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Metastability in Interacting Nonlinear
Stochastic Differential Equations II:
Large-N Behaviour

Nils Berglund, Bastien Fernandez and Barbara Gentz

Abstract

We consider the dynamics of a periodic chain of N coupled overdamped particles under
the influence of noise, in the limit of large N. Each particle is subjected to a bistable
local potential, to a linear coupling with its nearest neighbours, and to an independent
source of white noise. For strong coupling (of the order N?), the system synchronises,
in the sense that all oscillators assume almost the same position in their respective
local potential most of the time. In a previous paper, we showed that the transition
from strong to weak coupling involves a sequence of symmetry-breaking bifurcations
of the system’s stationary configurations, and analysed in particular the behaviour for
coupling intensities slightly below the synchronisation threshold, for arbitrary N. Here
we describe the behaviour for any positive coupling intensity v of order N2, provided
the particle number N is sufficiently large (as a function of v/N?). In particular, we
determine the transition time between synchronised states, as well as the shape of the
“critical droplet” to leading order in 1/N. Our techniques involve the control of the
exact number of periodic orbits of a near-integrable twist map, allowing us to give
a detailed description of the system’s potential landscape, in which the metastable
behaviour is encoded.
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1 Introduction

In this paper, we continue our analysis of the metastable dynamics of a periodic chain of
coupled bistable elements, initiated in [B a]. In contrast with similar models involv-
ing discrete on-site variables, or “spins”, whose metastable behaviour has been studied
extensively (see for instance [AH04, [OV03]), our model involves continuous local variables,
and is therefore described by a set of interacting stochastic differential equations.

The analysis of the metastable dynamics of such a system requires an understanding
of its N-dimensional “potential landscape”, in particular the number and location of its
local minima and saddles of index 1. In the previous paper [B q|, we showed that
the number of stationary configurations increases from 3 to 3%V as the coupling intensity
decreases from a critical value v; of order N2 to 0. This transition from strong to weak cou-
pling involves a sequence of successive symmetry-breaking bifurcations, and we analysed
in particular the first of these bifurcations, which corresponds to desynchronisation.



In the present paper, we consider in more detail the behaviour for large particle number
N. It turns out that a technique known as “spatial map” analysis allows us to obtain a
precise control of the set of stationary points, for values of the coupling well below the
synchronisation threshold. More precisely, given a strictly positive coupling intensity ~ of
order N2, there is an integer No(y/N?) such that we know precisely the number, location
and type of the potential’s stationary points for all N > Ny(v/N?). This allows us to
characterise the transition times and paths between metastable states for all these values
of v and N.

This paper is organised as follows. Section J| contains the precise definition of our
model, and the statement of all results. After introducing the model in Section P.] and
describing general properties of the potential landscape in Section .3, we state in Sec-
tion P.3 the detailed results on number and location of stationary points for large N, and in
Section P4 their consequences for the stochastic dynamics. Section [ contains the proofs
of these results. The proofs rely on the detailed analysis of the orbits of period N of a
near-integrable twist map, which are in one-to-one correspondance with stationary points
of the potential. Appendix [A] recalls some properties of Jacobi’s elliptic functions needed
in the analysis.
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2 Model and Results

2.1 Definition of the Model

Our model of interacting bistable systems perturbed by noise is defined by the following
ingredients:

e The periodic one-dimensional lattice is given by A = Z /NZ, where N > 2 is the
number of particles.

e To each site i € A, we attach a real variable x; € R, describing the position of the ith
particle. The configuration space is thus X = RA,

e Each particle feels a local bistable potential, given by

Uz) = lx‘l — le , zeR. (2.1)
4 2

The local dynamics thus tends to push the particle towards one of the two stable
positions x =1 or x = —1.

e Neighbouring particles in A are coupled via a discretised-Laplacian interaction, of
intensity /2.

e Each site is coupled to an independent source of noise, of intensity v N (this scaling
is appropriate when studying the large-IN behaviour for strong coupling, and is im-



material for small N). The sources of noise are described by independent Brownian

motions {B;(t)}+>0 on a probability space (€2, F,P).

The system is thus described by the following set of coupled stochastic differential
equations, defining a diffusion on X:

Ao (1) = F(@f (D) dt + 271 (1) = 207 (0) + 2l y(0)] At +oVNABi(t),  (22)
where the local nonlinear drift is given by
flz)=-VU(z) =2 — 2> . (2.3)

For o = 0, the system (B.2) is a gradient system of the form i = —VV (x), with potential

Via) = V() = Y Ulws) + 1 3 (@i — 2% (2.4)

ieA =N
2.2 Potential Landscape and Metastability

The dynamics of the stochastic system depends essentially on the “potential landscape”
V. More precisely, let
S=8) ={r e X: VV,(z) =0} (2.5)

denote the set of stationary points of the potential. A point x € S is said to be of
type (n—,ng,n4) if the Hessian matrix of V in x has n_ negative, ny positive and ng =
N — n_ — ny vanishing eigenvalues (counting multiplicity). For each k = 0,..., N, let
Sk = Sk(7) denote the set of stationary points x € S which are of type (N — k,0, k). For
k > 1, these points are called saddles of index k, or simply k-saddles, while Sy is the set
of strict local minima of V.

Understanding the dynamics for small noise essentially requires knowing the graph
G = (8o, &), in which two vertices z*, y* € Sy are connected by an edge if and only if there
is a 1-saddle s € §; whose unstable manifolds converge to * and y*. The system behaves
essentially like a Markovian jump process on G. The mean transition time from x* to y*
is of order e2H/ 02, where H is the potential difference between z* and the lowest saddle
leading to y* (see [FW9Y], as well as [B d] for more details).

It is easy to see that S always contains at least the three points

0=(0,...,0), I*f==+(1,...,1). (2.6)

Depending on the value of -, the origin O can be an N-saddle, or a k-saddle for any odd
k. The points IT always belong to Sy, in fact we have for all v > 0

Vy(z) >V,(IT)=V,(I7) = —% Vee X\{I",I"}, (2.7)

so that I™ and I~ represent the most stable configurations of the system. The three points
O, I'" and I~ are the only stationary points belonging to the diagonal D = {z € X': 21 =
Ty = =zaN}.

The potential V' (z) is invariant under the transformation group G = Gy of order 4N
(4 if N = 2), generated by the following three symmetries:

e the rotation around the diagonal given by R(x1,...,2n) = (z2,...,2ZN,Z1);
e the mirror symmetry S(x1,...,2x) = (N, ..., T1);
e the point symmetry C(z1,...,2x) = —(z1,...,ZN).



N x | Type of symmetry
4L Al (T1,. . T, XLy oo 1, — Ty ooy — XL, —TLy ..., —T1)
B | (z1,...,xp,...,21,0,—21,...,—2L,...,—21,0)
AL+2 | A (.%'1,...,.Z'L+1,...,x1,—1'1,...,—$L+1,...,—.%'1)
B | (z1,...,xp,21...,21,0,—21,...,—xp,—2Z[,...,—x1,0)
2L+1 | A (.%'1,...,xL,—I'L,...,—.%'l,O)
B | (z1,...,x0,%L,...,T1,T0)

TABLE 1. Symmetries of the stationary points bifurcating from the origin at v = ;. The
situation depends on whether N is odd (in which case we write N = 2L + 1) or even (in
which case we write N = 4L or N = 4L+ 2, depending on the value of N (mod 4)). Points
labeled A are 1-saddles near the desynchronisation bifurcation at v = 1, those labeled B
are 2-saddles (for odd N, this is actually a conjecture). More saddles of the same index
are obtained by applying elements of the symmetry group Gy to A and B.

As a consequence, the set S of stationary points, as well as each S, are invariant under
the action of G. This has important consequences for the classification of stationary points.
In [B d], we proved the following results:

e There is a critical coupling intensity

1

T 1- cos(2m/N) (28)

7
such that for all v > v, the set of stationary points S consists of the three points O
and I* only. The graph G has two vertices I+, connected by a single edge.

e As v decreases below 71, an even number of new stationary points bifurcate from
the origin. Half of them are 1-saddles, while the others are 2-saddles. These points
satisfy symmetries as shown in Table [[. The potential difference between I + and the
1-saddles behaves like N(1/4 — (y1 —7)%/6) as v /" 1.

e New bifurcations of the origin occur for v = vy = (1 — cos(2rM/N))~!, with 2 <
M < N/2, in which saddles of order higher than 2 are created.

The number of stationary points emerging from the origin at the desynchronisation
bifurcation at v = ; depends on the parity of N. If IV is even, there are exactly 2N new
points (IV saddles of index 1, and N saddles of index 2). If N is odd, we were only able to
prove that the number of new stationary points is a multiple of 4N, but formulated the
conjecture that there are exactly 4N stationary points (2N saddles of index 1, and 2NV
saddles of index 2). We checked this conjecture numerically for all N up to 101. As we
shall see in the next section, the conjecture is also true for N sufficiently large.

2.3 Global Control of the Set of Stationary Points

We examine now the structure of the set S of stationary points for large particle number
N, and large coupling intensity . More precisely, we introduce the rescaled coupling
intensity

~_ 7

7= - = (L cos(2m/N)) = %7[1 + o(%)] : (2.9)
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FIGURE 1. The functions x(7) and a(¥) appearing in the expressions (R.14)) and (R.1§) for
the coordinates of A and B.

The desynchronisation bifurcation occurs for ¥ = 43:=1. For 2 < M < N/2, we also

introduce scaled bifurcation values

~ 1 —cos(2n/N 1 1
WM cos(2mw/N) —|—(’)< )

M= " _1—COS(27TM/N):W N2

(2.10)

For large N and 5 bounded away from zero, we can get a precise control of the set of
stationary points. Their coordinates will be given in terms of Jacobi elliptic functions and
integrals!, and involve function x(7) and a(7), defined implicitly by the relations

2 2
~ T 9 2K

T O R

(2.11)
where K(k) denotes Jacobi’s elliptic integral of the first kind. In the following results, O,
denotes the group orbit of a point € X under G, that is, O, = {gx: g € G}.

Theorem 2.1. There exists N1 < oo such that when N = Ny and 7o <5 < 71 = 1, the
set S of stationary points of the potential has cardinality

4N 342N if N is even,
S|l=834+—— — - 2.12
151 ged(N, 2M) {3+4N if N is odd . (212)

It can be decomposed as

So =07+ = {I+,I_} ,

Sl = OA )

82 = OB )

83 = 00 = {0}, (2.13)

where the points A = A(¥) and B = B(¥) have the following properties:

e If N is even, A and B satisfy the symmetries of Table [], and have components given
in terms of Jacobi’s elliptic sine by

43 =@ G- 4.0 +0( 5 )

B;j(7) = a(¥) sn<%ﬂm)y‘, n(?)) + O<%> . (2.14)

1For the reader’s convenience, we recall the definitions and main properties of Jacobi’s elliptic integrals
and functions in Appendix E



(b)

FIGURE 2. (a) Coordinates of the 1-saddles A in the case N = 32, shown for two different
values of the coupling 3’ > 7”. (b) Coordinates of the 3-saddles A in the case N = 32,
shown for the coupling intensities 7' /4 and 7" /4.

e If N is odd, then A and B satisfy the symmetries of Table [], and have components

given by
14,5 =@ 05 + 05 )
B;(7) = a(¥) cn(%ﬂm)j, n(?)) + O(%) . (2.15)

The potential difference between the 1-saddles and the well bottoms (which is the same for
all 1-saddles and well bottoms) satisfies

V(A®)-VI*F) 1 1 2+ k2 _E(k) K2
N ! 3(1—1—/62)[1—1—/62 _QK(K):| +O<N> ’ (2.16)

where k = Kk(y) and E(k) denotes Jacobi’s elliptic integral of the second kind.

For 7 < 79, the stationary points A and B continue to exist, but new stationary points
bifurcate from the origin O.

Theorem 2.2. For any M > 2, there exists Ny < oo such that when N = Ny and
YMma1 <7 < um, the set S of stationary points of the potential has cardinality

M
4N
= _ . 2.1
151=3 +mZ=1 ged(N, 2m) (2.17)
It can be decomposed as
So=0pn ={I",I"},

ng,leA(m), m=1,..., M,

S2m:OB(m)) mzla"'aMa
Sonr+1 = Op = {0}, (2.18)

where the points A™ = Am) (%) and BM) = p(m) (¥) have the following properties:
o If2m/ gcd(N,2m) is odd, the components of A" and B are given by
m) ~ o (AK(E(MF)) ~ M
A7) = a3y sn (T - 3),mm29)) +0( )

B = alm?5)on (LT s ) + 0 (3 ). (219)
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F1GUurE 3. Partial bifurcation diagram for a case where N = 4L is a multiple of four,
and some associated graphs G. Only one stationary point per orbit of the symmetry
group G is shown. Dash—dotted curves with k& dots represent k-saddles. The symbols at
the left indicate the zero-coupling limit of the stationary points’ coordinates, for instance
12E(—1)2E stands for a point whose first 2L coordinates are equal to 1, and whose last 2L
coordinates are equal to —1. The numbers associated with the branch created at 73 are
Ly =12L/3|, Lo =2(L—L1), Ls = |2L/3+1/2] and Ly = 2(L — L3) — 1 (in case N is a
multiple of 12, there are more vanishing coordinates).

e If2m/gcd(N,2m) is even, the réles of A and B™) are reversed.

The potential difference between the saddles Ag-m)

relation as (.16), but with x = x(m?7).

(7) and the well bottoms satisfies a similar

Note that the total number of stationary points accounted for by these results is of the
order N2, which is much less than the 3V points present at zero coupling. Many additional
stationary points thus have to be created as the rescaled coupling intensity 4 decreases suf-
ficiently (below order 1 in N), either by pitchfork-type second-order bifurcations of already
existing points, or by saddle-node bifurcations. The existence of second-order bifurcations
follows from stability arguments. For instance, for even N, the point A(5) converges to
(1,1,...,1,—-1,-1,...,—1) as ¥ — 0, which is a local minimum of V" instead of a 1-saddle.
The A-branch thus has to bifurcate at least once as the coupling decreases to zero (Fig-
ure [). For odd N, by contrast, the point A(3) converges to (1,1,...,1,0,—1,—1,...,—1)
as 7 — 0, which is also a 1-saddle. We thus expect that the point A(7) does not undergo
any bifurcations for 0 <5 < 1 if N is odd.

2.4 Stochastic Case

We return now to the behaviour of the system of stochastic differential equations

daf (t) = f(2f (1) dt + %[22, (1) = 207 (1) + 07, (1)) dt + oVN dB,(1) . (2:20)
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FIGURE 4. Partial bifurcation diagram for a case where N = 4L is a multiple of four,
showing the expected bifurcation behaviour of the critical 1-saddle in the zero-coupling

limit.

Our main goal is to characterise the noise-induced transition from the configuration I~ =
(—=1,—1,...,—1) to the configuration I™ = (1,1,...,1). In particular, we are interested in
the time needed for this transition to occur, and by the shape of the critical configuration,
i.e., the configuration of highest energy reached during the transition.

Since the probability of a stochastic process in continuous space hitting a given point is
typically zero, we have to work with small neighbourhoods of the relevant configurations.
Given a Borel set A € X, and an initial condition 2y € X \ A, we denote by 7Mt(A) the
first-hitting time of A

M A) = inf{t > 0: 29(t) € A} . (2.21)

Similarly, for an initial condition zo € A, we denote by 7¥1*(A) the first-exit time from A
T A) = inf{t > 0: 2(t) ¢ A} . (2.22)
We fix radii 0 < r < R < 1/2, and introduce random times

Ty =By, 7))
TO = Thit(B(O’T)) )

7 =inf{t > B, R)): 2, € B(I",r)}. (2.23)
In [BFGO064, Theorem 2.7], we obtained in the synchronisation regime 5 > 1, for any
initial condition xg € B(I~,r), any N > 2 and any ¢ > 0,
lirrb IP’mO{e(l/%‘s)/‘72 <7 < e(1/2+5)/‘72} =1 (2.24)
and 1
lirr%] o?logE™ {7,} = 3 (2.25)
This means that in the synchronisation regime, the transition between I~ and IT takes a
time of the order el/20”. Furthermore,
lim PP {0 <74 |4 <7-} =1, (2.26)
c—0
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FIGURE 5. Value of the potential barrier height H(5) = (V(A) — V(I*))/N as a function
of the rescaled coupling intensity 4. For comparison, we also show the barrier height
(V(A®) —V(I*))/N for a stationary point of higher winding number M = 2.

meaning that during the transition, the system is likely to pass close the the origin, i.e.,
the origin is the critical configuration of the transition.
We can now prove a similar result in the desynchronised regime 7 < 1.

Theorem 2.3. For v <1, let

VAR)-VIH 1 1 [2“2 2E<“)]+o(“—2>7 (2.27)

H@) = N T4 31+r)|[1+R2 TK(r) N

where k = k() is defined implicitly by (R.11)). Fiz an initial condition xq € B(I~,7).
Then for any 0 <5 < 1, and any § > 0, there exists No(7) such that for all N > Ny(7),

lim P70 {CH(=0/0" < 7 < (RHEHO/*Y — (2.28)

o—0

and
lim o?logE™ {r,} = 2H(7) . (2.29)
g—

Furthermore, let

Ta = THE ( U B(gA, 7“)) , (2.30)

geG
where A = A(7) satisfies (R14) (or (B.17) if N is odd). Then for any N > No(¥),

lim P*{rg <7 |74 <7_}=1. (2.31)
o—0

The relations (2:2§) and (B.29) mean that the transition time between the synchronised
states I~ and It is of order ¢2#(/7*  Relation (B.31)) implies that the set of critical
configurations is given by the orbit of A.

The large-N limit of the rescaled potential difference H(7) is shown in Figure . The
limiting function is increasing, with a discontinuous second-order derivative of at 7 = 1.
For small 7, H(¥) grows like the square-root of 7. This is compatible with the weak-
coupling behaviour H = (1/4 + 3/2v + O(4?))/N obtained in [BFG064], if one takes into
account the scaling of 7.



The critical configuration, that is, the configuration with highest energy reached in
the course of the transition from I~ to I, is any translate of the configuration shown
in Figure Ba. If N is even, it has N/2 positive and N/2 negative coordinates, while for odd
N, there are (N — 1)/2 positive, one vanishing, and (N — 1)/2 negative coordinates. The
sites with positive and negative coordinates are always adjacent. The potential difference
between the 1-saddles A and the 2-saddles B is actually very small, so that during a tran-
sition, the system may select at the last moment one of the different critical configurations,
reflecting the fact that it becomes translation-invariant in the large-N limit.

3 Proofs

The stationary points of the potential satisfy the relation
F(@n) + 3 [ens1 = 200 + 0] =0, (3.1)
where f(x) =z — x3. Setting v, = 2, — p_1 allows to rewrite this as the system

Tpnil = Tn + Untl,

3.2
Un41 = Up — 2771f($n) ) ( )

in which n plays the role of “discrete time”. It is easy to see that (z,,vy,) — (Tpt1, Vnt1)
is an area-preserving twist map (“twist” meaning that x,; is a monotonous function
of vy,), for the study of which many tools are available [Mei93]. The stationary points of
the potential for N particles are in one-to-one correspondence with the periodic orbits of
period N of this map.

3.1 Symmetric Twist Map

The twist map (B.3) does not exploit the symmetries of the original system in an optimal
way. In order to do so, it is more advantageous to introduce the variable

Tp+1 — Tp—1

Up = 5 (3.3)
instead of v,. Then a short computation shows that
Tpyl = Tp + Up — ’7_1f(xn) ) (3.4)

Up+1 = Un — '771 [f(xn) + f(xn—l—l)] :

The map T3 : (2, un) — (Tpt+1,Uns1) is also an area-preserving twist map. Although
it looks more complicated than the map (B.Z), it has the advantage that its inverse is
obtained by changing the sign of u, namely

Tpn = Tp+1 — Up+1 — 'Yilf(xn-l—l) 5

Up = Upt1 + 7 [f(@ngr) + Flan)] - (35)
If we introduce the involutions
Syt (zyu) — (—z,u) and Syt (z,u) — (x,—u) , (3.6)
then the map 7 and its inverse are related by
TioS;=50(T)™" and TioSy=S0(T1)"", (3.7)

as a consequence of f being odd. This implies that the images of an orbit of the map
under S7 and Sy are also orbits of the map.

10



3.2 Large-N Behaviour

For large N, it turns out to be useful to introduce the small parameter

and the scaled variable w = u/e. This transforms the map 7} into a map Ts : (2, wy,) —
(anrla wnJrl) defined by

1
Tpyl = Ty + EWy — 552f(xn) s

1 (3.9)
Wp41 = Wp — 55[f(xn) + f(xn-i-l)} .
T5 is again an area-preserving twist map satisfying
To0S58 =570 (TQ)_l and To089 =550 (Tg)_l . (310)

For small e, we expect the orbits of this map to be close to those of the differential equation

i (3.11)
which is equivalent to the second-order equation & = — f(x), describing the motion of a
particle in the inverted double-well potential —U (z). Solutions of (B.11) can be expressed

in terms of Jacobi elliptic functions. Indeed, the function

C(z,w) = %(3:2 + w?) — ix‘l

(3.12)
being a constant of motion, one sees that w satisfies
w = ++/(a(C)? — 22)(b(C)2 — 22)/2 , (3.13)
where
a(C)?=1—-+1-4C,
b(C)?=1+V1-4C . (3.14)

This can be used to integrate the equation & = w, yielding

%t = F(Arcsin@((é))),ﬂ((,*)) , (3.15)

where k(C) = a(C)/b(C), and F(¢,x) denotes the incomplete elliptic integral of the first
kind. The solution of the ODE can be written in terms of standard elliptic functions as

2(t) = a(C) <Mt,n((§’)> ,
t,

sn( =7
w(t) = x/ﬁcn<b§; ﬂ(0)> dn(%zﬁ,n((})) . (3.16)
11




3.3 Action—Angle Variables

We return now to the map 7% defined in (B.9). The explicit solution of the continuous-time
equation motivates the change of variables ®; : (z,w) — (¢, C) given by

o T\/g) F(Arcsin(a(xc)>7ﬁ(c)> ! (3.17)
O = %(gﬂ +w?) - ix‘l :

One checks that @ is again area-preserving. The inverse <I>1_1 is given by

z=a(C) sn(L\g)go, K(C)> : s
w = @cn<%gp, /@(C)> dn<%gp, 5(0)> . |

The elliptic functions sn, cn and dn being periodic in their first argument, with period
4K(k), it is convenient to carry out a further area-preserving change of variables ®y :
(¢,C) = (¥, 1), defined by

v =Q(C)y, I=h(C), (3.19)
where
B @ s B ¢ dc’
Q) = 3 72K(/<;(C)) , h(C) —/0 —Q(C’) . (3.20)

Using the facts that C' and b = b(C) can be expressed as functions of k = k(C) by
C =k?/(1+ k2% and b? = 2/(1 + x?2), one can check that

4 1+r)EK) -1 -r)HK(k
h(c)zg( + )((11&2()3/2 ) K()

&3
k=k(C) D 3w ]

(3.21)

We denote by ® = &5 o ®; the transformation (x,w) +— (¢, 1) and by T = ® 0 T 0 &1
the resulting map.

Proposition 3.1. The map T = T(e) has the form

T;Z)nJrl = ¢n + eﬁ(In) + 53f(¢na Ina 5) (mOd 27T) )

(3.22)
In+1 =1, + 539(7;Z)na In,€) >

where Q(I) = Q(h~Y(I)). The functions f and g are m-periodic in their first argument,
and are real-analytic for 0 < I < h(1/4) —O(g3). Furthermore, T satisfies the symmetries

ToY =0T " and ToXe=%90T ', (3.23)

where X1 (1, I) = (=, I) and Xo(p, 1) = (m — ¢, I).

PROOF: First observe that ®; and ® are analytic whenever (z,w) is such that C' < 1/4.
The map T will thus be analytic whenever (¢, I,,) is such that C(z,,w,) < 1/4 and
C(zpt1,wnt1) < 1/4. A direct computation shows that

3

€
C(xni1, Wnt1) — Cap, wy) = 1 [mnwn + anwf; — 4x§bwn + 33:;310”] + 0(64) . (3.24)
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This implies that I,,11 = I,, + O(e?), and allows to determine g(1, I,0). It also shows that
T is analytic for I,, < h(1/4) — O(¢3). Furthermore, writing a,, = a(C(xn,w,)), we see
that (B.24) implies a, ;1 — a, = O(e?) and similarly for b, x,. This yields

\/5 Tn+1/an du
Tn+1,Wn - In, Wn) = 57— +0 53
P(Tnt1, Wnt1) — o( ) b o e \/(1 2 (- @) (€”)
=+ 0P, (3.25)

which implies the expression for ¢,,4+1. We remark that the fact that T' is area-preserving
implies the relation

0 s

1= Wninlon) 060, 1,0) + 019, 1,0)] +O(*), (326)
O(tn In)

which allows to determine f(1,1,0). The fact that f and g are w-periodic in their first

argument is a consequence of the fact that Th(—x,—w) = —Ts(x,w). Finally the rela-

tions (B.29) follow from the symmetries (B.10), with ¥; = ® 0 S; 0 &~ L. O

A perturbation expansion at I = 0 shows in particular that
— 3
Q) =1-1+ o(I1?% . (3.27)

An important observation is that €(I) is a monotonously decreasing function, taking
values in [0,1]. The monotonicity of Q makes 1" a twist map for sufficiently small e, which
has several important consequences on existence of periodic orbits.

We call rotation number of a periodic orbit of period N the quantity

N

! [Z(%H vn) (mod 21| . (3.28)

27TN

Note that because of periodicity, v is necessarily a rational number of the form v = M /N,
for some positive integer M. We denote by TY the set of points v in the torus TV
satisfying (B.2§). It is sometimes more convenient to visualise T as the set of real
N-tuples (1, ...,1n) such that

P < Yo < - <Yy <Y1+ 21NV . (3.29)

In the sequel, we shall use the shorthand stationary point with rotation number v instead
of stationary point corresponding to a periodic orbit of rotation number v.
The expression (B.29) for T" implies that

V= Q;ITO) +O() . (3.30)

The following properties follow from the Poincaré-Birkhoff theorem, whenever € > 0 is
sufficiently small:
e For each positive integer M satisfying
N
M < 2—6(1 +0(e)), (3.31)
i

the twist map T admits at least two periodic orbits of period N and rotation number
v = M/N. Note that Condition (B.31)) is compatible with the fact that O bifurcates
for vy =y, M =1,2,...,|N/2|.

13



e Any periodic orbit of period N of the map T is of the form
Yn = o + 2mvn + O(?) |

het (22 o). o2

€
for some vy and some v = M /N, where M is a positive integer satisfying (B.31]).

Going back to original variables, we see that these periodic orbits are of the form

Ipn = Qn Sn<2K(Kn)wna n> )

o — \/ECD(QK(%)% n) <2K(Hn)% n) |
where ay = a(Cy), kin = #(Cy) and
Cp =071 (%) +O@E) =0 (Mﬁ) +0) . (3.34)

This allows in particular to compute the value of the potential at the corresponding sta-
tionary point.

(3.33)

Proposition 3.2. Let € > 0 be sufficiently small, and let z* be a stationary point of the
potential V', corresponding to an orbit with rotation number v = M/N. Then

Viz*) 1 [2 + K2 E(k)

— —9
N 3(1+k2) [ 14 K2 K(k)

where k = k(C), and C satisfies Q(C)? = M?5.
PROOF: The expression (R.4) for the potential implies that

NZ( 2n) + w +0(e ) NZ — Cn + 0(e%)
:%Z[Q<%ﬁw> dn? <2K( )i )_HO@}

_C [2 /0% cn? (212(“)1/;, /<;> dn? (2135”) n)) dy— 1+ (’)(a)] . (3.36)

where C' = Q~'(M+/7) and k = #(C). The integral can then be computed using the
change of variables 2K(k)y /7 = F(¢, k). Finally, recall that C = x2/(1 + x2)2. O

] + O(ex?) (3.35)

One can check that V(z*)/N is a decreasing function of s, which is itself a decreasing
function of M?75. As a consequence, V(z*)/N is increasing in M?¥. This implies in
particular that the potential is larger for larger winding numbers M.

Remark 3.3. The leading term in the expression (B.35) for the value of the potential
is the same for all orbits of a given rotation number v. Since stationary points of the
potential of different index cannot be at exactly the same height, the difference has to
be hidden in the error terms. In the previous paper [B o], we showed that near the
desynchronisation bifurcation, the potential difference between 1-saddles and 2-saddles is
of order (1 AWJ)N/ 2. For large N, we expect this difference to be exponentially small in
1/N, owing to the fact that near-integrable maps of a form similar to (8.29) are known to
admit adiabatic invariants to that order (cf. [BK9@, Theorem 2]).

14



3.4 Generating Function

The fact that T' is a twist map allows one to express [,, (and thus I,,+1) as a function of
Y and Yp41. A generating function of T is a function G (¢, ¥n41) such that

alG(wnﬂbnqu) = _In 5 aQG(¢n’wn+l) = In+1 - (337)

It is known that any area-preserving twist map admits a generating function, unique up
to an additive constant. Since T depends on the parameter e, the generating function
G naturally also depends on €. However, we will indicate this dependence only when we
want to emphasize it.

Proposition 3.4. The map T admits a generating function of the form

G(¢1,12) = Gy <1’b2 ; V1 ) 6) + 23 Z @p (7/)2 ; V1 , 5) cos(p(wl + wg)) ) (3.38)
p=1
where the functions Go(u, €) and @p(u, e) are real-analytic for u > O(1/|loge|), and satisfy

Giy(u,0) =2 ' (u) ,

~ 1 2 __
Gp(u,0) = ) (1,9 (u), 0) sin(—2pp) di) . (3.39)
PRrROOF: Fix (9, Is) = T'(¢1,I1). The fact that T'(¢1 + 7, 11) = (2 + 7, I3) implies
G(1 + 7,2 + ) = G(1,2) + ¢ (3.40)

for some constant c. If we set G(v1,12) = é(wg — 11,91 + 12), we thus have

G(u,v +21) = G(u,v) + ¢ . (3.41)

This allows us to expand G as a Fourier series

G = Y Gplts = v1,2) PP 4= (4 +4) (3.42)
p=—00
Next we note that the symmetry (B-23) implies T'(—t2, I) = (=41, I1), and thus
NG (1,v2) = —02G(—tha, —11) (3.43)

Plugging (B.42) into this relation yields

c=0 and  G_p(u,e) = Gplu,e), (3.44)

which allows to represent G as a real Fourier series as well. Computing the derivatives

Il = —81G(¢1,¢2) and IQ = 32G(1/11,1/12) yields

Li—L =2 ipGyihy — t1,e) e PVrH¥2) (3.45)

p=—00

which shows in particular that ép(u,&?) = O(e?) for p # 0, as a consequence of (B.29).
This implies I; = G}(1z — ¥1,€) + O(e3), and thus u = Gh(eQ(u) + O(e),€). Renaming
Go(u,£) = £Go(u/e,e) and ép(u,&?) = 53@p(u/5,5) yields (B.33). Evaluating (B.43) for
e = 0 and taking the Fourier transform yields the expression (B.39) for @p(u, 0). O
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The relations (B.39) allow to determine the expression for the generating function of
the map T, given by (B.23). In particular, one finds

1

Go(u,0) =uQY (u) — QY (u), (3.46)

so that
Go(Q(C),0) =h(C)QC)-C

B 1 2 4 K2 E(r)
T 3(1+k2) [1+n2 B K(,{)] ’

(3.47)

with kK = k(C). Note that this quantity is identical with the leading term in the ex-
pression (B.35) for the average potential per site. This indicates that we have chosen the
integration constant in the generating function in such a way that V' and Gy take the
same value on corresponding stationary points.

The main use of the generating function lies in the following fact. Consider the N-point
function

GN(IM, - ,l/JN) = G(¢1,¢2) + G(T/Jz,wg) + -+ G(T/JN,l/Jl + 27TNI/) , (3.48)

defined on (a subset of) the set T2Y. The defining property (§-37) of the generating function
implies that for any periodic orbit of period IV of the map 7', one has
0
Oy
In other words, N-periodic orbits of T with rotation number v are in one-to-one corre-
spondence with stationary points of the N-point function G on T,]/V .

The symmetries of the original potential imply that the N-point generating function
satisfies the following relations on T7':

GN(wla"'awN):GN(¢27"'7¢N71/}1+27TNV)7
GN(wla"'awN):GN(_,l/}Na"'a_wl)7
GN(W1,- -, ¥N) =GN+, YN + ) (3.50)

GN(W1,...,YN)=—I,+1,=0, forn=1,...,N. (3.49)

At this point, we are in the following situation. We have first transformed the initial
problem of finding the stationary points of the potential V' into the problem of finding
periodic orbits of the map T}, or, equivalently, of the map 7. This problem in turn has
been transformed into the problem of finding the stationary points of G. Obviously,
the whole procedure is of interest only if the stationary points of Gy are easier to find
and analyse than those of V. This, however, is the case here since the N-point function
is a small perturbation of a function depending only on the differences 9,+1 — ¥,. In
other words, Gy can be interpreted as the energy of a chain of particles with a uniform
nearest-neighbour interaction, put in a weak external periodic potential.

3.5 Fourier Representation of the Generating Function

We fix v = M/N. Any stationary point of G on TY admits a Fourier expansion of the

form
N-1

Yo =2mvn+ Y g™ (3.51)

q=0
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2mi /N

where w = ¢ , and the Fourier coefficients are uniquely determined by

N
- 1 _ -
b= Do w T (tn — 2m0m) = by . (3.52)
n=1
Note that ﬁq = ¢q+ n for all g. Stationary points of G correspond to stationary points of
the function Gy, obtained by expressing Gy in terms of Fourier variables (1&0, . ,1[1N_1).
In order to do this, it is convenient to write
%%% =A + €2C¥n('l[11, o 7&]\/—1) )
Un + Upy1 = 21&0 + 27TV(27’L + 1) + 626n(12)1, ce ,1&]\[,1) , (353)
where A = 27v/e and
| V-1
an(¢1a 71/}]\7—1) = 3 ¢q(wq — 1)qu s
et =
1 N—-1
Bu(P1,. .., ¥n-—1) = ) Yg(w? + 1w . (3.54)
q=1

Note that ay, is of order 1 in e for any stationary point because of the expression (B.22)
of the twist map. Taking the inverse Fourier transform shows that |1, (w? — 1)] = O(e%)
and |1h,| = O(€?) for ¢ # 0, and thus 3, is also of order 1.

Expressing Gy in Fourier variables yields the function

(e o]

61\/(&0""772)]\771) - Z e2ip7,2)0 gp(qﬁl""aqﬁNfl)a (355)

p=—00

where (we drop the e-dependence of Gy and @p)

N
g1, ..., ¥n-1) = 6ZG0(A +&%ay)
n=1
~ ~ N ~ )
(1, hn1) =€) Gp(A + Pay )M D P for p 0. (3.56)
n=1

We now examine the symmetry properties of the Fourier coefficients g,. Table A shows
how the Fourier variables transform under some symmetry transformations, where we only
consider transformations leaving T2 invariant. As a consequence, the first two symmetries
in (B.5() translate into

gp(,l/;h o 7&]\/—1) == w2ngp(w1Z}17 o 7wN_1,lZ}N—1) )

gp(i/;h cee ﬂﬁN—l) = w_Qng—p(—WN_ll/SN—h cee —Mﬁl) . (3.57)
R | zj—xjp Un > Yt Wy > Wity + 2mvé 0
CS | 2j = —TNt1-j | Yn = —UNt1-n | Yg = —w WPn_q — 270(N + 1)dg0
C Tj = —Tj e quwq"i‘ﬂ'(qu

TABLE 2. Effect of some symmetries on original variables, angle variables, and Fourier variables.
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We now introduce new variables x,, ¢ # 0, defined by

Xg = — iwfqvf)o/%lqﬁq - X ;- (3.58)

The x4 are defined in such a way that they are real for stationary points satisfying, in
original variables, the symmetry x; = —x,,—; for some ng. For later convenience, we
prefer to consider ¢ as belonging to

o {12572l

rather than {1,..., N —1}. We set x = {xq}qc0 and
Gn (Yo, x) = @N(lﬁo, {g = 1™ 2™y beeo)

_ Z 21700 5 (0. %) | (3.60)

p=—0o0
where ) ) R
9p(Y0, X) = gp({tbg = iwqwo/%wXq}qu) : (3.61)

Lemma 3.5. The function éN(TZJo,X) is 2mwv-periodic in its first argument.

PrOOF: By (B.57), we have

(o + 271, x) = WM g, (o, x) (3.62)
Since e21P 2 — ,2PM replacing 1)y by o + 27v in (B.60) leaves Gy invariant. O

Since Gy also has period 7, it has in fact period
T
N
Our strategy now proceeds as follows:
1. Show that for each 1)y, and sufficiently small €, the equations OGy /Oxq =0, q€ Q,
admit exactly one solution x = x*(¢y).

2. Show that for x = X*(TZJ()), the equation 8C~¥N/(91/30 = 0 is satisfied by exactly 4N/K
values of .

K, K =gcd(N,2M). (3.63)

3.6 Uniqueness of y

We start by examining the conditions OGN /Oxq =0, ¢ € Q. It is useful to introduce the
scaled variables

po = PulX) = ~ 5 Xgsin(ma/N) (3.60)

and the function Fgl’b) (p), p={pq}qco, defined for £ € Z and a,b > 0 by

a b
(a,b) _
L) = Z 1{Ziq¢+2j q}:é}Hqu H fan( Wq /N (3.65)
q1,--,9a€Q i=1 j=1
415G, €Q

By convention, any term in the sum for which qé» = N/2 for some j is zero, that is, we set
1/tan(mw/2) = 0. A few elementary properties following immediately from this definition
are:
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N OR

T (p) = 0 for |¢] > (a + b)N/2;

If p, =0 for g ¢ KZ, then F(ab)( )=0forl & KZ;
If pj, = p—q for all g, then F(a b)( ) = (—1)bI‘(_al}b)(p).

Lemma 3.6. Let R
H i~ A EpGP(A)

pa(A) = G,(A) — tan(rq/N) (3.66)

with the convention that H, n/o(A) = @;(A) For any stationary point, p = p(x) satisfies
the fized-point equation

p=Tp=p"+d(p,e), (3.67)
where the leading term is given by
1 hd :
© G Z (—1)kF et kvoN/M Hinyqy2mq(D) ifqe KZ
Py’ = 0 k€Z : kN+qe2MZ (3.68)
0 ifqa¢ KZ ,

and the remainder is given by ®4(p,c) = @gl)(p, 8) + <I>,(12) (p,e), with

1
M) _ 1)k+1 1kw0N/M G(a+2) A 11(a+1,0)
q (p7€) G/O/(A) ICEZZ( ) Z a+1) ( ) kN+q (p)7
1 i a a,b
2 (p2) = Gi(A) Z( e o N/} Z bl ZH( brl(cN)szJrq(p)
0 keZ apbz1 @ p£0
(3.69)

PROOF: The definitions (B.54) of a,, and 3, imply, for any a,b > 0

a

qi1,-- 7Qa€Ql’71

3L

—iepy .
b _ Y d5(nt1/2) (ideq /M 3.70
Bn Z H tan 7Tq /N ! ¢ ! : ( : )
q15eqp€QI= J

It is more convenient to compute OGy /Op_q rather than OGN /0xq. We thus have to
compute the derivatives of g, with respect to p_, for all p. For p = 0, we have

~ N
= A n : 71
o = > GHA+ % )8/)7(] (3.71)

n=1

where (B.70) shows that da,/dp_, = w1 +1/2) e~ 1%0a/M  We expand GH(A +£2ay,) into
powers of €2, and plug in (B-70) again. In the resulting expression, the sum over n vanishes
unless ). ¢; — ¢ is a multiple of N, say kN. This yields

Do _ Ne o1t N S G A (). (372)
0p—q kez a>0 !

We consider the terms a = 0 and a = 1 separately:
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e Since F,(&,Oiq(p) = 0pN,—q vanishes for all £, the sum actually starts at a = 1.

e The fact that Fgl’o) (p) vanishes whenever |¢| > N/2 implies that only the term k& = 0
contributes, and yields a contribution proportional to —p,.

Shifting by one unit the summation index a, we get

390 el g2a w2 1.0
Gy = Né° [G{)’(A)pq + Z(—1)ke kwoN/MZ mGé + )(A)Féz\jﬁq)(/’) (3.73)
B keZ st !

A similar computation for p # 0 shows that

p  2ipy 5 k LikoN/M g2
2P 2ipdo — Ng Z(_l) ol koN/ Z

(a+b)
Op_ al
P—q kez a,b>0

b! p,q

Solving the stationarity condition

(3.75)

with respect to p,, and singling out the term a = b =0 in (B.74) to give the leading term
p9 vields the result. U

Note the followin% symmetries, which follow directly from the definition of p(® and
the properties of Féa’b :

e Forall g € Q, P(,O; = p((lo), because H_,, _4(A) = Hp 4(A), and thus p((lo) eR;
o If p, =0 for ¢ ¢ KZ, then ®,(p,e) =0 for ¢ ¢ KZ;
o If pl, = p_g for all ¢, then ®y(p',e) = ®_4(p,¢);

Remark 3.7. The condition kN + g € 2M7Z , appearing in the definition of p(9), can only
be fulfilled if ¢ € NZ +2M7 = KZ. If this is the case, set N = nK,2M = mK, q = (K,
with n and m coprime. Then the condition becomes mp — kn = £. By Bezout’s theorem,
the general solution is given in terms of any particular solution (pg, ko) by

p=po+nt, k=ky+mt, teZ . (3.76)

Thus there will be exactly one p with 2|p| < n. If N is very large, and M is fixed, then
n = N/K is also very large. Since the @p(A), being Fourier coefficients of an analytic
function, decrease exponentially fast in [p|, the sum in (B.6§) will be dominated by the
term with the lowest possible [p|.

We now introduce the following weighted norm on C <:

Ipllx = Sgge”q‘/wlpql : (3.77)
q

where A > 0 is a free parameter. One checks that the functions Go(A) and ép(A) are

analytic for Re A > O(1/log|e|). Thus it follows from Cauchy’s theorem that there exist
positive constants Lo, 7 < A — O(1/log|e|) and Ag such that

! ~ !

GE (A < Lo and  |GI(A)] < Lo

-\
e e ol (3.78)

for all @ > 0 and p € Z. For sufficiently small e, it is possible to choose r = A/2.
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Proposition 3.8. There exist numerical constants co,cy > 0, such that for any A < Ag,
and any N such that N e~ 20N/2M < 1/2, the estimates

c1Lo M
< - -7 i
170l < 31 A),{ + Ag(up\h+eAMn<Ao,A>)erHA} , (3.79)
citLo M
170 =To'lh < griy as (16l v 11613) + eAMu(0, M) ello = lx (3:80)

hold with n(Xo, A) = (e* /Xo) V (1/(Ag — A)), provided p and p' satisfy

A2 X—A A
e(llolia v 1e'lI) <cO—<1A L A—>. (3.81)

ProorF: The lower bound

[tan(mq/N)| _ 7lq] A
> _ = 82
e ~Ne — ol (3.82)

directly implies

al 2M|p[] _»
|H(A)] < Lo— [1 + 4 ] e~ Mokl (3.83)
The assumption on N allows |p,| to be bounded by a geometric series of ratio smaller than
1/2, which is dominated by the term k = 0, yielding

L coL
O, « L0 —(o-Nlal/2m o @20 3.84
17N S Rjagay© S AGHA) o

where co > 0 is a numerical constant. The fact that Fga’b) (p) contains less than No+0—1
terms, together with (B.82), implies the bound

ab a 2M _ o
e ) < et (8 oy (3.55)

Assuming that [|p|x < coA2/Me for sufficiently small ¢, it is straightforward to obtain

the estimate
C3 LO 2M

Gy(a)] AT
In the sequel, we assume that ¢ > 0, since by symmetry of the norm under permutation of

pq and p_, the same estimates will hold for ¢ < 0. The norm of ®)(p, ) is more delicate
to estimate. We start by writing

120 (p, )l < ellpl3 - (3.86)

Ly 1 1 /2M\°
(2) 0 2 a+b <
570 E) < A ;m(s Npll») Ta+1< A ) Sq(b) (3.87)
where
oM _ A
S b'Z, ‘b<1+ Ipl> (Mo—2 |p|ZeXp{ M(2M!p\+]kN+q—2Mp\)}

p#0 keZ

(3.88)

We decompose Sq(b) = SF(b) + S, (b), where S (b) and S, (b) contain, respectively, the
sum over positive and negative p. In the sequel, we shall only treat the term S;r (b). The
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sum over k in (B.8§) is dominated by the term for which kN is the closest possible to
2Mp — q, and can be bounded by a geometric series. The result for p > 0 is

A
> exp{—m(QMp + |EN 4+ q — 2Mp\)} Seq(e P pe /2 (3.89)
keZ

We now distinguish between two cases.

e If ¢ < 2M, we bound the sum over k by e *?, yielding

aM b
Sy (b) < %— > pPtle P <My ; . (3.90)
SRS 0
Since eM/2M L e it follows
(2) cgLo 2M*e* —X\q/2M
82 (p, )] < £2||p]ly e /2 (3.91)

|GG (A)| 2ANg

e If ¢ > 2M, we split the sum over p at q/2M. For 2Mp < ¢, we bound (1 + 2Mp/q)
by 2 and the sum over k by e~ 2/2M  For 2Mp > g, we bound the the sum over k by
e~ L e~ M/2M | This shows

b+1
(b)) < 207 M ——— e N/2M .92

and thus
CgLO 2M2

|GG (A)| r2A (N — A)
Now (m) and (M), together with (B.84)) imply () The proof of () is similar,

showing first the estimate

a a
H Pq; — H 'O:Ii
=1 =1

by induction on a, and then

|25 (p. )] < Ellplly e /M (3.93)

-1 _ a .
<a(llplly V[lp][n)" e il /2M ) 5y (3.94)

2M

b
) B (595)

[T () =T ()] < (a+0) [N (el v Hp/rm]““”(

O

Corollary 3.9. Fiz Ry > c1Lo[A|GH(A)]7L. For any A > 0 and any A < Xo, there
exists an g9 = €9(A, X\, Ao, Ro) > 0 such that for all ¢ < gg, the map T admits a unique
fized point p* in the ball Bx(0, Ro) = {p € C2: ||plln < Ro}. Furthermore, the fived point
satisfies

o p; =0 whenever ¢ ¢ K7;

e p~,=py, and thus p; € R for all q.

PrOOF: Estimate (B.79) for ||7p||x implies that if

Ry A% (A|GE(A)]
< A Ro—1), 3.96
S AMyOo N | 2MER ( Ly (3.96)
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then T(B)\(O, Ro)) C B)\(O, RO). If in addition

A2 Ao—A A
e < ¢ (1/\ OM /\M>, (3.97)

then Estimate (B.80) for ||7p— 7 p'||x applies for p, o’ € B\(0, Rp). It is then immediate to
check that 7 is a contracting in By (0, Rp), as a consequence of (B.94). Thus the existence
of a unique fixed point in that ball follows by Banach’s contraction lemma. Finally, the
assertions on the properties of p* follow from the facts that they are true for p(®), that
they are preserved by 7 and that p* = lim,_o 7"p®. O

A direct consequence of this result is that for any 1[10, and sufficiently small e, there is
a unique p* = p*(?/A)O) (and thus a unique X*(TZJQ)) satisfying the equations 8C~¥N/8Xq =0
for all ¢ € Q. Indeed, we take Ry sufficiently large that our a priori estimates on the x4
imply that p € By(0, Ry). Then it follows that p is unique. Furthermore, for any A < Ag,
making e sufficiently small we obtain an estimate on ||p*||x.

3.7 Stationary Values of 1@0

We now consider the condition dGy /Oy = 0. As pointed out at the end of Section B3,
GN(¢0, X) is a mK/N-periodic function of ¥o. For the same reasons, y (1/)0) is also mK/N-
periodic. Hence it follows that the function vy — GN(¢0, (1/)0)) has the same period as
well, and thus admits a Fourier series of the form

G (o, X (1h) = > gre? MoK (3.98)
k=—00
with Fourier coeflicients
R 1 R
9k = 2 )y Z i(p=kN/ K)o g Gp (%0, x*(1h0)) dbo (3.99)

p=—00

(we have chosen [0, 27| as interval of integration for later convenience). Using the change
of variables 1y — —1g in the integral, and the various symmetries of the coefficients (in
particular (B.57)), one checks that §_, = gi. Therefore (B.99) can be rewritten in real
form as

G (1o, X" (1h0)) = go + 2 Zf}k COS(Qk‘%N/K) . (3.100)
k=1

Now 0G N / A vanishes if and only if the total derivative of G N(TZJQ, X*(iﬂo)) with respect to
1 is equal to zero. This function obviously vanishes for 1)y = ¢TK /2N, ¢=1,...,4N/K,
and we have to show that these are the only roots.

We first observe that the Fourier coefficients g can be expressed directly in terms of
the generating function (B.3§), written in the form

G(u,v,e) = eGo(u,e) + &> Z @p(u, g)e?irv (3.101)
p#0

In the sequel, o (o) and 3% (1) denote the quantities introduced in (B54), evaluated at
gy = iwqiﬂo/?wx;(%)_
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Lemma 3.10. The Fourier coefficients g, are given in terms of the generating function
by 27
gk = % ; e~ 2RION/K Ny () ddfy (3.102)
where
Ko(do) = G(A + La(io), o + 7+ 3265 (o). <) (3.103)

PRrROOF: The coefficient g can be rewritten as

N ot
. 1 —2ikdoN/K p p
= — ! A .104
Tk 5 ngl/o e n(t0) dibg (3.104)

where

Ay (tho) = £Go(A + €%al (¢hp))

+&3 3" pe P G (A + 2af (1) )M Y P 0) (3.105)
p#0

Using the periodicity of x*, one finds that o (Yo + 2mv) = o +1(1/A10) and similarly for 55,
which implies A, (¢) = Ao(¥)g + 27vn). Inserting this into (B.104) and using the change
of variables 1)y — 1)y — 27v in the nth summand allows to express g as the (2kN/K)th
Fourier coefficient of Ag. Finally, Ag(t) can also be written in the form (B-103). O

Relation () implies that the §; decrease exponentially fast with &, like e ~220kN/K
Hence the Fourier series (B.10() is dominated by the first two terms, provided N is large
enough. In order to obtain the existence of exactly 4N/K stationary points, it is thus
sufficient to prove that §; is also bounded below by a quantity of order e 22 N/K,

Proposition 3.11. For any A > 0, there exists €1(A) > 0 such that whenever ¢ < e1(A),

sign(gy) = (—1)1F2M/K (3.106)
Furthermore,
|9k | { 3k —5 N}
— < expq — Ao(A)— Vk > 2, 3.107
il p T A% (3.107)

where A\o(A) is a monotonously increasing function of A, satisfying Ao(A) = V21A +
O(A?%) as A\, 0, and diverging logarithmically as A /' 1.

PRrROOF: First recall that A = 27v/e = 2nM/Ne, where M is fixed. Thus taking ¢ small
for given A automatically yields a large N. Combining the expression (B.29) for the
twist map and the defining property (B.37) of the generating function with the relations
u = (Yn+1 — ¥n)/e and v = ¥, + Y41, one obtains the relation

3

8,Ci(u, v, &) = % [g(%(v — ), @ ), e) n 0(52)} . (3.108)
It follows from (B.24) and the definition (B.20) of h(C') that
_ 1w 2 4.2 4
g(?/),I,O)—ﬁ(I) 1 1+ 2w” — 4z° + 3z
1 zw
= — " [144C — 62°% + 42 , 3.109
o) 4 1+ x” + 4a” ( )
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FIGURE 6. The integration contour I' used in the integral (B.113).

where 2 and w have to be expressed as functions of ¢ and I via (B.17) and (B.19). In
particular, we note that

V2O 7 dx —, _ dz
v= e Kmas = " Dag 10

where we used (B.2() again. This allows us to write

1d 4
1,0) = —— |(14+4C)2?* — 32 + — a8 . 3.111
90, 1.0) = 57 | (144002 = 32 4 2a (3111)
A similar argument would also allow to express the first-order term in ¢ of g(¢, I,¢) as a
function of x = z(1, I). Also note the equality
wh(C) 1

which follows from the relation (B.30) between v and Q(I).

The properties of elliptic functions imply that for fixed I, ¥ — z(1),I) is periodic in
the imaginary direction, with period 2A\g = 7 K(v/1 — k2)/K(k), and has poles located
in Y =nr+ 2m+ 1)iXy, n,m € Z. As a consequence, the definition of the map
T = ®oTy0® ! implies in particular that g(¢, I,¢) is a meromorphic function of 1,
with poles at the same location, and satisfying g(¢¥ + 2iXg,I,e) = g(¢,1,e). These

properties yield informations on periodicity and location of poles for Ay(1)g), in particular
Ao(’L/JO + 21)\0) = Ao(lbo) + 0(82).

Let T" be a rectangular contour with vertices in —7/2, —7/2 —2iXg, 37/2 —2i A9, and
3m/2, followed in the anticlockwise direction (Figure fi), and consider the contour integral

1
o
The contributions of the integrals along the vertical sides of the rectangle cancel by peri-
odicity. Therefore, by Lemma and the approximate periodicity of Ag in the imaginary
direction,

J fe”’“N/K Ao(2) dz . (3.113)
r

1
J=-% [gk — e~ 2kMN/K (gk + O(Ns5)>] . (3.114)
On the other hand, the residue theorem yields
J = QWiZe*mk‘zﬂ'N/K Res(Ao(2), 25) , (3.115)
zj
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where the z; denote the poles of the function Ag(z), lying inside I'. There are two such
poles, located in z; = —iA\g—7mv+eA+0O(e?), and 23 = 21+, and they both yield the same
contribution, of order e*)‘okN(HO(sQ))/K, to the sum. Comparing (B.114) and (B.115)) shows
that gi/N is of the same order. Finally, the leading term of §; can be determined explicitly
using (B-I1)) and Jacobi’s expression (A1) for the Fourier coefficients of powers of elliptic
functions, and is found to have sign (—1)!T2M /K for sufficiently large N. Choosing ¢ small
enough (for fixed eN) guarantees that ¢ dominates all g for k > 2. U

Corollary 3.12. For ¢ < 81(A),A the N-point generating function Gn admits ezactly
AN/K stationary points, given by g =4nK/2N, L =1,...,4AN/K, and x = x*(¢0).

PROOF: In the points 1y = ¢wK /2N, the derivative of the function 1y — G (1o, x* (1))
vanishes, while its second derivative is bounded away from zero, as a consequence of
Estimate (B.107). Thus these points are simple roots of the first derivative, which is
bounded away from zero everywhere else. O

3.8 Index of the Stationary Points

We finally examine the stability type of the various stationary points, by first determin-
ing their index as stationary points of the N-point generating function Gy, and then
examining how this translates into their index as stationary points of the potential V.

Proposition 3.13. Let (1&0,)(*(12)0)) be a stationary point of Gn with rotation number
v=N/M. Let x* = x*(zﬁo) be the corresponding stationary point of the potential V., and
let K = ged(IN,2M).
o If2M/K is odd, then the points x*(0), 2*(K7/N), ... are saddles of even index of V.,
while the points x* (K /2N), 2*(3K7/2N), ... are saddles of odd index of V..
o If2M/K is even, then the points *(0), 2*(Kn/N), ... are saddles of odd index of V.,
while the points x* (K /2N), 2*(3K7/2N), ... are saddles of even index of V.

PRrOOF: We first determine the index of (¢, x*(¢)) as stationary point of Gy. Using the
fact that Ggj(A) is negative (ﬁil(A) being decreasing), one sees that the Hessian matrix
of G is a small perturbation of a diagonal matrix with N — 1 negative eigenvalues. The
Nth eigenvalue, which corresponds to translations of 1&0, has the same sign as the second
derivative of 1y — G (o, X*@o)), which is equal to (—=1)2M/K sign cos(2¢5gN/K). Thus
(1o, x*(1h0)) is an N-saddle of Gy if this sign is negative, and an (N —1)-saddle otherwise.
The same is true for the index of ¢ = (31,...,%x) as a stationary point of G y.

Let R be the so-called residue of the periodic orbit of T' associated with the stationary
point. This residue is equal to (2 — Tr(DT¥))/4, where DTY is the Jacobian of TV at
the orbit, and indicates the stability type of the periodic orbit: The orbit is hyperbolic if
R < 0, elliptic if 0 < R < 1, and inverse hyperbolic if R > 1. It is known [MMS8J] that the
residue R is related to the index of ¥ be the identity

R— 1 det(Hess Gy (v))) . (3.116)

_Z H;yzl(—amG(T,Z)j, ¢j+1))

In our case, —012G(vj,7j11) is always negative, so that R is positive if ¢ is an (N — 1)-
saddle, and negative if ¢ is an N-saddle.

Now a?*(TZJQ) also corresponds to a periodic orbit of the map (B.3), whose generating
function is H (2, Tpi1) = s (Tn—2ny1)>+ %U(mn) The corresponding N-point generating

2
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function is precisely (2/v)V. Since the residue is invariant under area-preserving changes
of variables, we also have

1 det(Hess V;(z))
2y H;'V:1(_812H(x;7 x;ﬂ))

(3.117)

In this case, the denominator is positive. Therefore, Hess V. (2*) has an even number of

positive eigenvalues if ¢ is an N-saddle, and an odd number of positive eigenvalues if v is
an (N — 1)-saddle. O

We can now complete the proofs of Theorem R.1] and Theorem R.3. We first recall the
following facts, established in [BFG06d]. Whenever 7 crosses a bifurcation value s, say
from larger to smaller values, the index of the origin changes from 2M — 1 to 2M + 1.
Thus the bifurcation involves a centre manifold of dimension 2, with 20/ — 1 unstable and
N —2M — 1 stable directions transversal to the manifold. Within the centre manifold, the
origin repels nearby trajectories, and attracts trajectories starting sufficiently far away.
Therefore, all stationary points lying in the centre manifold, except the origin, are either
sinks or saddles for the reduced two-dimensional dynamics. For the full dynamics, they
are thus saddles of index (2M — 1) or 2M (c.f. [BFG064), Section 4.3]), at least for ¥ close
t0 Vs

We now return to the twist map in action-angle variables (B-22). The frequency Q(I)
being maximal for I = 0, as € increases, new orbits appear on the line I = 0, which
corresponds to the origin in z-coordinates. Orbits of rotation number v = M /N can only
exist if €Q(0) = ¢ > 27v + O(£?), which is compatible with the condition 5 < ;.

Consider now the case of a winding number M = 1, that is, of orbits with rotation
number v = 1/N, which are the only orbits existing for 7, < 7 < ;. Note that ¥ > 72
implies A = 27/Ne > 1/2 — O(e), and thus there exists N; < oo such that the condition
N > N; automatically implies that ¢ is small enough for Corollary to hold. Now, by
Proposition B.13,

e If N is even, then K = ged(N,2) = 2, and there are 2N stationary points. The points
x*(0),z*(2n/N), ... must be 2-saddles, while the points z*(7/N),z*(37/N),... are
1-saddles;

e If N is odd, then K = gcd(V,2) = 1, and there are 4N stationary points. The points
2*(0),z*(n/N),... must be 1-saddles, while the points z*(7/2N),z*(37/2N),... are
2-saddles.

Going back to original variables, we obtain the expressions (R.14)) and (R.1§) for the co-
ordinates of these stationary points. The fact that they keep the same index as 7 moves
away from 7y is a consequence of Relation (B.117) and the fact that the corresponding
stationary points of Gy also keep the same index. Finally, Relation () on the potential
difference is a consequence of Proposition B.2 This proves Theorem P.1].

For larger winding number M, one can proceed in an analogous way, provided N
is sufficiently large, as a function of M, for the conditions on € to hold. This proves
Theorem P.3.

Finally, Theorem P.J is proved in an analogous way as Theorems 2.7 and 2.8 in

[BEG064], using results from | g (see also [Kif81, Fugdd]).
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A Jacobi’s Elliptic Integrals and Functions

Fix some k € [0,1]. The incomplete elliptic integrals of the first and second kind are
defined, respectively, by?

o] dt o]
:/ _ K) :/ V1 —k2Zsin?t dt . (A1)
01— k2sin?t 0

The complete elliptic integrals of the first and second kind are given by
K(k) =F(r/2,kK) , E(k) =E(n/2,K) . (A.2)

Special values include K(0) = E(0) = n/2 and E(1) = 1. The integral of the first kind
K(k) diverges logarithmically as x " 1.
The Jacobi amplitude am(u, k) is the inverse function of F(-, k), i.e.,

¢p=am(u,k) < u=F(¢kK). (A.3)

The three standard Jacobi elliptic functions are then defined as

cn(u, k) = cos(am(u, K)) , (A4)

Their derivatives are given by

sn’(u, k) = en(u, k) dn(u, k) ,
n'(u, k) = —sn(u, k) dn(u, k) , (A.5)

dn’(u, k) = —k?sn(u, k) cn(u, k) .

o

The function sn satisfies the periodicity relations
sn(u+4K(k), k) =sn(u, k) ,
sn(u+21K(V1—k2),k) =sn(u, k) , (A.6)

and has simple poles in u = 2nK(x) + (2m + 1)iK(V1 — K?), n,m € Z, with residue
(=1)"™/k. The functions cn and dn satisfy similar relations. Since am(u,0) = u, one has
sn(u,0) = sinu, cn(u,0) = cosu and dn(u,0) = 1. As k grows from 0 to 1, the elliptic
functions become more and more squarish. This is also apparent from their Fourier series,
given by

oo (2p+1)/2
2K(k) Sn<2Kﬂ'(K)¢’K> = Z q T 51n((2p—|—1)1/)) ,

T
2K 2K 4 L q2rt1)/2
7T(/f) cn< 75”)% ,{> = - pz W cos((2p+ 1)9) , (A.7)

5 COS 2p1/1)

ﬂi(ﬁ) dn<2I§T( x) > - 1+4Z

20ne should beware of the fact that some sources use m = k2 as parameter.
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where q = q(k) is the elliptic nome defined by

K(V1—k2)
= —_T—" . A.
s Ol )
The elliptic nome has the asymptotic behaviour
k2 KA 6
— + — f
16+32+(’)(/<;) or k \, 0, N
ex or Kk .
P log[(1 = #2)/16] log2[(1 — x2)/16]
We also use the following identities, derived in [Jac69, p. 175]. For k > 1,
2K (k) \ " 2K s P
(#) Sn?k (#1}[), /-{) = éZk,O + Z éZk’pl—qW COS (2])1][)) s (AlO)

p=1

where the ¢y, ¢ are positive constants (independent of ¢/), and the other Fourier coefficients
are given for the first few k by

Cop = _%(QP) )
2
bap = 3%4 [(21))3 —4(2p)(1 + £%) <2i(ﬁ)> } : (A.11)
2 4
Cop = —% [(2;))5 —20(2p)*(1 + ?) <2I§T(ﬁ)> + 8(2p)(8 + 7K? + 8x™) <2K7T(’£)> ] .
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