) f(O')
lE’m?* [f] = B S — (3.9)
i€D(zy)

207*11 Hlieca* () ]I{ma* (z1,0)=m?" (Il)}e

Let F°" be a X -measurable bounded function, md; € Ms-(9I) and pgg. (F° |£8;) the conditional
expectation of F  given the o-algebra Zg}. We obtain:

Lemma 3.1

+825° B T, 0% 8% 5* 5*
e Z i (mt;*)e*;{f(mf Img)+vG(my )+yV(mg )} (310)
md" eMx (I)

& 5 5
13,0, (F 261) (mm) = o s+~
! | Z3.0.~,1(m7)

where equality has to be interpreted as an upper bound for £ = +1 and a lower bound for + = —1, and

* _8F m‘s* m‘,s* m‘s* m‘s*
Zﬁ,'yﬁ,l(mg]) _ Z e .y{f( 7 Imy)+vG(my )+V(mg )} (311)
mg* EMg« (I)

8
That is, up to the error terms et , we are able to describe the system in terms of the block spin variables
giving a rather explicit form to the deterministic and stochastic part. The explicit derivation of Lemma 3.1

is done in Section 3 of [16]. Here we only point out that since

Wiy igi<i/2y — Wsrja—yi<i/2p| < Woges1/2<s+ m—y|<6*+1/2} (3.12)
one can estimate 5
[U(0a(2): 0a@)| < (= S ) U1 26+ <o+ |o—y|<1/24+5%} - (3.13)

Therefore, given m$ € M- (I), we easily obtain from (3.13)

EEEYY hoﬁ m )| = = log‘{ I II —5U<UA<I)’°'A<y>>} <1157, (3.14)

i€y—1I zE€Cs+ (I) yeCsx (I)
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for o € {o €y 'T:m% (2,0) = m® (2), Vo € Cs-(I)}. The following lemma gives an explicit integral form
of the deterministic part of the block spins system. For m € T, f3¢(m) defined in (2.18), let us call

Flmslmon) = [ Spotm@)do+ 5 [ [ 3@~ y)ite) — m) dedy
! i (3.15)

nE / da / I = y)lte) — ) dy.

Lemma 3.2 Set m{ ,; € Ms-(IUII), m(r) = m® (x) for r € [20*, (x 4+ 1)6*) and x € Cs- (I UDI), then
one has

* *

-~ * * ~ 5 8% 2 Yy 5
[F(m] [my) = F(mi|mor) + = Yo AWl Y Js@-y)l< |15 log P (3.16)
yECs+ (81) 2€Csn (I)

Proof:
Using Stirling formula, see [?], we get

. 1 5 5 . ~y §*y~1/2 §*y~1/2
0 Z 23 (I(m1 ) +Z(mj )) — 90 Z 3o~ log (L{‘(I)(Swlﬂ 1+md” (z) 512 ‘
z€Csx (1) z€Csx (1) 2 2 (3.17)

where Z(-) is defined after (2.18). Recalling the definition of fge(m), cf. (2.18), the lemma is proven. W

There are two random terms in (3.10): G(m9), the main random contribution, and V' (m$"), the random
expectation of the deterministic term (3.8). To treat them we will use the following classical deviation
inequality for Lipschitz function of Bernoulli random variables. See [31] or [14] for a short proof.

Lemma 3.3 Let N be a positive integer and F be a real function on Sy = {—1,+1}" and for all i €
{1,...,N} let

) F(h) — F(F)
Sty S 7 o
If IP is the symmetric Bernoulli measure and ||0(F)||%, = Zf;l 10;(F)||2, then, for all t >0
IP[F-IE(F)>1t] < ewagwio (3.19)
and also
IPF - [B(F) < —1] < ¢ 7oL (3.20)

When considering volumes I that are not too large, we use the following simple fact that follows from (3.4)
and (3.5)

IG(m{)| <20 sup 3 ]Z Ji’§29 Y D). (3.21)

or€{=1L4+1}/7 pcco (1) i€D(x) 2€Csn (I)

Lemma 3.3 implies the following rough estimate:
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Lemma 3.4 (The rough estimate) For all §* > v > 0 and for all positive integer p, that satisfy
. 1
12(1+p)o*log— <1 (3.22)
Y

there exists Qrp = Qre(y,0%,p) C Q with IP[Qrgp] > 1 —~2 such that on Qre we have:

wp Dzecy. ) (1P(@)| — IE[|D(2)]]) < V31 +p) \/Wlogl (3.23)
v g

IC[—y—P,yP] 1]

and, uniformly with respect to all intervals I C [—y~ P, y7P],

x I 1
sup g )| < 20 (52 + VBTE ) Iy tog ) < 201 (3.24)

mS* €M« (I)

This lemma is a direct consequence of Lemma 3.3, since |D(z)| = (|D(z)| — IE[|D(z)|]) + IE[|D(z)|] ,
|D(x)| = |Z*i€A(z) hil/2, and IE[|D(z)|] < 3./6*/v by Schwarz inequality. When we use the estimate
(3.24), V(m$") is estimated using (3.14) and one has

sup  y|V(m§)| < 67[1]. (3.25)
mS" EMgx (1)

However when (3.24) and (3.25) give useless results, one can use Lemma 3.3 to estimate V' (m{ ) and at some
point [|8;V (m?")
the following.

|oo will be needed. In Theorem 8.1 in [16], with the help of the cluster expansion, we prove

Lemma 3.5 For any finite interval I, let

Vi (mﬁ* ) h) -Vi (mﬁ* ) il)
10:Vr|oo = sup - : (3.26)
(h,R):hy=h, Vit |h — h
Then, for all B > 0, for all 5* >~ > 0, such that
(0%)° 1
< 3.27
= <5p (3.21)
h
o 00Vl < (328)
sup su iViloo < =——, .
e = BT-S

where 0 < § < 663ﬁ@.

Together with the above estimates for V7, we need an explicit expression for G(m3). Since D(x) € B~ (z),

Go ms* (z) (A(x)), see (3.5), depends only on one component of m?” (x), precisely on m$, ., . In fact, we have
2

280 (z) E ) oi
Z B=A®) () ]I{m‘s* (z,0)=m?5" e ep
oe{-1,+1} 34 (a) T 3+A(2)
P 2

, (3.29)

Eae{—l,ﬂ}B’W)(r) H{M‘},’;MI) (z,0)=m%| | o }
2 2
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B)‘(I)(m)

since the sums over the spin configurations in {—1,+1} — the ones that depend on ms A — cancel
32A@)

out between the numerator and denominator in (3.6). The formula (3.29) is almost useless. One can think
about making an expansion in 46 as we basically did in [14], Proposition 3.1 where 56 was assumed to be
as small as needed. Since here we assume (3, 6) € £, one has to find another small quantity. Looking at the
term 2, p,y 0 in (3.5) and setting

p(x) = plz,w) = |D(x)|/|BX) (2)] = 24| D(x)| /5", (3.30)
it is easy to see that for I C IR, if
1/2
2~y || 1
— log — < — 31
(5*) %85 =32 (3:31)
we have
1 1 s* %
IP| sup p(z) > (2y/6")1 <emm(5)? (3.32)
z€Csx+ (I)

Depending on the values of m, , ., , Go.ms* () (A(x)) has a behavior that corresponds to the classical Gaus-
2

sian, Poissonian, or Binomial regimes, as explained in [14]. It turns out, see Remark 4.11 of [16], that
we need accurate estimates only for those values of mJ, ., for which G oms* (z) (AM(@)) is in the Gaussian
A=)

regime. In this regime, applying the Central Limit Theorem, we obtain a more convenient representation
of G, ms* () (A(z)) which is the content of next proposition. Let go(n) be a positive increasing real function
with lim,, 10 go(n) = 0o such that go(n)/n is decreasing to 0 when n T co.

Proposition 3.6 For all (3,0) € &, there exist vo = v0(0,0) and do(8) > 0 such that for 0 < v < 5o,

v/6* < do(B), on the set {sup,cc,. 1) P(x) < (2v/5%)1 /4, if

e o)) < 1 - (2T D, (3.33
then
Y \(2)280.p(2).m o) @)
oo Q) = 5 o8 Yoom, o @ (3.34)
- %|D(z)| [1ogcosh(259)+1og (1+/\( s (@ )tanh(259)) + P(miyc (). 22(@) 89, p(a))
where
[P ) 2212000 < (?5_3)1/4< |mije)(ﬁ)j(lﬁf)tanh(zﬁe)> (3:59)
and .
o A(;Mm()(u)() Sgo<6*1ﬁ1/2>+<§_3)1/4c”9)’ (3.30)
with
«(6) = tanh?(230)(1 + tanh®(236))? (3.37)

[1 — tanh?(236)]2[1 — tanh(2/36)]¢
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The proof of Proposition 3.6 is given in Proposition 3.5 of [16]. In the following we deal with quotients of
quantities (partition functions) of the type (3.11) with boundary conditions that might be different between
numerator and denominator. For this reason it is convenient to introduce the following notations. Let I any
finite interval. We set md; = (m_;,m?., ;) and, see (3.11), we denote

_ stl sMsqy

Zoaa (Mg =memby =me,) = 2 (3.38)
where (ms,,ms,) € {m_,0,m}? and for my, =0, we set in (3.11) E(mJ",mJ",) = 0 while for m,, = 0 we
set E(mi* , mgil) = 0. In a similar way, recalling (3.10), if F%" is E? —measurable we set

2" (ET) _ YmieMser 1y P(mi e AT ImE =mam =me ) 429(mf5 v mf) }

7M1 ey 71y
I I

(3.39)

Further, let mﬁ be one of the points in { 1,—1+ 5* B 5* , 1} which is closest to mg. Let mﬁ I
be the function which coincides with mﬁ on I and vanishes outside I and R%¢(n) for n = +1 the set of
configurations which are close with accuracy (4, (), see (2.28), to mg when nn = 1 and to T'mg when n = —1.
By definition, |m?; — mg| < 8y/0* and choosing suitable the parameters we obtain that m?; (resp. Tmf;)
is in R%¢(+1), (resp R>¢(—1)). According to the results presented in Section 2, the typical configurations
profiles are long runs close to one equilibrium value followed by a jump, then again long runs close to the
other equilibrium value an so on. It is therefore comprehensible that the following quantities will play an

important role.
77 (Trgsc ) _ Z (TR (n))
2P (Mgocy) 27 (RO<(n))

(3.40)

Since the two minima of fs4, see (2.18), are mg and T'mg, we have TR>¢(n) = R>¢(—n), and we write
(3.40) as

0,0
ZYO (R (—n)) _ BAIG(mS 5y Z1o (R(=m)

= (3.41)
27O (R (1)) Z70 (R(n))
where
A'G(mfy ) =0 [Gmf )~ G(TmE )| =-n Y X(a), (3.42)
zE€Csx (I)
X (@) = Gymsr A@)) = Gy g (M@)), (3.43)
and
Z78 (R(=n))
ZY8 (R(n))
. G (s " (3.44)
_ Zmgremsr @) rocamye P AoV i)
- f(m ,0)+ A”g m + V(m‘s*
m‘s*GMa*(I) ]I{R5<(77)}e 7{ ! ( ) ! ! )}
and
AJGmY )= > AIGE ) (3.45)

zE€Cg* (f12)
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where recalling (3.5),
AJGh =G

z,m%" (z)

A@) =G 1w (M) (3.46)

1—n
z, 772 md% (x) z, T2 mg ()

with T° equal to the identity. When flipping h; to —h;, for all i, then A\(z) — —A(z), BT (x) — B~ (z) while
D(z) does not change. Therefore,

_ ZPR)
Z°(R(~n)

(=h), (3.47)

Z (R(=n))
27 (R(n)
the X (x) in (3.43) is a symmetric random variable as it can be directly checked inspecting (3.5). Therefore
Z} 5 (R(=n))
Z0T(R(n))

which implies that log (h) is a symmetric random variable, in particular has mean zero. Further

log (h) is a symmetric random variable having mean zero and it has been estimated in [16] applying

Z_n.0.5.¢)

Lemma 3.3. In [16] this term was denoted = oD

. The estimate is reported in the next Lemma.

Lemma 3.7 Given (3,0) € &, there exist vo = vo(5,0) > 0, dg = do(3,0) > 0, and (o = (o(5,0) such that
for all 0 < v < ~, for all §* >~ with v/§* < dy, for all 0 < { < (o that satisfy the following condition

63 12\ 2
¢> (5184(1 + 0(69))2(;—*)1/2) v (12c(6ﬁ9) (‘:) ) (3.48)

where ¢(B0) is given in (3.37) and ¢(5,0) is another (3,0 dependent constant, then for all a > 0,

70 SR dav12c| _2Q e ¢
IP | max * max |log 1102’00 > at 12 < _Qeiu (3.49)
ICAq IaCr Zf’ O(R(n)) v € 1—e"¢
12,

a22

1 — B
and u = SCC2(5.0)"

where maxjca,™ denote the mazimum over the intervals I C Ag such that |I| = ey~

To apply Lemma 3.3 one needs a control of the Lipschitz norm of the object to be estimated. The Lipschitz
Z7°9(R(=n))
Z70(R(n))

|I| = ey~1. To treat intervals longer than %, see Lemma 4.19, Section 4, one needs a non trivial extension of

norm of log is given in Lemma 4.9 of [16]. The estimate in Lemma 3.7 holds for interval I,

Lemma 3.7 and a convenient choice of the parameters involved in the estimate. This was done in the proof
of Lemma 6.3 of [16]. The estimate (3.49) is useful when ¢ is small (¢ — 0). When dealing with intervals
of order %, (e =1) to get an useful estimate we need to have u — oco. The only way to obtain this, see the
choice of u in Lemma 3.7, is to let {(y) — 0 as v — 0. But ( is the accuracy we choose and we would like
to have ¢ satisfying (3.48), small but not going to zero when v — 0. So the main effort is to show, that
eventhough the accuracy to define the vicinity of the profiles to mg or T'mg is kept finite, it is possible to
find with overwhelming Gibbs probability and IP a.s., blocks in which the typical magnetization profiles are
indeed at distance less than (5 to mg or T'mg, with (5(y) — 0 as v — 0. This allows to replace the ¢ in the
definition of u with (5. This is done in Theorem 7.4 of [16] and it will be applied when proving Proposition
4.2 in Section 4.

To treat the term in (3.42) we apply Proposition 3.6 on the set {p(x) < (27/§*)'/*} and we obtain a very

convenient representation for X (z)

1+ mg’:Q tanh(246)

1- m%’tl tanh(246)

X(2) = ~A(2)|D()| |log
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where Z; and Z, are easily obtained from (3.34). Furthermore, choosing go(n) = n'/* in Proposition 3.6, it
follows that

59(1 +59> (21)1/4

=1 (2, 58, p(2))] < 64(1 —mg.1)?(1 — tanh(2030)) > o*

(3.51)
and

[Za(a, 86, p(a)] < (257)"/* [36 + 2¢(30) (3.52)

where ¢(0) is given in (3.37). The X (z) are in fact symmetric random variables as it follows from (3.50).
We have that
EX (2)Ty@)<(2v/64)1743) = 0,
5 (3.53)
IBIX?(@) L)< (2067 01/4y] = 70(57977/5*)

where ¢(3,0,+/6*) satisfies

c(3,0,7/5%) < (V(B.0))° [1 + (7/5*)%}2 (3.54)
3.54

(8.0.7/6%) > (V(8.0)7 [L - (/5)F]

and V(0,0) is defined in (2.36). By the results in [16], the runs of configurations close to mg or to T'mg are

of order 1 in Brownian scale ( 712 in micro units), so it is convenient to partition IR into blocks of length ¢, in

the Brownian scale; i.e. each block in micro units is of length 7_62 and the basic assumption is that € = €(v),
limy g e(y) =0, 53 > %, so that each block of length -7 contains at least one block A(x); to avoid rounding
problems we assume €¢/~v0* € IN, and that the basic initial partition A(z): z € Cs«(IR) is a refinement of the

present one. We define for o € ZZ:

X(e) (Oé) =7 Z X(x)ﬂ{p(z)gww/(g*)lm}, (355)
1:5*16146/7(&)

where A, /(@) = [a%, (o + 1)%) and for the sake of simplicity the v, 6* dependence is not explicit. To
simplify further, and if no confusion arises, we shall write simply x(«). Note that y(«) is a symmetric
random variable and from (3.53)

Ex(a)] =0
E[x* ()] = ec(3,0,7/67).

It was proved in [16], Lemma 5.4, that there exists do(5,0) > 0 such that if v/6* < do(5,0) then for all
A € IR we have

(3.56)

IE [emaq < V(B0 (3.57)

where V((,0) is defined in (2.36).

4 Finite volume estimates

In this section, we give upper and lower bounds of the infinite volume random Gibbs probability
ug,‘g,v(’P(’;V C—0.Q] (u)) in term of finite volume quantities, see Proposition 4.2. This is the fundamental
ingredient in the proof of Theorem 2.9. By assumption u € Ug(u(w)), see (2.54), where for w € Qy, the
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probability subset in Theorem 2.3, u?(w) € BV ([-Q,+Q)]) is the profile defined in (2.39). There is no lost
of generality to assume that there exists a positive integer L, L < @ such that

u(r) = ufy(r), Vlr| > L. (4.1)

To avoid the case that a jump of u’(w) occurs at L or —L, we require that

(=L} U{L} ¢ UDE gleal — 20, cal +2) (42)
where £*(£Q) are defined in (2.40) and p is chosen as in (2.64). To see that requirement (4.2) is harmless,
let
Q3 =03(Q) = U {w A{-L}YuU{L} € Ufiiz_Q) [eaf — 2p,ea + 2p]} . (4.3)
Le(1,QINZ

We have the following result.
Lemma 4.1 There exist vo(3,0) > 0 and a > 0 such that for v < v = vo(5,0) we have

1
Plos) < —% < (1)
(9(%))8CFa) (g(%))10C+a)
Proof: Note that
e |J Eelr(-Q)n...k" Q) caiell—20L+2)U[-L—2p,—L+20]}.  (45)

Le1,QnZ

To estimate the probability of the event (4.5), we use Lemma 5.14 where it is proven that uniformly with
respect to Q and with IP—probability larger than 1 — (5/¢(6* /7))@ | k*(Q) and k*(—Q) are bounded by
K (Q) given in (2.35). The other ingredient is the estimate of the probability that eaf or eaj € [—2p, +2p].
This is done in Theorem 5.1 of [16] (see formula 5.29, 5.30 and 6.66 of [16]). Then for some ¢(3,60), a > 0,
when v < (8, 6) we have the following;:

IP[Fie{c("—Q),....,k"(Q)}: eaf € [L — 2p, L + 2p]]

5 8(2+a) 1 (4.6)
WD) e
" (g(22)) 2+

< 26(8,0) K (@g0° )] /142440 (

By subadditivity one gets (4.4), recalling that Q = exp [log(g(%))/ log log(g(§))] |

(From now on, we will always consider w € 2 \ 23 and since the union is over L € [1,Q] N Z in (4.3),
this probability set is the same for all u € Ug(u3(w)). For u € Ug(uZ(w)) and L so that (4.1) holds, denote

ri=1inf(r:r > =Q, || Du(r) — Dul(r)[1 > 0); Mast = SUp(r: 7 < Q, || Du(r) — Dul(r)[1 > 0) (4.7)

where Du is defined before (2.31). The 7y is the first point starting from —@Q where u differs from v’ (w) and

Tast 18 the last point smaller than @ where u differs from u’(w). We denote by
T i = 1, ..Nl, N, = Mast (48)
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the points of jumps of u or u?(w), between r1 > —Q and 1,4 < @, in increasing order. Note that r; could
be a point of jump for both u and u}(w) and

N1 < Niep ) (w) + Nz .05 (). (49)

We have the following result.

Proposition 4.2 Tuake the parameters as in Subsection 2.5. Let 1 be the probability subspace of Theorem
2.8 and Qg defined in (4.3), Q4 defined in Corollary 4.14 and Qs defined in (4.96). On Q1 \ (Q3UQ4UQ5),

1/\a

with IP[Q \ (3 U Qe UN5))] > 1 — 3(g(%)) 0@+a) | for some a > 0, for all u € Ug(us(w)) such that

Ni_q.+q1(u) € Ni_q,1q)(uf )e(srm D) (oeQ)loglos @) (4.10)

for 0 < b <1/(8+ 4a), there exists a yo = Yo(0,0,u) such that for all 0 < v < v0(0,0,u), we have that

% log {Nﬁﬂﬂ (Pz’;ma[fQ»Q] (u))} -
(4.11)

o~ [I1Du(r) s — 1Dus i)l Y a(ry) — @k (g
_P;P (ra) mlﬁ A )'}@;% T @] £

a:ea€lry,rit1)
we have an upper bound for + = +1 and a lower bound for £ = —1.

Since the proof of Proposition 4.2 is rather long, we divide it in several intermediate steps. It is convenient
to state the following definitions.

Definition 4.3 Partition associated to a couple (u,v) of BV ([a,b]). Letu and v be in BV ([a,b]). We
associate to (u,v) the partition of [a,b] obtained by taking C(u,v) = C(u)UC(v) and B(u,v) = [a,b]\C(u,v).

)
The C(u) and C(v) are the elements of the partitions in Definition 2.2. We set C(u,v) = UN[” 0y (u, ),
where N[a,b] = N(u,v, [a,b]) is the number of disjoint intervals in C(u,v), max{ N (1), Njg 5 (v)} < Na b <

N[a,b] (u) + N[a,b] (U)

By definition, for ¢ # j, C;i(u) N Cj(u) = 0 and C;(v) N C;(v) = 0, however when u and v have jumps at
distance less than p, C;(u)NCj(v) # 0 for some i # j and in this case one element of C(u,v) is C;(u) UC;(v).

Remark 4.4 . The condition that p and § are small enough in such a way that the distance between two
successive jumps of u or v is larger than 8p + 89, see Definition 2.2, implies that the distance between any
two distinct C;(u,v) is at least 2p + 24. This means that in a given C;(u,v) there is at most two jumps, one
of u and the other of v.

The partition in Definition 4.3 induces a partition on the rescaled (macro) interval %[a, bl = Cy(u,v)UBy(u,v)

where C, (u,v) = Ujvz[‘i'b] Ci~(u,v) and C; (u,v) = v~ 1C;(u,v).

We will use Definition 4.3 for the couple (u,u(w)) for u € Ug(u%(w)), [a,b] = [r1,7],4t], see (4.7). For
simplicity we denote

N(u,u,y(w), [r1,7]ast]) = N.
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Of course, N1 > N, see (4.9). We write in macroscale

Cy(uyut) = UM fai, by), ag,bi)Najb;) =0  1<i#j<N. (4.12)

Remark 4.5 . In Proposition 4.2, vo = 70(3, 8, u) depends on u since 8p(y) + 83(7) has to be smaller than
the distance between two successive jumps of w.

Since the estimates to prove Proposition 4.2 are done in intervals written in macroscale we make the following

convention:

m(z) = u(yz), m*(z) =u(yz) for xe%[—cz,@]

o=l =1, N (4.13)
y

p — P
P[q1,q2] (m) = P&%C,[—QQ] (UV)’

where we recall that r; are the points where u or u jumps, see (4.8). Furthermore, let us define

0 if ¢eC,(v);
nl,v) =141 when m(z) equal to mg for € B, (v);
—1 when m(z) equal to Tmg for x € B, (v).

Note that (¢, v) is associated to the function v not to a block-spin configuration.

Definition 4.6 For § and { positive, for two integers p1 < ps define

Oy ([p1,p2]) = {1°(€) = 0, V0 € [p1,p2]} (4.14)

and for i € {—1,+1},
R&c(ﬁa [P1,p2]) = {776’4@) =1, Vi e [P1,p2]}- (415)

The first set O ([p1, pa]) contains configurations for which the block spin variable, see (2.26), is ¢ far
from the equilibrium values. The second set R%¢ (7, [p1, p2]) contains configurations for which the block spin
variable is ¢ close to the equilibrium value mg when 7j = 1 or T'mg when 7 = —1.

Using a simple modification of the rather involved proof of Theorem 7.4 in [16] one gets the following.
Proposition 4.7 Take the parameters as in Subsection 2.5. Let Q1 \ Qs be the probability subset with
in Theorem 2.3 and Qs defined in (4.3). There exist vo = vo(8,0) and (o such that for all w € Q4, for all
7 € {—1,41}, for all by € IN, for all 0,(,(s with 1 > 6 > 6* > 0, and any (o > ¢ > (5 > 8v/0*, for all
[P1,P2] C [p1,p2] C [q1,g2] with pr — p1 > Lo, p2 — P2 > Lo, we have

_ o f%{@rm(—““”‘” 3¢3—48(1+0) i*)fzce*“wv“o)“o7440\/3*}

.04 (RO (i p1, p2]) N1 OF (1, p2])) < e 4 ’ "
(4.16)

Here a(f3,0, (o) is a strictly positive constant for all (3,0) € &, k(5,0) is the same as in (2.22). Moreover

200, (R4 [pr.p2)) 11 O3 (1, 2]
sup '

[P p2lCl—y7.y~7] Zp0 1 (R(0, [p1, p2]))

(4.17)
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satisfies the same estimates as (4.16).

Remark 4.8 . The terms with y/v/é* in the right hand side of (4.16) comes from the rough estimates
see Lemma 3.4. The fact that «(3,0,() > 0 is a consequence of (2.21). The term r(3,0)5¢3 comes from
estimating the contribution of (2.22) for spin configuration in Og,@ ([D1,D2])-

We have the following.

Lemma 4.9 (reduction to finite volume) Under the same hypothesis of Proposition 4.2 and on the
probability space Q1 \ Q3, for (5 that satisfies

3 2l 1 y o*
0Cs 2384(1+C(5—*+9)K(ﬁ’9)a(6’9’®)\/;logF, (4.18)

we have

_B8 * _B__1 _ B r(B,0) 3
500, (Pl (m)) = e 700 (12K (Q)e™ 757 — 207G )

Z[O";lo—l,'uz-i-l] (,P[ZI,UZ] (m)a 7767C5 (vl - 1) = 77(1)1 - 15 m*)v 7761<5 (’02 =+ 1) = 77(02 + 17 m*>) (419)
Z[OU,1O—1,vz+1] (Pﬁl,vz](m*)’né’gs (Ul - 1) = 77(’1}1 —1,m*), U (UQ +1) = 77(’02 +1, m*))

and
_B K(8,6) 5,3 B -
lu"é},e,'y(p[thﬂ(m)) S 2¢ 7 Ly g —645} e;(4<5+85 )X

0,0 5 * 5 *
Z[n&,n’ ](P[ﬁl&,n’ ](m)’né,go(%) = n(ng, m )’né’qo(”NH) =n(ny,,m ))

Z N+41 N+41
v1—L1—1<ng<v; Z[O7;2’ 5\7+1] (,P[iz{),nk,ﬂ] (m*)’ 7767(5 (n/0> - n(n’o, m*), 7767(5 (n/N-H) = 77(”3\7-{-1’ m*>)
UzSn%,+1§v2+L1+1
(4.20)
where Ly satisfies L1 + o < p/~ and
log(d"/7)
by = ———=. 4.21
0 a(ﬁa 93 CO) ( )
Proof: Recalling (4.13) and (4.1), for w € Q1 \ 23 see (4.3), one has
n(lm) =nl,m*)£0 for £€for—L v+ 20— 2 v+ L. (4.22)
v Y v Y
Therefore the spin configurations in 73[’; 110] (m) satisfy
8, - - *) — * . P P
n”* () (o) = n(l,m) = n(t,m") = n(vy,m") # 0; VL € [v1 — St ;]
(4.23)

and  7%¢(0)(0) = n(l,m) = n(l,m*) = n(va, m*) # 0; VL € [vy — g,’l}g + s]

We start proving the lower bound (4.19). Within the proof we present a fundamental procedure, the cutting
which allows us to estimate the infinite volume Gibbs measure with finite volume quantities. This procedure
will be constantly used in the following. We explain here in details, referring to it when needed.
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The lower bound

We just impose extra constraints at v; — 1 and vo + 1, that is

15,6, (P[pql,qﬂ (m)) > 1Bon (P[pql,qﬂ (m), n* (v1 = 1) = n(vr —1,m*),n" (v2 +1) = (v2 +1, m*))- (4.24)

As mentioned in Section 2.1 there is an unique infinite volume Gibbs measure that can be obtained as the
weak limit of finite volume Gibbs measure with 0 boundary conditions. So to estimate the infinite volume
Gibbs measure in (4.24) we start considering the Gibbs measure in a volume [—a, a] with a > 0 big enough
so that [q1, 2] C [—a,a]. We write

Z[Oft)l.,a] (,P[F:h,qz](m)’né,gs (Ul - 1) = 77(1)1 - 17m*)5 776745 (UQ + 1) = 77(1)2 + 15 m*))
ZO,O

[70"’0‘]

(4.25)

The goal is to estimate (4.25) uniformly with respect to a. This will be achieved by cutting at v; — 1 and
v + 1, which we explain now. Divide the interval [—a,a] in three pieces [—a,v; — 2],[u1 — 1,v2 + 1], and
[va 4+ 2, a]. Then, associate the interaction between the first and the second interval to the first interval, and
the one between the second and the third to the third interval. Use (3.14) with I = [v; — 2,v;] to make the
block spin transformation there, this will give an error term 328* /. Use n%% (v; — 1) # 0 to get that for all
configurations o

. . . lon(o—1m) s

‘E(mfvlfzvlfl)(a)) m?ylfl,vl)(o'/)) - E(m[’ulflvlfl)(a)’ T 2 mﬁ,[vlfl,m))‘ S C5 (426)

for o’ such that 7% (vy — 1)(0{111_1,1}1)) = n>% (vy — 1) where m%* is defined after (3.39). Therefore one sees

B ros*

that up to an error =7 29" 76) we can replace in (4.25) the o, o’ interaction between [—a, v; —2] and [v; —1, a]
. . 1—n(vy—1,m) * . o . .

by an interaction between o and a constant profile T’ T mg [o1—1,01)" Making similar computations

in the intervals [v2, v2 + 1), [v2 + 2, a) and recalling (3.39), one gets

700 (’PP ](m), 7% (v — 1) = n(vy — 1,m*),n%% (vg + 1) = n(vs + 1,m*))

[—a,a] [q1,92
0,0
21 g0l
8¢+ L Lom® P ) 7m0 p . (4.27)
7 Z ]Z[—a,ulle Plaror=21(m) ) Zoyi2,0) Ploara.a (M) X
X 201 g1 (Pﬁl,w](m), ¢ vy — 1) = (o — 1,m"), % (v2 + 1) = n(va + Lm*))'

In the first term on the right hand side of (4.27), using (4.1), one has 7)[’;17“72] (m*) = 7?[’;1171172] (m) and
73[’312+27q2](m*) = Pﬁjz+2,qz](m)' Furthermore the boundary condition ZOLT:,;*Z] (+) is written in term of m*,
but since on v; — 1 we have n(vy — 1, m) = n(vy — 1,m*) we could have also written Z[O_’Zvl_Q](-). Similar

considerations hold for the partition function in [vs 4+ 2,a]. The above procedure which allows to factorize
the partition function up to some minor error, see (4.27), will be denoted cutting at v1 — 1 and va + 1.

+2(26"+¢s)

Remark 4.10 . To perform a cutting at some point ¢ and to get an error term e , one needs to

B (osx
have 7> (¢) # 0 at this point. Trying to cut at a point £ where n*¢(¢) = 0 gives an error term ey (20741
that will definitively ruin all future estimates. Trying to cut at a point ¢ where %¢(f) # 0 gives an error

2(26"+¢)

term e~ . Since we are not imposing that ¢ goes to zero, this will also ruin all the future estimates.
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Multiplying and dividing (4.27) by

Z[(:;f)*l,v2+1] (P[Z’l,vz](m*)v 776’&) (vl - 1) = 77(1)1 - 15 m*)a 776745 (’02 + 1) = 77(02 + 17m*)) (428)

and then regrouping, one gets

200 (PP (m),n®% (v1 — 1) = nlvr — 1,m*), 5> (va + 1) = n(vg + 1, m*))

[q1,4q2]
0,0
212 40)

—B(2¢5+45* 1 0,m* * m*,0 *
> e~ 5 >Z_07O 7 ('P[ZI,UI_Q](m )) Z (P[’;}2+2,q2](m )) X

[_ava]

>

(4.29)
700 PP 2y 0:Gs (1) = 1), G 1) — 1 m*
X 2y 1 0 41] [Ul,UZ](m ),n”% (v — 1) =n(vy — 1,m*), > (va + 1) = n(va + 1,m") | x

Zﬁjlo—l,'uz-l-l] (,P[’z’lﬂu](m)v 7761<5 (vl - 1) = 77(1)1 - 15 m*)a 7767C5 (’02 + 1) = 77(02 + 15 m*))

200 s 1] (P[/jul,w](m*)a 7% (v — 1) = n(vr — 1,m*), n® (va + 1) = n(v2 + 1, m*))

The last term in (4.29) is the main contribution to the lower bound stated in (4.19). So to complete the
proof we need to estimate from below the remaining terms in (4.29). To achieve this we do the conceptual
opposite procedure of cutting. Namely we glue the first three partitions function in the right hand side of
(4.29) at v1 — 1 and v2 + 1, applying again (4.26). That is

1 0,m”* p * m*,0 p *
Z[O,O ]Z[fa,v172] (,P[ql,v172] (m )) Z[v2+2,a] (P[v2+2,q2](m )) X

x Z[(:;f)*l,v2+1] (P[Z’l,vz](m*)a 776705 (vl - 1) = 77(1)1 - 15 m*)v 7761&) (’02 + 1) = 77(02 + 17m*))

(4.30)
> e 5 (26 H45)

1 . . \
Zo,—oZ[Oi?z,al (P[pql,qz](m ), 17 (01 = 1) = nvr — 1,m*), 1 (va +1) = nvs + 1,m )) :

[_ava]
By definition (2.33) and assumption, see (4.22), when o € 7)[’;1 qZ](m*) P (o1 —1,0) # 0 and 55< (041, 0) £
0, then
Plor.aal (M) = (Pﬁn,qﬂ (m*), 1 (o1 = 1) = 0,7"% (va + 1) = 0) U
(4.31)
(,P[/j]h(h](m*)’ 776745 (vl - 1> = 7](’01 - 15 m*)vné’gs (U2 + 1) = 7](’02 + l,m*)) .

Therefore taking the limit when a 1 oo in the right hand side of (4.30), using Theorem 2.3 and Proposition

4.7 with ¢y = z’fﬁ(égézg, P2 —p1 =1, po —p1 > 20y one gets

: 1 * 5 * 5 *
lim —Z[Of;’a] (PL . (m*), > (v — 1) = n(vr — 1,m*), 0> (vs + 1) = n(vs + 1,m"))

atoo Z[QO | [q1,42]
’ (4.32)
og 8%
Zl_K(Q)e 79/ — e ,
where K (Q) is given in (2.35). Collecting (4.27), (4.29), and (4.30), using (4.18) one gets
W00 (Pl g () 2 €708 (1 9K (Q)e™ T 77T — 265824
2501 ey (Pl (), 095 (00 = 1) = oy — 1,m*), (0 1) = (e + 1)) (4.33)

Z&?—l,vz-ﬁ-ﬂ (P[fzfl,UZ](m*)v 7761<5 (vl - 1) = 77(1)1 - 15 m*)a 776705 (’02 =+ 1) = 77(02 + 17m*))
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which is (4.19).

The upper bound In the proof of the lower bound we could cut making an error proportional to (5 by
simply restricting to those configurations having magnetization close to the equilibrium values with accuracy
(6,¢5) in the chosen [¢,¢ 4+ 1) block . In the upper bound obviously this procedure cannot be applied. We
need to find a block where the spin configurations have magnetization close to the equilibrium values with
accuracy (0,(s). This makes notations more cumbersome. To facilitate the reading, we use indexes with a ’
to denote the points £ where 7% (¢) # 0. We search these points within the intervals [v; — Ly — 1,v; — 1]
and [va — 1,v2 + L1 + 1] where L; is an integer which will be suitable chosen. ;From (4.23) we have that
%S (0) (o) = n(l,m*) = n(vy,m*) # 0 for £ € [v; — Ly — 1,v; — 1] and n%<(¢)(0) = n(l,m*) = n(ve, m*) # 0
¢ € [vg —1,v9 + L1 + 1], provided L; < 5. Then we apply Proposition 4.7 in both the intervals, taking ¢
as in (4.21) and setting

p1 =v1 — L1 — 4y, p2 =v1 + Lo,

_ _ (4.34)
p1=wv1— L1 —1, D2 = v1
for some L such that 0 < Ly + £y < p/7 to be chosen later. We have ps — py = L1 + 1 and
, 75{@1“) B8O 563 _48(14¢ o 40)y /7)) 4128180 i*}
145.6.~ (R&C(f], [phPQ]) e Og’q‘)([ﬁl,ﬁﬂ)) S e ( 4 3 5 ) (8.6.¢0) 3 (4 35)

H{nsi)

At the last step, we have used (4.18). We do similarly in the interval [ve, v + L1 + 1] . We apply Proposition
4.7 setting

p3 =v2 — Lo, pa=v2+ L1+ 4
i i (4.36)
D3 =2, pg =va+ L1 +1,

then one gets that 15,9, (R (7, [p3, pa]) N 05 (Ip3, pa])) satisfies the same estimate as in (4.35). Therefore
one has the basic estimate

5.Cs (1= = 1\ € 6.Cs (1= = L 280 5

1090 (Pl 1)) < 18505 (Pl 4 () 0 (OF ([, 72])” 1 (O (7)) ) + 2675 U 55295 qaa)
In the set (P[ q2]( m) N (O 0 5 ([p1, pa)) ) N ( pg,p4]))c) there exists at least one block variable indexed
by ng with p1 < nj < Po such that %% (ny) = n(nh, m*) and one block variable indexed by Ny i1> D3 <

n'y, < Pa where 7% (n ny ) =1y, m"). These are the blocks where we will cut. Consider the Gibbs

measure in a volume [—a, a] with a > 0 large enough so that [g1, ¢2] C [—a,a]. We have the simple estimate

20, (Pl 0 (06 (1, 21) 1 (05 (s, ) )
2

<

4.38
Z[O ?1 ,al (P[/jh,qz](m)’ 1% (ng) = n(ng,m), n>* (N 41) = 77(”3V+1’m)) (4:3%)
Z 70,0 .
P1<"0<I32 [~a,a]
P3<"N+1<I34

Consider now a generic term in the sum in the right hand side of (4.38). Recalling (4.27) and cutting at ny
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and n'y 4o in the numerator we get

0,0 5.Cs _ 5,Cs _
21 4.d] (P[/jn,qz](m)’ n®< (ng) = n(ng, m), n><(ny,,) = n(nlﬁﬂ’m)) < 25y 1

0,0 = 0,0
212, +a] 21240
0,m* *
X2 gt _1](7)[21,%—1](7” )%
0,0 p 5,Cs _ #Y 218,C5 () - I m”,0 P
X Z["(’)vn;VJrl] (P["oa”zvﬂ](m)’ K ( ) n(no’m )’n (nNJrl) - n(nNJrl’ ))Z["N+1+1’a] (,P[n%ul—i_l’qﬂ),

(4.39)
see (3.39) to recall notations. Multiplying and dividing by

208 (Pl (") 0 () =y, m), 0 () = ("))

N+1 0" N+1
one gets, after regrouping the terms

200, (Pl gy () 1755 () = mlniyy m), 1l ) = m(n'y ) )
ZO ,0

[—a,al

8 -
5(2¢+457) o

IN

e

208 o (Pl (), PS5 () = i, ), P () = (5 m"))

X
208 (Pl 007), P () = s m®), 15 () = (i, )
0,m %
2 g —1) Plgy g -1y (M) x
0.0
[70‘10‘]
ZOO , ( pl , * 4,Cs _ * 6,5 (o)) _ /- )Zm 0 p,
oty ] P["oa”ml](m ), 1% (ng) = n(ng, m™),n>* (ny 1) = n(ny ., m") [nmlJrl,a](P[nmlJquZ])
(4.40)
Now, glueing at nj and n’/ N1 88 in (4.30), uniformly with respect to a, we have
0,m* *
2 amy1)Plgs my -1 (M)
0.0 x
[—a,a]
0,0 * *
Z[no,nN+1] (Pﬁ@oa”bﬂ](m )a 7767@5 (n/O) = n(nIOam )a775 < (nNJrl) U(nNHa )) (441)
2 ) (Pl )
m™*,0 P B(2¢5+48*) _l-ata q1,92 B(2<0+45 )
Z["N+1+1 al (P["N+1+1vq2]) sen Z[O 0 ]
From (4.40) and (4.41) we get
0,0 P 5,¢ — 3,¢ _ = ’
200, o (Pl g (m), 0P () = ngrzo,m» 0P () = 1l o)) < e,
2 aal
200 e (Pl () 5 () = mlnigy ), P () = (' ) -
y [ngmy I\ [ngmly ] 1 Mno; 1 L ) M1
0,0 * 5 _ * _ * )
2 ;\7+1](Ip[€7’0’nN+1](m ), 1% (ng) = n(ng, m*), n> (ny ) = nlnfy,,,m ))
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Collecting (4.38) and (4.42), one get (4.20). This ends the proof of the lemma. W

The configurations in P/ ](m) and PP . (m*) are long runs of n>¢(¢) # 0 followed by phase changes

[’U1,U2 [’U1,U2]
in the intervals [a;,b;), for ¢ = 1,... N, see (4.12). So to estimate the ratio of the partition function in

(4.19) and (4.20), it is convenient to separate the contribution given by those intervals in which the spin
configurations undergo to a phase change, i.e in which the block spin variables are 7%¢(¢) = 0, from those
intervals in which the block spin variables are n%¢(£) # 0. This can be achieved cutting at suitable points
the partition function. We require these points to be such that %% (£) # 0 to obtain error terms which are
negligible. We start proving an upper bound for (4.20). To facilitate the reading, as before, we use indexes
with / and ” to denote the points ¢ where %% (¢) # 0. Denote a generic term in (4.20) by

0,0 & * 5 *
Ll 1(7)[%@', [(m), 7% (ng) = n(ng,m*), n>*(ny ) = n(nly_,m ))

N+1 N+1

Z(ng,nly ) = (4.43)

0,0 * 5 — * 5 — *
208 ('P[’;é,nbﬂ](m ), 5% (ny) = n(mh, m), o () = n(ny, m ))
We have the following:

Lemma 4.11 Under the same hypothesis of Proposition 4.2, on the probability space Q1 \ (Q3 UQy), and
for (s as in (4.18), we have

N a(ry)—al (r;)

* . - B
-8 2% ZiLSTSL[|Du(r)|—|Du,Y(T)|]e—y Zizl T [mee[riml) x()

Z(ng,ny,,) <e

AT * .0
LN |4¢5+85"+7log £+vlog L1+ (9(5*2/:‘;55/432+a) +320(Ra+Lo+L1)+ /51*} (4.44)

X e
4 N2eNlog £ 2(85"+40) =S L =G
Proof: Recalling(2.33), and (4.12), one sees that in each interval [a;, b;], there is a single phase change on
a length Ry for m or m*. There are three possible cases:

Case 1 [a;,b;] € Cy(u) and [a;, b;] € B, (u}). Therefore

n(aiam) = _n(blam) 75 0

. ) (4.45)
n(aiam ) = n(biam ) 7é 0.
Case 2 [a;,b;] € By(u) and [a;, b;] € C,(u%). Therefore
a;,m)=mn(b;,m 0
n( *) n( )?j (4.46)
Case 3 [a;,b;] € C,(u) and [a;, b;] € C,(u?). Therefore
a;,m) = —n(bi,m) #0
n(ai, m) = —n(bi,m) # (4.47)

n(a;, m*) = —n(b;, m*) # 0.

In the first two cases there exists an unique x; € [a;, b;], see (4.13), so that, in the the case 1, |Dm(x;))| > 0
and in the case 2, |Dm*(z;)| > 0. In the case 3, both m and m* have one jump in [a;, b;]. Recalling (4.15)
and Definition 2.1 we denote

Wi (£;,m) = Wi ([l; — Ra, £; + Ra), R, ¢) N {n>*(¢; — R2) = n(a;,m),n°(£; + Re) = n(b;,m)},  (4.48)
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the set of configurations undergoing to a phase change induced by m in [¢; — Ra, ¢; + R2]. We denote in the
cases 1 and 3

'pP

[a1.,bi] (m, 0 i) = R‘S’C(n(ai, m), [ai, l; — Ry — 1]) NWy (61, m) N RJ’C(U(bi, m), [[1 4+ Ry +1, bz]) (449)

and in the case 2

,P[Z. bv](magiai) =
b (4.50)
R (n(as, m), [a;, &; — Ry — 1]) N R (n(a;,m), [l; — Ra, {; + Ra]) N R (n(bi,m), [£; + Ra + 1,b;)).

The set 7)[’; bl (m, £;,1) denotes the spin configurations which, in the case 1 and 3, have a jump in the interval
[ai, b;], starting after the point ¢; — Ry and ending before ¢; + Ry and close to different equilibrium values
in [a;, b;] \ [¢: — R2,¢; + Ro]. In the case 2, it denotes the spin configurations which are in all [a;, b;] close to
one equilibrium value, namely they do not have jumps. The ¢; in this last case is written for future use. We
use for both m and m* the notation (4.49) and (4.50). In the case 3 both m and m* have a jump in [a;, b;].
Obviously we have

Py (m) C U P by (s iy ). (4.51)

£;€[ai+Ra+1,b;—Ro—1]

To get an upper bound for (4.43), we use the subadditivity of the numerator in (4.43) to treat the U in (4.51)
obtaining a sum over ¢; € [a; + R2 + 1,b; — Re — 1]. For the denominator we obtain an upper bound simply
restricting to the subset of configurations which is suitable for us, namely

Pl (M) D Pl (M7, 4 0). (4.52)

To short notation, let £ C [a,b] = {¢; € [a; + Ra +1,b; — Ry — 1], ¥i,1 < i < N} and set

A(m, f) = (’P[p

’
ng,n

’ ](m) mzNzl 7)[’;71)4 (maeiai)a 7767C5 (n/O) = U(néam*)a 7761<5 (n/]V+1) = U(N/NH, m*)), (4'53)

N+1

200y (Am,0)

["é’nﬂwl

Z(ng,n'y. 1, L) = (4.54)
N+1 700 (A(m*,ﬁ))
[ng.mg ]
Therefore, recalling (4.43), we can write
Z(”Ga”kﬂﬂ) < Z Z(nIOan/Nerﬁ)' (4.55)

The number of terms in the sum in (4.55) does not exceed ]_[f\;(bZ —a;) < exp(Nlog(p/v)). For future use,
when B is an event let us define

700 | (A(m,g) n B)
12 / _ [noanz\’]+1]
Z(ng,ny, 1,4 B) =

£ 700 ](A(m*,ﬁ))

[n[’),nN+1

(4.56)

For £y defined in (4.21), for the very same L; to be chosen later and (5 that satisfies (4.18) , let us denote
Ry = Ry + £y and define

D(m, ) =
Urcicn (R$(m(¢; — Ro,m), [l — Ry — Ly — 2o, £; — Ra]) N O ([¢; — Ry — L1,4; — Ra])) U (4.57)
Urcicn (R¥C(n(¢; + Ra,m), [€; + Ra, € + Ro + 2o + L1]) N O ([(; + Ra, ¢; + Ry + L)) .
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The D(m, £) is the set of configurations which are simultaneously ¢ close and (5 distant, (recall ¢ > (5), from
the equilibrium values in the interval [¢; — Ry — L1 — 2{o, {; — Ro] U [{; + Ro, £; + Ry + L1] where £; are chosen
as in (4.52). Recalling (4.56) and Proposition 4.7 one gets

_ ~ * 5(8,0) ¢
> Z(np, nlyyy £ D(m, £) < N2V 108 565 (80740 =S L =062 (4.58)
£Cla,b]

To get (4.58) one cuts at the points £; + Ry and £; + Ry + 2y + L1 for the set R>C(n(l; + Ry, m), [(; + Ra, £; +
Ry 4 20o 4 L1]) N O%% ([¢; + Ry, £; + Ry + L1]), and at the points £; — Ry — L1 — 2y and £; — R, for the set
RYC(n(€; — R, m), [l; — Rg — Ly — 2o, £; — RQ]) NO%%([¢; — Ry — Ly, £; — Ro)). Notice that we cut at points
n>¢ # 0 and each time we make the error e~ 5(26+48") This is the only place where making an error so large
does not cause a problem. Namely we can choose L; suitable in (4.58) so that L =: 0)6§5 > (86 + 4Q).

Furthermore denote

B(0) = My<icn (0% ([l; — Ry — Ly, £; — Ro))) N (O ([€; + Ra, 4; + Ro + L1)))° . (4.59)
Since for each £, A(m,£) N D(m,£)¢ C A(m, L) N B(£) we are left to estimate

Z Z (n’o,n’]v+1,£;8(£)) .

£Cla;b]

On each A(m, £)N (0% ([¢; — Ry — Ly, £; — Ry]))%, 1 < i < N, there exists at least one block, say [n},n}+1)
contained in [¢; — Ry — L1, £; — R2) with n>% (n) = n(a;, m). Making the same on the right of ¢; and indexing
n! the corresponding block where 7% (n?) = n(b;,m), one gets

> Z (nhnly,,LBW) <
£Cla,b]

> > Z (nfnlgy 1o & Micien {17 (n) = n(as, m), n™ (nf') = n(bi,m)}) .
£C[a,b] n'C[¢—Rz—L1,L—Ro]
n'' Cll+ Rz, £+ Ra+L1]

(4.60)

The number of terms in the second sum of (4.60) does not exceed exp(2N(log L;)). Consider now a generic
term in (4.60),

z (716, n/NJrl’ E; mlSiSN{T](M~5 (n;) = 77(% m)a 7767C5 (n;/) = n(bi’ m)}) : (4'61)

Recalling (4.56), we cut the numerator of the partition funct1on as in (4.39), at the points n’ and n” to get
an upper bound. Each time we cut we get the error term e~ 5 s +<") In the denominator, see (4.54), restrict
the configurations to be in

Am™, ) Mi<i<n {776 @ (nf) = n(a;, m*), 1> (n)) = U(biam*>} (4.62)

and then cut at all the points n’ and n”. In this way we obtain an upper bound for (4.61). We use notation
(4.49) (case 1 and 3) and (4.50) (case 2) after cutting at n; and n}. Note that n(n; + 1) = n(a;,m) and

"

n(n — 1) = n(b;, m) therefore we have in the case 1 and 3, see (4.49),

PP

[t 41,0y -1y (7 6o 0) =

(4.63)
Ré’q(n(aiam)a [n; + 15& — Ry — 1]) N Wl(gia m) N R&c(n(bia m)a [El + Ry + 1angl - 1]);

35



in the case 2, see (4.50),

,P[/f”;Jrl,n/i/*l] (m7 gia Z) = RM(U(‘% m)a [n; + 17 gl - R2 - 1])ﬁ (4 64)
R&C(n(aivm)v [gz - RQvgi + R2]) N R&C(n(bia m)a [61 + Ra + 15 n/i/ - 1])

For the remaining parts corresponding to runs between two phase changes, i.e the intervals [nj,n], ],

n € [ai,b;] and n},, € [ai41,bi41], for i € {1,..., N}, we denote
Pl s, 1 (msGs) = R (n(biym), [nf + Lniyy — 1) N {n" (nf) = 5 (n}y1) = n(bi,m)}. (4.65)

Similarly in the intervals [ng,n}], and [n';,n recalling (4.22) and (4.23), we have

wei)

Plos ) (15 G5) = RO (n(vr,m), [ng, ma]) 0 {n* (ng) = 0 (n}) = n(vr,m)}

(4.66)
= ’P[il&,n,l](m 7<5)7
Pl i (0G5 = RO v, m). I iy 1) 0 000 0%) = 2 (v ) = o))
(4.67)
,Pn, ' ](m*,§5)
N’ 'N+1
As a result we have
Z (nlo,n%”rl,ﬁ; ml<i<1\7{776’<5 (n;) = n(ai’m)’né,&, (n;l) = n(bi’m)}) S
ot N2 (4¢5+85%) %7"11 ( (m. Gs) ) y
0,0
Z[noanl ( [no n 545))
N m,m P s O 0 P
P Z[n T+1,nY 1] (P[n;+1,n<'_1 (m,fz,z)) Z[nl ] (,P[né’,n;+l](m’§-5)) o (4.68)
m* ,m* 0,0 *
A2 (Pl 05 000) 208 0y (Pl (m* )

m,m N ZOO p// ’
Z[n 1n 1] (7)[’;%[“7”%_1] (m,EN,N)) (7] <P["N7"N+1](m’<5))

m*,m* I3 ¥ ) N '
2y (Pl g - 5 ) 2wt (Pﬁz;;,n;m](m*’@))

Remark 4.12 . Note that the boundary conditions of restricted partition functions as

D1, —1) Pl gty -1y (M 63, 0))

in (4.68) are related on the left to n(a;,m) and on the right to 7(b;, m), see (4.63) and (4.64).

Now the goal is to estimate separately all the ratios in the right hand side of (4.68). It follows from (4.22),
(4.66), and (4.67) that

0,0 0,0 P
Z° nl (7);;/ n/ (m7 C5)) Z[nN7nN+1] (7) nN7nN+1](m’ <5))

[0, _ —1
70,0 (Pp ( *,45)) 70,0 P (m*,s) '
mooma] A il nfgnfy ) om0 59
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The remaining ratios are estimated in Lemma 4.13, Corollary 4.14 and Lemma 4.15 given below.

Collecting We insert the results of Lemma 4.13, Corollary 4.14 and Lemma 4.15 in (4.68). To write in a
unifying way the contributions of the jumps we note that for (4.84)

Frmea S D) = 5 S (Dils)| ~ D)) (4.69)
P ai<s<h: P ai<s<h:

since in the case 1, see (4.45), >_,. - . |[Dm*(s)| = 0. For (4.85)

* Fr ~ % F* ~ ~ %
HF = Y |Diwr(s)| = ~5m > (IDi(s)| — [Di* (s)]) (4.70)
P ai<s<b; a; <s<bi
since in the case 2, see (4.46), >°, ~ .. |Dm(s)] = 0. Moreover, since neither 7 nor /m* have jump in

[b; + 1,a;41) fori € {1,...,N}, in [v1,a; — 1], and in [by + 1,v2], one gets simply

N . .
H —5 5 Y cucy IDRE) =D ()] _ ~5E= 30 (DA D ()] (4.71)

=€ .

Using (4.78), the random terms give a contribution

B NN A(r)—az(ry)
e'v Zizl 2mg Za: ea€lry,riqy) X(a)

(4.72)
It remains to collect the error terms, see (4.58), (4.60), (4.68), (4.78), and Lemma 4.15. Denote
E =N |4 84 log = log L 320(Ry+ 4o+ L — 4.73
1 |:C5+ +70g7+70g 1+(g(5*/'y))1/4(2+“)+ (Rg + lo + 1)1/5* ) ( )
_ _ 0
Ay =22 log N+ LN 10g 2 + 85% + 4 — 1,2 )5<53, (4.74)
g B gl 8
and
N - .
_F . - u(ri) — u(r)
A= 2 Z [|Da(r)| — |Du,y(r)|} - Z —om, Z x(a)| . (4.75)
—L<r<L i=1 o €a€(ry,riy1)
We have proved
B4 B 8
Z(ng,nly,q) < e v Aen 8 T (4.76)

that entails (4.44). W

Next we state the lemmas used for estimating the different ratios in (4.68).

Lemma 4.13 Under the same hypothesis of Proposition 4.2 and on the probability space Q01 \ Qs, for all
1<i<N—1, for all n!/,n., we have

1 when n(bia m) = n(bia m*)7

] (IP[Z” n£+1](m’ C5)) _ g m(by)—m* (b;)

0,0
Z " /
* ei%me T Za:eaew[n;’+1,n,;+171] x(a) (477)

[nyni,

Z[%)’ n (P[Zz;',nfm] (m*, C5))

]

when n(blam) = _n(blam*)a
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where in the last term we have an upper bound for + =+ and a lower bound for + = —.

Proof: When n(b;,m) = n(b;,m*) (4.77) is immediate, see definition (4.65). When n(b;, m) = —n(b;, m*)
the estimate is a direct consequence of Lemma 4.19. W

The r.h.s of (4.77) gives when n(b;,m) = —n(b;,m*) a term which should give the second sum in the right
hand side of (4.11). However in (4.77) one has 3~ e, 1, 1] x(a) instead of }- . e riyy) X(@) in
(4.11). To obtain the term in (4.11) we add the missed random field to reconstruct > a). We
therefore need to subtract the same term we added as a result one has

a:ea€lry,riy1) X(

Corollary 4.14 Under the same hypothesis of Proposition 4.2 and on the probability space Q1 \ (23U Qy),

with IP(Qy) < ¢~ (logg(®” /7))( 1°g1°g;<5*/7>), forall1 <i < N —1, for all n!/,n}, when n(b;,m) = —n(b;, m*)
we have

70,0 PP N
U ( n m, Cs ) £} 20V (8.0) w E:
L i 1]( i ) Y (g(6* /4 1/AFa) 7 areaclrgr 1)x(w)

4] L =¢ 7 @ /7T ¢ e

0,0 » .
Z["-L ] (P[n;’,n;+l] (m ) 45))

(4.78)

where we have an upper bound for + = + and a lower bound for + = —.

Proof: Recalling that vx; = r;, see (4.13), we need to estimate

K@.nlni)= > x(a)+ > X(@) (4.79)

azea€ylzi,nf] area€y[n], ,,Tit1]
uniformly with respect to 1 <i < N, x;, n/,n, . It is enough to estimate

max_ max max
I<i<N %0 1<0<Li+py~?

> x(oz)‘. (4.80)

aea€y[z; f+x;)

However since the point x; might be random and depending on x(«), a little care is needed. An upper bound
for (4.80) is clearly

K(Q,Ly,p,¢) = max max ’ i X(oz)’. (4.81)

ap:eap€[—Q,+Q] 1<ea<yLi+p oz

Using, Levy inequality, (3.57) and exponential Markov inequality, one has

K(Q, L1, p,€) > 2V (5, 9)\/2(%1 + ) log(g“”(%*))]

< 5(__

<= Lgmﬂg’zw\ > xle)| = 2v(s, >\/ (L1 + ) oglg*( > ))] (4.82)
a=ag

< 2Q +1 1 <6—1089(%)(1—m)

3

€ ()"
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where we have used (2.65) and (2.67) at the last step. Recalling that 0 < L1 + ¢y < py~! and (2.64), one
has

5* 5 1/(2+a) 5 1 1/2(2+a)
2(vL1 + p) log(gs(g)) < 4plog(g5(7)) <4 (T%)) 10g(95(7)) <5 <@> . (4.83)

that entails (4.78) after an easy computation. W

Next we estimate the remaining type of ratio in (4.68). Recall that n} € [(; — Ry — L1,¢; — Rs] and
n;/ S [[1 + RQ, b + RQ + Ll] with RQ = Ry + £y, where { is defined in (434)

Lemma 4.15 On Q \ Q3, choosing the parameters as in Subsection 2.5, for all 1 < i < N, in the case 1,

we have
m,m P o
Z[ni-‘rl,n;’_l] (’P[n;+17n;’_1] (ma gl) l)) — e*%(]“*:‘:BQG(RQﬁ*eUJ’*Ll)Q/ Jl*) (484)
Z[’rZ/iJ’rT,n;/fl] (P[Iiz’iﬂ,n;uu (m*,&,i))
In the case 2, we have
m,m P o
Z[n§+1,n;/_1] (P[n;+1,n£r_1](m,€ul)) :e+§(}‘*i320(R2+20+L1) Sl*). (4.85)
2y (Pl a7 6201
In the case 3, we have
m,m P o
Z[ni-‘rl,n;’_l] (P[n;+17n;’_1] (ma gl) l)) _ e:l:g(329(R2+€g+L1),/ Jl*) (486)

m*,m* P * 0. 4
sy (P[nfrl,né/fl] (m Jul))

Remark 4.16 . Note that here one needs to have Ll,/al* 10.

The proof of (4.84) and (4.85) follows from Lemma 4.18. The (4.86) is a consequence of (4.84) and (4.85).
Next we estimate from below the r.h.s. of (4.19).

Lemma 4.17 Under the same hypothesis of Proposition 4.2 and on the probability space Q1 \ (Q3 U Qy),
for ¢s as in (4.18), we have

2o 1] (,P[Zl,vz] (m),n*% (01 = 1) = n(vr — 1,m*), 1> (vg +1) = n(vs + 1,m*))
Z[(:;f)*l,v2+1] (P[Z’L’Uz](m*)vn&g{) (vl - 1) = 77(1)1 - 15 m*)a 776705 (’02 + 1) = 77(02 + 15 m*)) (487)

> (5t 4 m5a) T

where A, £1, and Az are defined in (4.75), (4.73), and (4.74) respectively.
Proof: Obviously one can get the lower bound simply proving an upper bound for the inverse of 1.h.s. of
(4.87), i.e.

200 1 i) (Pl (), 075 (01 = 1) = oy = 1,m"), 075 (03 + 1) = (wz + 1,m7) )

Z&?—l,vz-ﬁ-ﬂ (P[Zl,UZ](m)a 776705 (vl - 1) = 77(1)1 - 15 m*)v 7761<5 (’02 =+ 1) = 77(1)2 + 17m*))

(4.88)
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Note that n(vy —1,m*) = n(vy —1,m) and n(ve +1,m*) = n(ve +1,m) and in the proof of the upper bound,
see Lemma 4.11, we never used that m* in the denominator is the one given in Theorem 2.3. Then (4.88) is
equal to

Z[Oi;?*l,v2+1] (Pﬁ17v2](m*)a 7767<5 (Ul - 1) = 77([”1 - 17m)7 7767<5 (’02 + 1) = 77(02 + 17m))

20 i) (Pﬁl,w](m)a n% (v — 1) = n(vr — 1,m), n% (va + 1) = n(v2 + Lm))

(4.89)
Then by Lemma 4.11 we obtain (4.87). W

Proof of Proposition 4.2 To prove (4.11), we use Lemma 4.9, then Lemma 4.17 to get a lower bound
and Lemma 4.11 and Corollary 4.14 to get an upper bound. For the lower bound we get applying (4.19) and
(4.87)

* 1 K(8, -1
15,02 (Pl gy () = €500 (1 2K (Q)e 777 — 2¢~ 5 > ) (F AR e ) L (4.90)

For the upper bound we get
P < —2a +8e P 4
u@gﬂ('P[qth](m)) <e 7teTAt £ 2e7 A (4.91)

where Ay is defined in (4.74). To get (4.11) from (4.91), one needs Az > A, this will be a consequence of an
upper bound on A and a lower bound on A;. We start estimating the terms of A. We easily obtain

f*
g

Y [IDu()lh = [Dusr)h] < F* [Ni-g,ny(w) + Ni-g.e1(43)] - (4.92)

—L<r<L

We use that Ni_q qj(u3) < K(Q), see (5.91), where K(Q) is given in (2.35). If L is finite for all , then
Ni—p,z)(u) is bounded since u € BVjo.. When L diverges as @ when v | 0 from the assumption (4.10) we
have that

N < Ni-z,1y(u) + Ni—q.q(v}) < [£(Q) +1]K(Q) (4.93)

where we set
F(Q) = e(575e —0)(log Q) (loglog Q) (4.94)

The second term of A can be estimated as

Z M Z x(@) || <N max max

{-2<a0<E} {ao<a<?}

> xla)

a=ogn

o €€ (ry,riy1)

(4.95)

To estimate the last term in (4.95), we use Levy inequality, (3.57) and exponential Markov inequality to get

]P[ max za: x(a)| > \/§V(57 9)\/[2Q +1] 1Og(g(57*)) < 4‘5_10g(g(%)) = g(é—*)'

(4.96)
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Denote 25 the probability space for which (4.96) holds. Then for w € Q7 \ (23 U Q4 U Q5) and 7o small
enough, one has

*

A <2[f(Q) + K@)V (8B, 9)\/(262 +1) 10g(9(67 )) < &(8,0)f(Q)Q° (4.97)

for some &(8,60). The last inequality in (4.97) is obtained from the choice of f(Q) in (4.94), the one of K(Q)
in (2.35) and the choice of @ in (2.67). Namely, from (2.67) Q%g(6*/v) < ¢*(6* /7). Notice that in Aj, see
(4.74), Ly enters. We make the following choice of L,

Ly = (g(%*)) 19/2. (4.98)

This choice satisfies the requirement in Proposition 4.9, i.e. L1 < £, see (2.64). Furthermore as in [16] we

make the choice
1 1

= WG9 PO
for some constant ¢(3,6). Obviously (4.99) satisfies requirement (4.18) provided ¢ is chosen according

(2.62). Since Q = g(é*/y)loglog;w*/v), see (2.67), we have log g(6*/v) = (log Q)(loglog g(6*/7)). Iterating
this equation, for vy small enough to have logloglog g(6*/v) > 0, one gets

(4.99)

N logloglog g(0* /)
loglog g(6* /) — logloglog g

log ¢(5* /) = (log Q)(log log Q) (1 T ) > (log Q)(loglog Q). (4.100)

Therefore, recalling (2.63) and using (4.94) one can check that

K(8,0)
16

Ly 8¢ > ¢(8,0)1(Q)Q°. (4.101)

It is not difficult to check that (4.101) implies

#(8,0)

L
16

5¢3 > 2ylog N +vNlog 2 + 86* + 4¢. (4.102)
Y
Therefore, recalling (4.74), (4.101) entails A3 > A and finally one gets
_ B[ 58,0
Mﬁ,9,V(Pﬁ117qz](m)) < 672A6561 (1 +2e W{Ll 10 642}) : (4'103)

It remains to check that & | 0. Recalling (2.64), one has vlog(p/7y) < (9(6*/v))~!. Recalling (2.66) one has
(Ra + £o)\/v/6* < (g(6*/v))~t. Therefore, using (4.100), (4.94) and recalling that 0 < b < 1/(8 + 4a), see
Proposition 4.2, one has

& < K@Q)(f(Q)+1)[¢ +320L, 51 + (9(6*;%19/)(8%&)} < (g(6" /7). (4.104)

So one gets the upper bound in (4.11). Recalling (4.90), it is easy to get the corresponding lower bound. W
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Lemma 4.18 For w € () and choosing the parameters as in Subsection 2.5 we have

Z[TZ’ZTQRQ] (Wl([faf + 2R2]a R, C))

o~ 5 (FT+320R2\/3%) <
2.0 v2Ry) (P[f;,umz] (m*))

< o~ 2(F*—320R2/5%) (4.105)

The Lemma is proven in [16], see Lemma 7.3. The random field is estimated as in Lemma 3.3 (the rough
estimates). The upper bound can be easily obtained since F* is the minimum amount of energy needed to
go from one phase to the other, see (2.25). More care should be taken to show the lower bound, see formula
(7.34) of [16].

Next we summarize in Lemma 4.19 the estimates needed to prove Lemma 4.13. Let Z be the interval that
gives rise to an elongation. Denote by sign (Z) = 1, if Z gives rise to a positive elongation, sign(Z) = —1 in
the other case.

Lemma 4.19 Let Q; be the probability space of Theorem 2.3, let T C Ag be an interval that gives rise to
an elongation. Then for any interval I C v~'T we have

Zp° (1" (0) = —sign (1), W e ) _ LSIEN@DEY LX) Z}g (n>¢1 () = —sign (I), Ve € 1)
Z7% (n5% (0) = sign (T), Ve € I) Zy0 (%6 (0) = sign (), Ve e I)
(4.106)
On Qy, the last ratio satisfies: For all I C v~1T C v~ 1-Q,+Q]
290 (01 (0) = —sign (Z), Ve e I 1
o 060 = —sign @), e D)| _p .

200 (P (0) = sign (D), e ) |~ 7 43,096 /%)

where g 1is the function given in Subsection 2.5 and ¢(8,0) is some positive constant that depends only on
5, 0.

The proof has been done in [16], see the proofs of Lemma 6.3 and of Proposition 4.8 there. It consists
essentially in extracting the leading stochastic part and estimating the remaining term by using a classical
deviation inequality for Lipschitz functions of Bernoulli random variables. The corresponding Lipschitz
norms are estimated using the cluster expansion. The proof is however long and tedious.

5 Probability estimates and Proof of Theorem 2.5

In this section we prove the probability estimates needed for proving the main results stated in Section
2. The proof of Theorem 2.5 is given after Lemma 5.10. This section is rather long and we divided into
several subsections. In the first by using a simple and direct application of the Donsker invariance principle
in the Skorohod space, we prove that the main random contribution identified in (3.42) suitably rescaled,
converges in law to a bilateral Brownian process (BBM), see (5.7).

In the second subsection we recall the construction done by Neveu-Pitman, [32], to determine the h-
extrema for a bilateral Brownian motion and then we adapt it to the random walk corresponding to the
previous random contribution. In Subsection 5.3 we state definitions and main properties of the maximal
b—elongations with excess f introduced in [16]. In Subsection 5.4, which is the most involved, we identify
them with the h—extrema of Neveu—Pitman by restricting suitably the probability space we are working on.
Here b, f, and h are positive constant which will be specified. In the last section we present rough estimates
on the number of renewals up to time R, needed to prove the Theorem 2.3.
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5.1. Convergence to a Bilateral Brownian Motion

Let € = €(7), limy—o€e(y) =0, -5 > %, so that each block of length -5 contains at least one block A(x)
(see section 2.2 ) ; to avoid rounding problems it is assumed that e¢/y6* € IN, and that the basic initial
partition A(x): € Cs«(IR) is a refinement of the present one, see (2.65) for the actual choice of e. Denote

by {W€(t);t € IR} the following continuous time random walk:

1
Vf = «), = €]
0= Jamaam X 12
We@t)=4{0, —e<t<e; (5.1)

Here [z] is the integer part of 2 and x(«) was defined in (3.55) for all a € ZZ. Definition (5.1) allows to see
Wﬁ() as a trajectory in the space of real functions on the line that are right continuous and have left limit,
i.e in the Skorohod space D(IR,IR) endowed with the Skorohod topology. To define a metric that makes
it separable and complete, let us denote Ari, the set of strictly increasing Lipschitz continous function A
mapping IR onto IR such that

A(t) — A
HAH:sup‘mgM < . (5.2)
st t—s

For v € D(IR, IR) and T > 0, let us define

o AT), if t > 05
oh (1) = {v(t V(=T)), ift<o. (5.3)
Define for v and w in D(IR, IR)
d(v,w) = Aeir/{ip {H)\H \//0 e T Sgg(l A (0T () —wT (A@))|) AT . (5.4)

Note that for a given T € R, the quantity [vT(t) — wT (A(t))| is constant for t > TV A(T) and for t <
(=T)AN(A(=T)), therefore the previous supremum over ¢ € IR is merely over (=T)AA(=T)) <t <TVXT).
See [7] chapter 3 or [20] chapter 3 where the case of D0, c0) is considered with all the needed details. Let
us define the bilateral Brownian motion W = (W (¢);t € IR) by

Bi(t) t>0

W(t) = W, = { B <o (5.5)

with (By(t),t > 0) and (Bz(—t),t < 0) two independent standard Brownian motions. Note that E[(W (t))?] =
|t| for all ¢t € IR, in particular W(0) = 0, and when s < 0 < t, E[(W(t) — W(s))?] = t — s. Since x(a)
depends on € = €(7y), we need the following generalization of the Donsker Invariance Principle that can be
proved following step by step the proof of Billingsley [7] pg 137.

Theorem (Invariance Principle) Let € = ¢(y) > 0 so that -3 > %, lim,_oe(y) = 0. Let P¢ be the

measure induced by {W<(t),t € IR} on D (IR, B(IR)) Then as v | 0, P converges weakly to the Wiener
measure P, under which the coordinate mapping process W (t), t € IR is a bilateral Brownian motion.
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Remark: One can wonder about the coherence between the fact that W€(t) = 0, for —e < t < € in (5.1)
and x(0) # 0. However we have x(0) = VZz:é*xeAE/v(O) X(@) U pa)y<(2y/6%)1/4} -

Lemma 5.1
lim IP[x(0) =0] =1 (5.6)

7—0

o2
Proof: Using (3.57), one gets immediately for ¢ > 0, IP[|x(0)] > ¢] < 2e”3v? which implies (5.6), since
e=¢(y)[0. N

The following result is immediate

Lemma 5.2 Setn==+1,1=[%, %] (macro scale), a and b in IR. Then, see (3.42), we obtain

m (- ATG(mS )| = V(8,0)[W (b) — W(a)]. (5.7)

li
7—0

Proof: Recalling (5.1), for n = £1 and I = [£, %] in macroscopic scale with 0 < a < b or a < b < 0 one gets
the following

(2]
YAG(mE ) =~y Y X(@) =1 Y x(a) = —nV/e(B,0,9/5) W) ~ (@) (58)

z€Csx (I) a=[2]

When 0 € [a, b], we get
YATG (S 1) = ~n\/e(B,0,7/8%) [W*(8) = W¥(a)| — mx(0). (5.9)

Therefore, using Lemma 5.1 to take care of the x(0) term and (3.54) we obtain (5.7). W

Remark: Note that I = [£, %] corresponds to vI = [a, b] in the Brownian scale, according to the notation
in Subsection 2.2. The (5.7) is the main reason to have introduced the notion of “Brownian” scale. In this
scale the main random contribution identified in (3.42) becomes a functional of a bilateral Brownian motion.

5.2. The Neveu-Pitman construction of the h—extrema for the random walk {Wﬁ}

We shortly recall the Neveu-Pitman construction [32], used to determine the h—extrema for the bilateral
Brownian Motion (Wi, ¢ € IR). Realize it as the coordinates of the set § of real valued functions w on IR
which vanishes at the origin. Denote by (6;,t € IR), the flow of translation : [fw(-) = w(t + ) — w(t)] and
by p the time reversal pw(t) = w(—t). For h > 0, the trajectory w of the BBM admits an A—minimum at
the origin if Wi(w) > Wy(w) = 0 for t € [T (pw), Th(w)] where Tp(w) = inf[t : t > 0, We(w) > h], and
—Th(pw) = —inf[t > 0 : W_y(w) > h] = sup[t < 0, W_4(w) > h]. The trajectory w of the BBM admits an
h—minimum (resp. h maximum) at ¢y € IR if W06y, (resp. —W 06,,) admits an h minimum at 0.

To define the point process of h—extrema for the BBM, Neveu-Pitman consider first the one sided Brownian
motion (Wi, ¢t > 0, Wy = 0), i.e the part on the right of the origin of the BBM. Denote its running maximum
by

M; = (max(W,;0< s <t),t>0) (5.10)
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and define
T =min(¢t; t >0, My — W = h),
8= M, (5.11)
o=max(s; 0<s <7, W;=0).

The stopping time 7 is the first time that the Brownian motion achieves a drawdown of size h, see [38,39].
Its Laplace transform is given by IE[exp(—A7)] = (cosh(hv/2X))™!, A > 0. This is consequence of the
celebrated Lévy Theorem [27] which states that (M; — Wy;0 < t < 00) and (|[W;];0 < t < o) have the
same law. Therefore 7 has the same law as the first time a reflected Brownian motion reaches h. The
Laplace transform of this last one is obtained applying the optional sampling theorem to the martingale
cosh(vV2A[W;|) exp(—At). Further Neveu and Pitman proved that (3, 0) and 7 — ¢ are independent and give
the corresponding Laplace transforms. In particular one has

[Ele™?] = (hvV2)) ! tanh(hV2)). (5.12)

Now call 79 = 7, By = 8, 09 = o and define recursively 7,,, By, 0n (n > 1), so that (741 —Tn, Bnt1, Ont1 — Tn)
is the (7, 8, 0)—triplet associated to the Brownian motion ((—1)"~'(W, 4+ — W5, ), t > 0). By construction,
for n > 1, 09, is the time of an h-maximum and for n > 0, 09,41 is the time of a A-minimum. Note that
since we have considered just the part on the right of the origin, in general oy is not an A maximum. The
definition only requires W < W, for ¢ € [0, o), therefore W,, = W,, — By could be smaller than h. The
trajectory of the BBM on the left of the origin will determine whether og is or is not an h—maximum. From
the above mentioned fact that (3,0) and 7 — o are independent, it follows that the variables o,,11 — oy, for
n > 1 are independent with Laplace transform (cosh(hv/2X))~'. In this way Neveu and Pitman define a
renewal process on IR, with a delay distribution, i.e. the one of o¢, that have Laplace transform (5.12).

Since the times of h-extrema for the BBM depend only on its increments, these times should form a
stationary process on IR. The above one side construction does not provide stationary on the positive real
axis IR since the delay distribution is not the one of the limiting distribution of the residual life as it should
be, see [5] Theorem 3.1. In fact the Laplace transform of limiting distribution of the residual life is given by
(2.50) which is different from (5.12).

There is a standard way to get a stationary renewal process. Pick up an r¢ > 0, translate the origin to
—ro and repeat for (Wiyy,, t > —rg) the above construction. One gets o (rg) and the sequence of point of
h-extrema (o, (r9),n > 1). Let v(ro) = inf(n > 0 : 0,(r¢) > 0) be the number of renewals up to time 0
(starting at —rg). In this way, 0,(,,)(r0) is the residual life at “time” zero for the Brownian motion starting
at —rg. So taking ro T oo, the distribution of 7, .,)(r0) will converge to the one of the residual life and
using [5], Theorem 3.1, one gets a stationary renewal process on IR". So conditionally on oy (rg) < 0, define
Si(r0) = Oy(ro)+i—1(r0) for all i > 1. Then since the event {o1(r9) < 0} has a probability that goes to 1 as
ro T 00, one gets, as ro T 0o, a stationary renewal process on IR as well on IR. Since the Laplace transform
of the inter-arrival time distribution is (cosh(hv/2X))~!, one gets easily that the Laplace transform of the
distribution of S; (and also of Sp) is (2.50).

With this in mind we start the construction for the random walk {1V ¢}. Denote

Vf (t) =

N S Z () t>e€
Ve(r) = Ve 0,70 = = (5.13)

0 0<t<e
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and F;', t > 0 the associated o- algebra. Define the rescaled running maximum for V<(t), t > 0

VeM(n) = max V¢(ke). (5.14)

. 2
The /e multiplying M (n) comes from the observation, see (3.56), that IE {(%V‘(kze)) ] = k. For any

h > 0, define the .7:',;" stopping time

7o(€) = 7o = min{n > 0: v/eM(n) — V<(ne) > h}, (5.15)
VeBo(e) = Ve = max{V<(ke) : 1 < k < 7} (5.16)
and )
Go(€) = 60 = max{k : 1 <k < 70; V(ke) = Velfo}. (5.17)
By construction A
Vel = VeM (7o) = max VF(ke) = V(50€) > VE(foe) + h. (5.18)

It follows from the invariance principle and the continuous mapping theorem, Theorem 5.2 of [7], that the
joint distribution of

oot . R
VeM([Z]) €fo(€), Velo(e), €0(e)
converges as € — 0, to the joint distribution of the respective quantities defined for a Brownian motion, see

(5.11) d.e
[Mta 70, 607 UO] .

Since 7o is a F;" stopping time for (V<(t),¢ > 0) , the translated and reflected motion (—1)[V¢(ero 4 t) —
Ve(erp)], for t > 0, is a new random walk independent of (V(t),0 < t < erg) on which we will iterate the
previous construction. We have

71(€) =71 = min{n > 7y : max [—V(ke)] + V(ne) > h}

T0<k<n
=min{n > 7 : — TorglicrénV (ke) + VE(ne) > h} ) (5.19)
=min{n > 7 : min V¢(ke) — V(ne) < —h}

To<k<n

VeBi(€) = VeB = max{(—=V<(ke)) : 7o < k < 71}

(5.20)
= —min{V*(ke): 7o <k <7}
61(€) = 61 = max{k : 7o < k < 71; —V(ke) = Vef1} (5.21)

Now for any ¢ € IN, we can iterate the above procedure to get as Neveu and Pitman the family

-t A . A . . .
[\/EM([E])’ eto(€), Vebo(e), edo(€), . .., eti(€), VeBi(e),edi(e)| . (5.22)
Using again the invariance principle and the continuous mapping theorem one gets that
lim [¢7:(6). Veh(e). ai(e).i > 0.i € IN| "2 [, B, 000 > 0, € IN], (5.23)
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where the quantity in the right hand side of (5.23) are the ones defined after (5.12). Let us note the following
properties of the previous points of h—extrema. By construction the random walk satisfies, in the interval
[60, 1], the following :

Property (4.A) In the interval [6g, 1] we have
Ve(61€) — V(0€) < —h, Ve(ke) =V (k'e) <h VK <ke€l[60,61], (5.24)

Ve(61€) < VE(ke) < V<(6oe) G0 <k < dy. (5.25)

The first property in (5.24) is easily obtained. Namely adding and subtracting V¢(e7y) one has
[V6(66’1) — Ve(ef'o)] + [Ve(ef'o) — Ve(e&o)] < —h

since [V¢(ed1) — V<(efp)] < 0 and by construction V¢(edg) — V(efp) > h. The other properties are easily
checked. Properties similar to (5.24) and (5.25) hold in the interval [F9;,52,+1], for ¢ > 0. Namely by
construction G9; is a point of h-maximum and 69,41 is a point of A-minimum. Further, since by construction
G2i—1 is a point of h-minimum and &o; is a point of h-maximum in the interval [69;_1,82;], i > 1, we have

the following:

Property (4.B) In the interval [69;_1, 2], ¢ > 1, we have
Ve(a'sz) — V6(62i716) > h, Ve(kE) — Ve(kle) > —h YE < k c [6’21',1, 6’21'], (526)

Vﬁ(&gi_le) < Ve(ke) < Ve(&gie) Ooi_1 < k < G9;. (527)

Following the Neveu-Pitman construction, one translates the origin of the random walk {V<} to —ro,
being rg positive and large enough and repeats the previous construction. To obtain the h—extrema as in
Neveu-Pitman we should let first € — 0, obtaining by the Donsker invariance principle that

Vi () =Ve(- +ro) (5.28)

converges in law to the standard BM translated by —rg, then rg — oco. However we cannot proceed in this
way since to control some probability estimates we need to have e small but different from zero. For the
moment, the picture to have in mind is merely to take a suitable ro = ro(y) that diverges when ~ | 0. We
denote by (6i(ro) = Gi(€,70),7 > 1,i € IN) the points of h-extrema for V¢ (-).

5.3. The maximal b elongations with excess f as defined in [16]

In this subsection we recall definitions of the maximal elongations from [16]. We extract them from the
first 5 pages of Section 5 of [16], with different conventions that will be pointed out. This subsection is
not completely self-contained since an involved probability estimate done in [16], see (5.37) is just recalled.
However if one accepts it, the rest is self-contained. In [16], formula (5.3) we introduced the following

> ox(@), if ax1
a€l0,a]
VY(@)=40 if a=0; a€ . (5.29)
- > x@, if a<-1
ac(a,—1)
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Definition 5.3 Given b > f positive real numbers, we say that an interval [, as] gives rise to a negative
b—elongation with excess f, for Y(a),a € Z if

V(ag) = V(1) < =b—f; V(y) =V(z) <b—f, Vo<yelm,a (5.30)
We say that [, as] gives rise to a positive b—elongation with excess f if
V(az) = V() 2 b+ fi V() — V() > b+ f, Vz<ye€[aras] (5.31)

In the first case we say that the sign of the b—elongation with excess f is —; in the second case, +.

Remark 5.4 . To decide if a given interval [ay, ag] gives rise to a b—elongation with excess f depends only
on the variables x(a) with a; < a < aw, i.e. it is a local procedure.

To our aim we need to determine the b—elongations with excess f which are “maximal”, i.e the intervals of
maximum length which give rise to a positive or negative b—elongations with excess f.
Definition 5.5 (The maximal b—elongations with excess f). Given b > f positive real numbers, the
Y(a), a € Z, have mazimal b—elongations with excess f if there exists an increasing sequence {af,i € Z}
such that in each of the intervals [, af, ] we have either (1) or (2) below:

(1) In the interval (o}, o] (negative maximal elongation):

Y(aip) =V(ei) < =b—f; V()= V(@) <b—f, Vo<ye€laj oi]; (5.32)

V(i) < V(o) <V(af), of <a<ajy,. (5.33)

(2) In the interval (o, o] (positive mazimal elongation):
V(i) = V(i) =b+ f; Vy) = V(@) = =b+ [, Vo <y€la],ai]; (5.34)

V() < V() <V(ajyq), of Sa<aj,. (5.35)

Moreover, if in the interval [ , af 1] we have (5.82) and (5.83) (resp. (5.34) and (5.35)) then in the adjacent
interval [0 |, o o] we have (5.34) and (5.35) (resp. (5.32) and (5.33)). At last, we make the convention

oy <0< aj. (5.36)

Remark 5.6 . In [16] the convention a* ; <0 < «f was assumed.

We say that the interval [, o ] gives rise to negative mazimal b elongations with excess f in the first case
and the interval [o], o ] gives rise to positive mazimal b elongations with excess f in the second case.

Remark 5.7 . Note that if {af,i € Z} gives rise to mazimal b elongations with excess f > 0, then
{af,i € Z} gives rise to mazimal b elongations with excess f’ with 0 < f/ < f.

The o} are in fact af = of(7,¢€,b, f,w). We will write explicitly the dependence on one, some or all the
parameters only when needed. Since we are considering a random walk and o] are points of local extrema,
see (5.33) and (5.35), for a given realization of the random walk, various sequences {of,i € Z} could have
the properties listed above. This because a random walk can have locally and globally multiple maximizers
or minimizers. Almost surely this does not happen for the Brownian motion. In [16], we have chosen to
take the first minimum time or the first maximum time instead of the last one as in (5.11). In the Brownian
motion case the last and first maximum (resp. minimum) time are almost surely equal. However we could
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have taken the last minimum time or the last maximum time without any substantial change. From now
on, we make this last choice. With this choice and the convention (5.36) the points « are unambiguously
defined. The interval [af, aj] is called maximal b—elongation with excess f that contains the origin.

Remark 5.8 . Obviously the construction of maximal b—elongation with excess f cannot be a local proce-
dure. So to determine [af, ], for example, implies to know that the intervals adjacent to [og, af] give risen
to b—elongation with excess f (not necessarily maximal) of sign opposite to the one associated to [af, of].

In [16] we determined the maximal b— elongation with excess f containing the origin and estimated the
IP-probability of the occurrence of [af,af] C [-Q/€,+Q/€] taking care of ambiguities mentioned above.
Namely, applying 5.8, 5.9 and Corollary 5.2 of [16], choosing ¢*, @) and € as in Subsection 2.5, b = 2F*, and
see (5.30) in [16], f = 5/g(6*/7), we have proved

__Q __a a 1
P[0}, 1] C [Q/es+Q/d)] < 3™ 4 TR 4 QPerim 4 Qe FTVIGH

—a 5 EeEy)
< €3202+a) = (7)
g(0*/7)

(5.37)

where C1 = C1(0,0) is an explicit constant, V' (5, 0) as in (2.36) and a > 0. Estimate (5.37) is obtained in
[16] estimating the probability to have enough b—elongation with excess f (not necessarily maximal) within
[—Q/¢€, Q /€] to be sure that there exists a maximal one containing the origin. Here we have a slightly different
point of view, we want to be able to construct all the maximal b—elongations with excess f that are within
[—Q/€,Q/¢]. After a moment of reflection, one realizes that the simultaneous occurrence of the events that
two b—elongations with excess f not necessarily maximal with opposite sign on the right of [—Q/e, Q/€]
and the same on its left should allow to construct all the maximal b—elongations with excess f that are
within [—Q/e, @Q/€]. There is a simple device used constantly in [16], to estimate the IP—probability of the
simultaneous occurrence of such events on [Q/e, (Q + L)/e] and on [—(Q + L)/e, —Q/¢] for some L > 0. Let
us call these events Q7 (Q, f,b) and QF (Q, f,b). Since it is rather long to introduce this device and it will
be used for other purposes, we postpone to the Subsection 5.5 the proof that choosing the parameter as in
Subsection 2.5, taking L = ctelog(Q?g(1/7)), one gets

PO ([Q, £,b) N QF(Q, f.b)] > 1 — 26770 (5.38)
for some a > 0, see after (5.84). Let us call
QL([_Qa +Q]a f’ ba 0) = QZ([Qa fa b) N {[QSa aﬂ C [_Q/ea +Q/6]} N QZ(Qa fa b) (539)

where 0 in the argument of Q,(-) is to recall that Y(0) = 0. The space Qp([-Q,+Q)], f, b,0) depends on the
variables y(«a) for ea € [-Q — L, Q + L]. Collecting (5.37) and (5.38) one gets

P[QL([~Q, +Q], £,b,0)] > 1 — 3eTTFo, (5.40)
On QL([_Qa Q]) f) ba 0) we have

Q

Q * * * *
— <O+ S Sop<0<a] S.apg)or < ot (5.41)

where £*(£Q) are defined in (2.40). The construction done in [16], just described is a bilateral construction.
We considered the process Y(-), Y(0) = 0, see (5.29) and we determined to the right and to the left of the
origin the b— elongations with excess f. The Neveu—Pitman construction, recalled in Subsection 5.2 is a one
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side construction. The determination of the points S; is achieved moving the origin of the BM to —rp, and
then letting rg — co. To be able to compare what we just recalled with the Neveu-Pitman construction for
the random walk we translate the origin to —rg = —4p(@, for some p € IN, and called ), the new random
walk with Y, (r9) = 0. We want to construct in the interval [—Q/e, +Q/€] the maximal b—elongations with
excess f for the process (Y, (@), a € ZZ) considering as above, extra elongations on the left and on the right
of [-Q/e,+Q/¢]. In this way we are able to compare in the same probability space the construction done in
[16] with the one by Neveu-Pitman specialized for the random walk Y., .

Repeating step by step the construction of maximal b—elongations with excess f given in [16], and recalling
(5.39), on a subset Qr([-Q, +Q], f, b, ro) that depends only of the variables x(«) for eae € [-Q—L, Q+L] (and
in particular does not depends of the variables x(«) for e € [-Q — L — r9, —Q — L — 1]), we can construct
all the maximal elongations that are within [—Q,+Q)] for the process (¥, (a),a € Z). By translation
invariance, using (5.40) we have

IP[QL([_Qa +Q]7 f’ ba TO)] = IP[QL([_Qa +Q]) fa b’ 0)] Z 1- 3632(2&+a) . (542)

Similarly to (5.41) we have on Qr([-Q,+Q)], f,b,70)

f% < () (T0) +1 <o < ag(re) <0< af(ro) <...age@rg)—1(r0) < % (5.43)
where
K (—Q,ro) =sup(i > 1 : ea(ro) < —Q) (5.44)
and
K(Q,ro) =1inf(i > k" (—Q,r0) : €al(rg) > Q) (5.45)

with the usual convention inf(f)) = +oc.
Since the previous construction depends only on the increments of Y(a) and is exactly the one used to
construct (af,i : —Q < eaf < @), we have

(@ (ro), Vi € Z : £*(=Q,m0) <i <K (Q,10)) on Qr([-Q,+Q], f,b,70)

Law

= (of,Vie Z : k"(—Q) <i< rk*(Q)) on Qr([-Q,Q), f,b,0).

(5.46)

Here X on Q1 ="*" Y on Oy means that the respective conditional distributions are the same. Note
that we have of(ro) < 0 < aj(ro) and of < 0 < «af. In particular (5.46) implies that aj(rg) on
QL([-Q,+Q], f,b,10) and aF on Q([—Q, @], f,b,0) have the same law.

5.4. Relation between h—extrema and maximal b—elongation with excess f

Recalling (5.1), we have
V(a) = /c(B,0,7/6*)W*(ae), Vae Z. (5.47)
Furthermore taking into account that (6;(ro),i > 1) are the times of h-extrema for the random walk V¢
starting a —ro = —4pQ), see the end of Subsection 5.2, and the properties (4.A) and (4.B) satisfied by
(6i(rg),i > 1) one recognizes immediately that the intervals [6;(rg), Gi41(ro)) for ¢ > 1,4 € IN give rise to
maximal b = h\/W elongations with excess f = 0, for any b > 0. Let us define

R(—=Q,r0) =sup (i > 1:¢€6;(rg) < —Q). (5.48)

We impose i > 1 in (5.48) so that 64 (_q,r)(70) is a time of a h—extremum. Recall that &¢(r¢) may not be a
point of h—extrema. Furthermore we define

ﬁ(ro) = inf (Z > I%(—Q,To) : 65‘1'(7‘0) > 0) (549)
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and
/%(Q,To) = inf (Z > ﬁ(?‘o) : e&i(ro) > Q) (550)
Note that on {&(Q,r¢) < oo}, there are #(Q,ro) — &(—Q,70) + 1 points of h—extremum within [-Q, +Q].
So let
QO(QaTO) = {w S Qa ’%(7Qa7’0) < V(TO) < ’%(Q;TO) < OO,I%(Q,T()) - ’%(7Qa7’0) Z 1} (551)

be the set of realizations such that there exists at least one interval [e6;(rg), €5441(r0)] C [-Q, @], for some
i € Z with 6;(ro) and G;11(ro) that are h-extrema of V¢ (). On Qo(Q,7¢) we have

*% < &%(_Q7TO)+1(7’0) <L < 5’9(7_0)_1(7"0) <0< 5’{,(7“0)(7"0) << 6%(Q,ro)—1(T0) < % (552)

Note that Qo(Q,70) D Qr([-Q, +Q), b, f,70). Namely, see Remark 5.7, if [ecj (f,70), eaj,,(f,70)) gives rise
to a maximal b—elongation with excess f, then it gives rise to a maximal b—elongation with excess f = 0.
Therefore ea; (f,70) and eaj,(f, o) are points of h = b/\/c(B,0,6% /) extrema. Of course, it could exist a
pair of points of h-extrema, h = b/~/c(B,0,8*/7), €5:(r0), €5i11(ro) for ~#(—Q,r0) < i < #(Q, 7o) such that
[€6:(10), €54i41(r0)) gives rise to a maximal b—elongation with excess f = 0 without giving rise to a maximal b—
elongation with excess f > 0. That is, a priori on Qy(Q,r0)NQL([—Q,+Q)], b, f,70) = Qr([—Q, +Q], b, f,70),
we have &(Q, 1) — R(—Q,r0) > k*(Q,10) — K*(—Q, o).

Lemma 5.9 Setb = 2F*, h = #}*/7)’ all the remaining parameters as in Subsection 2.5, L =
ctelog(QQg(%)) and f = g(%). Set
Q(f,r0) = Qu([-Q, +QL b, f,70) N {A(Q,10) — K(=Q,10) > £*(Q,70) — K™ (=Q,70)} - (5.53)
We have
PO, 70)] < 3¢ T + (T 4+ QAewEI 4 Qe FVIGH < ewET, (5.54)

where C1 = C1(8,0) is an explicit constant, V(8,60) as in (2.86) and a > 0.
Proof: Denote

(94 :{w : 7% < &%(—Q7To)+1(ro> <...< 5’9(,“0)_1(7"0) <0< 6’1,(,_0)(7"0) <...< 5’,@(@17“0)_1(7"0) < %;
i, &R(—Q,10) + 1 <1i < R(Q,ro) — 2such that [6;(rg), 6511 (r0)) does not satisfy (1) and (2) of

Definition 5.5 but does satisfy (5.24) and (5.25) or (5.26) and (5.27) }
(5.55)
Note that

Q(f,m0) € XN QL([=Q,+Q), f,b,70)- (5.56)
To estimate the IP—probability of the event in the right hand side of (5.56), let i, #(—Q,70) + 1 < i <
R(Q,70) — 2 be such that [6;(r), 6i+1(r0)] does not satisfy (1) and (2) of Definition 5.5 but does satisfy

(5.24) and (5.25) or (5.26) and (5.27).
It is enough to consider the case where [6;(r), di+1(r0)] does not satisty (1) of Definition 5.5 but does

satisfy (5.24) and (5.25). There are two cases:
o first case

—b—f < V(6it1(r0)) = V(6i(ro)) < =b, V(y)—V(x) <b—f Vr,y:z<y€[6:i(ro) Git1(r0)] (5.57)
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y(&iﬂ(ro)) < y(a) < y(a‘z(To)) Yo : (5'1'(7"0) <a< 6—i+1(r0) (558)

e second case

V(Git1(ro)) — V(Gi(ro)) < —b— £, Iwo, %0, T0o < Yo € [5i(r0),Fix1(r0)] 1 b > V(yo) — V(wo) > b~ f, (5.59)

V(Git1(ro)) < V(@) < V(6i(ro))  Gi(ro) < a < biy1(ro). (5.60)

Let us denote )
Vi@ ara) = max Y ylo) (561

and )
Yo(a,a1,02) = min zi: x(a) (5.62)
where ea = —@Q). To estimate both the cases we follow an argument already used in the proof of Theorem

5.1 in [16]. Take p' = (9f)Y/ 3+ for some a > 0. Divide the interval [-Q, Q] into blocks of length p’ and
consider the event

79t

D(Q.pve) = {300, —Q/p << <(Q=1)/6: V" (e, 2, £ — (o, 2L, L) | < 97},

€

Simple observations show that those w that belong to {max,e[—g/e,q/¢ [X(@)| < f} and are such that there
exists 4, £(—Q,10) + 1 < i < R(Q,79) — 2 such that (5.57) and (5.58) hold, belong also to ﬁ(Q,p’, €).

For the second case, we can assume that xq is a local minimum and yg a local maximum, therefore those w
that belong to {maxqe[—q/e,q/q IX(@)| < f} and are such that there exists i, K(—Q, 7o) +1 < i < A(Q,70) —2
such that (5.59) and (5.60) hold, belong also to D(Q, p’, €). Therefore we obtain that

Q'n max a)l < cD(Q, [, e).

(@) < 7} DQ.Ae)
The estimate of IP [@(Q,p’,e) NQL([-Q,+Q], f,b, To):| is done in [16] where the same set D(Q, o/, €), see
pag 834 there, was considered. It is based on Lemma 5.11 and Lemma 5.12 of [16]. Here we recall the final

estimate
P {ﬁ(Q’ p/5 6) N QL([_Qa +Q]) fa ba TO)i| S

p 9f + (24 V(B,0)),/elog &
S(2(Q+ 1)+ 1 (011 + Q-+ L)+ D~ (563)

4(Q + L) 6_45sz(ﬁﬁ) .

€

+

Furthermore by Chebyshev inequality we obtain that

B [{maxac(—o/e.0/q IxX(@)]}] o 20\ 1
P | XN = ] < ; <2 (vt ) 0+ oy
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For the last inequality, see formula 5.38 in [16]. Choosing the parameters as in Subsection 2.5 we obtain the
thesis. W

On Q1 ([-Q,+Q], f,b,70) = Qu([—Q, +Q), £, b,70) \Q(f, 0), (5.43) and (5.52) hold: a point is a beginning
or an ending of an interval of maximal b—elongations with excess f if and only if it is a point of h—extremum.
Relabel the variables 6;(rg) in (5.52) as in Neveu and Pitman, that is define

Si(ro) = Gurg)+i-1(ro), Vi € Z + &(—Q, 1) < v(ro) +1i—1 < &(Q, o). (5.64)

Therefore, on QL([—Q, +Q], f,b,r0), we have

Si(ro) = af(ro), Vi€ Z - —L < Bi(ro) < . (5.6%)
€ €
Lemma 5.10 Take o F
b= 27", h= ,
V(5.0)

all the remaining parameter as in Subsection 2.5, L = cte 1og(Q2g(%)) and f = ).
Let Qr([—Q, Q], f,b,0) be the probability space defined in (5.39) with IP[Q,([— Q Q] £,b,0)] > 1—3emETa)
for some a > 0. Let

Q

—% < _gyp1 < - <ol <oy <0<ai <. <o < -

be the maximal b—elongations with excess f, see (5.41), and {S;,i € ZZ} the point process of h-extrema of
the BBM defined in Neveu-Pitman [32]. We have

lim e(7)ai(e(y), f(v)) = S i€ Z. (5.66)

~7—0

Proof: This is an immediate consequence of (5.46), Lemma 5.9, (5.65), (3.54) and the continuous mapping
theorem. W

Proof of Theorem 2.5 The (2.47) is proved in Lemma 5.10. The properties of S; are recalled in Subsection
5.2 and (2.48) is proved in [32]. To derive (2.50) let X = Sy — S} be the interarrival times of the renewal
process {S;,% € Z}. Then using

/ )\e_/\Z]I{mzz} dz=1—e",
0

one gets
1 1

—AS17] — A | [ — T T o,
Bl = = Bl =yl = o 7y

] for A > 0.

h2)\ h2 )\

has been obtained in [26], applying the Mittag-Leffler representation for (coshz)™!

The distribution (2.51)
= f IP[X > z]dx, one obtains differentiating (2.51) the distribution in (2.49). W

Since IP[S1 > z] =

Proof of Corollary 2.6 Since we already proved the convergence of finite dimensional distributions see
(2.47), to get (2.52) it is enough to prove that for any subsequence {u3,0 < v < 0} € BVioc(IR, {mg, Tmgs}),
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with v | 0, one can extract a subsequence {uzn,() < vn < 70} that convergences in Law. In fact, since
BVioc (IR, {ma, Tmg}) is endowed with the topology induced by the metric d(-,-) defined in (5.4), this
implies that the points of jumps of {uZ ,0 < v, < 70} will converge in Law to some points that by (2.47)
are necessarily the (S;,i € Z), this will imply (2.52).

So let v | 0 be any subsequence that goes to 0. We will prove that for any chosen €1, it is possible to
extract a subsequence 7, | 0 and to construct a probability subset IC. C 2 with

PIK,]>1—e (5.67)

so that on K¢, , the subsequence {u3 , 0 <, < 7o} is a compact subset of BVioc (IR, {mg, Tmgs}).

To construct K¢, and the subsequence 7,, we use the following probability estimates. Let b = 2F* and
QL([-Q,+Q], f,b,0) the probability subspace defined in (5.39), IP[QL([-Q, +Q], f,b,0)] > 1 — 3¢3CF0) | sece
(5.40). On Qr([-Q,+Q], f,b,0) ul(-) jumps at the points {eaj, v*(—Q)+1 < i < x*(Q) —1}. It was proved
in Proposition 5.3 of [16] that for i € Z and for 0 < z < (F*)?/(V?2(j3,0)181og 2)

_ (f*)Z
IPleaj, | —eaj < x] < 2e 182VZ(5.0), (5.68)

By Lemma 5.14, on the probability subspace Quy, with P[Quyp] > 1 — (m)s(ﬁw for some a > 0, the

number of jumps within [—Q, 4+Q)] is smaller than 4 + %Q log [QQg(é*/'y)] . Therefore, calling
Qo(x,7) = {w € Qu; Vi : eaj € [-Q,+Q)], eajy, — eaf > x}

one has

(F*)2

. 8V2 2
)FCT — (4 +—5Qlog [Q29(5*/7)}) 2e 1EVEGO), (5.69)

P[Qq(z,7)] > 1 —4( (F*)?

9(6*/7)

For any subsequence « | 0, one can pick up a subsequence {~,} such that

5 EleEan)
Z(g@*( >/vn>) <o (5.70)

n>1 Tn
and recalling that @ = Q() T oo when « | 0, one can take = x(v,) > 0 such that

(F*)2

> (4 + %Q(%)log [QQ(%)Q(5*(%)/%)]) 2" 15:(mVEED < o0, (5.71)

Now using (5.69), (5.70) and (5.71), given €; > 0, one can choose ng = ng(e1) such that

P Qe (@), )] =1 — €1 (5.72)

n>ngo

Denote Ke, =51, 2Q(v,) (€(7n); 1) and we have proven (5.67).

Let w € K¢ and {u} = u’ (w),n > no} the above constructed subsequence. Sufficient and necessary
conditions for the compactness of {u’ ,n > no} is to exhibit for all € say, € < 1/2 and for some numerical
constant ¢ a finite cé-net for {ul ,n > ng(e)}, see [7] pg. 217. One can also assume that ng = ng(e, €) is

such that

5* (’Yno ) )
Ing

e <e (5.73)
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Set y* = 42 = %, let kg € Z and k_g € Z so that kgy2 < Q < (kg + 1)y* and respectively
k_qy® < —Q < (k—g + 1)y?. Denote B(y?, Q) C BVio. the finite subset

g € BVioe t ug  constant on  [ky?, (k + 1)y?), k € [k_qg, ko] N Z, }

B, Q) =
v Q) {Vr > Q,uo(r) =uo(kq); Vr < —Q,uo(r) =uo(k-q)

Let w € K. and kf = kf (w,vn) € Z such that kfy? < e(yn)af(w,vn) < (kf + 1)y?, for all i such that

ea; | € [-Q,+Q)]. Let ug € B(y?, Q) such that ug(k}y®) = uZ, (eaj). It remains to check that d(u?, ,ug) < cé

for some numerical constant ¢, where d(-,-) is defined in (5.4). Let us define the following X, (.) € Avip by
Ay, (kfy?) = eaj and linear between kfy? and (k} + 1)y? for r > @ take A\, (r) = A, (Q) + ¢t — Q and for
r < —Q take Ay, (r) = Ay, (—Q) +t+ Q. For all ¢ such that ea] ; € [-Q, +Q)], one has

A (R5y) = My (B y) = (k] = K0)y?| = [eagyy — eaf — (K — Ky)y?| < 2%, (5.74)

i—

On the other hand on K. one has ea} — ea} ; > x(v,) and therefore (k} — k' ;)y? > z(vn) — 2y%. Using
2y? < é(z(vn) — 2y?) and (5.74), one gets

X (kFy?) = A (Ri2) = (B = Ki_y)y?] < 29° < é(a(yn) — 29%) < (ki — ki_yyP). (5.75)
Since A is piecewise linear one has also, for s < t € [k}_,y?, k}y?)
A (8) = Ao (5) — (¢ — 5)| < &t — 5) (5.76)

Since A4, has a slope 1 outside [-Q, +Q)], one gets for all s <t € IR

log(1 — €) < log M < log(1 + &). (5.77)

Therefore, recalling (5.2), (5.77) entails ||\, || < 4% and using (5.73) to control fg) e TdT in (5.4) , one
gets after an easy computation d(u3, ,uo) < 3¢. W

5.5. Probability estimates

We recall the already mentioned device constantly used in [16]. Lemma 5.13, stated below, gives lower
and upper bound on the of, ¢ € Z, in term of suitable stopping times. We set Ty = 0, and define, for k > 1:

t

Ty = inf{t > Ty_1:| Z x(a)] Z]—"*Jrg},

a:kalJrl
) (5.78)
T (k—1) f
Ty = sup{t <T_(p_1):| ;1 x(@)] = F*+ 2}

Clearly, the random variables ATkH = Tk_l’_l — Tk, k € Z, are independent and identically distributed.
(Note that, by definition, ATy = Tl)

Remark: Note that (7},i € Z) was called (7;,i € Z) in [16], we change their names to avoid ambiguities
with the 7 defined in (5.11) and the ones defined after (5.12).
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We define,

Ty T—k+1
Sp = sgn( Z X(j)); S )= sgn( Z X(j)) for k>1. (5.79)
j=Th_1+1 j=T_r+1

The following lemma estimates the probability to detect at least one b = 2F* elongation, with excess f, not
necessarily maximal. The proof is done in [16], Lemma 5.9 there.

Lemma 5.11 There exists an €g such that for all 0 < € < €g, all integer k > 1, and all s > 0 we have

. k log 2)C' 5 5 , 1
P |5, < K tloe2)Ch o {1,....k—1},8; = Si+1} > (1=e™™) (1= 5)- (5.80)
€
for some Ch = C1(,0).
To detect elongations with alternating sign, we introduce on the right of the origin
ZI = 1nf{z Z 1: S'Z = gi+1}
} } } (5.81)
i5 =inf {i > (i +2): 8 = Sin = 5 | i>1,
and on the left
(e i 5, = 8 = i,
1= sup {’L S —2: gz = ~i+1 = 7‘5'1;} if 571 7é gl or gl = *gif;
i,y = sup {z <it—2:8,= S = 75;-;} ji> 1 (5.82)

The corresponding estimates are given by the following Lemma which was proved in [16], see Lemma 5.9
there.

Lemma 5.12 There exists an €y such that for all 0 < € < €q, all k and L positive integers, L even, (just
for simplicity of writing) and all s > 0 we have:

. kL —1)(s + log 2)C N Ce(kD— L/2\F1
P |:TkL1 S ( )( - g ) 1,v1§j§k 7/]' <]L:| Z (176 (kL 1)) (17 2L171) (17 (%) /2)
(5.83)
and
N —kL log2)C; . L—-1 log2)C
P |:T—kL > (S-i-e og ) 1, Tr < ( )(3:- og ) 1’ ’LT < L, Vlgjgk ’L'ij > —jL:|
(5.84)

> (1 _ e—s(kL—l)) (1 _ 2L171) (1 B (%)L/2)k-
where C1 = C1(8,0) is a constant.

Applying Lemma 5.12 with L = cte log(QQg(%)), taking the parameters as in Subsection 2.5, one gets (5.38)
by a short computation. The basic fact that was used constantly in [16] even if it was not formulated in its
whole generality is the following.
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Lemma 5.13 On Q.([-Q,+Q], f,b,0), see (5.39), we have
Ti <afpq, Vi:1<i<r*(Q) (5.85)

and

L
o < Ty |,

Vi:l<i<k*(Q), (5.86)
where k*(Q) is defined in (2.40).
Proof: Recall that on Qr([—Q,+Q], f,b,0) we have assumed that off < 0 < af. To prove (5.85) we start
proving that Tl < a5. Suppose that a5 < Tl. Then, from (5.78), since of < af < T1 we have
* S * e

V()| < F*+ 5 and [V(a3)| < F* 4+ ) (5.87)
which is a contradiction since by assumption [ea}, ead] is a maximal 2F* elongation with excess f, see
Definition 5.5. Similar arguments apply for ¢ > 2. Now we prove (5.86). Assume that [af, o] gives rise to a
positive elongation. The case of a negative elongation is similar. Let us check that aj < Ti;. By definition
of i},45 we have that [Ti;,l, TZ»{H] is within an elongation with a sign, say S‘Z»{ and [Ti;,l, Ti;Jrl] is within
an elongation with opposite sign, S‘Z; = 75}{. Therefore, either S'i; or S‘Z; is negative, which implies that
o] < le The general case is clearly the same. W

Given an integer R > 0, we denote as in (2.40) x*(R) = inf{i > 1: eal > R}. We define the stopping
time k(R) = inf{i > 0 : €I} > R}. By definition

T py—1 < R < €lyyp (5.88)

Using (5.85), we get that

R< eT];(R) < eaz(RHl (5.89)
therefore
K*(R) < k(R) + 1. (5.90)
Lemma 5.14 There exists Qurt, IP[Qure] > 1 — (m)gﬂia) , where a > 0, so that for all R > 1
* 7 4Vf 2 *
K*(R) <1+k(R)<2+ WRlog [R?g(6% /7)) (5.91)
and
. 2401V_E log 2 3 e 2
€Qpr(R)41 = WR [10g(R 9(é /7))} ) (5.92)

1

where Vi =V (5,0) {1 + (7/5*)5} and C1 = C1(8,0) is a positive constant .

Remark: Tt is well known that, almost surely, limgjoo k(R)/R = (IE[T1])~", see [5] Proposition 4.1.4. The
estimate (5.91) allows us to have an upper bound valid uniformly with respect to R > 1 with an explicit
bound on the probability. This is the main reason to have a log[R?g(d* /)] in the right hand side of (5.91).

Proof: We can assume that we are on Qr([—Q,+@Q], f,b,0). Suppose first that l;:(R) > 1. Since (5.88), we
get
el el
-1 R < RR)
E(R)—1 Kk(R)—1  k(R)-1

(5.93)
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Applying Lemma 5.7 of [16], setting b = F* + (f/2) and V; =V (5,0) {1 + (7/5*)%], we obtain that for all

s with 0 < s < (F* + (f/2))*[4(log 2)V2]~*, for all positive integer n
_ (}-*)2
(5.94)

n
4sV2

lP[eTngns}ge + .

Therefore

] i (5.95)

45V$
(5.96)

When E(R) = 0 or k(R) = 1, (5.96) is certainly true, therefore (5.96) holds for all k(R) > 0. Choosing in

(5.96)
_ 4Vv2 .
0" = s g R29(5"/)] (5.97)
we get
P R PRI 3
PIVR>1LER) <1+ —|>1-Y 00 >y 2 (5.98)
So IS oy 9(6*/7)
Recalling (5.90), for all R > 1,
~ 4v2
K*(R) <1+ E(R) <2+ ﬁR [log R*g(5* /)] (5.99)
which is (5.91). Next we prove (5.92). Applying (5.86) and (5.90) we have
€y < eTiz(LHZ. (5.100)
Using (5.83) with
2 *
L= Ly—14 3908 90"/7))
log(4/3) (5.101)

k=ky=2+ Vi Rlog[R?*g(6*/¥)]

= = — fe) .
0 (F)2 gl g Y

After an easy computation, given R > 1 with a IP—probability greater than 1 — ¢(3, 9)% we have

. 24C1 V2 log2 5 2 , . . .
T < ———R|Il o* 1< <k B . .
€ (24+ko)Lo > (]_—*)2 10g(4/3)R [Og(R g( /7))} ’ vj >~ J] > Ro, 7“] < jLO (5 102)
Therefore, with a IP—probability greater than
(5.103)

., logg(0*/v) -,
LG e 2 e
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for all R > 1, (5.102) holds. Using (5.99) we have, for all R > 1,

2

14+ k*(R) <k(R)+2<3+ (4;1*)21% [log R?g(6* /)] - (5.104)

Therefore collecting (5.102) and (5.104) we obtain that for all R > 1
i myse < (24 Ko)Lo. (5.105)

From which using again (5.102) and recalling (5.100), we get that for all R > 1

. . .
Qpr(yr S €liz < €llatho)L—0

< 24C1VElog?2
~ (F)?log(4/3)

. (5.106)
R [log(R?g(6* /v))]

which is (5.92). Denote by Q.+ the intersection of Qp([-Q,+@Q], f,b,0) with the probability subsets in
(5.98) and (5.103). Recalling (5.38) and the choice of ¢, see (2.65), we get the Lemma. W

Proof of Theorem 2.3:
We need to estimate the Gibbs probability of the set Py _ . —0,+q (4 (w)), see (2.37). According to the
definition (2.33) we need to prove that on §; the minimal distance between two points of jump of u} is

larger than 8p 4 8. Define
M= {w € Qure 1 Vi, —Q < e <Q; e —ea; >8p+ 85}. (5.107)

where €,,+ is the probability subspace that occurs in Lemma 5.14. On €,,;, see Lemma 5.14, the total
number of jumps of v} within [~Q,+@Q] is bounded by 2K(Q) + 1 with K(Q) given in (2.35). Since the
points of jumps of u} are the ea},: € Z, from Proposition 5.3 in [16] we have that for all ¢ € ZZ, for all
0 <z < (F*)?/(V*(B,0)18log?2)

-~ (}—*)2
IPleaj, ) —eaj < x] < 2e 182V2(5.0), (5.108)
Then one gets
P> 1 ( 5 >S(2ia) 2K (Q) _ (}‘*))22 ) (5.100)
N _ e 18(3p+36)VZ(5,6) .
S TCREY
Recalling (2.64), (2.67) and (2.63) one gets
P> 1 ( > ) e (5.110)
nHE 9(6*/7) ' '
Denote by
0= QV,K(Q) n Ql,l (5.111)

where Q. k(@) is the probability subspace in Theorem 2.2 of [16] and K(Q) is given in (2.35). From the
results stated in Theorem 2.1, 2.2 and 2.4 of [16] we obtain (2.34) and (2.37).
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6 Proof of Theorem 2.4 and 2.9
6.1. Proof of Theorem 2.4

Let {W(r),r € IR} be a realization of the Bilateral Brownian motion. Let u*(r) = u*(r, W), r € IR, be
the function defined in (2.43) and (2.44). As consequence that P a.s the number of renewals in any finite
interval is finite, we have that P a.s u* € BV, . To prove the theorem we need to show that for v € BVjy¢, P
a.s. D(v|u*, W) > 0, the equality holding only when v = u*. Let Sy be a point of h— minimum, h = %

This, by definition, implies that in the interval [Sp, S1)

2F* 2F*

W(S1) — W(Sp) > W(y) —W —— v So, S 6.1

( 1) ( O)_V(6,9>’ (y) (‘T)> V(ﬂ,@)’ $<y€[ 0 1) ( )

W(So) < W(z) < W(51) So <z < 51 (6.2)

Suppose first that v differs from «*(W) only in intervals contained in [Sp, S1). Since u*(r) = mg, for

r € [So, S1), see (2.43), set v(r) = T'mpgly,., ., for [r1,72) C [So,51) and v(r) = u*(r) for r & [r1,72). When
the interval [ri,79) is strictly contained in [Sp, S1) the function v has two jumps more than u*. Then the
value of T'(v|u*, W), see (2.42), is

L(v|u®, W) = T'g,,5,) (v|u™, W) = 2F* + V(B,0)[W(r2) — W(r1)] > 0, (6.3)

which is strictly positive using the second property in (6.1). When [r1,72) = [So, S1) then the function v has
two jumps less than u*. Namely «* jumps in Sy and in S and u does not. The value of T'(v|u*, W) in such

case is
C(v|u, W) = T'g,,50) (0|u™, W) + g, s,y (v|u*, W) = =2F* + V(B,0)[W(S1) — W(So)] > 0. (6.4)

The last inequality holds since the first property in (6.1). In the case in which [ry,r2) C [So, S1), r1 = So,
ro < S1 then the function v has the same number of jumps as u*. The value of I'(v|u*, W) is

L(olu®, W) = Lisy,s,) (v]u®, W) = V(8,0)[W (r2) = W(So)] = 0 (6.5)

which is still positive because of (6.2). When [ry,r2) C [So,S1), 11 > So, 72 = S; then, as in the previous
case, the function v has the same number of jumps as u* and again by (6.2),

L(wu®, W) = Tisg,s,) (v[u™, W) + Tis, 50y (™, W) = V(3,0)[W(S1) — W(r1)] = 0. (6.6)

The case when v differs from u*, still only in [Sp, S1), but in more than one interval can be reduced to the
previous cases. For simplicity, suppose that v(r) = T'mgl, v,)U[rs,re) for [r1,72) and [r3,74) both subsets of
[So,S1) and v(r) = u*(r) for r & [r1,72) U [r3,74). We have that

Twlu*, W) =T (v1|u*, W) + T'(va|u™, W) (6.7)

where v1(r) = Tmpllj, pp) + u* Ty p)e and va(r) = Tmplyy, ;) + 0 T}, e Equality (6.7) is an obvious
consequence of the linearity of the integral and the observation that I'(u*|u*, W) = 0. Each term in (6.7)
can then be treated as in the previous cases. By assumption v € BV|,. and then the number of intervals in
[Si, Si+1) where v might differ from «* is P a.s finite. The conclusion is therefore that if v # u* in [Sp, S1)

T(v|u*, W) > 0. (6.8)
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When v differs from v* in [S7, S2) and S7 is an h— maximum one repeats the previous arguments recalling
that by definition in [S1, S2)

W(S) =W (S1)<—-h  W(y)-W(@) <h Vo<ye[S,S) (6.9)

and u*(r) = T'mg, for r € [S1, S2), see (2.44). Then repeating step by step the previous scheme one concludes
that P a.s.
T(v|u*, W) > 0.

In the general case
Twlu*, W) = Z I'is,,8,.0) (0™, W) > 0. (6.11)
icZ
To prove that u* is IP a.s. the unique minimizer of T'(-|u*, W) it is enough to show that each term among
(6.4), (6.5) and (6.6) is strictly positive, so that we get a strict inequality in (6.11). Since, see [34], page 108,
exercise (3.26),
P[3r € [So, S1] : [W(r) — W(S1)] =0] =0,

we obtain that (6.6), (6.4) and by a simple argument (6.5) are strictly positive. W

6.2. Proof of Theorem 2.9 The proof of (2.57) is an immediate consequence of Proposition 4.2 and
Theorem 2.5. W
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