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NONPARAMETRIC ESTIMATION OF THE STATIONARY
DENSITY AND THE TRANSITION DENSITY OF A MARKOV
CHAIN

Claire Lacour®

April 2005

ABSTRACT. In this paper, we study first the problem of nonparametric estimation
of the stationary density f of a discrete-time Markov chain (X;). We consider a
collection of projection estimators on finite dimensional linear spaces. We select
an estimator among the collection by minimizing a penalized contrast. The same
technique enables to estimate the density g of (X;, X;11) and so to provide an
adaptive estimator of the transition density = = g/f. We give bounds in L? norm
for these estimators and we show that they are adaptive in the minimax sense over

a large class of Besov spaces. Some examples and simulations are also provided.

Keywords: Adaptive estimation; Markov Chain; Stationary density; Transition

density; Model selection; Penalized contrast; Projection estimators.

1. INTRODUCTION

Nonparametric estimation is now a very rich branch of statistical theory. The case
of i.i.d. observations is the most detailed but many authors are also interested in the
case of Markov processes. Early results are stated by [Roussag ([969), who studies

nonparametric estimators of the stationary density and the transition density of a

Markov chain. He considers kernel estimators and assumes that the chain satisfies
the strong Doeblin’s condition (Dy) (see Dool ([959) p.221). He shows consistency
and asymptotic normality of his estimator. Several authors tried to consider weaker
assumptions than the Doeblin’s condition. [Rosenblat{ ([[97() introduces an other
condition, denoted by (G5), and he gives results on the bias and the variance of the
kernel estimator of the invariant density in this weaker framework. [Yakowit4 ([[989)

improves also the result of asymptotic normality by considering a Harris-condition.
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The study of kernel estimators is completed by Masry and Gyorfi ([1987) who find
sharp rates for this kind of estimators of the stationary density and by
[ hod ([999) who prove a Berry-Esseen inequality under the condition (G2) of Rosen-

blatt. Other authors are interested in the estimation of the invariant distribution

and the transition density in the non-stationary case: Doukhan and Ghindeq ([[983)

bound the integrated risks for any initial distribution. In [Hernandez-Lerma et al]
(I989), recursive estimators for a non-stationary Markov chain are described.
| scheq (1993) gives results for the invariant density in this non-stationary framework

using a condition denoted by (D;) derived from the Doeblin’s condition but weaker

than (D). All the above papers deal with kernel estimators. Among those who are
not interested in such estimators, let us mention (I973) who studies an estima-
tor of the stationary density by projection on a Fourier basis, [Prakasa Rad ([[979)
who outlines a new estimator for the stationary density by using delta-sequences
and [Gillert and Wartenberg ([984)) who present estimators based on Hermite bases

or trigonometric bases.
The recent work of [Clémencon] (1999) allows to measure the performance of all

these estimators since he proves lower bounds for the minimax rates and gives thus

the optimal convergence rates for the estimation of the stationary density and the
transition density. Clémengon also provides an other kind of estimator for the sta-
tionary density and for the transition density, that he obtains by projection on
wavelet bases. He presents an adaptive procedure which is ”quasi-optimal” in the
sense that the procedure reaches almost the optimal rate but with a logarithmic loss.
He needs other conditions than those we cited above and in particular a minoration
condition derived from Nummelin’s (1984) works. In this paper, we will use the
same condition.

The aim of this paper is to estimate the stationary density of a discrete-time
Markov chain and its transition density. We consider an irreducible positive recur-
rent Markov chain (X,,) with a stationary density denoted by f. We suppose that
the initial density is f (hence the process is stationary) and we construct an esti-
mator f from the data Xi,...,X,. Then, we study the mean integrated squared
error E||f — f||? and its convergence rate. The same technique enables to estimate
the density g of (X, X;;1) and so to provide an estimator of the transition density

m =g/ [, called the quotient estimator.



NONPARAMETRIC ESTIMATION FOR A MARKOV CHAIN 3

An adaptative procedure is proposed for the two estimations and it is proved
that both resulting estimators reach the optimal minimax rates without additive
logarithmic factor.

We will use here some technical methods known as the Nummelin splitting tech-
nique (see Nummeliq ([984), Meyn and Tweedid ([993) or Hopher and Locherbacli
(R003)). This method allows to reduce the general state space Markov chain theory

to the countable space theory. Actually, the splitting of the original chain creates an
artificial accessible atom and we will use the hitting times to this atom to decompose
the chain, as we would have done for a countable space chain.

To build our estimator of f, we use model selection via penalization as described in
Barron et al] (T999). First, estimators by projection denoted by f,, are considered.

The index m denotes the model, i.e. the subspace to which the estimator belongs.

Then the model selection technique allows to select automatically an estimator fm
from the collection of estimators ( fm) The estimator of g is built in the same
way. The collections of models that we consider here include wavelets but also
trigonometric polynomials and piecewise polynomials.

This paper is organized as follows. In section 2, we present our assumptions
on the Markov chain and on the collections of models. We give also examples of
chains and models. Section 3 is devoted to estimation of the stationary density and
contains examples and simulations. In section 4, the estimation of the transition
density is explained. The proofs are gathered in the last section, which contains also

a presentation of the Nummelin splitting technique.

2. THE FRAMEWORK

2.1. Assumptions on the Markov chain. We consider an irreducible Markov
chain (X,,) taking its values in the real line R. We suppose that (X,,) is positive
recurrent, i.e. it admits a stationary probability measure p (for more details, we
refer to Meyn and Tweedid ([993)). We assume that the distribution u has a density

f with respect to the Lebesgue measure and it is this quantity that we want to

estimate. Since the number of observations is finite, f is estimated on a compact
set only. Without loss of generality, this compact set is assumed to be equal to [0, 1]
and, from now, f denotes actually the restriction of the transition density to [0, 1].

More precisely, the Markov process is supposed to satisfy the following assumptions:
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Al. (X,) is irreducible and positive recurrent.

A2. The distribution of Xj is equal to p , thus the chain is (strictly) stationary.

A3. The stationary density f belongs to L>([0, 1]) i.e. sup,¢(oq [f(2)] < 00

A4. The chain is strongly aperiodic, i.e. it satisfies the following minorization
condition: there is some function & : [0,1] — [0,1] with [hdy > 0 and a

positive distribution v such that, for all event A and for all x,
P, A) > h(z)v(4)

where P is the transition kernel of (X,,).
A5. The chain is geometrically ergodic, i.e. there exists a function V' > 0 finite
and a constant p € (0, 1) such that, for all n > 1

1P"(2,.) = ullryv < Vi(a)p"

where ||.||7y is the total variation norm.
We can remark that condition A3 implies that f belongs to L*([0,1]) where
1
L*([0,1]) = {t : R +— R, Supp(t) C [0,1] and |t||* = / t*(z)dr < oo}.

0
Notice that, if the chain is aperiodic, condition A4 holds, at least for some m-
skeleton (i.e. a chain with transition probability P™) (see Theorem 5.2.2 in Meyq

and Tweedid ([[993)). This minorization condition is used in the Nummelin splitting

technique and is also required in [Clémencorn] ([999).
The last assumption, which is called geometric regularity by [Clémencon] (R000),

means that the convergence of the chain to the invariant distribution is geometrically
fast. In Meyn and Tweedid ([993), we find a slightly different condition (replacing

the total variation norm by the V-norm). This condition, which is sufficient for A5,

is widely used in Monte Carlo Markov Chain literature because it guarantees central
limit theorems and enables to simulate laws via a Markov chain (see for example
Parner and Hanser] (P00(), Roberts and Rosentha] ([[998) or Meyn and Tweediq
([0)).

The following subsection gives some examples of Markov chains satisfying hy-
potheses A1-Ab.

2.2. Examples of chains.
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2.2.1. Diffusion processes. We consider the process (X;a)i1<i<, where A > 0 is the
observation step and (X});>o is defined by

where W is the standard Brownian motion. We suppose that the drift function
b and the diffusion coefficient o satisfy the following conditions, given by

(997):

(1) 3, ¥al,  [b)] < b(1+ |a),

(2) 3y > 0,3R,V|z| > R, xb(z) < —7|z,
(3) 302,302, Vx, of>0%*(x) >0 >0

(4) 3L V(z,y), |o(x) —o(y)| < Llz —y|'2.

Then the discretized process (X;a)1<i<n satisfies assumptions A1-A5.

2.2.2. Nonlinear AR(1) processes. Let us consider the following process
Xn = @(Xn1) + EXp_1,n

where ¢, ,, has a positive density [, with respect to the Lebesgue measure, which
does not depend on n. We suppose that ¢ is bounded on any compact set and that
there exist M > 0 and p < 1 such that, for all |z] > M, |o(z)| < p|z|.
([987) proves that if there exists s > 0 such that sup, E|e, ,|* < oo, then the chain
is geometrically ergodic. If we assume furthermore that [, has a lower bound then

the chain satisfies all the previous assumptions.

2.2.3. ARX (1,1) models. The nonlinear process ARX(1,1) is defined by
Xn - F(Xn—la Zn) + gn

where F' is bounded and (¢,), (Z,) are independent sequences of i.i.d. random
variables. We suppose that the distribution of Z, has a positive density [ with
respect to the Lebesgue mesure. At last, we assume that there exist positive reals a
and «a such that |z] < a+ ||F|le = l(x) > a.

Then the process (X,,) satisfies assumptions A1-A5 (see [Doukhan] (T994)) p.101).
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2.2.4. ARCH process. The considered model is
XnJrl = F<Xn) + G(Xn>€n+1

where F' and G are continuous functions and for all x, G(z) # 0. We suppose
that the distribution of €, has a positive and continuous density with respect to the

Lebesgue measure and that there exists s > 1 such that E|e,|* < oo. The chain
(X;) satisfies assumptions A1-A5 if (see [Doukhan] ([994)) p.106):

s\1/s
i F@IHG@IEE)

< 1.

2.3. Assumptions on the models. In order to estimate f, we need to introduce
some collections of models. The assumptions on the models are the following;:
M1. Each S,, is a linear subspace of (L N L?)([0,1]) with dimension D,, < \/n

M2. Let
1 2]l

b= —— sup IO
vV Doiesnjoy ||

There exists a real rg such that for all m, ¢, <rg.

This assumption (L2-L> connexion) is introduced by Barron et al] ([999) and
can be written:
(1) V€ Sm  ltlle < 710V Dmllt]].

We get then a set of models (S,,)mem, where M,, ={m, D,, <+/n}. We need

now a last assumption regarding the whole collection, which ensures that, for m and

m’' in M,,, S,, + S/, belongs to the collection of models.
M3. The models are nested, that is for all m, D,, < D, = S,, C Su.

2.4. Examples of models. We show here that the assumptions M1-M3 are not
too restrictive. Indeed, they are verified for the models spanned by the following
bases (see Barron et al] (1999)):

e Histogram basis: S,, =< ¢1,...,pm > with ¢; = 2m/2]1[]~2;m172%[ for j =
1,...,2™ Here D,, =2™, rg=1and M,, ={1,...,|lnn/2In2|} where |x]
denotes the floor of z, i.e. the largest integer less than or equal to z.

e Trigonometric basis: S, =< @o,...,@m_1 > With po(z) = 1, ¢g; = V2
cos(2mjz) L1 (2), @2j-1 = V2sin(2mjz)Lp(z) for j > 1. For this model
D,, = m and ry = v/2 hold.
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e Regular piecewise polynomial basis: S, is spanned by polynomials of degree
0,...,7 (where r is fixed) on each interval [(j — 1)/2P,j/2P,j =1,...,2P.
In this case, m = (D,r), D,, = (r +1)2P and M,, = {(D,r), D =
1,..., [logy(v/n/(r+1))]}.We can put rg = /7 + 1.

e Regular wavelet basis: S, =< ¢, j = —1,...,m,k € A(j) > where ¢_;
points out the translates of the father wavelet and i, (z) = 2//2¢(27x — k)
where 1) is the mother wavelet. We assume that the support of the wavelets is
included in [0, 1] and that 1)_; = ¢ belongs to the Sobolev space W3. In this
framework A(j) = {0,..., K29 — 1} (for j > 0) where K is a constant which
depends on the supports of ¢ and ¢: for example for the Haar basis K = 1.
We have then D,, = 337" | |A(j)| = [A(=1)[ + K (27! —1). Moreover

Zk |7/Ll,k| + Z;‘H:O 2172 Zk ij‘

VD,
[olloe Voo (L + 3520 27%) _ Jlplloo V (14100 _
- VEAAEDD2m T K AAD)

Om <

3. ESTIMATION OF THE STATIONARY DENSITY

3.1. Decomposition of the risk for the projection estimator. Let

1 n
2) () = 23012 - 2100
i=1
Notice that E(v,(t)) = ||t — f||> — || f||* and therefore 7, (¢) is the empirical version
of the L? distance between t and f. Thus, fm is defined by

~

(3) fm = argminy, (t)

tESm

where S, is a subspace of L? which satisfies M2. Although this estimator depends
on n, no index n is mentioned in order to simplify the notations . It is also the case
for all the estimators in this paper.

A more explicit formula for fm is easy to derive:

(4) fm =D Por, b= %Z PA(Xi)
i=1

A€A
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where () )xea is an orthonormal basis of S,,. Note that
E(fm) = Z < f730)\ > ©x,
AEA
which is the projection of f on .S,,.

In order to evaluate the quality of this estimator, we now compute the mean
integrated squared error E||f — f,||? (often denoted by MISE).

Proposition 1. Let X,, be a Markov chain which satisfies Assumptions A1-A4 and
Sy be a subspace of L? with dimension D,, < n. If S,, satisfies the condition M2,
then the estimator f,, defined by (B) satisfies

A D,
where C' is a constant which does not depend on n.

To compute the bias term d(f, S,,), we assume that f belongs to the Besov space
B ([0,1]). Let us recall the definition of By ([0, 1]). Let

T

83 fe) = 217+ () o+ k)

k=0
the rth difference operateur with step A and
wy(f,t) = sup || AL

Ihl<t

the rth modulus of smoothness of f where we recall that ||¢[|* = fol t*(x)dx. We say
that f is in the Besov space Bg ([0, 1]) if

supt “w,(f,t) < o0

>0

for r = |a| +1 or, equivalently, for r an integer larger than . Notice that when « is

an integer, the Besov space B ([0, 1]) contains the Sobolev space W5* (see [DeVord

bnd Torentd ([093) p.51-55).

Hence, we have the following corollary.

Corollary 1. Let X,, be a Markov chain which satisfies Assumptions A1-A4. As-
sume that the stationary density f belongs to B3 ([0,1]) and that S,, is one of

the spaces mentioned in section (with the regularity of polynomials and wavelets



NONPARAMETRIC ESTIMATION FOR A MARKOV CHAIN 9

larger than o — 1). If we choose D,, = Lnﬁj, then the estimator defined by ()
satisfies

E|[f — fll®> = O(n~251)

We can notice that we obtain the same rate than in the i.i.d. case (see Donoho ef
[_al] ([996)). Actually, Clémencor] ([999) proves that n~ %7 is the optimal rate in the
minimax sense in the Markovian framework. With very different theoretical tools,
[[ribouley and Viennef ([999) show that this rate is also reached in the case of the

univariate density estimation of f-mixing random variables by using a wavelet esti-

mator. We can remark that our assumption A5 implies the geometrical decreasing
of B-mixing coefficients but that, until now, we did not use this assumption.
However, the choice D,, = LnTlﬂj is possible only if we know the regularity « of
the unknown f. But generally, it is not the case. It is the reason why we construct
an adaptive estimator, i.e. an estimator which achieves the optimal rate without

requiring the knowledge of o or any information about f.

3.2. Adaptive estimation. Let (S,;)mem, be a collection of models as described
in section I3 For each S,,, f,, is defined as above by (). Next, we choose 1 among
the family M,, such that

i = arg min[y, (fr) + pen(m)]
meMy,

where pen is a penalty function to be specified later. We denote f = fm and we
bound the L2-risk E| f — f]| as follows.

Theorem 1. Let X,, be a Markov chain which satisfies Assumptions A1-A5 and
(Sm)mem, be a collection of models satisfying Assumptions M1-M3. Then the esti-
mator defined by

~ A~ A

(5) f="Ffn where 1= argeﬂrgin[%(fm) + pen(m)],
with
(6) pen(m) = Ko%

(where Ky is a constant which depends on the chain) satisfies

B~ fIP <3 inf {#(f,5,) + pen(m)} + "
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where C7 does not depend on n.

1+ [ fllocBE, (s7)

The constant K in the penalty is equal to C'max(r2, 1) (Ins)? where
ns

C' is a numerical constant. The number ry is known and depends on the choosen

base (see subsection R.J). The mention of ||f||s in the penalty term seems to be a
problem, seeing that f is unknown. Actually, we could replace || f||oo by || f||oe with f
an estimator of f. This is a bit technical and useless here since there are some terms
in Ky which are not computable either. Indeed, F; is an artificial atom created by
the Nummelin splitting technique and 7* is the first return time of the split chain in
this atom. The number s is a real larger than 1 such that sup,cp E,(s™ ) < oo and
its existence is guaranteed by the condition of geometric ergodicity A5. Actually,
the computation of the penalty is generally "hand-adjusted” and then we do not

have to know accurately the number s or || f|| -

Corollary 2. Let X,, be a Markov chain which satisfies Assumptions A1-A5 and
(Sm)menm, be a collection of models mentioned in section (with the reqularity

of polynomials and wavelets larger than o — 1). If f belongs to Bs  ([0,1]), with
a > 1/2, then the estimator defined by (B) and (B) satisfies

E||f — f]* = O(n" %)

Remark 1. When o > 3, B3 ([0,1]) € C[0,1] (where C[0,1] is the set of the
continuous functions with support in [0,1]) and then the assumption A3 || flle < 00

18 superfluous.

We have already noticed that it is the optimal rate in the minimax sense (see
the lower bound in Clémencor] (1999)). Note that here the procedure reaches this

rate whatever the regularity of f, without needing to know «. This result is thus

a improvement of the one of Clémencor] ([999), whose adaptive procedure achieves

only the rate (log(n)/ n)%}rl Moreover, our procedure allows to use more bases (not

only wavelets) and is easy to implement.
3.3. Simulations. The computation of the previous estimator is very simple. We
use the following procedure:

e For each m, compute vn(fm) + pen(m). Notice that yn(fm) = =D aeAn ﬁA;
where (3, is defined by (f]) and is quickly computed.
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A~

e Select the argmin 1 of v, (fn) + pen(m).
e Choose f = > aeA, ENEN

The bases are here adjusted with an affin transform in order to be defined on
[ming <;<,(X;), max;<;<, (X;)] instead of [0,1]. We consider 3 different bases (see
section P.4): trigonometric basis, histogram basis and piecewise polynomial basis.

For the last basis, we use Legendre polynomials with degree 0,1,2 defined by

(1) Vee[-L1 Pyr) = —, Pi(z)= gx Py() = 2—\/2(3:52 _).
The variable substitution y = 27?~(z + 25 — 1) allows to use these polynomials on
each interval [(j —1)/2P,j/2P], 7 =1,..,2P D =1, .., [log,(v/n/3)]. We found that
a good choice for the penalty function is
Dy,

pen(m) = 57.
We choose to estimate five different distributions:
— the Gamma distribution with scale parameter [ = 3/2 and shape parameter a = 2:
f(z) = Cxexp{—3x/2}1(0,o0)(x) with C such that [ f =1
— the Exponential distribution with parameter [ = 0.7: f(z) = 0.7 exp{—0.72}1 g o) ()
— the Gaussian distribution with mean 0 and variance 1: f(x) = 1/v/27 exp{—2?/2}
— the Beta distribution with parameter a = 2 and b = 3: f(z) = B(1 —z)%*x1(p1)(z)
with B such that [ f =1
— the Cauchy distribution: f(z) = 1/(7(1 + 2?)).
The chains are simulated with a Metropolis-Hastings algorithm (see for example
[Gilks et al] ([996)).We choose here q(xz,y) = 1/0v21 exp{—(y — x)?/20?} as a can-

didate transition density, with ¢ = 0.2 for the Beta distribution and o = 1 otherwise.

Indeed, for the sake of realism, the support of the candidate distribution must be
close to the support of the simulated distribution.
Figures 1-3 illustrate the performance of the method and Table [l shows the L*-

risk for different values of n.

We can compare results of Table [l with those of Daleland (R003) who gives results

of simulations for i.i.d. random variables. For the density estimation, she uses

three types of kernel: Gauss kernel, sinc-kernel (where sinc(x) = sin(x)/z) and her

Cross Validation optimal kernel (denoted by Dal). Table [ gives her results for the
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0.4

03

02

0.1

0.4

03

02

0.1

n = 1000 n = 5000

FIGURE 1. Estimator (solid line) and true function (dotted line) for

a Gaussian distribution estimated with a trigonometric basis.

Gaussian density and the Gamma distribution with the same parameters that we
used (2 and 3/2). If we compare the results that she obtains with her optimal kernel
and our results with trigonometric or polynomial bases, we observe that her risks are
about 5 times less than ours. However this kernel is particularly effective and if we
consider the classical kernels, we notice that the results are completely comparable,
with a reasonable price for dependency.

So the results are roughly good but we can not pretend that a basis among the
others gives better results. We can then imagine a mixed strategy, i.e. a procedure
which uses several kinds of bases and which can choose the best basis or, for instance,

the best degree for a polynomial basis. These techniques are successfully used in

a regression framework by [Comte and Rozenhold (P002]) or [Comte and Rozenhold

(2003).
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03|
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01

n = 250 n = 2500

FIGURE 2. Estimator (solid line) and true function (dotted line) for
an Exponential distribution estimated with a piecewise polynomial

basis.

n = 250 n = 2500

FIGURE 3. Estimator (solid line) and true function (dotted line) for

a Gamma distribution estimated with an histogram basis.

We can also notice in Table [l that some distributions are better estimated than
others. An explanation can be found in Mengersen and Tweedid ([99¢) where

results for Metropolis chains, i.e. chains simulated by the Metropolis algorithm,

are given. Thus, we know that our simulated chains are irreducible (see Lemma
1.1 in Mengersen and Tweedid ([996)) and satisfy condition A4 with v = p and
h(xz) = ¢/d1lc(z) where € = inf, yec q(x,y) and d = sup, f(x) for any compact
set C' (see Lemma 2.1 in Mengersen and Tweedid ([99d)). They prove next that (for

a distribution on the whole real line) the Metropolis chain is geometrically ergodic
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100 250 500 1000 | 2500 | 5000 | basis
law

0.0626 | 0.0386 | 0.0308 | 0.0211 | 0.0112 | 0.0077
Gamma 0.0864 | 0.0820 | 0.0703 | 0.0626 | 0.0514 | 0.0283
0.0491 | 0.0237 | 0.0218 | 0.0209 | 0.0092 | 0.0063
0.1284 | 0.0985 | 0.0800 | 0.0680 | 0.0580 | 0.0544
Exp 0.0778 1 0.0583 | 0.0419 | 0.0278 | 0.0193 | 0.0112
0.1409 | 0.0241 | 0.0122 | 0.0067 | 0.0036 | 0.0031
0.0359 | 0.0102 | 0.0054 | 0.0030 | 0.0012 | 0.0005
Gaussian 0.0571 | 0.0326 | 0.0229 | 0.0170 | 0.0082 | 0.0071
0.0350 | 0.0128 | 0.0074 | 0.0045 | 0.0030 | 0.0027
0.1807 | 0.0732 | 0.0410 | 0.0244 | 0.0111 | 0.0066
Beta 0.2100 | 0.1170 | 0.0724 | 0.0444 | 0.0238 | 0.0144
0.4736 | 0.3053 | 0.2385 | 0.2101 | 0.1863 | 0.1803
0.0469 | 0.0296 | 0.0191 | 0.0130 | 0.0070 | 0.0040
Cauchy 0.0592 ] 0.0522 | 0.0437 | 0.0304 | 0.0182 | 0.0148

0.0446 | 0.0299 | 0.0336 | 0.0262 | 0.0161 | 0.0102 | P
TABLE 1. MISE for simulated data with pen(m) = 5D,, /n, averaged

T H|lv ZE v E24HYvE 39T A

over N = 200 samples. T: trigonometric basis, H: histogram basis, P:

piecewise polynomial basis detailed in ([f).

if the tail of f is at least exponentially decreasing, but if the tail is only polynomial,
it is not geometrically ergodic. This may explain for instance why errors are smaller

for the Gaussian distribution than for the Cauchy distribution.

4. ESTIMATION OF THE TRANSITION DENSITY

We now suppose that the transition kernel P has a density 7. In order to estimate
7, we remark that 7 can be written g/ f where g is the density of (X;, X;11). Thus we
begin with the estimation of g. As previously, g and 7 are estimated on a compact

set which is assumed to be equal to [0, 1]?, without loss of generality.

4.1. Estimation of g. We need now a new assumption.

A3’. 7 belongs to L>([0,1]?).
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100 500 1000 kernel
law

0.0148 | 0.0052 | 0.0027 | Dal
Gamma 0.0209 | 0.0061 | 0.0031 | Gauss
0.0403 | 0.0166 | 0.0037 | sinc
0.0065 | 0.0013 | 0.0008 | Dal
Gaussian 0.0127 { 0.0028 | 0.0016 | Gauss

0.0114 | 0.0026 | 0.0010 | sinc
TABLE 2. MISE obtained by Daleland (R003) for i.i.d. data, averaged

over 50 samples

Notice that A3’ implies A3. We consider now the following subspaces.
SO ={te L([0,1P), Ha,y)= D arupa(@)ou()}
AHEAM
where (y)xea,, is an orthonormal basis of S,,. Notice that, if we set
1 [1£]] oo

o = 5 swp Il
Dmtes£,3>\{o} 2]

hypothesis M2 implies that ¢5,3’ is bounded by 72. The condition M1 must be replace
by the following condition:

M1’. Each S\ is a linear subspace of (LN L2)([0, 1]2) with dimension D2, < /n.

Let now
n—1
1
() = = Sl — 2(X, Xisn)}
i=1

We define as above

Gm = argminy P (t)
tes?
and m® = arg min[%(?) (Gm)+pen® (m)] where pen® (m) is a penalty function which

meMp
would be specified later. Lastly, we set § = g,;,2)-

Theorem 2. Let X,, be a Markov chain which satisfies Assumptions A1-A2-A3’-
A4-A5 and (Sy)mem, be a collection of models satisfying Assumptions M1’-M2-MS3.
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Then the estimator defined by

®) §= Gan where 1 = argminly?(3,,) + pen® (m)],
meMp
with
D2
(9) pen® (m) = K{) 22

(where Ko(z) is a constant which depends on the chain) satisfies

Cy

Ellg — gll? < 3 inf {d? (2) 2) =
g —gllI” < 3 inf {d"(g,55") + pen'™(m)} + —

where C does not depend on n.

The constant K0(2) in the penalty is similar to the constant K, in Theorem [[]
(replacing ro by r2 and || f|le by [|g]lec)- It is compounded of unknown terms but,

as previously explained, it is not a problem for practical purposes.

Corollary 3. Let X,, be a Markov chain which satisfies assumptions A1-A2-A3’-
A4-A5 and (Spm)mem, be a collection of models mentioned in section (with the

reqularity of polynomials and wavelets larger than a—1). If g belongs to ng([o, 1]%),
with o > 1, then

~ __2a
Ellg — g]|* = O(n"72)

This rate of convergence is good since it is the minimax rate for density estimation

in dimension 2 in the case of i.i.d. random variables (see for instance [Ibragimov and
Has'minskij (T980)). Let us now proceed to the estimation of the transition density.

4.2. Estimation of w. The estimator of 7 is defined in the following way. Let

9ew) it |Gz, y)| < anlf(2)]
(z,y)=q '@

0 else
with a, = n? and 3 < 1/8.
We introduce a new assumption:

A6. There exists a positive x such that Vo € [0,1], f(z) > x.
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Theorem 3. Let X,, be a Markov chain which satisfies Assumptions A1-A2-A3’-
A4-A5-A6 and (Si)mem, be a collection of models mentioned in section (with
the regularity of polynomials and wavelets larger than o — 1). We suppose that the

dimension D,, of the models is such that
VmeM, Inn<D,, <n'/%

If f belongs to Bs . ([0,1]), with o > 1/2, then for n large enough

e there exists Cy and Cy such that

i i . 1
Ellx — 7> < CiEllg — glI* + CoE[| f — fII* + o(=)

n
o if furthermore g belongs to ng([o, 1)%) (with 3 > 1), then

2

Elw — 7> = O(sup(n” 5+, n~mi1))

Tengon (B000) proved that n=2%/(26+2) is the minimax rate for f and g of
same regularity 3. Notice that in this case the procedure is adaptive and there is no
logarithmic loss in the estimation rate contrary to the result of Clémencod (R000).

If g belongs to Bg (R?) (that is to say that we consider the regularity of g on its

whole support and not only on the compact of the observations) then equality f(y) =
[ g(z,y)dz yields that f belongs to ng(R) and then E|r — 7> = O(n_%).
Moreover the same rate is achieved if m belongs to Bg +(R?) with 8 > 1. Indeed
formula f(y) = [ f(z)n(z,y)dx implies that f belongs to Bgoo(]R). Then, by using
properties of Besov spaces (see Runst and Sickel ([994) p.192), ¢ = f7 belongs to
By (R?).

But it should be remembered that we consider only the restriction of f or =
since the observations are in a compact set. And, as the example of
(R00Q) proves it, the restriction of the stationary density to [0, 1] may be less regular

than the restriction of the transition density. The previous procedure has thus the
disadvantage that the resulting rate does not depend only on the regularity of = but

also on the one of f.

5. PROOFS
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5.1. The Nummelin splitting technique. This whole subsection is summarized
from Hoper and LocherbacH (P003) p.60-63 and is detailed for the sake of com-

pleteness.

The interest of the Nummelin splitting technique is to create a two-dimensional
chain (the ”split chain”), which contains automatically an atom. Let us recall the
definition of an atom. Let A be a set such that ¢(A) > 0 where ¢ is an irreducibility
measure. The set A is called an atom for the chain (X,,) with transition kernel P if
there exists a measure v such that P(z, B) = v(B), for all z in A and for all event
B.

Let us now describe the splitting method. Let E = [0, 1] the state space and &
the associated o-field. Each point x in F is splitted in xy = (z,0) € Ey = E x {0}
and ¥y = (x,1) € E; = E x {1}. Each set A in £ is splitted in Ay = A x {0}
and A; = A x {1}. Thus, we have defined a new probability space (E*,£*) where
E*:= FEyUE; and £ = 0(Ap, A1 : A€ ). Using h defined in A4, a measure A on
(E, ) splits according to

A (A) = f]lA(x)h(x))\(dx)
N(A)) = [1a(@)(1 ) (@)\(da)

Notice that A*(AgUA;) = A(A). Now the aim is to define a new transition probability
P*(.,.) on (E*, &) to replace the transition kernel P of (X,,). Let

Pras ) = A T h@y D @) ifi=0and hz) > 1

v* else

where v is the measure introduced in A4 and h®v is a kernel defined by h®@v(x, dy) =
h(z)v(dy). Consider now a chain (X) on (E*, £*) with one-step transition P* and
with starting law p*. The split chain (X;) has the following properties:

P1. For all (4,)o<p<n € EV and for all measure A
P/\(Xp GAp,OSpSN) :P/\*(X; 6Ap X {0,1},O§p§N).

P2. The split chain is irreducible positive recurrent with stationary distribution

*

.
P3. The set £ is an atom for (X}).
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We can also extend functions g : F +— R to E* via

g (z0) = g(x) = g*(71)

Then, the property P1 can be written: for all function £-measurable g : EV — R
E)\<g<X17 0y XN)) = EA* (g*(Xik7 ) X;/'))

We can say that (X,,) is a marginal chain of (X}). When necessary, the following
proofs are decomposed in two steps: first, we assume that the Markov chain has an
atom, next we extend the result to the general chain by introducing the artificial

atom Fj.

5.2. Proof of Proposition [Il. First step: We suppose that (X,,) has an atom A.
Let f,, be the orthogonal projection of f on S,,. Pythagoras theorem gives us:

Ellf = full® = &*(f, Sm) + Ell fn = fnl*
We recognize in the right member a bias term and a variance term. According to
the expresssion ([) of fm the variance term can be written:
(10) Ellfm = full? = Y Var(By) = > E(vi(¢2))

AEA, AEA L,

where v,(t) = = 3" | [t(X;)— < t, f >]. By denoting 7 = 7(1) = inf{n > 1, X,, €
A} and 7(j) = inf{n > 7(j — 1), X,, € A} for j > 2, we can decompose v,(t) in the
following way (see [Clémencor] (200T))):

(11 ) = A0 + 082 0) + O + 80 1)
Wlth an) (t) = Un (t)]lT>na
1 T
=1
1 7(ln)
(3) - = N
Vn (t) n Z [t(XZ) < taf >]]l’r§n7
1=1+7(1)
1 n
y7(l4)<t) = g [t(XZ)_ < tv f >]]17'§n7

and [, = > " 14(X;) (number of visits to the atom A). Hence,

va(®)? <, V)2 + 1,20 + P ) + W ()*}.
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e To bound v (¢)2, notice that |1, (t)] < 2||t||sc. And then, by using M2 and ([l),
WP ()] < 2ro7/ Do ||t Lrsn < 2rov/7|t||Lyon . Thus,

n

(1) (4\2 2)(4112 2y 2 B(T?)
E(v, ")) < dnlit)"nP(r > n) < drglit]|"——.

e We bound the second term in the same way. Since \1/,(12) )] < 2(7/n)||t]| s, We
obtain |1$ ()| < 2||t||ro(7/+/n) and then

E 2
EQ (1)) < 42?2,

e Let us study now the fourth term. As

n—71(l,) —7(l,)

n
|V7(z4)(t)| <2 HtHoo]lTSn <2 \/ﬁ TOHtH]lTSm

(1) i
we get  E(vy (t)?) < 4g|]tH2E((n — 7(1,))* 1<)
It remains to bound E((n — 7(1,))*1,<,):

Eu((n =) lrzn) = Y Eul(n—k)*Log)ilrca)

n

= Y (n—k)Pu(Xps1 ¢ A, .. X, & A|X; € AP, (X, € A)
k=1

= > (n—k)Pa(X1 & A, Xk & A)p(A)

k=1

S |l

by using the stationarity of X and the Markov property. Hence

Eu((n =7(L))’lrcn) = ) (n—k)*Pa(r > n—k)u(A)
B,
> )
Therefore E,((n — 7(1,))*1,<n) = 2E4(7*)p(A4). Finally

E@V(0?) < srg e )

3

and we can summarize the last three results by

(12) B @O0 + D02+ o0(07) < sidljeP 2t I:L(A)EA(T‘*).
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In particular, if t = p,:

2 4
E (Vn1)<90>\)2 + VT(L2)<()0)\>2 + VT(L4)<()0)\>2) < STSEM(T ) + N(A)EA(T )
n

o Last
7(ln)

A0 < T Y ) <t 5]

i=1+7(1)
Let us write v/ (t) < 1 Z?;l S;(t) where

7(j+1)

(13) Sty = D (t(Xi)= <t.f>).

i=147(j)
We remark that, according to the Markov property, the S;(t) are independent iden-
tically distributed and centered. Thus,

1 n
B (o3)?) < = D EIS; (o0,
j=1

Then, we use Lemma [I] below to bound the expectation of 1/,(13)(@,\)2 ;
Lemma 1. For allm > 2, E,|S;(t)|™ < 2lltlleo)™ 2| flloo|lE]PEa(r™).

We can then give the bound

< WFll=Ea(r®)

1 n
E(m(9)*) < =5 D 1 flsclleal*Ea(r?) -
j=1

Finally

[8r3(Eu(7?) + (A)EA(TY) + | fllocEa(r?)].

HAEA() + | fllooEa(72)], we obtain with ()
Bl fo — fall? < 22,

Second step:  We do not suppose any more that (X,,) has an atom.

Let us apply the Nummelin splitting technique to the chain (X,,) and let

n

* 1 * *
(14) Yn(t) = " > 17 = 2t7(X7)).
i=1
We define also
(15) f1, = arg miny (1)

teESm
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Then the property P1 in section p.]] yields
Ellf = full® =Elf = ful?

The split chain having an atom (property P3), we can use the first step to deduce
E|lf — /]2 = d2(f, Sm) + CDp/n. Tt follows that

E|f = full® < (. Sm) + CDp/n.
O

Proof of Lemma i For all j, E,|S;(t)|™ = E,|S,(t)|™ = E,| 7% LX)
where t =t— < t, f >. Thus

|T—/{:T() L|P(r=k,7(2)=1)

E,|S;(t ;E();ﬂ x|l = kr(2) = z)P<T — k,7(2) = 1)
SDICIRER MEO@; 7)< 1) P = k) =)
)

< @tllo(l = k)™ 21@(] Z (X1)

k<l i=k+1

since, under u, the X; have the same distribution.

E. S0 < ) @ltllee)™ (L = k)"E((X1)P(7 = k, 7(2) = 1)

k<l

< D C@ltloe)™ 2= R oo 1P P(r = Ky m(2) = 1)

k<l
< @ltloo)™E(I7(2) — ™)1 llool ).
We conclude by using the Markov property. 0

5.3. Proof of Corollary [ll. According to Proposition [[
. D,,
Then we use Lemma 12 in Barron et al] ([999) which ensures that (for piecewise

polynomials or wavelets having a regularity larger than o — 1 and for trigonometric
polynomials)

d*(f,Sm) = O(D,*)
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Thus,
r 2 —2a Dm
Ellf = full® = OD™ + = =)
In particular, if D,, = Lnﬁj, then El| f — fm||2 = O(n*%)_ O

5.4. Proof of Theorem [ First step: We suppose that (X,,) has an atom A.
Let m in M,,. The definition of m yields that

~

/Yn(fn%) + pen(m) S Vn(fm) + pen(m)'
This leads to
(16) I fi = FI1P < 1 fm = FIIP + 20 (fi — fim) + pen(m) — pen(ri)
where v, (t) = L 30 [H(X;)— < t, f >].

Remark 2. Ift is deterministic, v, (t) can actually be written v, (t) = £ 377 | [t(X;)—
E(t(X:))]

We set B(m') = {t € S, + Si, ||t|| = 1}. Let us write now

; ; fin = fm
2, (fn = fm) = 2| fir = Finllvm (")
. [ £ = fmll
<2[|fa = fmll sup v, (t) < g”fm — fmll? 4+ 5 sup v (t)?
te B(ri) t€ B(r)
1
by using inequality 2zy < gxz + 5y%. Thus,
" 1 A
(17) 2E|vn(fir = fm)l < ZEllfi— funll” + BE( sup wa(t)?).
te B(1i)

Consider decomposition ([L1]) of v,(t) again. We can write

sup (1) < p(m,m)+ D [ sup v (1) = p(m,m)]

teB(m) meM,, teB(m/')
where p(.,.) is a function to be specified later. Then, using the bound ([), ([f) and
() give

; r T2 A 7'4
Ellfu— P < [ £+ 5Bl full? + 1605 2 AAEALT)

n

+20 Y E[ sup v (t)” — p(m,m)]
mIEMn tEB(ml)

+20p(m, m) + pen(m) — pen(m).
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We choose p(m, m’) such that 20p(m, m’) < pen(m)+pen(m'). Thus 20p(m, m)+
pen(m) — pen(m) < 2pen(m). Let

1
" i

and W(m,m') = [ sup Z3(t) — p(m,m')];.
teB(m')

1

1
We use now the inequality g(x +y)? < =2+ §y2 to deduce

1
3

A~ 2 1 -~ 2 3 2 / C
Ellfa = FI* < 3EIfa = fIP + Sl fm = fIP +20 D7 EW(m,m') + 2pen(m) + —
m/eMn

. 9 3C
= Bl fa = fIIP < Sllfm = FIIP+30 ) EW(m,m') + 3pen(m) + =

2n’
m'eEMny
We need now to bound EW (m,m’) to complete the proof. Proposition B below
implies

1+ Ko floo
W (m, m') < K'e~Po (g v 1)2K 522l e
n

where K’ is a numerical constant and K5, K3 depend on the chain and with

D(m/)

(18) p(m,m’) = K (ro V 1)* K3 (1 + Ka||f]|oo)-

The notation a V b means max(a, b).
Assumption M3 yields 3 ,cr e P < 37, e = 1/(e —1). Thus, by sum-

mation on m’ in M,,

1+ Kol f|loo
V1) K,— =t e
6_1(7”0 ) 3 n

> EW(m,m) <K'

mIEMn
It remains to specify the penalty, which has to satisfy 20p(m,m’) < pen(m) +
pen(m'). The value of p(m,m’) is given by ([L§), so we set

pen(m) = 20[(%(7’0 V1)2K3(1 + K| flloo)
Finally
vm  Ellfa— fI? <3S~ FIP+ Spen(m) +
where C; depends on g, || f|co, (A), E,(72), Ea(7?), K2, K3. Since it is true for all

m, we obtain the result.

Second step:  'We do not suppose any more that (X,,) has an atom.
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The Nummelin splitting technique allows us to create the chain (X) and to define
~:(t) and £ as above by ([d),(Td). Set now

i = argmin[y;(f7,) + pen(m)]
mEMn
and f* = fx.. The property P1 in section 5.1 gives E| f — f||> = E|f — f*||*. The

split chain having an atom, we can use the first step to deduce
BIlf — FIP <3 inf {(f,5,) +pen(m)} + .
T omeM, ’ n

And then the result is valid when replacing f* by f.
O

Proposition 2. Let (X)) be a Markov chain which satisfies assumptions A1-A5
and (Spy)mem, be a collection of models satisfying the assumptions M1-M3. We

suppose that (X,) has an atom A. Let Z,(t) = %EZilflT(l)[t(Xi)— < t,f >] where

7(1) is the first return time in A and 7(l,) is the last return time. Let B = {t €
S+ SE |t =1} and

W (m,m') = [ sup Zu(t) — p(m,m")];

where

D) (e Lt I lEals)

pm,m') = K n (In s)2

(where K is a numerical constant and s is a real depending on the chain). Then

21+ [fllccBa(sT)

EW (m,m') < K'e Pm' (rg v 1) (In3)?
ns)%n

Proof of Proposition J: We can write

In—1

Zu(0) = 3" 5,0

where S;(t) is defined by ([3). According to Lemma [I:
E, 1S (6)]™ < (2]|t]loo)™ (| flloo[t|*Ea(7™). Now, we use condition A5 of geometric
ergodicity. The proof of Theorem 15.4.2 in [Meyn and Tweedid ([993) shows that A is
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a Kendall set, i.e. there exists s > 1 (depending on A) such that sup, 4 E,(s7) < oo.
Then E4(7) < [m!/(Ins)™|E4(s7). Indeed

/ ma™ ' Py(T > x)dx

/ ma™ s E 4 (sT)dx = ﬁEA(sT)
Thus
m 2/[tlloo "™ IF oo lE11% y , -
(19) Vm > 2 E,|S;(#)|™ < m! ( o s ) (In3)? EA(sT).

We use now the following inequality (see ([979) p.49) :
!

P(max S()>y)§2P(ZSj(t)2y—\/QBn)

1<l<n

7j=1
0 ) . . . 1 lloo 211
where B, > 377 | ES;(t)?. The inequality ([9) gives us B, = QnWEA@T)
ns

and

ln—1 l n
P( Zl Si(t) > y) < P(EQ%’%ZlSJ’“) >y) < 2P(lej<t) >y — 2/nl|t]| M/ 1Ins)

j= j= j=

where M? = || f||Ea(s7). We use then the Bernstein inequality given by
[ Vlassar] ([999).

Z Sj(t) > ne) <e ™

20|tlloe  2I|t]| M

with ¢ = s T + s vz . Indeed, according to ([[9),
1 il 2t o VI
— E|S;(t)|" < — m .
S IETIIELE LI RL UL
Finally

2
(200 P (Zn@) > [tz + Ml V7 + MHtHNﬁ}) < e

We will now use a chaining technique used in Barron et al] (1999). Let us recall
first the following lemma (Lemma 9 p.400 in [Barron et al] ([999), see also Proposition

1 in Birgé and Massar{ ([993)).
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Lemma 2. Let S a subspace of L? with dimension D spanned by (ox)xea (orthonor-
mal basis). Let

1 I ZAGA Broalloo
r= sup )
VD p#0  SuDyep |5

Then, for all § > 0, we can find a countable set T C S and a mapping © from S to
T such that :

e for all ball B with radius o > 50
(21) T NB| < (50/6)"
o lu—7(u)|| <6, Vues et

sup |lu —t)|eo <76, VEET.

uer—1(¢)
We apply this lemma to the subpace S,, + S, with dimension D,, V D,,, denoted
by D(m') and r = r(m') defined by

1 | Z)\GA(m/) Br@alloo
= sup
VD) 520 SUPxea(my |02

where (©x)xea@) is an orthonormal basis of S, + S,. Notice that this quantity
satisfy ¢pr < r(m’) < /D(m/)¢,» where m” is such that S,, + S,y = S,» and
then, using M2,

r(m’)

We consider &y < 1/5 , §p = 0p27%, and the T, = T'N B where T is defined by
Lemma J with § = 6;. Inequality (BT)) gives us |T'N B| < (5/8;)°™) where B is the
unit ball of S,,, + Spv. By letting Hy = In(|7%|), we obtain

)

0

Thus, for all v in B, we can find a sequence {uy}r>o with u, € T such that

|lu—ug|| < 0 and ||u—uk||lo < r(m')d,. Hence, we have the following decomposition:

U= ug + Z(uk — Up_1)

k=1
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with  |lugl] <1,

[uolloe < 70/ D(m)[uo]| < 701/ D(m)

and for all £ > 1,

Jur —up—al| < Ok + 6p1 = 30k-1/2,

lur — up_1lloe < 3r(m)or_1/2 < 3rg\/D(m/)or_1/2.

AN

Then

P(supZ,(u) > n) =P(3(ug)k>0 € HTk, (ug) + ZZ Up — Ug—1) > No + an

ueB k>0 =1 k=1
< E (o) >770+E E (g — ug—1) > ng)
up€To = uk €Ty
uk 1€Tk—1

with no + > po; m < 1. We use the exponential inequality (B0) to obtain

> P(Zy(ug) > mp) <2e'omme0

ug€Ty
E P(Z,(ug — ug—1) > 1) <2eMktHy—1—nwy
ukETk
Up—1€TK—1

2 M
M= (7’0 D(m/)xo + M/zo + %)
by choosing NS
k—1

(7“0\/ m' )01k + Mp_1/Tk + Jn )

Let us choose now the (zj)g>o such that nzg = Hy + D,y + v and for k > 1,

e = Ins

nry=Hy,_ 1+ H, + kD, + D, +v
Thus

P(SupZn(u) > ,',]) S 26—Dm/—v(1 + Z e—k:Dm/) S 3.26_Dm/_v

ueB E>1

It remains to bound > /7, 7

an < (Ins (A1+A2+A3)
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Ar = roy/D(m/)(220 + 3 Gr_121)
k=1

where { A2 = 2M\/xy+3M Z Ok—1v/ Tk
k=1

M 2 3Moy_4
A3 = 2——|—

Vi

\
e Regarding the third term, just write

Si=

M > M
Ay — %(2 + 3;%_1) = (60 +2) < cs(00)

Wlth 05(50) = 650 + 2
e Let us bound the first term. First, recall that D(m') < y/n and then

A < 1

n H0+Dm/+’l} e Hk_1+Hk+k3Dm/+Dm/+’U
+3Z§k_1 .
D(m/) n — n

Observing that >~ 0—1 = 20 and Y .-, kdy_1 = 48y and using (BF), we get

v D(m/)
A < 01(50)T0W+202(50)T0 o

C1 (50) = 24 650

c2(80) = 1(do) +1In(£)(2 4 1280) 4 60(2 + 31n 2)
e To bound the second term, we use the Schwarz inequality and the inequality

Va+b < y/a+ b, We obtain

with

D(m/)

n

A2 S Cg(éo)M\/g+C4(50)M

03(50) = 6(50 + 2
ea(0) = 24/1+In(2) +3v20/(63(1 + In2) + 45 In(2)

with



30 NONPARAMETRIC ESTIMATION FOR A MARKOV CHAIN

We get so
> 7’0\/1) v \/?
< C|———F s M/ —
S < (3 (oo
D(m/ V1
(m)<ro )[02+C4M+05M]
n Ins

< c6(50)(’”°”)2[ v VMQ%]+C7(5O)D(:I) <TOVI)2(1+M)2

Ins

c6(d0) = 6(c1 + c3)?
where

c7(60) = gsup(CQ, cy + c5)?
Let us choose now &y = 0.024 and then cg = 110, ¢; = 268. Let K| = cg(roV1/1n s)2.

Then

2 _ Ry M2 '
where
D(m/) 1+ || fllocEa(s™)
_ 2 oo
p(m,m’) = 2c;(ro V 1) - Ins)?
2 v’ 2V /
We get P(ilengn(u) > Kl[nD(m’) v M E] + p(m,m’))
= P(supZg(u) > n°)
ueB
< P(supZy(u) > n) + P(supZ,(u) < —n)
ueB ueB
Now

P(supZ,(u) < —n) < Z P(Zn(ug) < —no +Z Z n (Ul — Ug—1) < —1)

ueB

up€To k=1 up€Ty
up—1€Tk—1
<§ —uyp) >7}0+E E —up, + Up—1) > M)
ug€Ty k=1 up €Ty
up_1€TK 1
<3.2e Pmi v,

Hence

2
P 72(u) > K
(supZ,(u) > Kl 5

v MZ%] +p(m,m’)) < 6.4e Pm' 7Y,
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We obtain then

Bl sup Z3(6) = plm, )], < [ PlwZ(w) > plm,m) + 2)d:

teB ueB
M?D(m') v M2
< / P(supZ2(u) > p(m,m’) + Ky M*=)K,—dv
0 ueB n n
OO supZ2(u) > p(m,m’) + K v VK 2v dv
M2D ueg P, "nD(m')"" 'nD(m’)
K 2 °
-1 2/ 6.4e” / 6.4¢~Pm' ~Yodu
5 D(m') Jo
1 e~ D 2
m (M
D(m’))
2
< 12.8 K e Pm L+ M .
n

By replacing M? by its value, we get so

7hV1)27D/1+WVHmEA()
Ins n

EW (m,m') < K'(
where K’ is a numerical constant
5.5. Proof of Corollary P. According to Theorem [J

- D
_ flI2 < ; 2 -m
B~ I < Gy inf {d*(.5) + )
Since d*(f, S;,) = O(D,;>*) (see Lemma 12 in Barron et al] ([999)),

D,,
)

Ellf — flI%2 < inf {D—2¢
If = fIF < G5 inf {Dy* +
In particular, if mg is such that D,,, = L””ﬁJ, then
~ Dm B o
ENf - fIP < Co{ D2+ Dmoy < oy,
n

The condition D,, < y/n allows this choice of m only if a > %

5.6. Proof of Theorem P. The proof is identical to the one of Theorem [I.

5.7. Proof of Corollary B. It is sufficient to prove that d(g, Sg)) < D~

belongs to By ([0,1]?). It is done in the following lemma.

31

U
U

if g
O

Lemma 3. Let g in the Besov space BS ([0,1]%). We consider the following spaces

of dimension D? :

e 51 is a space of piecewiwe polynomials of degree bounded by s > o — 1 based

on a partition with square of vertice 1/D,



32 NONPARAMETRIC ESTIMATION FOR A MARKOV CHAIN

e Sy is a space of of orthonormal wavelets of reqularity s > a — 1,

e 53 is the space of trigonometric polynomials.

Then, there exists positive constants C; such that
d(g,S;) < C;D™* fori=1,2,3.

Proof of Lemme [8: Let us recall the definition of Bg' ([0, 1]*). Let

T

Sjgto) = D21} Yot + Khay + k)

the rth difference operateur with step A and
wr(g,t) = sup || Azgll2
|h|<t
the rth modulus of smoothness of g. We say g is in the Besov space B3 ([0, 1) if
supt™ “w,(g,t) < 0o
t>0

for r = |a| + 1, or equivalently, for r an integer larger than .
DeVord ([998) proved that d(g, S1) < Cwey1(g, D7), so

d(g,8,) < D
For the wavelets case, we use the fact that f belongs to By ([0, 1]*) if and only if
up 27%| 35| < o0
Jj=-1

(see Meyel (1990) chapter 6, section 10). If gp is the orthogonal projection of g on

Ss, it follows from Bernstein’s inequality that
lg—gpl? =" 1BulP < 27%* < ¢’
i>m kil ji>m
where m is such that 2™ = D. For the trigonometric case, we will just adjust the

demonstration of [DeVore and Lorent ([993) to the dimension 2. Let us begin to
define F(z,y) = g(3=, &£). We will prove that

277 21

d(F,S5(0,27)) < Cw,(F,D7')  forr = |a] +1,

then
d(g, Ss) < Cw,(9,D~') < C'D™®
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sinmt /2
sint/2
and A is such that fozw K(t) = 1. We define now

2r
Let K(t) = A ( ) the generalized Jackson Kernel where m = |D/r| + 1

SF(.9) = [ =17 Ay Fla,) + Fla ) K OK (w)dtdu
Let us notice that SF' belongs to S3 since it is a linear combination of terms
/F(x + kt,y + ku) cos(lt) cos(l'u)dtdu

with £k = 1,..,r and [,I' = 1,...,D. But t — F(z + kt,y + ku) is 27/k periodic,
so the integral is zero unless k divides [ and k divides I’. In the latter case, it is a

trigonometric polynomial of degree [ /k in z and I'/k in y. Thus SF is a trigonometric
polynom of degree < D and d(F,S;) < ||[SF — F||.

ISE = Flls < H/(—1)”1Aft,u)FK(t)K(U)dtduH
< [ 180 PIK @K w)dedu
< [PV DK K (w)didu
But the rth modulus of smoothness satisfies the following property w,(F,t) < (Dt +
) w,(F, D7), so
AF.S) < w(FD) (DY [ul) + D KOK (witd

< wi(F, DY) / (Dt] + 17(Du] + 1) K () K (u)dtdu

< w(F,D7) ( / () + 1)7’K<t>dt)2

Now, Lemma 2.1 chapter 7 of DeVore and Lorent ([993) shows that

/ "(DJt] + 1Y KDt < C,

and then d(F, S3) < Cw,(F, D). O
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5.8. Proof of Theorem B. Let us prove first the first item Let E, = {||f — flo0 <

X}. On E,, f(z) = f(x)— f(x)+ f(z) > % and for n large enough, 7(z, y) = gfx(, ‘7;)
T

For all (z,y) € [0, 1),

ia.y) ~ F@yrlz.y)
e :
9(z,y) — g(z,y) + 7(2,y)(f(z) — f(2))
X /4
‘g(an + ||7T||OO)2]1E§
Ellr —7[* < ?[EHQ = GI1* + I7IZENf = FIP] + (an + [I7lloo)*P(EY)

7 (2 y) = m(@y)* < | P1e, + (17l + [17llo0)* L g

IN

It remains to bound P(EY).

I1f = Flloo < I1f = falloo + 1 fie = Finlloo

Let v = o — %, then B¢ _([0,1]) € B2 . ([0,1]) (see DeVore and Lorentq ([993)
p.182). Thus f belongs to B, ([0, 1]) and Lemma 12 in Barron et al] (I999) gives

If = falle < D" < k7
Thus || f — fi|ls decreases to 0 and || f — fi |l < § for n large enough. And so,
; X
P(E]) < P(lfan — falloo > 7

But || fin — fallo < ron/DE) fin — fall < ron8|| fan — Fnll and || fa — fall? =
Z)\EA(m) vp(px). Thus,

2

PES) < P(Y. 12(p) > —)

2,.1/4
v 16rgn
2
X
< PO Y Ao + v (@) + (0 > 5a)
AEA () 0
2
2 _—
_'_P( ZA Zn(SOA) > 327,(2]77[1/4)
AeA (1)
32r2nt/4
< B wle) e +u0e)?)
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We need then to bound two terms. For the first term, notice that |VT(L1)<1J)| <
2/t oo Lrsn < 27gn'/®||t]| 1+, and so

E(r2)nl/4
B0 (¢2)?) < 4rg o
@ rornt/®
In the same way |y, (t)] < 2||¢| implies
n
E(r?)n!/4

2 2 2
B (p2)?) < 48—

/8
At last, since [ (1) < 2(n — 7(1))—ro]|t]| 1 r<n
o <

E(v{" (p2)*) < STgM(A)E?l(QTA‘)”M
Thus
E[r Y (02)2 + v (02)2 + v (02)2] < Cn 774
and

E[ Z v (oa)? + 2 (02)* + v (02)%] < sup Z Cn~ ™ < On7?P
AEA (1) MEMn \eA(m)

We can then bound the first term :

32TS”1/4 (1) 2 () 2 (4) 2 1, —5/4
—E( D (@) + P00 + v () < C'n
X AEA ()

Besides, for all x and for all A,

M
P(Z.(px) > 2ron'/Sx + 2M /7 + 27) < 2
n

and so

M
P(Z(px) > (2ron*z + 2My/x + 27)2) <de ™
n

172 g verifies (for n large enough)

Let now £ =n~

X

2ront/tx + 2Mn'/8\/x + IMn 38 < A&
’ Ve = rov/32

that yields
M 2
1/8 2 _
(2ron'Pz + 2M/x + 2 \/ﬁ) < 320201
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The previous inequality gives then

X’ vn
Sonagin) Sde s 4

P (Zi(%) >
Finally
P(ES) < 4n'tevm 4 C'n = < ¢~
for n great enough. And then, for n large enough, (a, + ||7||c)?P(ES) < CaZn=>/*.
So, since a,, = o(n'/®), (a, + ||7||«)?P(ES) = o(2).
Following result in Theorem [ is provided by using Corollary f] and Corollary fJ.
O
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