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ADAPTIVE ESTIMATION OF THE TRANSITION DENSITY OF
A PARTICULAR HIDDEN MARKOV CHAIN

CLAIRE LACOUR

MAPS5, Université Paris 5, 45 rue des Saints-Peres
75270 Paris Cedex 06, France.
email: lacour@math-info.univ-parisb.fr

ABSTRACT. We study the following model of hidden Markov chain: Y; = X; + ¢,
i=1,...,n+ 1 with (X;) a real-valued positive recurrent and stationary Markov
chain and (¢;)1<i<n+1 a noise independent of the sequence (X;) having a known
distribution. We present an adaptive estimator of the transition density based on
the quotient of a deconvolution estimator of the density of X; and an estimator
of the density of (X;, X;11). These estimators are obtained by contrast minimiza-
tion and model selection. We evaluate the L? risk and its rate of convergence
for ordinary smooth and supersmooth noise with regard to ordinary smooth and
supersmooth chains. Some examples are also detailed.

KeEYwoORDS. Hidden Markov chain ; Transition density ; Nonparametric estima-
tion ; Deconvolution ; Model selection ; Rate of convergence

1. INTRODUCTION

Let us consider the following model:

where (X;);>1 is an irreducible and positive recurrent Markov chain and (g;);>; is a
noise independent of (X;);>1. We assume that 1, ..., ¢, are independent and identi-

cally distributed random variables with known distribution. This model belongs to
the class of hidden Markov models. Contrary to the literature on the subject, we are
interested in a nonparametric approach of the estimation of the hidden chain transi-
tion. The problem of estimating the density of X; from the observations Yi,...,Y,
when the X; are i.i.d. (known as the convolution model) has been extensively stud-
ied, see e.g. [Carroll and Hall ([98), Fax] ([991]), Stefanski ([990), Pensky and
[Vidakovid ([999), Comte et al] (O0GH).

But very few authors study the case where (X;) is a Markov chain. We can cite
Dorea and Zhad (P002) who estimate the density of Y; in such a model, ([993)
who is interested in the estimation of the multivariate density in a mixing frame-
work and [Clémencor] (B003)) who estimates the stationary density and the transition
density of the hidden chain. More precisely he introduces an estimator of the tran-

sition density based on thresholding of a wavelet-vaguelette decomposition and he
1
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studies its performance in the case of an ordinary smooth noise (i.e. whose Fourier
transform has polynomial decay). Here we are interested also in the estimation of
the transition density of (X;) but we consider a larger class of noise distributions.
In [Clémencor] (R003)) there is no study of supersmooth noise (i.e. with exponentially
decreasing Fourier transform), as the Gaussian distribution. However the study of
such noise allows to find interesting rates of convergence, in particular when the
chain density is also supersmooth. In the present paper, the four cases (ordinary
smooth or supersmooth noise with ordinary smooth or supersmooth chain) are con-
sidered.

The aim of this paper is to estimate the transition density II of the Markov chain
(X;) from the observations Yi,...,Y,. To do this we assume that the regime is
stationary and we note that [ = F// f where F is the density of (X;, X;11) and f the
stationary density. The estimation of f comes down to a problem of deconvolution,
as does the estimation of F'. We use contrast minimization and a model selection
method inspired by Barron et al] ([999) to find adaptive estimators of f and F'.
Our estimator of II is then the quotient of the two previous estimators. Note that
it is worth finding an adaptive estimator, i.e. an estimator whose risk automati-
cally achieves the minimax rates, because the regularity of the densities f and F'is
generally very hard to compute, even if the chain can be fully described (case of a
diffusion or an autoregressive process).

We study the performance of our estimator by computing the rate of convergence
of the L? risk. We improve the result of [Clémencon] (R00J) (case of an ordinary
smooth noise) since we obtain the minimax rate without logarithmic loss. Moreover
we observe noteworthy rates of convergence in the case where both noise and the
chain are supersmooth.

The paper is organized as follows. Section 2 is devoted to notations and assump-
tions while the estimation procedure is developed in Section 3. After describing the
projection spaces to which the estimators belong, we define separately the estimator
of the stationary density f, the one of the joined density F' and last the estimator
IT of the transition density. Section 4 states the results obtained for our estimators.
To illustrate the theorems, some examples are provided in Section 5 as the AR(1)
model, the Cox-Ingersoll-Ross process or the stochastic volatility model. The proofs
are to be found in Section 6.

2. NOTATIONS AND ASSUMPTIONS

For the sake of clarity, we use lowercase letters for the dimension 1 and capital
letters for the dimension 2. For a function ¢ : R — R, we denote by ||¢|| the L? norm
that is [|t||* = [ t*(z)dx. The Fourier transform ¢* of ¢ is defined by

t*(u) = / et (z)dx
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Notice that the function ¢ is the inverse Fourier transform of t* and can be writ-
ten t( ) = 1/(2nm) f ei’”“t* (u)du. Finally, the convolution product is defined by
(t*s)(z) = [tz — y)dy.

In the same way, for a functlon T:R* =R, ||T|? = [[g T?(x,y)dzdy and

T*(u,v) = // e~ (g yVdady, (T%S)(z,y) = // T(2—2,y—w)S(z,w)dzdw.

We denote by t ® s the function: (z,y) — (t ® s)(x,y) = t(z)s(y).

The density of ¢; is named ¢ and is considered as known. We denote by p the
density of Y;. We have p = f % ¢ and then p* = f*¢*. Similarly if P is the density
of (Y;,Yi11), then P = F x (¢ ® q) and P*(u,v) = F*(u,v)q*(u)g* (v).

Now the assumptions on the model are the following:

A1: The function ¢* never vanishes.
A2: There exist s > 0,b >0, v > 0if s =0 and kg, k&1 > 0 such that

ko(a? +1) 77 exp(=blz[*) < |¢"(2)] < ka(a® + 1) exp(~b|z]*)

A3: The chain is stationary with (unknown) density f.
A4: The chain is geometrically S-mixing (8, < Me=%), or arithmetically /3-
mixing (8, < Mq~%) with § > 6.
This last condition is verified as soon as the chain is uniformly ergodic. In the sequel
we consider the following smoothness spaces:

As () = {f density on R and /\f (22 + 1) exp(2alz|")dz < 1}

with r > 0,a > 0,0 > 1/2if r =0, > 0 and
A pa(L) = {F density on R? and

/ / P (e )P + DA+ 1) expA(al + [y)%))dedy < L}

with R >0,A>0,A>1/2if R=0, L > 0.

When r > 0 (respectively R > 0) the function f (resp. F) is known as super-
smooth, and as ordinary smooth otherwise. In the same way, the noise distribution
is called ordinary smooth if s = 0 and supersmooth otherwise. The spaces of or-
dinary smooth functions correspond to classic Sobolev classes, while supersmooth
functions are infinitely differentiable. It includes for example normal (r = 2) and
Cauchy (r = 1) densities.

3. ESTIMATION PROCEDURE

Since Il = F/f we proceed in 3 steps to estimate the transition density II. First
we find an estimator f of f (see Subsection BJ). Then we estimate F by F (see
Subsection B-J). And last we estimate II with the quotient £/ f (Subsection B4).

All estimators defined here are projection estimators. We therefore start with
describing the projection spaces.
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3.1. Projection spaces. Let

() = sin(mx) /(7x)
and, for m in N*, j in Z, ¢, j(x) = /me(mz — j). Notice that {¢., ;}ez is an
orthonormal basis of the space of integrable functions having a Fourier transform
with compact support included into [—7m, 7m]. In the sequel, we use the following
notations:

Sm = Span{@m,;}tjez;  Sm = Span{pm; ® Pm.i}jnez
These spaces have particular properties, which are a consequence of the first point
of Lemma J (see Section B.7):
(2) VEESm it < Vmltll; VT €Sm  Tle < m|T||
where |[t]|oo = sup,er [t(x)] and [|T|o = sup(, y)ere [T'(2, )|

3.2. Estimation of f. Here we estimate f, which is the density of the X;’s. It
is the classic deconvolution problem. We choose to estimate f by minimizing a
contrast. The classical contrast in density estimation is 1/ny »  [||t]|* — 2¢(X;)]. It
is not possible to use this contrast here since we do not observe Xi,..., X,,. Only
the noisy data Y7, ...,Y,, are available. That is why we use the following lemma.

Lemma 1. For all function t, let vy be the inverse Fourier transform of t*/q*(—.),

EER
() = QW/e q*(—u)du'

Then, for all1 <k <n,
(2) Elve(Y2)] = E[t(X})]
The second assertion in Lemma [I] is an obvious consequence of the first one and
leads us to consider the following contrast:

—ln 2 2u,(Y; wi v*u:t*<u)

(0= 3 S~ 200] itk i) = S
We can observe that Ev,(t) = 1/nd> " [It]* — 2E[w(Y)]] = 1/nd> 0 (llEl* —
2E[H(X)]] = |1t =2 Jtf = ||t = fII*> = || f]|* and then minimizing 7, (¢) comes

down to minimizing the distance between t and f. So we define

~

3 m = in v, (t
(3) fm = arg min 7, (t)
or, equivalently,

. R ‘ R ] —

fin = ZajgomJ with  a; = - vam’j(Yi).

jJEL i=1

Actually we should define fm = Z\jl <k, @j¢m,; because we can estimate only a
finite number of coefficients. If K, is suitably chosen, it does not change the rate
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of convergence since the additional terms can be made negligible. For the sake of
simplicity, we let the sum over Z. For an example of detailed truncation see
| et_al] (R0O06H).

Conditionally to (X;), the variance or stochastic error is

n

» 1
E[||fm_fm||2|X17,Xn] < g Var[g E ngm’j(}/i”Xl,...,Xn]
J

i=1

< | Zj Uim7j|’oo
o n

since Y7, ..., Y, are independent conditionally to (X;). Then, it follows from Lemma

(see Subsection B.7) that || >_; vim’j |loo = A(m) where
1 m™m
(@) Am) = 5= [l

This implies that the order of the variance is A(m)/n. That is why we introduce

Mn:{mZI, A(m)gl}.

n

To complete the estimation, we choose the best estimator among the collection
(fm)mEMn Let

i = arg min{7,(f) + pen(m)}
meMy,

where pen is a penalty term to be specified later (see Theorem [I]). Finally we define

f =T

3.3. Estimation of the density F' of (X;, X;.1). We proceed similarly to the
estimation of f. To define the contrast to minimize, we use the following lemma:

Lemma 2. For all function T, let Vi be the inverse Fourier transform of T*/(¢* ®

qa)(—.), i.e.
1 —_— T (u,v)
- 1ru+iyv ) dudv.
Vrle.9) = g //e ¢ wg(—o)
Then, for all1 <k <mn,
(1) E[Vr(Ye, Yir1)| X, ., Xio] = T'( X, Xpet1)
(2) E[Vr(Ye, Yis1)] = E[T( Xk, Xiy1)]

For any function T in L*(R?), we define the contrast
1 n
LW (T) = - S TP = 2Vie(Xi, X))
i1
whose expectation is equal to ||T||* —2/n S BT (X, Xji)] = |IT — Fl?2—|F|>*
We can now define

A

(5) Fy = arg min I'y(7)
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By differentiating I',,, we obtain
) . L 1<
En(2,y) = ZAj,k¢m,j<x>90m,k<y) with Ay = - Z Veori@omx (Yis Yigr).
jik i=1

We choose again not to truncate the estimator for the sake of simplicity. We have
defined a collection of estimators {F}, }mem,. Note that Vies(x,y) = v(z)vs(y) so
that here the variance is of order A%(m)/n, so we introduce

M, = {mz 1, A%(m) < 1}.

n

To define an adaptive estimator we have to select the best model m. So let

M = argmin{T,,(E,,) + Pen(m)}
meM,
where Pen is a penalty function which is specified in Theorem B. Finally we consider
the estimator F' = F;.

3.4. Estimation of II. Whereas the estimation of f and F' is valid on the whole
real line R or R?, we estimate II on a compact set B? only, because we need a lower
bound on the stationary density. More precisely, we need to set some additional
assumptions:

A5: There exists a positive real fy such that Vo € B,  f(x) > fy
A6: Vx € B, Yye€ B, H(z,y) < || g0 < 00

Now we set
F(z,y) . - )
(6) ey =4 iy IF@] <l

0 otherwise.

Here the truncation allows to avoid the too small values of f in the quotient. Now
we evaluate upper bounds for the risk of our estimators.

4. RESULTS

Our first theorem regards the problem of deconvolution. This result may be put

together with results of Comte et al] (B006H) in the i.i.d. case and of
(R0064) in various mixing frameworks.

Theorem 1. Under Assumptions A1-A4, consider the estimator f= fm where for
each m, f, is defined by ({) and m = argmin{~,(f,.) + pen(m)} with

me n

(ﬂ'm) [57(173)+/2}+A(m)

n

pen(m) =k
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where k is a constant depending only on ko, k1,b,v,s. Then there exists C' > 0 such
that

BIf — fI7 <4 inf {lLf— fI7 + pengm)} +

The penalty is close to the variance order. It implies that the obtained rates of
convergence are minimax in most cases. More precisely, the rates are given in the
following corollary where [z] denotes the ceiling function, i.e. the smallest integer
larger than or equal to x.

Corollary 1. Under Assumptions of Theorem [A, if f belongs to As, (1), then
Ifr=0and s=0 EHf—f’PSC'rz_ﬁ
Ifr=0and s >0 EHf—fH2§C(lnn)*25/s
; (Inn)@r+D/r
Ifr >0 and s=0 E|lf - flI?<C

If r >0 and s >0
—ifr<sandk=|(s/r—1)"'] =1, there exist reals b; such that

K
Ellf — fI* < C(lnn) /% exp[y _ b;(Inn) 077/

i=0
ifr—s, €= 200+ (s — 27— 1[5 — (1 - 5). /2l )al/[(a + b)s]
E||f — f||* < Cn=@ ) (Inn)~¢
—ifr>sand k= [(r/s —1)7'] — 1, there exist reals d; such that

(In ) 2=+ ls=(1=8) 1 /214)/r

E|f-fIIP<C

k
eXp[— Z dl(ln n)(i‘i’l)s/r‘fi]

n -
=0

These rates are the same as those obtained in the case of i.i.d. variables X;; they
are studied in detail in [Comte et al] (RO0O6H). In the case r > 0,s > 0, we find the
original rates obtained in (R00G), proved as being optimal for 0 < r < s in
Butucea and Tsybakoy] (P006)). In the other cases, we can compare the results of
Theorem [l] to the one obtained with a nonadaptive estimator. There is a loss only
in the case r > s > 1/3 where a logarithmic term is added. But in this case, the
rates are faster than any power of logarithm.

Now let us study the risk for our estimator of the joined density F'.

Theorem 2. Under Assumptions A1-A4, consider the estimator F = FM where
for each m, F,, is defined by (B) and M = argmin{T',(F,,) + Pen(m)} with

meM,,
(ﬂ'm)[sf(lfs)ﬁ-]ﬁ- A2 (m)

Pen(m) = K
n
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where K is a constant depending only on ko, k1,b,7,s. Then there exists C' > 0 such

that

- C
E|F — F||*> <4 inf {||F, — F||* + Pen(m)} + —.
meM,, n

The bases derived from the sine cardinal function are adapted to the estimation
on the whole real line. The proof of Theorem P actually contains the proof of
another result (see Proposition ] in Section f): the estimation of a bivariate density
in a mixing framework on R? and not only on a compact set. In this case of the
absence of noise (¢ = 0), we obtain the same result with the penalty Pen(m) =
Ko(>>, Bax)m?/n. This limit case gives the mixing coefficients back in the penalty,
as it always appears in this kind of estimation (see e.g. [[Tibouley and Viennef
([9)).

It is then significant that in the presence of noise the penalty contains neither
mixing term nor unknown quantity. It is entirely computable since it depends only
on the characteristic function ¢* of the noise which is known.

Theorem P enables us to give rates of convergence for the estimation of F.

Corollary 2. Under Assumptions of Theorem [, if F' belongs to A r a(L), then
e [fR=0ands=0 IE*ZHIE’—FH2 SC’n_Mi‘AvH
e [fR=0ands >0 E||F — F||*> < C(lnn)~28/¢
- (hl n) (4'Y+2)/R
e IfR>0ands=0 E|F - F|? < C~———

e [fR>0ands>0
—ifR<sand k= [(s/R—1)"Y] — 1, there exist reals b; such that

k
E|F — F||* < C(lnn)24/* exp[z b (In n) FHDR/s=1]

i=0

—ifR=sif{=[4Ab+ (2s —4y — 2 — [s — (1 — 8) 4]+ )A]/[(A + 2b)s]
E|f—fI? < Cn /40 (lnn) ¢

—if R>sand k= [(R/s —1)7Y] — 1, there exist reals d; such that

n

In n) 2+4—2s+[s—(1—5)+]4)/R k 4 :
(Inn) exp|— Z d;(In n)(”l)s/R’Z]

=0

E|F - F|?<C

n

The rates of convergence look like the one of Corollary [] with modifications due
to the bivariate nature of F. We can compare this result to the one of
(R003) who studies only the case R = 0 and s = 0. He shows that the minimax lower

bound in that case is n_ﬁ, so our procedure is optimal, whereas his estimator
has a logarithmic loss for the upper bound. We remark that if s > 0 (supersmooth
noise), the rate is logarithmic for F' belonging to a classic ordinary smooth space.
But if F' is also supersmooth, better rates are recovered.
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Except in the case R =0 and s = 0 , there is, to our knowledge, no lower bound
available for this estimation. We can however evaluate the performance of this
estimator by comparing it with a nonadaptive estimator. If the smoothness of F' is
known, an m depending on R and A which minimizes the risk |[F — F,,||*+ A(m)?/n
can be exhibited and then some rates of convergence for this nonadaptive estimator
are obtained. As soon as s < 1/2 (i.e. [s — (1 —s),]+ = 0), the penalty is A(m)*/n
and then the adaptive estimator recovers the same rates of convergence as those
of a nonadaptive estimator if the regularity of F' were known. It automatically
minimizes the risk without prior knowledge on the regularity of F' and there is no
loss in the rates. If s > 1/2 a loss can appear but is not systematic. If R < s, the
rate of convergence is unchanged since the bias dominates. It is only in the case
R > s > 1/2 that an additional logarithmic term appears. But in this case the risk
decreases faster than any logarithmic function so that the loss is negligible.

We can now state the main result regarding the estimation of the transition density

I1.
Theorem 3. Under Assumptions A1-A6, consider the estimator 11 defined in ().

We assume that f belongs to As,o(l) with 6 > 1/2 and that we browse only the
models m € M,, such that

(7) m>1Inlnn  and mA(m) < n

(Inn)?

to define f. Then II verifies, for n large enough,
. . ~ C
BT -1l < QE|IF = FI* + GE|lf — " + —

where |T||5 = [[g T?(z,y)dxdy.

Note that, contrary to Theorems [[] and [, this result is asymptotic. It states
that the rate of convergence for II is no larger than the maximum of the rates of
f and F. The restrictions ([]) do not modify the conclusion of Theorem [[] and the
resulting rates of convergence. Thus if f and F' have the same regularity, the rates
of convergence for II are those of F, given in Corollary P

If s = 0i.e. if ¢; is ordinary smooth, then the rates of convergence are polynomial
and even near the parametric rate 1/n if R and r are positive. But the smoother
the error distribution is, the harder the estimation is. In the case of a supersmooth
noise, the rates are logarithmic if f or F' is ordinary smooth but faster than any
power of logarithm if the hidden chain has supersmooth densities. The exact rates
depend on all regularities v, s, 4, r, A, R and are very tedious to write. That is
why we prefer to give some detailed examples.

5. EXAMPLES

5.1. Autoregressive process of order 1. Let us study the case where the Markov
chain is defined by
XnJrl = aXn + ﬁ + Mt
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where the 7,’s are i.i.d. centered Gaussian with variance ¢2. This chain is irre-
ducible, Harris recurrent and geometrically S-mixing. The stationary distribution

is Gaussian with mean 3/(1 — «) and variance 02 /(1 — o?). So

. : s o’ 2

f*(u) = exp {—w (1 g T O42)u
and then bias computing gives § = 1/2, r = 2. The function F' is the density of
a Gaussian vector with mean (3/(1 — a), 3/(1 — a)) and variance matrix o%/(1 —

a?) @ ‘f) So

F*(u,v) = exp [—i(u +v) (

and A =1/2, R =2.

We can compute the rates of convergence for different kinds of noise . If € has a
Laplace distribution, ¢*(u) = 1/(1 + u?) so s = 0, v = 2. In this case, Corollary [l
gives E||f — f||? < C(Inn)*%/n and E||F — F||? < C(Inn)3/n. Consequently,

(Inn)®

&

l—«o

) — 2(10;2a2) (u® +v* + Qauv)]

E[II -1} < C

with B an interval [—d, d]. This rate is close to the parametric rate 1/n; it is due to
the great smoothness of the chain compared with that of error.
If now ¢ has a normal distribution with variance 72, then we compute

72

E|II—I0||% < Cn” #2272 (Inn) o222

5.2. Cox-Ingersoll-Ross process. Another example is given by X,, = R,, with 7
a fixed sampling interval and R; the so-called Cox-Ingersoll-Ross process defined by

dR; = (20R; + kop)dt + 200~/ RydW,; 0<0,k€{2,3,..}.

Following [Chalevat-Maurel and Genon-Catalof (R006), we observe that X, is the
square of the Euclidean norm of a k-dimensional vector whose components are lin-
ear autoregressive processes of order 1. The stationary distribution is a Gamma
distribution with parameter x/2 and |0|/0? so that

—K/2
fr(u) = (1 + iu%)

and r = 0, § = (k — 1)/2. To compute the characteristic function of the joined
density, we write

F*(u,v) = /E[e‘i”X1|XO = zle ™ f(z)dx.
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Let 32 = 02(e*™ — 1)/(26). Then, conditionally to Xy = z, $72X is a non-central

chi-square x"?(e*7x /3% k), so that

o 20T
—ivX _ 1 a2\ —k/2 e X
Ele~ "% | X, = 2] = (1 + 2iv8%) "% exp <—W) .

This implies

207 90 o3 e
F*(u,v) = |1 —(1—e T)ﬁuv +z’m(u+v)]

and R = 0, A = (k—1)/2. Then, if for example the noise has a Gaussian distribution
(y =0,s = 2), the rate of convergence is (Inn)(1=%)/2, But this rate is faster if ¢ has
a Gamma distribution with shape parameter « (so that v = «, s = 0): we obtain

in this case n(1—#)/(k+datl)

5.3. Stochastic volatility model. Our work allows to study some multiplicative
models as the so-called stochastic volatility model in finance (see [Genon-Catalof]
(R00Q) for the links between the standard continuous-time SV models and the
hidden Markov models). Let

Ly = U,l/277n

where (U,,) is a nonnegative Markov chain, (7,) a sequence of i.i.d. standard Gauss-
ian variables, the two sequences being independent. Setting X, = In(U,) and
e, = In(n?) leads us back to our initial problem.

The noise distribution is the logarithm of a chi-square distribution and then ver-
ifies ¢*(z) = 27°T(1/2 — iz)//7. Nan Es et al] (B009) show that |¢*(x)| ~,
V2e~™#1/2 and then s = 1,7 = 0.

We assume that the logarithm of the hidden chain X, derives from a regular
sampling of an Ornstein-Uhlenbeck process, i.e. X,, = V,, where V, is defined by
the equation

dVy = 0Vidt + od B,

with B; a standard Brownian motion. Then all the assumptions are satisfied. Sim-
ilarly to Subsection p.], the stationary distribution is Gaussian with mean 0 and
variance 02/2|0| and then § = 1/2, r = 2. In the same way F is the density of a cen-

or
Loe and then A = 1/2,

0T
e 1
R = 2. We obtain the following rate of convergence on some interval B = [—d, d]

[(7/8)VInn]

n

tered Gaussian vector with variance matrix o2/(2(6)|) (

E|I— 1|3 < CVinn—rt

with 8% = o?(e?™ — 1)/(26).
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6. PROOFS

Here we do not prove the results concerning the estimation of f. Indeed they are
similar to the ones concerning F' (but actually simpler) and the ones of
(ROOGH). It is then sufficient to use corresponding proofs for F' mutatis mutandis.

For the sake of simplicity, all constants in the following are denoted by C', even if
they have different values.

6.1. Proof of Lemma [. It is sufficient to prove the first assertion. First we write
that Vip(Yy, Yig1) = 1/4n? [ et denvT* (y, v) /¢*(—u)q* (—v)dudv so that
1 Vi T*(u,v)
EVr (Y, Yie)| X1, ..., X, = — [ Ele™M e X, X, ] —————
[ T( ks k+1)| 1y eeey ] A2 / [6 | 1 ]q*<_u>q*<_v)
By using the independence between (X;) and (g;), we compute

E[eMrutiYeny| X, | X, ] = BleXkutiXenveierutiozny x - x0T

:eiXku+iXk+lvE[eieku]E[ei6k+1v] :eiXkuHXkHU/em“q(x)dx/eiyvq(y)dy

dudv.

Then
1 , , T*(u,v)
EVr(YVe, Vi) X1, .. X, ] = — [ Xt ()¢ (—v) —————dudv
[ ( +1)‘ 1 ] A2 ( ) ( >q*(—U)q*(—'U)
1 ) )
= = e SRk v () dudv = T( Xy, Xjg1).
T

6.2. Proof of Theorem [. First we introduce some auxiliary variables whose ex-
istence is ensured by Assumption A4 of mixing. In the case of arithmetical mixing,
since € > 6, there exists a real ¢ such that 0 < ¢ < 1/2 and ¢f > 3. We set in this
case ¢, = 3|n°|. In the case of geometrical mixing, we set ¢, = 3|cIn(n)] where ¢
is a real larger than 3/6.

For the sake of simplicity, we suppose that n = 4p,,q,, with p, an integer. Let for
1= ]_, cee ,TL/Q, ‘/z = (XQZ'_l,XQZ‘) and for [ = 0, ce 7pn_]-7 Al = (‘/élqn+1a ceey W2l+1)Qn)7
By = (Mot 1)gnt1s -+ Viai42)gn)- As in Viennef (1997), by using Berbee’s coupling
Lemma, we can build a sequence (A}) such that

A; and A} have the same distribution,
A; and Aj, are independent if [ # I/,
P(A; # A7) < Pag,-

In the same way, we build (B;) and we define for any [ € {0,...,p, — 1},

Al = (Vaigustr - Vi) Bl = (Vg1 - Visira)g,) so that the sequence
(V... V,5) and then the sequence (X7,...,X;) are well defined. We can now
define

O ={Vi,1<i<n X;,=X:}.
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Then we split the risk into two terms:
E(|F = F|*) = E(|F = F|*1o-) + E(| F = F|*1o-).
To pursue the proof, we observe that for all T', T’
Lo(T) = To(T') = ||T = FIIP = |T" = F|I* = 2Z,(T - T")
1 n
where Z,,(T) = — Z {VT(Yi, Yii1) — /T(x, y)F(x, y)dxdy}.
n

i=1
Let us fix m € M, and denote by F;, the orthogonal projection of F' on S,,. Since

~ ~

I'(F) + Pen(M) < TI',(F,) + Pen(m), we have
|F - F|? | Fy — F||* + 2Z,(F — F,) + Pen(m) — Pen(M)
| — F|? + 2| F — F|| sup Zn(T) 4 Pen(m) — Pen(M)
TeB(M)
where, for all m’, B(m') = {T € S,, + S,y, |T|| = 1}. Then, using inequality
2ry < 2?/4 + 4y?,

<
<

- 1 - ~
(8) |[F—F|? < ||F— F|*+ ~||F — F|>+4 sup Z2(T)+ Pen(m) — Pen(M).
4 TeB(M)

By denoting Ex the expectation conditionally to Xy, ..., X, and by using Lemma [,
Z,(T) can be split into two terms :

Zn(T) = Zn1(T) + Zno(T)

with
Z (T)—lzn:{V(YY ) — Ex[Va(Yi, Yisr)]
n,l —n-l T\Ldy L441) — X T( 7y H—l)}a
1 n
Zua) = {706 X~ [ TP ey |
Now let Pi(.,.) be a function such that for all m,m/,
9) 16P;(m, m") < Pen(m) + Pen(m').
Then (§) becomes
. 1. -
1= F|* < |[Fn = FIP + 5(I1F = FIP + [[F' = Fll*) + 2Pen(m)
48[ sup Z2,(T) — Pylm, 31)| + 8] sup Z2,(T) — Py(m, 11)]
TeB(M) TeB(M)

which gives, by introducing a function Ps(.,.),

1, = 3
SIIE = Fl*lo: < S|[F — F||* + 2Pen(m) + 8 Y [ sup Zp (1) = Py(m,m)]4

m!'eM,, TeB(m')
+8 > [ sup Z2,(T) — Pa(m,m)] Dg- +8 Y [Pa(m,m') — Pi(m,m")].
m'eM,, TEBM) m' €My,
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We now use the following propositions:

Proposition 1. Let Pi(m,m') = C(q)(mm")s=0=)+1+ A2(m") /n where A(m) is de-
fined in (@) and m” = max(m,m') and C(q) is a constant. Then, under assumptions
of Theorem [, there exists a positive constant C such that

(10) > E (

m/eM,,

sup Z2,(T) - Py(m, m/>] ) <<
+

TeB(m!) n

Proposition 2. Let Py(m,m') = 96()_, for)m” /n where A(m) is defined in ({) and
m” = max(m,m’). Then, under assumptions of Theorem [§, there ezists a positive
constant C' such that

(11) > E(

m/eM,,

¢
n

sup Zz2<T>—P2<m,m'>] nm) <
TeB(m') +

The definition of the functions P;(m,m') and Py(m,m’) given in Propositions [[
and [] imply that there exists mg such that Vm’ > my Pi(m,m’) > Py(m,m’). (If
s = 0 = v (case of a null noise), it would be wrong and the penalty would then be
Py(m,m') instead of P;(m,m’)). Then

(12) > [Po(m,m!) = Pi(m,m)| < > Po(m,m) <

m’'eM,, m/<mg

Since m”A%(m") < mA?(m) + m/A%*(m’), the condition (f]) is verified with

C(mo).

A2
Pen(m) = 16C(q)(m)[s<ls>+}+7£m).
And finally, combining ([J) and Propositions [l and B,
~ C
E(|F = F|*To-) < 4(|[F = F||* + Pen(m)) + —.

For the term E(||F — F|[*Lg-), recall that

ZAJ 1Pm,j () Pmi(y) with Ajk = Z omi@emi (Yi, Yig1).

Thus, for any m in M,,,

n 2
1Fl? = 32 |53 Vi o (Vi Vi) gniz z Vi)

Jk i=1

(13) < | ZVim,jwm,kHoo <| Zvim,j!\i < A%(m)

using Lemma . Then [|F,||*> < AZ(M) < n since M belongs to M,,. And
E|lF — F|"1g- SEQ(IF(? + |F[*)15) < 2(n+ | F|*)P(Q).



15

Using Assumption A4 in the geometric case, fa,, < M e~0cn(n) < Mp=% and, in the
other case, 3o, < M(2q,)"% < Mn=%. Then P(Q*) < 2p,[fa,, < nMn~?. Since
cd > 3, P(Q*°) < Mn~2, which implies E(||F — F||*1g+) < C/n.

Finally we obtain

E|F - F|* < E(|F - F|*1a) + E(|F - F|*1q-)
C
< 4(|Fpn — F||* 4 Pen(m)) + o
This inequality holds for each m € M,,, so the result is proved.

6.3. Proof of Proposition [Il. We start by isolating odd terms from even terms to
avoid overlaps:

1 o 1 e
Zun(1) = L 20,(T) + 5 2,(T)
with
2 n
Zp(T) = — Z (Vr(Yi, Yisa) — Ex[Vr(Ys, Yip)]}
"1 odd
2 n
ZpA(T) = ” 123 Vr(Yi, Yiga) — Ex[Vr (Y3, Y]}

It is sufficient to deal with the first term only, as the second one is similar. For each
i, let Uz = (3/21;1,1/2@'), then

n/2

Zp A ( n/2 Z {Vr(Ui) — Ex[Vr(U)]}

Notice that conditionally to X, ..., X, the U;’s are independent. Thus we can use
the Talagrand inequality recalled in Lemma . Note that if 7" belongs to S,, + S,
then T can be written T + Ty where T} has its support in [—7wm, 7m]? and T5 has
its support in [—7m’, 7m’]%2. Then T belongs to S,,» where m” is defined by

(14) m” = max(m,m’).

Now let us compute M7, H and v of the Talagrand’s inequality.
(1) If T belongs to B(m'),

VT('T y § a]kvtpm//1®§0m//k T y § a]kvgo " ,Ulpm//’k (y>

7.k

Thus [Vi(z, y)I* < 325 5 ve,., ,(fﬁ)vwmu,k(y)ﬁ So

sup ([Vel2 < 1D 10,0, (@), () Plloe < 1D 0g,0 1%
j

TeB(m') ik

By using Lemma B, M; = A(m”).
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(2) To compute H?, we write

Ex( sup (Z7)X(T) < Ex(D_ 231 (mrs ® o))

TeB(m') ik

n

2
< Zvarx - Z Vg (Yi)vg, v (Yit1)
4k

i=1,i odd

IA

4 n
Do D Varxfug,,, (Y)ve,, (Vi)

3.k i=1,i odd

since, conditionally to Xi, ..., X, the U;’s are independent. And then

Ex( sup Z73(T Z > Exl v, (Y0, (Vi)

TeB(m')

i=1,7 odd
4 n QA(m'/)Q
<= D I e Pllaoll Y 0 Plloe < =
i=liodd j &

So we set H = v/2A(m")//n.
(3) We still have to find v. On the one hand

Varx (Ve (Ye, Vi) S Ex[O ajvg, ., (Ve)vg, ., (Yis1))’]

S S Pl X s Pl
gk J k

and so v > A(m”)%. On the other hand

VarX [VT(Yk, Yk+1)]
S Z Z aj1k1 ajngEX [U‘pm”,jl ,Ulpm//’]é (Yk)vlpm//’kl ,Ugom//’k2 (YkJrl)]

J1,k1 j2,ke

< Z ajg, Z ZEZ Vot i1 Vo o (Ye)ve, 1 VPt ey (Yit)]

J1,k1 j2,ko

(15) < Z _]k Z]E UQO " <pm// Yk Z ]E2 ,Ucp "k gom// ko (Yk:-i—l)]

J1,J2 k1,k2




using conditional independence. Now we use Lemma JJ to compute

(v, Ve s ) = [ (e Vo, ) (X + 2)g()ds
e~ l(:erXk)vm T —ijou i(x+ Xk )um/’
_m // dv/ i dug(x)dzx
Comy T )

m’ —ij1v—ijou sz(u—H))m” R
_ / / T T —— / e q(z)dzdudv.

If we set W(u,v) =m eZX’@(“J“”)m”q*(—(u +ou)m")/[g* (—om”)g* (—um”

17

)], then

Ex[vg, ., Ve, ,, (Yi)] is the Fourier coefficient with order (ji,j2) of W. Us-

ing Parseval’s formula

2 )2
E EX[%mu,jl%mw N / / (u,v)|*dudv

J1,J2
2

(u + v)m’) dudv.

q*(—um')

47?2

Now we apply Schwarz mequahty.

Z Eg{ [Usom//,jl (Yy)] <

—Tr

J1.J2
\q (u+v)m")| / (= (u + v)m”)[?
d d dud

47T2 um// ‘4 v ‘q vm”)\‘* v

| lal? o
< [ g (um) a1 (@) e < " (=) du.

47T2 - 47T —am!
We introduce the following notation:
1 ™m i} .
(16) Balm) = 75 [ (@)

Finally, coming back to (L), Varx[Ve(Yi, Yee)] < [Tl 2A(m")
yields v > ||q||?As(m”). Finally we write v = min(]|q[[?Az(m”), A% (m/

We can now use Talagrand’s inequality (see Lemma fj):

E[ sup (Z2,)*(T)—2(1+ 2E)M

J+ <
TeB(m') n

2 "
Q{UG_KIGAQ(m”)/U + A*(m )G_KQC(e)ﬁ\/ﬁ}_

n nC?(e)
And then, if Py(m,m) > 4(1 + 2¢)A%(m”) /n,

Y E| sup (Z5)%(T) - Pu(m,m)| <
TeB(m!)

S| =

{£(m) + I1(m)}

m’eM,,

which
).
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with 1(m) = 3, ve S50 [1(m) = 30, (1/nC?(e))e K2C@OVEVE,
To bound these terms, we use Lemma ] which yields to
AQ (m//)

1 — — 11\s
v < C3<ﬂ_m/l>4'y+m1n(1 8,2 2s)e4b(7rm) and

Z ca (ﬂ_m/l)(lfs)_,_

where c3 and ¢4 depend only on kg, k1, and s. Therefore,

[(m) < ¢ § : (ﬂ_m//>4’y+min(178,2728)€4b(ﬂ'm”)s7K1046(7Tml/)(1_s)+

m’eM,,
< e E [(ﬂ_m>4fy+m1n(lfs,2f2s)€4b(7rm)
m’eM,,
+(ﬂ_m/)4'y+min(1—s,2—25) 64b(wm’)s]e—%[(wm)(175)+ +(7rm/)(175)+}

< Cg(Wm)“*min(l*sv%%)e4b(ﬁm)sf%wm)“—SM Z o S () =9+
m/EMy,
Jr036_1r<12%6(7rm)(17s)+ Z (ﬂm/)4y+min(1—s72—25)64b(7rm/)s_K1204€(7rm,)(1,s)+

m’EM,,
We have to distinguish three cases
case s < (1 —s); < s < 1/2: In this case we choose ¢ = 8b/(K;cy) and then

[(m) < 63(ﬂ_m>4’y+lfs€4b[(7rm)sf(ﬂm)(l’s)] Z 67K1c4(7rm’)(175)
m/eMy,
_|_C367K1C4(7rm)(1*5) Z (Wm/)4fy+1fs€4b[(7rm’)sf(wm’)(lfs)]
m/ €My,
which implies that [(m) is bounded. Moreover the definition of M, and
Lemma [ give |M,,| < Cn¢ with C' > 0and ¢ > 0. So II(m) < (C/n)|M,|e~K2v"
is bounded too.
case s = (1 —s)y < s =1/2: In this case

I(m) < 03(7Tm)47+1/26(4”—%)(ﬂm)l/2 Z o= A () 1/

m’eM,,

K e K €
gz Z (rm/) 1 1/2e (b= ) (rm )12,

m’eM,,
We choose € such that 4b — Kjc4e/2 = —4b so that

I(m) < cs(mm)rt1/2e=tblmm)*/? Z o= LA ()12

m’eM,

_Kiege 1/2 _ 1\1/2
+ese 5= (mm) E : (ﬂ_m/>4'y+1/2€ 4b(mm) < C.
m’'eM,,

The term I1(m) is also bounded since € is a constant.
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case s > (1 — s); < s > 1/2: Here we choose € such that

Ab(rm")* — Kycqe(mm!) 179+ /2 = —4b(mm”)*

so that
](m) < C3(ﬂ_Tn)4ﬂ/+min(lfs,2f2s)674b(7rm)s Z 67%(7”77}/)(178)"’
m/eM,,
+036_K1264€(7rm)(1*5)+ Z (7Tm )4’y+m1n(1 5,2—2s) ,—4b(mm’)* <C.
m/eM,,
Moreover
II(m)= > Ka/8o]Rrea ()= =12/ o0

nCQ( )

m’eM,,
In any case € = [8b/ K cy](mm/)=(0=9)+]+ 5o that
Py(m,m') = O(g)(rm") B~ 0=+ A2 (")
where C'(q) is a constant depending only on ko, k1, b, 7, s.

6.4. Proof of Proposition J. We split Z, »(7T) into two terms :

1 1
Zn2(T) = 523 5(T) + 52, 5(T)
with
2 n
20 -2 % {106 X0 - [T FE i
i=1,i odd
2 n
Z2(T) =~ > {T(Xiaxm) —/T(ﬂfay)p(%y)dfﬁdy}-
1=1,7 even

We bound E ([supTeB(m/)(Zgg)Q(T) — Pg(m,m’)]+ ]19*>. The second term can

be bounded in the same way. We write Z7,(T) = (2/n) Z"/Q {T(V;) =E[T(V;)]}
with V; = (Xo;_1, Xo;). In order to use Lemma [, we introduce

1 1
Zyo(T) = §Vn,1(T) + §Vn,2(T)
where

( pn—l (20+1)gn,

V(T Z > ATV —E[T(V)]},

p" =0 In i 2gn+1
1 pn—1 1 (2142)gn

vaa(T)=—>_ — Y {T(V7) -E[T(V7)]}

\ Pr 25 I i or 1)1
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Since X; = X[ on ", we can replace Z7, by Z;%. This leads us to bound
E ([supTeB(m,) ve (T) — Py(m, m’)h ]lg*). So we compute the bounds M;, H and

v of Lemma .
(1) If T belongs to Sy, [T(z,y)* < 755 0% D2k Por 5(2) 02 1 (y) and so

ITlloo < TN @i slloe < NT Y,
J

using (1) of Lemma Bl Then ||1/q, Zle;;;nqleHoo < |IT|jm" and M; =
(2) Let us compute H?.

sup l/ 1 < Z I/n 1 gOm// g (39 Omr k:)
TeB(m/) ik

Then, by taking the expectation,

prn—1 (204+1)gn
E( sup V2 ) <Z — Var Z Z Omr 5 @ O k(V]))

TeB(m') I 2 —o In _ Y
pn—1 (20+1)qn
*
<> = E Var(— Y @y ® e k(7))
3.k p”lO "leqn+1

by using independence of the Af. Lemma [ then gives

16
E( wp (T ) DEPETENTIS SN
TeB(m') Prdn

Finally H = 44/>_ Bam” /\/n
(3) v remains to be calculated. If T" belongs to B(m'), using Lemma

(214+1)gn

Varl© S T(V)] < SE[T2(Vib(Vh)]

In i _opmi1 4n

< 7o EP ORIV ER ) < 7o/ TP/ 2 30+ 1

and so v = 4||F||1/2\/2 Sk 4+ 1)Bum” [ qn.
By writing Talagrand’s inequality (Lemma []) with ¢ = 1, we obtain

16 2 K _ m'q?
E . 2(TY — 6— "2 ow ", —Kim' n —Kav/n/gn )
([ sup  (Vp,1)"(T) n(Zﬁ%)m J+ Q) = {m e +—e

TeB(m') n
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Then by summation over m/

Z E( sup Vn71)2(T)—9—:(Zﬁ2k) ”2 )

mEM TeB(m

<_{ Z m! e~ Km” Z m/n2e1 7K2n1/2 ¢ S%

m’eMy, m/eM,

since ¢ < 1/2. In the same way, we obtain

> E( sup. vn,z)Q(T) — %(Z 52k)m"2]+]19*> <

m' €M, TeB(m

which yields

S1Q

Z:E<Sw 5M%ﬂ—%wwwnmgs

m/eM TeB(m')
with Py(m,m’) = 96(3" Bor)m"* /n.

6.5. Proof of Corollary . Let us compute the bias term. Since F}}, = F*1{_ ., 2,

1
I1F = Fall = 15 [ / |F* (1w, ) Pdudo
—mm,mm]2)¢

< 2// |F* (u,v) 2dudv+—// |F*uv)|2dudv
47T [—mm,mm]°XR RX[—7m,mm]¢

// |F*(u, v)Pdudv < L((wm)? + 1) 2e2Amm,
[=7mm,mm]° xR

But

Thus ||F — F,||*> = O((ﬂm)_QAe_QA(”m)R) and

_ 4b(mm)*s
E|F-F|*<C" inf {(Wm)_QAe_ZA(“’”)R T Ll F A ( } + &
meMy, n n

Next the bias-variance trade-off is performed similarly to (B00Q).

6.6. Proof of Theorem B. Let E, = {||f - fllso < fo/2}. On E, and for x € B,
f(x) = f(x)=f(x)+f(x) = fo/2. Since F belongs to Sy, using (@), || Flee < M||F]].
But ([3) gives ||F|| < A(M) so that ||F|lc < MA(M). Since M belongs to M,
A(M) < /n and Lemma [ gives M < A(M)l/(Z“/Jrl if s=0or M < (In A(M))Vs
otherwise. So, for n large enough, (2/fo)||F|le < n and (z,y) = F(z,y)/f(z).
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For all (z,y) € B?,
2

F(x,y) — f(x) (%, y) 1, + (|(z, y)| + |z, y|)* 1 ge

(z,y) - (e, ) <

5
E

z,y) + (2, y)(f(2) — f(@)
f3/4
(1% + (2, y)[*) Lsg-
Since [, 11*(z,y)dy < ||| g [z (2, y)dy < |[1I|| 5o for all z € B,

8
13

We still have to prove that P(EY) < Cn~3. Given that ||f — f”oo <1 = follo +
| fin — finlloo We obtain

P(E;) < P(If = falloo > fo/4) + P(I fa = farllos > fo/4).
Let us prove now that if f belongs to As,q(l) with 6 > 1/2, ||f — fillee =

IA

B[ -113 < SEIF - FI” + [0sElf — FI7] + 2[B|(| BIn® + ||| 5,00) P(ES).

O(m'/?=9e=arLm)"™) " GSince f* = = f*I—xmxm) and using the inverse Fourier trans-
form,

1 .

27 |u|>7m

Let o € (1/4,6/2). By considering that function  — (224 1)%/?=%¢e%#!" is increasing
and using the Schwarz inequality, we obtain

17 = Fulle < o= ((m)? 1) /2t etemy \/\// (u? + 1)~ 20du,
|

u|>mm

But f (u? +1)72*du < C(mm)'~** and then

VCl

1f = fulloo < 2—((7rm)2 4 1)7/2ragmalmm)” () l/2=20 — O(m1/2-3galmm)"y,
T

|u|>7m

Thus, since m > Inlnn, ||f — fallec — 0 and for n large enough P(||f — filloo >
fo/4) = 0. Next

Pllfa = falls > fof2) < P+ P (1fo = ol > 1)

Since cf > 3, P(Q2*¢) < Mn!'= < Mn~2. We still have to prove that

; fo C
P@M—MMW>M%)SE.
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First, we observe that

fn = Fall? =S (% D v, (Y - E[v%m)J) = sup (1)

JEL i=1 t€By,

where v,,(t) = 3 37 v, (Y:) — E[oi(Yi)], By = {t € S, [It]] < 1}.

Then
P (o= Jallter > ) = P (sup ot > 2.
e V) teB, 4

As previously, we split v, (t) into two terms

1 pn—1 1 (21+1)Qn 1 pn—1 1 (2l+2)Qn
ZOR 0 D) SIUIGEL TS D Dl DI R D)
Pn =5 dn i=2lgn+1 Pn n i=(21+1)gn+1
and it is sufficient to study
1 &1 (2l4+1)qn f

Plsup |[—> — > w(¥]) —Eu(Y;)]| >

t€B | Pn 25 In i _dq 11

fo.

We use inequality ([[7) in proof of Lemma [ with n =1 and A =

1 &1 (2+1)gn
P | sup —Z— Z v (Y") — Elv (V)] > 2H + A

tEBy, pn =0 Qn i=20gn+1

< exp <—Kpn min < )
Here, we compute

M, = /A(m); H?= SZ@AT); v = 42@}(@.

~

Thus

fo ) , n Pn
P sup |v, > o + 1% <2exp | —K'min | ————, )
(teBI,)ﬁ a0 8V P mA(m) "\ /imA(m)
Now we use the assumption Ym mA(m) < n/(Inn)?. For n large enough, 2H =

A\/ZS, B/ Bl)/v/n < fof (8/7). So

fO) ’o . 1
P sup |v,(t < 2exp (—K min ((Inn 2=¢lnn)) < =
(1p I > 7= < 2ewp (~ K" (> 1um)) <

C

3
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6.7. Technical Lemmas.

Lemma 3. For each m € M,,

(1) 1225 mjlloc = m
(2) v, ,(x) = /m/(2m) [T e e g (—vm)| " dv
(3) 11225 106, [Plloe = A(m)

where A(m) is defined in ({).

Proof of Lemma [§: First we remark that

ot (u) = / e frip(ma — §)da

1 g , 1 g
— \/mefzju/m / eimu/mﬁp(l’)dl’ — \/m(?ZJU/m()O*(%)
Thus using the inverse Fourier transform
—z u/m, * 1 " —ijv izvm
Om.j(x 27?/ \/_ ju/m, (m)du: gy 77re 7 /me ™ dv.

The Parseval equality yields Y. @7, :(v) = 1/27 [7_|\/me*™*dv = m. The first
point is proved. Now we compute v, ()

1 lmu(‘om]< / 72]u/m w U
(Y AT = — (& —
) = 0 | e ) e
_ ym eﬂ-jvemmsoiﬂdv_

27 q*(—vm)

But ¢*(v) = 1|7 (v) and thus the second point is proved. Moreover v, .(x) can
be seen as a Fourier coefficient. Parseval’s formula then gives

1
5 e @ = 5= [ v =2 [ om)
J

¢*(—vm)
Therefore || >_; g Plloe = 1/27 [T Jq*(—w)| 2du = A(m).

izvm

Lemma 4. If q verifies |q¢*(z)| > ko(2? + 1)77/2 exp(—b|z|*), then

(1) A(m) < ¢q(wm)2rt1-se2blmm)®
(2) AQ(m) S CQ(ﬂ'm)47+1*364b(7rm)5.

Moreover if |q*(x)| < ki(22+1)"/2 exp(=b|z|*), then A(m) > ¢, (wm)2T1-se2blm)”

The proof of this result is omitted. It is obtained by distinguishing the cases
s >2v+1and s <27+ 1 and with standard evaluations of integrals.

Lemma 5. Let Ty, ..., T, be independent random variables and v,,(r) = (1/n) Y i [r(T;)—
E(r(T;)], for r belonging to a countable class R of measurable functions. Then, for
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e >0,

Efsup |va(r)]* —2(1 4+ 2¢)H?], < C Ee_KlEng2 + My ¢ FeCOVesT
reR = n n2C?(e)
with K1 = 1/6, Ky =1/(21V/2), C(€) = V1 + e —1 and C a universal constant and

where

reR reER rerR N

sup |7l < M;, E <sup |Vn(r)|) < H, sup-— Z\/ar

Usual density arguments allow to use this result with non-countable class of func-
tions R.

Proof of Lemma [J:  We apply the Talagrand concentration inequality given in
[Klein and Rid (R004) to the functions s'(x) = r(z) — E(r(T;)) and we obtain

n\2
P S H N <exp (- .
(Suplon(r)] = H +2) < exp ( 20+ 4HM,) + 6M1>\)

Then we modify this inequality following Birgé and Massarf ([99) Corollary 2
p-354. It gives

n A% min(n, 1)\
1 P > (1 H < —Cmin [ &, /7))
(17) (Elel%) lvn(r)] > (14+n)H + X) < exp ( 5 min (21}’ o7 ))

To conclude we set 7 = /1 + € — 1 and we use the formula E[X], = fo (X > t)dt
with X = sup,cg [va(r)]* — 2(1 + 2¢) H2.

Lemma 6. (Viennel (1997)) Let (T;) a strictly stationary process with [3-mizing
coefficients By. Then there exists a function b such that

EB(T)] <Y B and EP*(Ty)] <2 (k+1)5
k k

and for all function v (such that E[¢*(T})] < oo) and for all N
N
Var(3 " (Ty) < ANE(T)HT,)
i=1
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