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Abstract

In this paper, we study first the problem of nonparametric estimation of the sta-
tionary density f of a discrete-time Markov chain (X;). We consider a collection
of projection estimators on finite dimensional linear spaces. We select an estimator
among the collection by minimizing a penalized contrast. The same technique en-
ables to estimate the density g of (X;, X;+1) and so to provide an adaptive estimator
of the transition density = = g/f. We give bounds in L? norm for these estimators
and we show that they are adaptive in the minimax sense over a large class of Besov
spaces. Some examples and simulations are also provided.

Key words: Adaptive estimation, Markov Chain, Stationary density, Transition
density, Model selection, Penalized contrast, Projection estimators

1 Introduction

Nonparametric estimation is now a very rich branch of statistical theory. The
case of i.i.d. observations is the most detailed but many authors are also in-
terested in the case of Markov processes. Early results are stated by
([969), who studies nonparametric estimators of the stationary density and
the transition density of a Markov chain. He considers kernel estimators and
assumes that the chain satisfies the strong Doeblin’s condition (Dy) (see [Dool
(I953) p.221). He shows consistency and asymptotic normality of his estima-
tor. Several authors tried to consider weaker assumptions than the Doeblin’s
condition. Rosenblati] ([97(]) introduces an other condition, denoted by (Gs),

and he gives results on the bias and the variance of the kernel estimator of the
invariant density in this weaker framework. [Yakowit ([989) improves also the
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result of asymptotic normality by considering a Harris-condition. The study
of kernel estimators is completed by Masry and Gyorfi (m) who find sharp
rates for this kind of estimators of the stationary density and by

[ Sahod ([998) who prove a Berry-Esseen inequality under the condition (Gs)
of Rosenblatt. Other authors are interested in the estimation of the invariant
distribution and the transition density in the non-stationary case:

[ and Ghindéq ([983) bound the integrated risks for any initial distribution.
In [Herndndez-Lerma et _al] ([98), recursive estimators for a non-stationary
Markov chain are described. [Liebscheq ([[992) gives results for the invariant
density in this non-stationary framework using a condition denoted by (D;)
derived from the Doeblin’s condition but weaker than (D). All the above
papers deal with kernel estimators. Among those who are not interested in
such estimators, let us mention Bosd ([[979) who studies an estimator of the
stationary density by projection on a Fourier basis, [Prakasa Rad ([[978) who
outlines a new estimator for the stationary density by using delta-sequences
and [Gillert_and Wartenberd ([984) who present estimators based on Hermite
bases or trigonometric bases.

The recent work of [Clémencon] ([999) allows to measure the performance of
all these estimators since he proves lower bounds for the minimax rates and
gives thus the optimal convergence rates for the estimation of the stationary
density and the transition density. Clémencon also provides an other kind of
estimator for the stationary density and for the transition density, that he
obtains by projection on wavelet bases. He presents an adaptive procedure
which is ”quasi-optimal” in the sense that the procedure reaches almost the
optimal rate but with a logarithmic loss. He needs other conditions than those
we cited above and in particular a minoration condition derived from Num-
melin’s (1984) works. In this paper, we will use the same condition.

The aim of this paper is to estimate the stationary density of a discrete-time
Markov chain and its transition density. We consider an irreducible positive
recurrent Markov chain (X,,) with a stationary density denoted by f. We
suppose that the initial density is f (hence the process is stationary) and
we construct an estimator f from the data Xy,..., X,. Then, we study the
mean integrated squared error E||f — f||2 and its convergence rate. The same
technique enables to estimate the density g of (X;, X;41) and so to provide an
estimator of the transition density m = ¢g/f, called the quotient estimator.

An adaptative procedure is proposed for the two estimations and it is proved
that both resulting estimators reach the optimal minimax rates without ad-
ditive logarithmic factor.

We will use here some technical methods known as the Nummelin splitting

technique (see Nummelid (1984), Meyn and Tweedid ([993) or HopMer and
[ TLocherbacH (P003)). This method allows to reduce the general state space




Markov chain theory to the countable space theory. Actually, the splitting
of the original chain creates an artificial accessible atom and we will use the
hitting times to this atom to decompose the chain, as we would have done for
a countable space chain.

To build our estimator of f, we use model selection via penalization as de-
scribed in [Barron et al] ([999). First, estimators by projection denoted by fin,
are considered. The index m denotes the model, i.e. the subspace to which
the estimator belongs. Then the model selection technique allows to select
automatically an estimator fm from the collection of estimators ( fm) The
estimator of g is built in the same way. The collections of models that we con-
sider here include wavelets but also trigonometric polynomials and piecewise
polynomials.

This paper is organized as follows. In Section 2, we present our assumptions
on the Markov chain and on the collections of models. We give also examples
of chains and models. Section 3 is devoted to estimation of the stationary
density and in Section 4 the estimation of the transition density is explained.
Some simulations are presented in Section 5. The proofs are gathered in the
last section, which contains also a presentation of the Nummelin splitting
technique.

2 The framework

2.1 Assumptions on the Markov chain

We consider an irreducible Markov chain (X,,) taking its values in the real
line R. We suppose that (X,,) is positive recurrent, i.e. it admits a stationary
probability measure p (for more details, we refer to [Meyn and Tweedid ([993)).
We assume that the distribution i has a density f with respect to the Lebesgue
measure and it is this quantity that we want to estimate. Since the number
of observations is finite, f is estimated on a compact set only. Without loss
of generality, this compact set is assumed to be equal to [0, 1] and, from now,
f denotes the transition density multiplied by the indicator function of [0, 1]
J10,1). More precisely, the Markov process is supposed to satisfy the following
assumptions:

Al. (X,) is irreducible and positive recurrent.

A2. The distribution of Xj is equal to i , thus the chain is (strictly) stationary.

A3. The stationary density f belongs to L>([0,1]) i.e. sup,¢pq | f(2)] < 00

A4. The chain is strongly aperiodic, i.e. it satisfies the following minorization
condition: there is some function A : [0, 1] + [0, 1] with [hdy > 0 and a



positive distribution v such that, for all event A and for all z,
P(x, A) > h(z)v(A)

where P is the transition kernel of (X,,).
A5. The chain is geometrically ergodic, i.e. there exists a function V' > 0 finite
and a constant p € (0,1) such that, for all n > 1

1P (,.) = pllrv < V(x)p"
where ||.||7v is the total variation norm.

We can remark that condition A3 implies that f belongs to L?([0,1]) where
1

L2([0,1]) = {t : R — R, Supp(t) C [0, 1] and ||¢]> = / £2(z)dz < co}.
0

Notice that, if the chain is aperiodic, condition A4 holds, at least for some
m-skeleton (i.e. a chain with transition probability P™) (see Theorem 5.2.2
in Meyn and Tweedid ([993)). This minorization condition is used in the
Nummelin splitting technique and is also required in [Clémencon] (m)

The last assumption, which is called geometric regularity by [CIémencon] (B000),
means that the convergence of the chain to the invariant distribution is ge-
ometrically fast. In [Meyn and Tweedid ([993), we find a slightly different
condition (replacing the total variation norm by the V-norm). This condition,
which is sufficient for A5, is widely used in Monte Carlo Markov Chain lit-
erature because it guarantees central limit theorems and enables to simulate

laws via a Markov chain (see for example Jarner and Hansen] (2000), Robertd

and Rosenthal ([998) or Meyn and Tweedid ([999)).

The following subsection gives some examples of Markov chains satisfying
hypotheses A1-A5.

2.2 Ezxamples of chains

2.2.1 Diffusion processes

We consider the process (X;a)i<i<n where A > 0 is the observation step and
(X¢)t>0 is defined by

where W is the standard Brownian motion, b a is a locally bounded Borelian
function and o is a uniformly continuous function such that:

(1) there exists A_, Ay such that Vo # 0, 0 < A_ < o%(z) < Ay,
(2) there exists My, a > 0 and r > 0 such that V|z| > My, zb(z) < —r|x|*T.



Then, if X, follows the stationary distribution, Proposition 1 in

Veretennikoy (RBOOT)) shows that the discretized process (X;a)1<i<n satisfies

Assumptions A1-A5.

2.2.2  Nonlinear AR(1) processes

Let us consider the following process
Xy = ‘P(Xn—l) +EX, 1

where €, , has a positive density [, with respect to the Lebesgue measure,
which does not depend on n. We suppose that ¢ is bounded on any compact set
and that there exist M > 0 and p < 1 such that, for all |z| > M, |p(z)| < p|z|.
Mokkaden] ([[987) proves that if there exists s > 0 such that sup, E|e, ,|* < oo,
then the chain is geometrically ergodic. If we assume furthermore that [, has
a lower bound then the chain satisfies all the previous assumptions.

2.2.8 ARX (1,1) models
The nonlinear process ARX(1,1) is defined by
Xn = F(anlu Zn) + gn

where F'is bounded and (&,), (Z,) are independent sequences of i.i.d. random
variables with E|,,| < co. We suppose that the distribution of Z,, has a positive
density [ with respect to the Lebesgue mesure. Assume that there exist p < 1,
a locally bounded and mesurable function h : R +— R* such that Eh(Z,) < oo
and positive constants M, ¢ such that

V|(u,v)| > M |F(u,v)| < plu| + h(v) —cand sup |F(z)| < oo.
lz|<M

Then the process (X,,) satisfies Assumptions A1-A5 (see Doukhan ([994)
p.102).

2.2.4 ARCH process
The considered model is
Xn+1 = F(Xn) + G(Xn)gn-l—l

where I’ and G are continuous functions and for all z, G(x) # 0. We suppose
that the distribution of ¢, has a positive and continuous density with respect
to the Lebesgue measure and that there exists s > 1 such that E|e,|® < oco.



The chain (X;) satisfies Assumptions A1-Ab if (see Doukhan ([994) p.106):

s\1/s
i e @)1+ G (Bl

< 1.

2.8 Assumptions on the models

In order to estimate f, we need to introduce some collections of models. The
assumptions on the models are the following:

M1. Each S,, is a linear subspace of (L>°NL?)([0, 1]) with dimension D,, < v/n

M2. Let

1 £l
sup

(bm =
vV Dyresniioy |1t

There exists a real rg such that for all m, ¢, < rg.

This assumption (L?-L> connexion) is introduced by [Barron et al] (T999) and
can be written:
YVt € Sp, It o < 707/ Dinl|t]]- (1)

We get then a set of models (S,,)menr, where M,, = {m, D,, < /n}. We
need now a last assumption regarding the whole collection, which ensures that,
for m and m’ in M,,, S,, + S/, belongs to the collection of models.

M3. The models are nested, that is for all m, D,, < D,,, = S,, C Sy..
2.4  Ezxamples of models

We show here that the assumptions M1-M3 are not too restrictive. Indeed,
they are verified for the models spanned by the following bases (see Barrot

(T399)):

e Histogram basis: S, =< @1,...,pam > wWith ¢; = 2m/2]1[j2;m172%[ for 7 =
1,...,2™ Here D,, = 2™, 1o = 1 and M,, = {1,...,|[Inn/2In2|} where
| x| denotes the floor of z, i.e. the largest integer less than or equal to x.

e Trigonometric basis: Sy, =< @, ..., Pm-1 > with @o(x) = Tj1)(z), w25 =
V2 cos(2miz) 11 (x), poj-1 = V2sin(2mjz)lpy(z) for j > 1. For this
model D,, =m and ry = v/2 hold.

e Regular piecewise polynomial basis: S, is spanned by polynomials of degree
0,...,r (where 7 is fixed) on each interval [(j —1)/2P,j/2P[,j =1,...,2P,
In this case, m = (D,r), D,, = (r + 1)2P and M,, = {(D,r), D =
L..., [logy(v/n/(r+1))]}.-We can put ro = /1 + 1.



e Regular wavelet basis: S, =< ¢, j = —1,...,m,k € A(j) > where ¢_;
points out the translates of the father wavelet and 1, (z) = 27/2(27/2 — k)
where 1) is the mother wavelet. We assume that the support of the wavelets is
included in [0, 1] and that ¢_; = ¢ belongs to the Sobolev space W3 In this
framework A(j) = {0,..., K27 —1} (for j > 0) where K is a constant which
depends on the supports of ¢ and v: for example for the Haar basis K = 1.
We have then D,, = 37" | |A(j)] = [A(=1)] + K(2™"" — 1). Moreover

b < Sk [—1nl + 270 27 5 [yl
e VD,

el VIl (L + 570 27) _ lelloo VIl _
VIEAA=D)2me T K AJA(=D)]

3 Estimation of the stationary density
3.1  Decomposition of the risk for the projection estimator

Let

n

() = D[ — 26(X0) )

i=1
Notice that E(v,(t)) = [lt — f[> — || f[|* and therefore v, (t) is the empirical
version of the L? distance between t and f. Thus, f,, is defined by

~

fm = argmin~y, (t) (3)
tESm

where S, is a subspace of L? which satisfies M2. Although this estimator
depends on n, no index n is mentioned in order to simplify the notations . It
is also the case for all the estimators in this paper.

A more explicit formula for fm is easy to derive:
fm =Y Brpa, By =
A€A

where (¢))aea is an orthonormal basis of S,,. Note that

E(fm) = S < fooa > o,

AEA

which is the projection of f on .S,,.

In order to evaluate the quality of this estimator, we now compute the mean
integrated squared error E||f — f,,]|* (often denoted by MISE).



Proposition 1 Let X,, be a Markov chain which satisfies Assumptions A1-A5
and S, be a subspace ofAL2 with dimension D, < n. If S, satisfies condition
M2, then the estimator f,, defined by (3) satisfies

~ Dm

where C'is a constant which does not depend on n.

To compute the bias term d(f,S,,), we assume that f belongs to the Besov
space By ([0,1]). We refer to DeVore and Lorentq ([[993) p.54 for the def-
inition of Bg([0,1]). Notice that when a is an integer, the Besov space
B3 . ([0,1]) contains the Sobolev space W3 (see DeVore and Lorent7 ([993)
p.51-55).

Hence, we have the following corollary.

Corollary 2 Let X,, be a Markov chain which satisfies Assumptions A1-Ab.
Assume that the stationary density f belongs to Bs ([0, 1]) and that S,, is one
of the spaces mentioned in Section 2.4 (with the regularity of polynomials and

wavelets larger than o — 1). If we choose D,, = Lnﬁj, then the estimator
defined by (3) satisfies

E||f — full®> = O(n~ 1)

We can notice that we obtain the same rate than in the i.i.d. case (see D 0
([994)). Actually, Clémencon] ([999) proves that n"3H is the optimal
rate in the minimax sense in the Markovian framework. With very different
theoretical tools, [[ribouley and Viennef] ([99§) show that this rate is also
reached in the case of the univariate density estimation of S-mixing random
variables by using a wavelet estimator.

However, the choice D,, = Lnﬁj is possible only if we know the regularity
a of the unknown f. But generally, it is not the case. It is the reason why we
construct an adaptive estimator, i.e. an estimator which achieves the optimal
rate without requiring the knowledge of «.

3.2 Adaptive estimation

Let (Spm)mem, be a collection of models as described in Section 2.3. For each

A~

S, fm is defined as above by (3). Next, we choose m among the family M,
such that

i = arg min[y, (fr) + pen(m)]
meMy,



where pen is a penalty function to be specified later. We denote f= fm and
we bound the L?-risk E|f — f|| as follows.

Theorem 3 Let X,, be a Markov chain which satisfies Assumptions A1-AbH
and (Sp)mem, be a collection of models satisfying Assumptions M1-M3. Then
the estimator defined by

~ ~ A

f=Ffw where 1= argminfy,(fm) + pen(m)], ()
meMy
with N
pen(m) = K—= for some K > Kj (6)
n

(where Ky is a constant depending on the chain) satisfies

i o
E||f~fI* <3 inf {d(f.5m)+pen(m)} + —

where C does not depend on n.

Remark 4 The constant Ky in the penalty depends only on the distribution
of the chain and can be chosen equal to max(rg, 1)(Cy + Cal| f|leo) where Cy
and Cy are theoretical constants provided by the Nummelin splitting technique.
The number ry is known and depends on the chosen base (see subsection 2.3).
The mention of || f||e in the penalty term seems to be a problem, seeing that f
is unknown. Actually, we could replace || f|loe by ||flloe with f an estimator of
f. This method of random penalty is successfully applied in [Birgé and Massar}
(7997) or [Comtd (2001) for example. But we choose not to use this method
here, since the constants Cy and Cy in Ky are not computable either. Notice
that [Clémencor (2004) handle with the same kind of unknown quantities in the
threshold of his nonlinear wavelet estimator. Actually it is the price to pay for
dealing with dependent variables (see also the mixing constant in the threshold
in [Lribouley and Viennet (1998)). But this annoyance can be circumuvented for
practical purposes. Indeed, for the simulations the computation of the penalty is
hand-adjusted. Some techniques of calibration can be found in [Lebarbiert (2003)
in the context of multiple change point detection. In a Gaussian framework the
practical choice of the penalty for implementation is also discussed in Section

4 of [Birgé_and Massar} (2007).

Corollary 5 Let X,, be a Markov chain which satisfies Assumptions A1-AbH
and (Sm)mem, be a collection of models mentioned in Section 2.4 (with the
reqularity of polynomials and wavelets larger than o — 1). If f belongs to

BS ([0,1]), with a > 1/2, then the estimator defined by (5) and (6) satisfies

E||f - f|I? = O(n~ =)

Remark 6 When o > 3, B§_((0,1]) € C[0,1] (where C[0,1] is the set of



the continuous functions with support in [0,1]) and then the assumption A3
1 flloe < 00 is superfluous.

We have already noticed that it is the optimal rate in the minimax sense (see
the lower bound in [Clémencon] ([999)). Note that here the procedure reaches
this rate whatever the regularity of f, without needing to know «.. This result is
thus a improvement of the one of [Clémencod ([999), whose adaptive procedure
achieves only the rate (log(n)/ n)#i1 Moreover, our procedure allows to use
more bases (not only wavelets) and is easy to implement.

4 Estimation of the transition density

We now suppose that the transition kernel P has a density 7. In order to
estimate 7, we remark that 7 can be written g/f where ¢ is the density of
(Xi, Xiy1)- Thus we begin with the estimation of g. As previously, g and 7 are
estimated on a compact set which is assumed to be equal to [0, 1]?, without
loss of generality.

4.1  Estimation of the joint density g

We need now a new assumption.
A3’. 7 belongs to L>([0, 1]?).

Notice that A3’ implies A3. We consider now the following subspaces.

S =1{te LX([0,1%), tay)= Y arupa(2)eu(y)}

A?MeAm

where (©y)xea,, is an orthonormal basis of S,,. Notice that, if we set

g Lo Dl

" Dinyeso [

hypothesis M2 implies that ¢{2) is bounded by r2. The condition M1 must be
replaced by the following condition:

M1’. Each S? is a linear subspace of (L*NL?)([0, 1]?) with dimension D2, < \/n.

10



Let now

1

n—1
() = —— SN - 260X, X))
i=1

We define as above
G = arg miny® (1)
teS?

and ) = arg min[y?(g,,) +pen® (m)] where pen® (m) is a penalty function
me n

which would be specified later. Lastly, we set ¢ = g,,,c2)-

Theorem 7 Let X,, be a Markov chain which satisfies Assumptions A1-A2-

A8-A4-A5 and (Spm)mem, be a collection of models satisfying Assumptions
M1°-M2-MS3. Then the estimator defined by

9= gme  where 7ﬁ”=am£ﬁWﬁV%ﬂ+pH@Nm% (7)
me n
with
D2
pen®(m) = K@= for some K& > K (8)
n

(where K(SQ) is a constant depending on the chain) satisfies

C
El|g - g|* <3 inf {d*(g,S7) +pen® (m)} + —
m n n

where C does not depend on n.

The constant KSZ) in the penalty is similar to the constant K, in Theorem 3
(replacing 7o by 72 and || f|ls by ||9]/ec). We refer the reader to Remark 4 for
considerations related to these constants.

Corollary 8 Let X,, be a Markov chain which satisfies Assumptions A1-A2-
A3-A4-A5 and (Sp)mem, be a collection of models mentioned in Section 2.4

(with the reqularity of polynomials and wavelets larger than a—1). If g belongs
to B ([0,1]%), with a > 1, then

E[g—g|* = O(n"=5)

This rate of convergence is the minimax rate for density estimation in dimen-
sion 2 in the case of i.i.d. random variables (see for instance [[bragimov_and
Has'minskij ([980)). Let us now proceed to the estimation of the transition
density.

11



4.2 FEstimation of m

The estimator of 7 is defined in the following way. Let

!7(]0 Y) U o < £
ﬂﬁw:{ﬂ@ if 57, )| < anl ()]
0 else

with a, = n? and 3 < 1/8.
We introduce a new assumption:

A6. There exists a positive constant x such that Vo € [0,1], f(x) > x.

Theorem 9 Let X,, be a Markov chain which satisfies Assumptions A1-A2-
A8-A4-A5-A6 and (Sp)mem, be a collection of models mentioned in Section
2.4 (with the regularity of polynomials and wavelets larger than o — 1). We
suppose that the dimension D,, of the models is such that

VmeM, Inn<D,, <n'/*
If f belongs to B3 ([0,1]), with o > 1/2, then for n large enough

e there exists Cy and Cy such that
- - ~ 1
Ellw — #|* < CiEllg — 3* + GBIl f — fI* + o( )
e if furthermore g belongs to Bgm([o, 1)?) (with 3 > 1), then

2a

Ellr — 7> = O(sup(n” T+, n~531))

Clémencon (R000U) proved that n=2%/(26+2) is the minimax rate for f and g
of same regularity (. Notice that in this case the procedure is adaptive and
there is no logarithmic loss in the estimation rate contrary to the result of

Clémencon (2000).

But it should be remembered that we consider only the restriction of f or
7w since the observations are in a compact set. And the restriction of the
stationary density to [0,1] may be less regular than the restriction of the
transition density. The previous procedure has thus the disadvantage that the
resulting rate does not depend only on the regularity of = but also on the one

of f.

However, if the chain lives on [0, 1] and if g belongs to Bgoo([(), 1)%) (that is
to say that we consider the regularity of g on its whole support and not only
on the compact of the observations) then equality f(y) = [ g(z,y)dz yields

12



that f belongs to Bgoo([O, 1]) and then E|7r — 7|]? = O(n_%). Moreover,
if m belongs to Bgoo([O, 1)?), formula f(y) = [ f(z)7(x,y)dr implies that f
belongs to Bgoo([O, 1]). Then, by using properties of Besov spaces (see
and Sicke] ([990) p.192), g = fm belongs to ng([o, 1]%). So in this case of a

chain with compact support the minimax rate is achieved as soon as 7 belongs
to By ([0, 1]?) with 3 > 1.

5 Simulations

The computation of the previous estimator is very simple. We use the following
procedure in 3 steps:

First step:

e For each m, compute 7,,(f,n) + pen(m). Notice that v, (fr) = — doreA,, 32
where 3, is defined by (4) and is quickly computed.

e Select the argmin 771 of Yo fm) + pen(m).

e Choose f =3 5cp, Orpa
Second step:

e For each m such that D? < /n compute V2 (g,) + pen®(m), with
B (Gm) = — Sapen @3, where ay, = (1/n) X0y ox(Xi)ou(Xit1).
e Select the argmin m® of 72 (g,,) + pen® (m).
e Choose g(z,y) = L puen ) @rupa(€)ou(y)-
Third step: Compute 7 (z,y) = §(z,y)/f(x) if [§(z,y)| < n'/°|f(z)| and 0
otherwise.

The bases are here adjusted with an affin transform in order to be defined on
the estimation interval [c, d] instead of [0, 1]. We consider 2 different bases (see
Section 2.4): trigonometric basis and histogram basis.

We found that a good choice for the penalty functions is pen(m) = 5D,,/n
and pen® (m) = 0.02D2, /n.

We consider several kinds of Markov chains :
e An autoregressive process denoted by AR and defined by:
Xn+1 = a,Xn + b + 6n-i—l

where the €, are independent and identical distributed random variables,
with centered Gaussian distribution with variance 2. For this process, the
stationary distribution is a Gaussian with mean b/(1 — a) and variance
0?/(1 — a?). By denoting by p(z) = 1/(0v/27) exp(—22/20?) the Gaussian

13



density, the transition density can be written 7(x,y) = ¢(y — ax — b). We
consider the following parameter values :
(i) a=2/3,b=0, 0% =5/9, estimated on [—2,2]?. The stationary density of
this chain is the standard Gaussian distribution.
(i) a =0.5, b= 3, 0> = 1, and then the process is estimated on [4, 8]°.
e A radial Ornstein-Uhlenbeck process (in its discrete version). For j = 1,....9,
we define the processes: &, = a&l + ) where the €/ are ii.d. standard

Gaussian. The chain is then defined by X, = 1/>9_,(£1)2. The transition
density is given in Chaleyat-Maurel and Genon-Catalof] (P00G) where this
process is studied in detail:

y? + a’a’ axy\ ax [y \%?
m(2,y) = Lyso exp T3 Is5/2-1 e @(@)

and I5/5_1 is the Bessel function with index 6/2 — 1. The invariant density
is f(z) = Clysgexp(—22/2p%)2° 1 with p* = 5%2/(1 — a®) and C such that
[ f = 1. This process (with here a = 0.5, 5 = 3, 6 = 3) is denoted by vCIR
since its square is actually a Cox-Ingersoll-Ross process. The estimation
domain for this process is [2, 10]2.

e A Cox-Ingersoll-Ross process, which is exactly the square of the previous
process. It follows a Gamma density for invariant distribution with scale
parameter | = 1/2p* and shape parameter a = §/2. The transition density

is
1 Y+ ax a\/Ty y \ /4172
m(z,y) = 2—ﬁ2 exp <_27ﬁ2> Isj21 (7 (%)

The used parameters are the following;:
(iii) @ =3/4, b= ,/7/48 (so that | = 3/2) and § = 4, estimated on [0.1, 3]°.
(iv) a=1/3,b=3/4 and § = 2. This chain is estimated on [0, 2J°.
e An ARCH process defined by X, 11 = sin(X,,) + (cos(X,,) + 3)e,+1 where
the €, 41 are i.i.d. standard Gaussian. The transition density of this chain is

[y —sin(x) 1
T y) = ¢ (COS(ZL‘) - 3) cos(x) + 3

and we estimate this process on [—5, 5]°.

For this last chain, the stationary density is not explicit. So we simulate n+500
variables and we estimate only from the last n to ensure the stationarity of
the process. For the other chains, it is sufficient to simulate an initial variable
Xo with density f.

Figure 1 illustrates the performance of the method and Table 1 shows the
L?-risk for different values of n.

The results in Table 1 are roughly good and illustrate that we can not pretend
that a basis among the others gives better results. We can then imagine a

14
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Fig. 1. Estimator (light surface) and true transition (dark surface) for the process
CIR(iii) estimated with a trigonometric basis, n=1000
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n 50 100 250 500 1000 basis
AR(i) 0.7280 0.5442 0.2773 0.1868 0.1767 H
0.5262 0.4682 0.2223 0.1797 0.1478 T
AR(ii))  0.4798 0.3252 0.2249 0.1160 0.0842 H
0.2867 0.2393 0.1770 0.1342 0.1083 T
VCIR 0.3054 0.2324 0.1724 0.1523 0.1278 H
0.2157 0.1939 0.1450 0.1284 0.0815 T
CIR(iii) 0.5086 0.3082 0.2113 0.1760 0.1477 H
0.4170 0.3959 0.2843 0.2565 0.2265 T
CIR(iv) 0.3381 0.2101 0.1205 0.0756 0.0458 H
0.2273 0.2212 0.1715 0.1338 0.1328 T
ARCH 0.3170 0.3013 0.2420 0.2124 0.1610 H
0.2553 0.2541 0.2075 0.1884 0.1689 T
Table 1

MISE E|jr — 7| averaged over N = 200 samples. H: histogram basis, T: trigono-
metric basis.

mixed strategy, i.e. a procedure which uses several kinds of bases and which can
choose the best basis or, for instance, the best degree for a polynomial basis.
These techniques are successfully used in regression frameworks by

[_Rozenhold (2003, P00Y).

15



The results for the stationary density are given in Table 2.

n 20 100 250 500 1000 basis

AR(i) 0.0658 0.0599 0.0329 0.0137 0.0122
0.0569 0.0538 0.0246 0.0040 0.0026

AR(ii))  0.0388 0.0354 0.0309 0.0147 0.0081
0.0342 0.0342 0.0327 0.0195 0.0054
VCIR 0.0127 0.0115 0.0105 0.0102 0.0096
0.0169 0.0169 0.0168 0.0166 0.0107

CIR(iii) 0.0335 0.0268 0.0229 0.0222 0.0210
0.0630 0.0385 0.0216 0.0211 0.0191

CIR(iv) 0.0317 0.0249 0.0223 0.0185 0.0103
0.0873 0.0734 0.0572 0.0522 0.0458

H D3 243 2B =23 =

Table 2
MISE E||f — f||? averaged over N = 200 samples. H: histogram basis, T: trigono-
metric basis.

We can compare results of Table 2 with those of Daleland (P00Y) who gives
results of simulations for i.i.d. random variables. For density estimation, she
uses three types of kernel: Gauss kernel, sinc-kernel (where sinc(x) = sin(z)/x)
and her Cross Validation optimal kernel (denoted by Dal). Table 3 gives her
results for the Gaussian density and the Gamma distribution with the same
parameters that we used (2 and 3/2). If we compare the results that she
obtains with her optimal kernel and our results with the trigonometric basis,
we observe that her risks are about 5 times less than ours. However this kernel
is particularly effective and if we consider the classical kernels, we notice that
the results are almost comparable, with a reasonable price for dependency.

6 Proofs

6.1 The Nummelin splitting technique

This whole subsection is summarized from Hopfer and Locherbach] (P003)
p.60-63 and is detailed for the sake of completeness.

The interest of the Nummelin splitting technique is to create a two-dimensional
chain (the ”split chain”), which contains automatically an atom. Let us recall
the definition of an atom. Let A be a set such that ¢(A) > 0 where ¢ is an

16



n 100 500 1000 kernel

0.0065 0.0013 0.0008 Dal
Gaussian 0.0127 0.0028 0.0016 Gauss
(=AR(i)) 0.0114 0.0026 0.0010 sinc

0.0148 0.0052 0.0027 Dal
Gamma 0.0209 0.0061 0.0031 Gauss

(=CIR(iii)) 0.0403 0.0166 0.0037 sinc

Table 3
MISE obtained by (R007) for i.i.d. data, averaged over 50 samples

irreducibility measure. The set A is called an atom for the chain (X,) with
transition kernel P if there exists a measure v such that P(z, B) = v(B), for
all z in A and for all event B.

Let us now describe the splitting method. Let E = [0, 1] the state space and
& the associated o-field. Each point x in F is splitted in zy = (z,0) € Ey =
E x {0} and z; = (2,1) € E; = E x {1}. Each set A in & is splitted in
Ap = A x {0} and A; = A x {1}. Thus, we have defined a new probability
space (E* E*) where E* := Ey U Ey and £ = o(Ap, A1 : A € &). Using h
defined in A4, a measure A on (E, &) splits according to

{A*(An = [14(x)h(z)\(dx)
N(Ag) = [1a(@)(1 = h)(x)A\(dx)

Notice that \*(Ag U A;) = A(A). Now the aim is to define a new transition
probability P*(.,.) on (E*,£*) to replace the transition kernel P of (X,,). Let

N

*

v else

(P—h®v) (z,.) ifi=0andh(x)>1

where v is the measure introduced in A4 and h ® v is a kernel defined by
h ® v(z,dy) = h(z)v(dy). Consider now a chain (X;) on (E*,£*) with one-
step transition P* and with starting law p*. The split chain (X}) has the
following properties:

P1. For all (A,)o<p<n € EY and for all measure A
P)\(XPGAWOSPSN) :PA*(X; EAp X {0,1},0§p§N).
P2. The split chain is irreducible positive recurrent with stationary distribu-

tion p*.

17



P3. The set E; is an atom for (X}).

We can also extend functions g : E — R to E* via g*(z¢) = g(z) = ¢*(x1).
Then, the property P1 can be written: for all function £-measurable g : EY
R

Ex(g(Xy, -, Xn)) = Ea- (97(XT, -, X))
We can say that (X,,) is a marginal chain of (X¥). When necessary, the follow-
ing proofs are decomposed in two steps: first, we assume that the Markov chain
has an atom, next we extend the result to the general chain by introducing
the artificial atom Fj.

6.2 Proof of Proposition 1

First step: We suppose that (X,,) has an atom A.

Let f,, be the orthogonal projection of f on .S,,. Pythagoras theorem gives us:

E|f = ful? = (£, Sm) + Ell fm — full®

We recognize in the right member a bias term and a variance term. According
to the expresssion (4) of f,, the variance term can be written:

Ellfu = ful®= 3 Var(Bh) = 3 E(v(#2) (9)

AEAm AEAm

where v,(t) = (1/n) X7 [t(X:)— < t, f >]. By denoting 7 = 7(1) = inf{n >
1, X, € A} and 7(j) = inf{n > 7(j—1), X,, € A} for j > 2, we can decompose
vn(t) in the classic following way:

va(t) = vV (1) + 02 () + v (1) + v (2) (10)

with v\ (1) = v, () Lyrsn,

V() = =YX~ < ] e

7(ln)

1
V(1) = - S (X)) — <t f >]1i<n,
1=1+7(1)
1 n
Vr(z4) (t) _— g Z [t(Xz)_ <1, f >]]17—§n7
i=7(ln)+1

and [, = > ; 14(X;) (number of visits to the atom A). Hence,

va(®)? <, V)2 + 1,202 + P )2 + v, D ()%}

18



e To bound v{V(#)2, notice that |v,(t)| < 2||t||cc. And then, by using M2 and
(1), D (0] < 2r0V/Dia[t]| 1755 Thus,

D,

E(v(V(£)?) < 4r3|[t|* Dy P(r > n) < 4r3|[t|*E(r?) —2
n

e We bound the second term in the same way. Since |2 ()] < 2(7/n)||t||co,
we obtain [ (t)| < 2||t||7o7v/ Dy /n and then

Dy,

E(vy? (1)?) < 4rgl[t"E(r) —5

n

e Let us study now the fourth term. As

n—7(l, D,,
(1) < Q#Htuwn@ < 2(n = 7(l))=—=ro[[tlLr<n,

Dy,

we get  E(vW(t)?) < 47°§||t||2—2 E((n —7(1,))*1r<n).
o <

It remains to bound E((n — 7(1,))*1,<,):

E.((n —7(,)) 1<) i Lr)=Llr<n)
:i Po(Xpa1 ¢ A, Xy & AIX,, € A)P,(X; € A)
_ Zn: YPa(X1 ¢ A, ., X i & Au(A)

by using the stationarity of X and the Markov property. Hence

(n — k)2Pa(T >n — k)u(A)

I
M=

EM((” - T(ln))z]lTSn)

Therefore E, ((n — T(ln))Q]lTSn) < 2E4(7*)pu(A). Finally

Dy,
E(v," (£)?) < 8rgllt]*n(A)Ea(r) —5

and we can summarize the last three results by

E (1) + v@(1)? + vO(1)?) < S IE, () + m(AEA) 2. (1)

n2

19



In particular, if t = @), using that D,, < n,

B, () + p(AEA()

E (10 (o) + v (02) + v (92)?) < 813

n
e Last we can write 13 (t) = (1/n) & l” S ()1 ,<,, where
T(G+1)
St)= S ((X)-<t,f>) (12
i=1+7(j)

We remark that, according to the Markov property, the S;(t) are independent
identically distributed and centered. Thus,

1 In—1
E(W? (p))?) < = > Z E[S;(0x)]%.
Then, we use Lemma 10 below to bound the expectation of 1% ()2
Lemma 10 For all m > 2, E,|S;(6)[™ < 2lt/leo)™ 2| flloo [E]PEa(r™).
We can then give the bound
1/ llocBa(r?)

n

1 n
B (o) £ 15 o I llloaBA) <

Finally

W

E(v,(px)) < —[8r5(Eu(7?) + u(A)EA(TY) + | fllocEa(r?)]-

3

Let C = 4[8r2(E,(r%) + u(A)E4(r4) + | f|lEa(r2)]. We obtain with (9)

. D,,

Second step: We do not suppose any more that (X,,) has an atom.
Let us apply the Nummelin splitting technique to the chain (X,,) and let

1
n

Sl - 2667 (13)

We define also

~

i, = argminy (0. (14)
tESm
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Then the property P1 in Section 6.1 yields E||f — f*||> = E|f — fi||?. The
split chain having an atom (property P3), we can use the first step to deduce
E|lf — fill> < d*(f, Sm) + CD,,/n. Tt follows that

E|f = full® < (. Sm) + CDy/n.

Proof of Lemma 10: For all j, E,|S;(¢)|™ = E,|S:(¢)|" = E,| zjﬁ’ﬂ t(X;)|™
where t = t— < t, f >. Thus

l

> X))

i=k+1

m

E,|S;(t ZE(

k<l

T =k, 7(2) = l) P(r=k,7(2)=1)

l

> X))

2

< Y@l - k))’HE(

T =k, 7(2) = l) Pir=k,71(2)=1)

k<l z‘:k+1
< Z 2||t|00)™™ 2 ) 1 Z E(‘t |7' =k, 7(2) = l)P(T =k, 7(2)
k<l i=k41

using the Schwarz inequality. Then, since the X; have the same distribution
under .

Eu5;(0)]™ < ;(2lltlloo)’”_2(l — b)"E(t*(X1))P(r = k,7(2) = 1)

<D @ltlee)™ 20 = B)" | f ot P(r = &, 7(2) = 1)

k<l

< @IElloo)™ *E(7(2) = 7™ f ool

We conclude by using the Markov property. O
6.3 Proof of Corollary 2

According to Proposition 1 E||f — ful|? < d2(f, Sp) + CD,,/n. Then we use
Lemma 12 in Barron et al] ([999) which ensures that (for piecewise polyno-
mials or wavelets having a regularity larger than oo — 1 and for trigonometric
polynomials) d*(f, S,,) = O(D,;**). Thus,

[e] Dm
Elf - full? = O(D2 + =22)

In particular, if D,, = LnH;ZaJ, then E|| f — meZ = O(n_li—ga)_ 0
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6.4 Proof of Theorem 3

First step: We suppose that (X,,) has an atom A.

Let m in M,,. The definition of 7 yields that v, (f,) 4+ pen(m) < yn(fm) +
pen(m). This leads to

i = FIP < 1fm = FI? + 20a(fin = fin) + pen(m) — pen(ri)  (15)
where v, (t) = (1/n) X0 [t(X:)— < t, f >].

Remark 11 Ift is deterministic, v, (t) can actually be written v, (t) = (1/n)
E(t(X:))]

We set B(m,m') = {t € S,, + Sy, ||t|]| = 1}. Let us write now

f:m_fm )
A "= gl
< fall S valt) < =l fn— Ful2 45 sup va(0)?

teB(m,m) teB(m,m)

2 (i = fm) = 2l = Fmllom(

—_

1
by using inequality 2zy < gxz + 5y%. Thus,

KBl fre — Fudl < g Bl f — il SE( sup_ (1)) (16)

te B(m,m)
Consider decomposition (10) of v, (t) again and let

7(ln)
Zn(t):% S ) <t f ). (17)

j=1+7(1)

Since [vP) ()| < |Z,(t)|, we can write

sup () <p(m,m)+ > [ sup  Z,(t) — p(m,m’)];
te B(m,m) m/'eM,, t€B(mm’)

where p(.,.) is a function specified in Proposition 12 on page 24. Then, the
bound (11) combined with M1, (15) and (16) gives

22
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E(7?) + n(A)Ea(r")

n

A 1 R
Ellfa— fIP < fm = £I? + Bl — fnll? + 16077
+20 > E[ sup Z,(t)* —p(m,m')]y

m' EMn, tEB(m,m’)
+E(20p(m, m) + pen(m) — pen(m)).

We choose pen(m) such that 20p(m, m’) < pen(m)+pen(m’). Thus 20p(m, m)+
pen(m) — pen(m) < 2pen(m). Let

W(m,m') = sup Zx(t) —p(m,m')],. (18)

te B(m,m')

1
2 + 5@/2 to deduce

1 1
We use now the inequality g(x +y)? < 3

A 1 A 3 / ¢
E|l fa—fII? < §E|!fm—fH2+§Hfm—fH2+20 > EW (m, m')+2pen(m)+—

m/'eMy,
and thus
3C

R 9
E|frm — fII* < Z||fm —fIP+30 Y EW(m,m')+ 3pen(m) + o
m'eEM,, n

We need now to bound EW (m,m’) to complete the proof. Proposition 12
below implies

1+ || f ]|
BV () < KDy v 12, L Kl

where K’ is a numerical constant and K5, K3 depend on the chain and with

Kdlm(Sm + Sm/)

n

p(m,m’) = (ro V 1)*K3(1 + Ka||f]|oo)- (19)

The notation a V b means max(a, b).

Assumption M3 yields 3, e, € P < Ypsie7¥ =1/(e —1). Thus, by sum-
mation on m’ in M,,

1+ Ka|| fll
V1) K,— =t e
6_1(7”0 ) 3 n

> EW(m,m') <K'

mIEMn

It remains to specify the penalty, which has to satisfy 20p(m,m’) < pen(m)+
pen(m’). The value of p(m,m’) is given by (19), so we set

Dy,
pen(m) > ZOKT(TO V1)?Ks(1+ Ko flo)
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Finally
. C
vm E||f — fII? < 3| fm — fII* + 3pen(m) + ;1

where C depends on 7o, || floos #(A), E,(7%), Ea(T*), K2, K3. Since it is true
for all m, we obtain the result.

Second step: We do not suppose any more that (X,,) has an atom.

The Nummelin splitting technique allows us to create the chain (X;;) and to
define 7 (t) and f; as above by (13),(14). Set now

i = argmin[y;(f7,) + pen(m)]
meMy,

and f* = fx.. The property P1 in Section 6.1 gives E||f — f||> = E||f — f*||>.
The split chain having an atom, we can use the first step to deduce

_ C,
E[lf = I <3 inf, {(/,5,) +pen(m)} + =,

And then the result is valid when replacing f* by f.

O

Proposition 12 Let (X,,) be a Markov chain which satisfies A1-A5 and (Sy)mem,
be a collection of models satisfying M1-M3. We suppose that (X,,) has an atom
A. Let Z,(t) and W(m,m') defined by (17) and (18) with

dim(.S,,, + S, 1 E -
plom, m') = R 22 n+ J(rov 1y +||{I|I|1$)2A(S)

(where K is a numerical constant and s is a real depending on the chain).

Then
o1+ || fllcEa(s7)

EW(m, m') < K'e DPrv (TO vV 1) (1 )2
ns)“n

Proof of Proposition 12: We can write Z,(t) = (1/n) 22»";11 S;(t) where
S;(t) is defined by (12). According to Lemma 10: E,|S;(6)]™ < (2||t]leo)™ 2
| flso IE[PEA(7™). Now, we use condition A5 of geometric ergodicity. The proof
of Theorem 15.4.2 in Meyn and Tweedid ([993) shows that A is a Kendall set,
i.e. there exists s > 1 (depending on A) such that sup,. 4 E,(s7) < co. Then

Ea(r™) < [m!/(Ins)™|Ea(s™). Indeed

E (™) = /OOO ma™ ' Py(T > x)dx

o0 m!
</ ma™ s T R, (s7)dx = EA(sT)

—Jo (Ins)m

24



Thus

imza B8O < _<2HtHoo>mszHooHtHQEA(S)' (20)

Ins In 5)2

We use now the following inequality (see Petrov] (1973) p.49):

Pl 35002 4) <2P(£5,0) >y 25,)

Jj=1

I/ 1l 1

where B, > >7_, ES;(t)*. The inequality (20) gives us B,, = 2n “lns) EA(s7)
ns

and
n

P(Y" S;(t) 2 y) < P(max > S;(t) > y) < zp(z ) > y—2v/nl[t||M/Ins)

j=1 j=1 j=1

where M? = || f||scEa(s™). We use then the Bernstein inequality given by

and Massar{ ([[999).

P(i Sj(t) >ne) <e ™

2tlloo 20t M
T 4+

with e = s s vz . Indeed, according to (20),
nFl ~— 2" Ins Ins '

Finally

2
In

P(Z() (el + MU}V + Mt/ })s2e—m. (21)

We will now use a chaining technique used in Barron et al] ([999). Let us
recall first the following lemma (Lemma 9 p.400 in Barron et al] ([999), see
also Proposition 1 in Birgé and Massar{] ([993)).

Lemma 13 Let S a subspace of L? with dimension D spanned by (o))rea
(orthonormal basis). Let

p|’ZAeA5A<PA”oo
\/_ D0 SuPyey |2l

Then, for all § > 0, we can find a countable set T C S and a mapping m from
S to T such that :

r =
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e for all ball B with radius o > 50
TN B| < (50/6)" (22)
o ||lu—m(u)|| <6, VuesS and SUPyer—1(p) It — tw <76, VEET.

We apply this lemma to the subspace S, + S,y with dimension D,, V D,
denoted by D(m,m’) and r = r(m, m’) defined by

1 U p” Z)\GA(mm ﬁk(p)\HOO
\/D(m, m’) B#0  SUDxeA(m,m/) |ﬁ)\|

where (¢x)xeA(m,n) is an orthonormal basis of S,, + S,,. Notice that this

quantity satisfy ¢p» < r(m,m’) < \/D(m,m')¢,» where m” is such that
Sm + Sy = Sy» and then, using M2

r(m,m’) =

r(m,m') < rog\/D(m,m').

We consider dy < 1/5 , 6, = 627%, and the T, = T N B(m,m’) where T is
defined by Lemma 13 with § = ¢ and B(m,m’) is the unit ball of S, + S,
Inequality (22) gives us [T N B(m,m')| < (5/6,)P™™). By letting H, =
In(|T%|), we obtain

H < D(m,m')[ln(%) + k1In?2]. (23)

Thus, for all u in B(m,m’), we can find a sequence {uy}r>o with uy € T} such
that ||u —ug|| < & and ||u — ugl|o < 7(m, m')d;. Hence, we have the following
decomposition:

U = Ug + Z(uk — uk,l)

with |lug|| < 1 and [Jugllee < 7104/ D(m, m')||ug|| < roy/D(m, m’) and for all
k> 1,

|ur — up—1]| <Ok + 0p—1 = 30-1/2,
lur — up—1]|co < 3r(m,m")o_1/2 < 3ro\/D(m, m/)d_1/2.
Then

P( sup Z,(u) >n) =P(3(ur)r=0 € H Ty, Zn(uo) + Z Zp(up — up—1) > 1o + Z k)
u€B(m,m’) k>0 k=1 k=1

< Y P(Zy(u) > o) +Z > P(Zn(uk — uk—1) > i)

upg€Ty k=1 up€Ty
up—1€Tk—1
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with 7o + Y72, M < 1. We use the exponential inequality (21) to obtain

> P(Zu(ug) > np) <2efom0

UOETO
Z P<Zn<uk - uk:fl) > T]k) SQerJFkal*nmk
Up—1€TK_1

2 M
Ny = B To D(m,m’)xo—l—M\/:L’_o—i—%

’ D(m,m') M6 Mo
T =5\ 7o (m,m)0p—12) + M1/ + T )

Let us choose now the (xy)g>0 such that nzg = Hy + D,y + v and for k > 1,

by choosing

nry = Hy_ 1+ H, +kD,,y + D,y +v
Thus
P( sup Zn(u) >n)<2e P01 + Z e FPm'y < 3.2¢7 Pm v
u€B(m,m’) k>1

It remains to bound »77 ; n:

Zﬁk )A1+A2+A3)

Al = To\/ D(m, m’)(2x0 +3 Z (5]?,11’]?)

k=1
where { Ay = 2M\/Tg 4+ 3M Y p_11/Tr,
k=1
M © 3My_
A3 _ 2__'_ Z k—1
vnooi—= ovn

e Regarding the third term, just write

(609 + 2) < ¢1(do)

si=
Si=

AsZ%@—l—Biékl) =

k=1

e Let us bound the first term. First, recall that D(m,m’) < y/n and then
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Ay <rg

n

D(m,m’)

S H, 1+H,+kD,,+ D, +v
+3Z5k_1 bl r )
k=1

n

Observing that > 72, 051 = 2 and >_;2; kdp—1 = 46y and using (23), we get

D /
A < 01(50)7“0; + ¢2(09)70 M
nD(m,m’) n

e To bound the second term, we use the Schwarz inequality and the inequality

Va+b < y/a++/b. We obtain

D(m,m’)

AQ < (50)M\/§ + C3(50)M
n n

with c3(dg) = 2y/1 +In(5/d) + 3v/2801/60(1 + In 2) + 40, In(5/d)

We get so

7’0\/1

Sws(2)e (—JW ‘ M[)

+ Dim, m') (TO ! 1> [c2 + esM + ¢ M|
n Ins
o 1\? v? v
2 o (TO v > 2l
(;T/k) —04(50) In s [nD(m,m’) \ 77,]
D ! 1\?
o) 2 (10 LY 1y

c5(00) = (6/5)sup(ca, ¢34 ¢1)?
Let us choose now dy = 0.024 and then ¢, = 28, ¢5 = 268. Let K1 = cy(ro V
1/1ns)% Then

_ 2
where {04(50) = 0a

v
vV MP =]+ p(m, m')

where
o D(m,m") 1+ || fllocEa(s7)

plm.m') = es(ro V 1)"—— (Ins)?
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v v
We get P 7% (u) > Ki|———— vV M*— .m’
eget  P(_sup Zi(w)> Kl v M)+ p(m, m)

= P( sup Zy(u) > 1)

ueB(m,m’)
< P( sup Z,(u)>n)+P( sup Z,(u) <-n)
ueB(m,m’) ueB(m,m’)
Now
P( sup Z,(u) < —n) < Z w(ug) < —mo) +Z Z P(Z,(up — ug—1) < —1y)
u€B(m,m’) ug €T, =1 uR€ely
Ulc 1€TK—1
Z w(—uo) > m0) Z Z P(Z,(—ug + ug_1) > ny)
6 k=1 UkETk
up—1€TK_1
<3.2¢ Pm—v,
Hence

2

v v
P Z2 > Kij|——————+V MZ— , / < 6.4 —Dm/—y.
(ueg(lg),m') n(U) 1[nD(m’ m/) TL] +p(m m)) >~ e

We obtain then

E[ sup Z3(t) = plmm)} < [T P( sup  Z2w) > plm,m') + 2)dz

teB(m,m’) ueB(m,m’)

M2D(m,m’) ) , 5V M?
< / P( sup Z.(u)>p(m,m')+ KM E)K]Tdv
0

ueB(m,m’)
+/°° P( Z2(u) > ( Nt K K2 g
su u m,m
M2D(m,m’) uEB(WIL),m/) n p lnD(m m/) lnD<m’ m/)
K 00
<=L [MQ/ 6.4 Pm' ~Vdy 4+ ———— / 6.4~ Pm' ~Pudo
n 0 (m m’)
AK 1+ M?
< Le—Dm'(M2 + ) < 12.8K e P =
n D(m,m’) n

By replacing M? by its value, we get so

V1o b, Lt IflEa(s)
Ins n

EW (m,m') < K'(

where K’ is a numerical constant O
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6.5 Proof of Corollary 5

According to Theorem 3, E|f — f|I> < C, lel}él {d*(f,Sm) + D,,/n}. Since
d*(f, Sm) = O(D,**) (see Lemma 12 in Barron et al] ([999)),

; D
_ 2 < : —2x m
BI1f  fI? < Oy ing {05+ D)
In particular, if mg is such that D,,, = LnH;%J, then
3 2 —2x Dmo _ _2a
Ellf — flI < Cs{D, ;" + T} < Cyn~ T+2a,

The condition D,, < y/n allows this choice of m only if a > % O

6.6 Proof of Theorem 7

The proof is identical to the one of Theorem 3. a

6.7 Proof of Corollary 8

It is sufficient to prove that d(g, S$%)) < D, if g belongs to Bg ([0,1]%). It
is done in the following lemma. a

Lemma 14 Let g in the Besov space B ([0, 1]%). We consider the following
spaces of dimension D?* :

e S) is a space of piecewiwe polynomials of degree bounded by s > o — 1 based
on a partition with square of vertice 1/D,

e Sy is a space of of orthonormal wavelets of reqularity s > o — 1,

e S3 is the space of trigonometric polynomials.

Then, there exist positive constants C; such that

d(g,S;) < C;D™* fori=1,2,3.

Proof of Lemme 14: Let us recall the definition of Bg ([0,1]%). Let

T

Mol ) = (17 ([ Jato + b -+ ko)

k=0
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the rth difference operateur with step h and w,(g,t) = sup||A}g||2 the rth
|h|<t

modulus of smoothness of g. We say ¢ is in the Besov spage B ([0, 1]?) if
SUPso b %wr(g,t) < oo for r = || + 1, or equivalently, for  an integer larger
than a.

DeVore ([[99§) proved that d(g, S1) < Cw,y1(g, D7) | so

d(g, Sl) < CcD™“.

For the wavelets case, we use the fact that f belongs to B ([0,1]?) if and
only if sup 27¢||3;]| < oo (see [Meyeq ([990) chapter 6, section 10). If gp is the
>-1

>
orthogonal projection of g on Sy, it follows from Bernstein’s inequality that

lg — gpll* = > 1Biml> < C > 272 < "D

i>m kil ji>m
where m is such that 2™ = D.

For the trigonometric case, it is proved in [Nikol'skij (I979) (p. 191 and 200)
that d(g,93) < Cwsy1(g, D7) so that d(g, S3) < C'D~. O

6.8 Proof of Theorem 9

Let us prove first the first item. Let E, = {||f — fllo < x/2} and ES its
complementary. On E,, f(z) = f(x) — f(z) + f(x) > x/2 and for n large

enough, 7(z,y) = g](f(;v?;) For all (x,y) € [0, 1),
le) = nlopt < \HED ST, (el
_ 132,) ~ gle.) + e y) (@) - )

- X2 /4
+(an + ||7T||OO)2]IE%
~ 112 8 ~112 2 112 2 c
Ellm —7° < ?[EHQ — gl + I7IISENf = fIF] + (an + |I7]loo)" P(E;)

It remains to bound P(ES). To do this, we observe that

I1f = Flloo < I1f = Falloo + 1 fin = Finlloo

Let v = a—3, then BS_([0,1]) € BL ([0, 1]) (see [DeVore and Lorent ([993)
p.182). Thus f belongs to B, ([0, 1]) and Lemma 12 in Barron et al] ([999)

31



gives

If = finlle < Dy < (Inn) ™7

Thus || f — fille decreases to 0 and ||f — fi|leo < x/4 for n large enough. So
c ¢ X
P(E}) < P(Ilfa = falloo > 7))

But || £ — filloo < 7oV Dall fir — Firll < ron®|| fan — Fiarll and || f — f]l? =
2 oNels, Vi(‘PA)- Thus,

2

X
P(ES) < P 2 >~
(Er) < (AEXA:A v, (92) 16T3n1/4)
2
<P (1) ) W )2 > X
< gg v ()7 + 2 (02)? + 1) (o) 327’8711/4)
. 2 X2
P Z > —F
+ <)\GZA n(QO)\) 327,877[1/4)
32r2nl/4
< OB v (0a)? + 2 (00)? + o0 (00)?)
X AEA; )
Z2 —
Tk, AGZA (o2) > 35.20172)

We need then to bound two terms. For the first term, let .S,,, the maximum
model with cardinal D,,, < n'/4. Since A; C A,,, and using inequality (11)

and the assumption Ym D,, < n'/4, we obtain
32r2nl/4
;2 E( Y v ()2 + P ()2 + v (pr)?) < C'n 74
AEA,

Besides, for all x and for all A, using (21),

M
P(Z.(px) > 2ron'/8x + 2M\/z + 27) < 27
n

and so

M
P(Z2(py) > (2rgn'/8z 4+ 2M/x + 27) ) < de ™
n

Let now = = n=3/%, x verifies (for n large enough)

2ron®/Bx + 2Mnt\/x 4+ 2Mn~ VA <

7‘0\/_

that yields
%

M
2 1/8 2M 2— —
(2ron'/®z + VvV + )_32rn1/2

Jn
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The previous inequality gives then

XZ

32r3nlt/4

4

P(ZXp) > ) < de™ < 4

Finally
P(ES) < dn'tem " 4 '~ < 0o

for n great enough. And then, for n large enough, (a, + [|7||s)?P(ES) <
Ca?n=>/%. So, since a,, = o(n'/®), (a, + ||7||o0)?P(ES) = o(n™1).

Following result in Theorem 9 is provided by using Corollary 5 and Corollary 8.
]

Acknoledgements

I would like to thank F. Comte for her helpful suggestions throughout this
work.

References

Barron, A., Birgé, L., Massart, P., 1999. Risk bounds for model selection via
penalization. Probab. Theory Related Fields 113 (3), 301-413.

Basu, A. K., Sahoo, D. K., 1998. On Berry-Esseen theorem for nonparametric
density estimation in Markov sequences. Bull. Inform. Cybernet. 30 (1),
25-39.

Birgé, L., Massart, P., 1997. From model selection to adaptive estimation. In:
Festschrift for Lucien Le Cam. Springer, New York, pp. 55-87.

Birgé, L., Massart, P., 1998. Minimum contrast estimators on sieves: exponen-
tial bounds and rates of convergence. Bernoulli 4 (3), 329-375.

Birgé, L., Massart, P., 2007. Minimal penalties for gaussian model selection.
Probab. Theory Related Fields. To appear .

Bosq, D., 1973. Sur l'estimation de la densité d’un processus stationnaire et
mélangeant. C. R. Acad. Sci. Paris Sér. A-B 277, A535-A538.

Chaleyat-Maurel, M., Genon-Catalot, V., 2006. Computable infinite dimen-
sional filters with applications to discretized diffusions. Stochastic Process.
Appl. 116 (10), 1447-1467.

Clémencon, S., 1999. Méthodes d’ondelettes pour la statistique non
paramétrique des chaines de Markov. Ph.D. thesis, Université Denis Diderot
Paris 7.

Clémencon, S., 2000. Adaptive estimation of the transition density of a regular
Markov chain. Math. Methods Statist. 9 (4), 323-357.

33



Comte, F., 2001. Adaptive estimation of the spectrum of a stationary Gaussian
sequence. Bernoulli 7 (2), 267-298.

Comte, F., Rozenholc, Y., 2002. Adaptive estimation of mean and volatility
functions in (auto-)regressive models. Stochastic Process. Appl. 97 (1), 111-
145.

Comte, F., Rozenholc, Y., 2004. A new algorithm for fixed design regression
and denoising. Ann. Inst. Statist. Math. 56 (3), 449-473.

Dalelane, C., 2005. Data driven kernel choice in nonparametric density esti-
mation. Ph.D. thesis, Technische Universitdt Braunschweig, http://opus.tu-
bs.de/opus/volltexte,/2005/659/.

DeVore, R., 1998. Nonlinear approximation. Acta numerica , 51-150.

DeVore, R., Lorentz, G., 1993. Constructive approximation. Springer-Verlag.

Donoho, D. L., Johnstone, I. M., Kerkyacharian, G., Picard, D., 1996. Density
estimation by wavelet thresholding. Ann. Statist. 24 (2), 508-539.

Doob, J. L., 1953. Stochastic processes. John Wiley & Sons Inc.

Doukhan, P., 1994. Mixing. Properties and examples. Vol. 85 of Lecture Notes
in Statistics. Springer-Verlag, New York.

Doukhan, P.; Ghindes, M., 1983. Estimation de la transition de probabilité
d’une chaine de Markov Doéblin-récurrente. Etude du cas du processus au-
torégressif général d’ordre 1. Stochastic Process. Appl. 15 (3), 271-293.

Gillert, H., Wartenberg, A., 1984. Density estimation for nonstationary
Markov processes. Math. Operationsforsch. Statist. Ser. Statist. 15 (2), 263~
275.

Hernandez-Lerma, O., Esparza, S. O., Duran, B. S., 1988. Recursive non-
parametric estimation of nonstationary Markov processes. Bol. Soc. Mat.
Mexicana (2) 33 (2), 57-69.

Hopfner, R., Locherbach, E., 2003. Limit theorems for null recurrent Markov
processes.

Ibragimov, I. A., Has'minskii, R. Z., 1980. An estimate of the density of a dis-
tribution. Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI)
98, 61-85, 161-162, 166.

Jarner, S. F., Hansen, E., 2000. Geometric ergodicity of Metropolis algorithms.
Stochastic Process. Appl. 85 (2), 341-361.

Lebarbier, E., 2005. Detecting multiple change-points in the mean of Gaussian
process by model selection. Signal Processing 85, 717-736.

Liebscher, E., 1992. Density estimation for Markov chains. Statistics 23 (1),
27-48.

Masry, E., Gyorfi, L., 1987. Strong consistency and rates for recursive probabil-
ity density estimators of stationary processes. J. Multivariate Anal. 22 (1),
79-93.

Meyer, Y., 1990. Ondelettes et opetateurs. Vol. I. Hermann.

Meyn, S. P., Tweedie, R. L., 1993. Markov chains and stochastic stability.
Springer-Verlag, London.

Meyn, S. P., Tweedie, R. L., 1994. Computable bounds for geometric conver-
gence rates of Markov chains. Ann. Appl. Probab. 4 (4), 981-1011.

34



Mokkadem, A., 1987. Sur un modele autorégressif non linéaire: ergodicité et
ergodicité géométrique. J. Time Ser. Anal. 8 (2), 195-204.

Nikol’skii, S. M., 1975. Approximation of functions of several variables and
imbedding theorems. Springer-Verlag, New York.

Nummelin, E., 1984. General irreducible Markov chains and nonnegative op-
erators. Cambridge University Press, Cambridge.

Pardoux, E., Veretennikov, A. Y., 2001. On the Poisson equation and diffusion
approximation. I. Ann. Probab. 29 (3), 1061-1085.

Petrov, V. V., 1975. Sums of independent random variables. Springer-Verlag,
New York.

Prakasa Rao, B. L. S.; 1978. Density estimation for Markov processes using
delta-sequences. Ann. Inst. Statist. Math. 30 (2), 321-328.

Roberts, G. O., Rosenthal, J. S., 1998. Markov-chain Monte Carlo: some prac-
tical implications of theoretical results. Canad. J. Statist. 26 (1), 5-31.

Rosenblatt, M., 1970. Density estimates and Markov sequences. In: Nonpara-
metric Techniques in Statistical Inference. Cambridge Univ. Press, London,
pp. 199-213.

Roussas, G. G., 1969. Nonparametric estimation in Markov processes. Ann.
Inst. Statist. Math. 21, 73-87.

Runst, T., Sickel, W., 1996. Sobolev spaces of fractional order, Nemytskij
operators, and nonlinear partial differential equations. Vol. 3 of de Gruyter
Series in Nonlinear Analysis and Applications. Walter de Gruyter & Co.,
Berlin.

Tribouley, K., Viennet, G., 1998. L,, adaptive density estimation in a 3 mixing
framework. Ann. Inst. H. Poincaré Probab. Statist. 34 (2), 179-208.

Yakowitz, S., 1989. Nonparametric density and regression estimation for
Markov sequences without mixing assumptions. J. Multivariate Anal. 30 (1),
124-136.

35



