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ON THE BLASIUS PROBLEM

B. BRIGHI, A. FRUCHARD, T. SARI

Dedicated to the centenary of Blasius’ Thesis

ABSTRACT. The Blasius problem f”” + ff” = 0 on [0,+oco[, f(0) = —a, f'(0) = b, f/(+00) = X is
exhaustively investigated. In particular the difficult and scarcely studied case b < 0 < X is analyzed in

details, in which the shape and the number of solutions is determined. The method is first to reduce to

the Crocco equation 4/ = —2 and then to use an associated autonomous planar vector field. The most

useful properties of Crocco solutions appear to be related to canard solutions of a slow fast vector field.

KEY WORDS. Blasius equation, Crocco equation, boundary value problem on infinite interval, canard
solution.
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1. INTRODUCTION.

Given a, b, A € R, the boundary value problem

S FF =0 on [0, 400, (1)
JO)=—a, J'(0)=b, Tim /(1) =\ (2)

arises for the first time, with @ = b = 0, A = 2, in 1907 in the PhD thesis of Blasius [7], and plays
a central role in fluid mechanics. Equation (1) was obtained using a similarity transform and enabled
successful treatment of the laminar boundary layer on a flat plate. In this way, Blasius accomplished one
of the most significant developments in fluid mechanics in the twentieth century.

More general boundary conditions are physically relevant. For the laminar flow over a flat plate with
suction or blowing, the problem to be solved is (1-2) with @ € R*, b =0 and A = 1 (see for example [31]
and [32]).

With a € R, b = 1 and A = 0, the Blasius problem (1-2) appears in the context of free convection
about a vertical flat plate embedded in a porous medium. With the same boundary conditions, it also
appears within the framework of boundary layer flow adjacent to a stretching wall. For a survey, see [11]
and the references therein.

In the study of mixed convection in porous media, the Blasius problem (1-2) is considered with a = 0,
beRand A =1 (see [1]). The case b < 0 arises also in the boundary layer problem for a flat plate moving
at steady speed opposite in direction to that of a uniform mainstream, with ¢ = 0 and A = 1 (see [50]).

Due to the following classical similarity property of Blasius equation (1)
if f is a solution, so is t + o f(ot) for all 0 € R, (3)

we see that, in the case a = b = 0, the value A = 2 can be replaced by any positive number. In that case,
H. Weyl [52] proves that (1-2) has one and only one solution. The method, following an argument first
advanced by C. Topfer [43], is very elementary but uses strongly the fact that a = b = 0. See also B.
Brighi [10], P. Hartmann [25].

In the general case, the approach is different according to the sign of A — b. If f is a solution of (1)
on some interval J, since this equation can be seen as a linear homogeneous first order ODE for f”,
we deduce that f” cannot vanish without being identically equal to 0 on J. Therefore the study of the
problem (1-2) naturally splits into three cases: affine, concave or convex, depending on A = b, A < b or
A > b. The affine case is quickly solved: if A = b, then (1-2) has one and only one solution given by
f(t) = bt — a. The concave case is well known. In fact, by a direct approach, Z. Belhachmi, B. Brighi,
K. Taous [4] proved that the Blasius boundary value problem (1-2) has exactly one (concave) solution
if 0 < X\ < b, and no solution if A < 0. For the sake of completeness, we provide a proof of this result in
Section 8.

In the convex case, the situation is quite different, and the proofs of uniqueness of the solution of (1-2)
depend on the introduction of suitable changes of variable, see Section 9.5. The most powerful among
them is the so-called Crocco transformation, see L. Crocco [16]. This change of variable, detailed in the
section 2.1, consists of choosing s = f’ as independent variable and expressing u = f” as a function of s.
This yields the Crocco equation

d*u S

PR @

As we will see in Section 3.6, the Crocco change of variables provides an alternative, elementary and very
short uniqueness proof of the solution of (1-2), for b > 0 and all a € R. See also A.J. Callegari, M.B.
Friedman [13] and K. Vajravelu, E. Soewono, R.N. Mohapatra [46].

In the case b < 0, the Crocco transformation is still valid and, using it, nonuniqueness for the problem
(1-2) is mentioned for the first time by M.Y. Hussaini, W.D. Laikin [29], but only supported by numerical
investigations. Some partial proofs are then given by M.Y. Hussaini, W.D. Laikin, A. Nachman [30] and
by E. Soewono, K. Vajravelu, R.N. Mohapatra [40].

In this article we will focus on the case b < 0 and A > b. In order to study the solutions of (1-2), we
use the shooting method: let f(-;a,b,c) denote the solution of the following initial value problem with
c>0

"+ ff"=0, f(0)=—a, f(0)=0b, f'(0)=c. (5)
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In Proposition 3.1 we prove that f is defined at least for ¢ € [0, 4+o00[ and that its derivative f’ has a finite
and nonnegative limit as ¢ — 4o00. In the whole article, A(a, b, c) denotes this limit

Aa,b,c) :== \ h+m f'(t;a,b,c) € [0, +00].

As we will see later (cf. Proposition 2.1) A(a,b,c) is also the right bound of existence of the solution of

1f
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0 55— 16 t

FIGURE 1. On the left, the Blasius solution f(-;—2,—1,1); on the right, the corre-
sponding Crocco solution.

(4) with initial conditions u(b) = ¢, u'(b) = a; see Figure 1 for a comparison between a Blasius solution
and the corresponding Crocco solution.

Our strategy will be, for b < 0 and for any value of a, to count the number of values of ¢ for which
A(a, b, c) equals some given value A. Due to (3), we can assume that b = —1 without restriction, and we
use the notation B

A Rx]0,+oo[— [0, +o0], (a,c) — Afa,—1,¢).
Some useful properties of this function A are stated in Section 2.3. In particular we show that A is
continuous on the upper half-plane, except on a spiraling curve I'; see Figure 2 for an illustration of
this discontinuity. We also prove that I', is of class C'°° without inflexion point, see Theorem 2.4-7.

u
C1

(a,c1)

r1.5

0.5

70, Q9 a3 a1
FIGURE 2. A sketch of the spiral Iy, and two numerical Crocco solutions with initial
conditions u1(—1) = c1,uj(=1) = a and ua(—1) = ca,u4(—1) = a, where (a,c1) and
(a,co) are on the convex and on the concave sides of T, respectively. The values chosen
are a = —2, ¢c; = 1.78 and ¢a = 1.62. The sequence (a,,) and the ray R, in the sketch
on the left are defined in Proposition 1.1 and in (9).

The statement of our main result requires to introduce some new functions. For that purpose we use
the Crocco equation (4). In addition to its explicit solution u.(s) = %(—3)3/ 2 two other solutions,
denoted by u_ and uy, will play an important role in our study: u_ is the unique solution of (4) on
] — 00, 0] with boundary conditions u_(07) = 0, v’ (07) = —1 and w4 is the unique solution of (4) on
10, +-00[ with initial conditions uy(0F) = 0, w/ (07) = 1; see Figure 3. Here and in the sequel, the
notation ¢(07), resp. ¢(07), stands for the limit of ¢(s) as s — 0, s <0, resp. s > 0.

Let )0, A1 [ denote the maximal interval of definition of v ; numerical computations give A ~ 1.303918.
With these solutions, we now give more details about the discontinuity of A on I's.. First we have the

following parametrization of I'
Iy = {((—s)_l/QuL(s), (—s)_B/Qu_(S)) ;s < O} .

Secondly, the discontinuity of A at a point ((=s)~Y2u’_(s), (—=s)"3/?u_(s)) on I', is as follows (see
Theorem 2.5): on the convex side of I's, A tends to 0, whereas on the concave side, A tends to —)‘T*. It



4 B. BRIGHI, A. FRUCHARD, T. SARI
ri.a
r1.2

= 0.4

ro.8
0.2
r0.6

0.4 0 02 04 06 08 1 12 14
0.2

1 0806-04.-02 0

FIGURE 3. The graphs of u_ on the left and of uy on the right.

follows that for all A > 0 there is a unique point on I',, namely with s = —ATJ’, where A takes values

respectively 0 and A on each side of T'w,. Let A(X) denote the abscissa of this point. In other words, we
have

A 110, +00] = = 00,00, A /2 (—%) (6)
See Figure 4 for a numerical graph of A and Figure 7 for a sketch showing the oscillations near A = 0.

-1.715 7

-1.72

-1.725 4

-1.73

V3

FIGURE 4. On the left: the graph of A. On the right: enlargement near (0, —/3).

This function A satisfies the following properties.

Proposition 1.1. 1. The function A is C*° and has an infinite sequence of extremal points (Ap)n>1
decreasing to 0: local minima at A2, and local maxima at Agp1.

2. Let A(M\,) = a, denote these extremal values. Sequences (as,) and (asn+1) are adjacent, i.e. (aap)
increases, (ago,+1) decreases and they have the same limit.

3. The asymptotic behavior of A is described as follows:

AN) ~ — ﬁ as A — +oo,

and there exists a, § € R such that
1 1
A(/\):—\/g—i—)\(ozcos% +6sinn73+o(1)> as A — 0. (7)

The proof is given in Section 2.4. As a consequence of (7), the common limit of (asy,) and (agn+1) is
oo = —/3, and sequences (\,) and (a, + v/3) are asymptotically geometric:

An : n _
lim o eiﬂ'\/i’ lim M — 7"\/5. (8)
n—-+4oo )\TL n—-+oo (025 + \/g
Given a € R, A > 0 and b = —1, counting the number of solutions of the Blasius Problem (1-2)
amounts to counting the number of times the function A takes the value A\ on a vertical ray
R, = {a}x]0, +o0]. (9)

For that purpose, we introduce the function

Aq :]0,+00[— [0,40<], ¢— A(a,c) = Aa, —1,¢).
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AN+V3
A
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1008 6/-4 200 2 4 6 8 10
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\

FIGURE 5. The graph of M as a function of In A, illustrating the asymptotic
formula (7).

20
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FIGURE 6. Numerical graphs of Ka : ¢ — A(a,—1,¢), successively for a = =3, a =

—1.7324 ~ a3, a = —1.7027 ~ a1 and a = 0.

Figure 6 shows some graphs of A, for miscellaneous values of a.
The description below is succint. We refer to Section 2.4 for proofs, additional details and explanatory

figures.
Let n > 1 be such that a is between a,_o2 and a,, possibly a = a,, (with the convention a_; =
+00, ap = —00). Then the ray R, crosses n — 1 times the spiral I's, (if a = a,,, there is an n-th point of

contact but without crossing, hence without creating any discontinuity for A,).

First assume that n is even. As we will see in Lemmata 2.10 and 2.12, the graph of A, consists of n
pieces: 5 — 1 on the left, one “central” and 5 on the right. On the central part, it turns out that, if a is
close to a,, then /~\a has a minimum close to 0. Therefore we consider d,, € [a,—2,an[ as close to a,_2 as
possible such that, for any a €]d,, a,], A, attains its infimum on this central part, at some (possibly non
unique) abscissa ¢ = Cj,(a). Let pin, €| An—1, An—2] (with Ay < pg < 4+00) be such that d,, = A(uy,). For
a €ldp,ay], we define A, (a) as the minimum of A, on the central part. This yields a continuous map
Ay, :]dn, an] — [0, iy, satisfying Ay, (a,) =0 and Ay (a) — py, as a — d;f.

If n is odd (Lemmata 2.9 and 2.11) then the graph of Aq still consists of n pieces: "T_l on the left,
one central and "T’l on the right. In the same manner, we consider d,, €|ay,a,—2] as close to a,_o as
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possible such that, for any a € [an, dy], A, attains its infimum on its central part. We already know that
dy = 4o00. For n > 2, let p, €]A\,_1, \n—2] be such that d,, = A(u,). We define A, (a) as the minimum
of /~\a on its central part for a € [a,,d,[. With the convention p; = 400, this yields a continuous map
Ay an, dn[— [0, pn, still satisfying A, (an) = 0 and A, (a) — p, as a — d,,. See Figure 7 for sketches
of graphs of these A,,. We now present our main result.

Theorem 1.2. Consider the Blasius Problem (1-2) in the convex case b < A, and in the case b = —1,
i.e. the boundary value problem
f" £ =0, f(0)=a, f[(0)=-1, f(+o0) =A> L. (10)

This problem has no solution if and only if:
(i) either —1 <A <0 (ii) ora>a; and 0 < X < Aq(a).

Let n € N\ {0}. Problem (10) has at least n solutions if (A, a) belongs to one of the regions marked n in
Figure 7 right, in other words, if:

o cither a = A(\) with 41 < A< pin,

e or A=A, (a) with a € [an,dy[, if n is odd, a €|d,,ay] if n is even,

e or (\ a) is in the region below the graphs of Ao and A in the case n = 1, and in the region

between the graphs of A,,—1,A,+1 and A in the case n > 2.

If \ =0 and a = —/3 then Problem (10) has infinitely many solutions.

A2 M 2 A

FIGURE 7. In the (A a) plane, a lower bound of the number of solutions of (10). On
the left, a sketch of the graphs of the functions A and A,,, on the right the conjectured
number of solutions of (10). We stress that the distances are not respected: due to (8)
with e™V? ~ 85, on the true graph of A no more than one extremal point is visible, see
Figure 4.

The proof is given in Section 2.4. In the affine case A = —1 there is a unique solution f : ¢ +— —t — a.
By Corollary 8.6 there is no solution in the case A < —1. At the end of this section 2.4, we will also
comment the following conjecture.

Conjecture 1.3. The lower bounds above are sharp. In other words the expression “at least” in Theorem
1.2 can be replaced by “exactly”.

In addition, we formulate two other conjectures. The first one is motivated by numerical experiments.

Conjecture 1.4. For alln € N we have d,, 12 # an; in particular, the constants de and o are finite. For
any n > 2 the function A,, is monotonous, increasing if n is odd, decreasing if n is even.

Conjecture 1.5. The function A is of class C™ outside I'sU{S*} and its minima A,, are non degenerate,

92
i.e. w(a7 Cp(a)) # 0, so that the functions C,, and A,, are C*; too.
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We already know that A; is increasing at least on [0, +00[, see statement (ii) of Lemma 2.9. Observe
also that our Conjecture 1.5 would already imply that d,, 12 # a, for all n > 1. Indeed, if A is of class
C' and a is between a,, and a, 2, a close to a,, then a computation shows that the central part of A,

would be C''-close to a small segment of slope l’l\gf’é, thus monotonous. See Figures 12, 13 and 14 for an

illustration.

The proofs of Proposition 1.1 and Theorem 1.2, given in Section 2.4, need several intermediate results
stated in Sections 2.1 to 2.3 whose proofs are postponed to Sections 3 to 5. We first use the Crocco
change of variables, then another change of variables leads to an autonomous planar vector field. In
Section 3, are collected results for the Blasius Problem in the already known cases, as well as some useful
preliminaries. Section 4 is devoted to a thorough study of the vector field and Section 5 deals with some
further deeper results on the Crocco equation (4). In Section 6, we present an alternative proof of these
“deeper results”, using properties of canard solutions of a related singularly perturbed differential system
in R3. The precise link between the Blasius and Crocco problem is explained in Section 7. In Section 8,
we treat the already known concave case for the sake of completeness, and also because the use of the
Crocco equation provides new shorter proofs. We end the article in Section 9 with additional results,
alternative proofs and historical comments. Blasius equation gave rise to a great number of publications.
Some of them treat more general equations, some others are incomplete or contain only numerical results.
Therefore our historical comments are not exhaustive. However, our result about the description of A
and its consequence on the number of solutions of the boundary value problem (1-2) are new to our
knowledge.

Acknowledgements. The authors wish to thank Prof. Reinhard SCHAFKE for numerous and fruitful
discussions about this work.

2. OUR STRATEGY OF PROOF.

2.1. The Crocco change of variables. A basic property of the Blasius equation is that, besides affine
solutions (f” = 0), all other solutions f are such that f” does not vanish. Indeed, solving (1) as a linear
differential equation for f” yields

f(t) = f”(to)exp{—/t:f(T)dT}- (11)

which shows that f” cannot vanish without being identically zero. It follows that ¢ — f'(¢) is a diffeo-
morphism for non affine solutions.

The Crocco change of variable consists of expressing f” as a function of f’: if we put u = f” o (f/)~!
then differentiating u(f’) = f” (the variable ¢ is omitted for simplicity) we obtain v'(f')f"” = f""' = —ff"

hence u/(f') = —f. Differentiating once again we obtain u”(f’)f” = —f’, i.e. equation (4), rewritten
below for the reader’s convenience (with the independent variable f’ denoted by s)
1 S
=——. 12
u=-2 (12

We stress that, by construction, a Crocco solution cannot vanish. Actually we had to divide twice by
f"” = w to obtain (12). In Section 9.1 we study solutions of the almost equivalent equation uu” + s =0
that vanish somewhere.

The Crocco change of variable yields the following characterization of A, see Section 3.2 for the proof.

Proposition 2.1. For all a,b € R and ¢ > 0, [b, A(a, b, c)[ is the maximal right interval of existence of
the solution u := u(-;a,b,c) of (12) with initial condition

u(b) = ¢, u'(b) = a. (13)

Moreover u(s) tends to 0 as s — A(a,b,c), s < A(a,b,c). If A(a,b,c) > 0 then we also have u'(s) — —o0
as s — A(a,b,¢c), s < A(a,b,c).

This means that, in terms of Crocco equation, boundary conditions (2) become
u'(b) = a, lim u(s) =0.
s—A

The similarity property (3) implies

if u is a solution of (12), so is u” : s = ou(c™2s) for all o # 0, (14)

which can be rewritten as

u(o?s;0a,0%b, 03c) = o3u(s;a, b, c). (15)
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It is easy to check that only one positive solution of (12), denoted by wu., is self-similar by (14), i.e.

U (8) = o3u.(072s) for all 5,0, s <0 < o, namely

wa(s) = 2 (=) (16)
We will see that u. is also the unique solution of (12) on |—o0, 0] such that u.(07) = u.’(07) = 0, see
item 4 (i) of Theorem 2.4.

We now present the main result of this section. The difficult and important statement 4 is the key to
analyze the discontinuity of A, as described below in the second part of Theorem 2.5.

Theorem 2.2. 1. Every solution of (12-13) with b < 0 and ¢ > 0 is defined at least on | —oc, 0] and is
asymptotic to u, ast — —oo.

2. There is a unique solution of (12) on |—o0, 0], denoted by u_, with boundary conditions
u_(07)=0, v/ (07)=—1. (17)

Similarly, for any o > 0 there is a unique solution of (12) on |—o0,0[ with boundary conditions u(0~) =
0, v/(07) = —o, namely s — o3u_(c72s).

3. There is a unique solution u, of (12) with initial conditions
U,+(O+) = Oa ui}-(0+) =1, (18)

defined on some maximal interval 10, Ay[, with 1 < Ay < sg, where so ~ 1.43 is the positive root of
equation (2s —4)In (1 — %) = s.

4. For every sequence ((an,Yn))nen Which tends to (u’_(—1),u_(—1)), the sequence
(v (075 an, —1,vn))nen is bounded and has at most two cluster points: 1 and —1.

Statements 1 and 2 are proved in Section 5.3, statement 3 is proved in 3.5, and statement 4 in 5.2.
Besides, we have the following asymptotic formulae for Crocco solutions starting close tou = 0 at s = —1.

Proposition 2.3. For any a € R fixed, we have:

u'(s;a,—1,¢) ~y/2Intsgn(s+1) as ¢ — 07, (19)
u(s;a,—1,¢) ~/2Ind|s+1] as ¢ — 07, (20)

uniformly for s in any compact subset of | —oo, —1[{U]—1,0].
The proof is in Section 5.1.

2.2. The associated vector field. The similarity property (14) allows to reduce Crocco equation to a
system of autonomous differential equation. The change of variables

z(t) = et/ (e, y(t) = 3 ?u (—e™) (21)
leads to the system
P ey (22)

The phase portrait of this system is depicted in Figure 8. Since this system is invariant by the change
(z,y) — (—z, —y) we will consider it only for y > 0; this corresponds to positive Crocco solutions and to
convex Blasius solutions. The initial conditions (13) with b = —1 correspond to

z(0) =a, y(0) =c. (23)

Notice that this vector field describes the Crocco equation (12) only for s < 0. In Section 9.3, we introduce
an analogous vector field for s > 0.

Because the transformation u — u? given by (14) (for o > 0) corresponds to a shift by ¢ — ¢t —Ino
in (21), to each orbit {(x(t),y(t));t € R} of some solution of (22) corresponds a whole family (u?)s>0 of
solutions of (12) connected by the similarity (14).

In particular, the unique stationary point S* = (—\/g, %) corresponds to u, given by (16), which is
the unique positive Crocco solution invariant by (14). To the solution u_ given by (17) corresponds a
solution of (22), denoted by (z_,y_). Remark that, with s = —e~*, we have

v (t)  —su(s)
y-@)  u(s)
hence (z_,y_) parametrizes the orbit I'o, of item 3 below.

— —last— +oo,
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I y = Li(x)

az asz ai x

FIGURE 8. On the left: the phase portrait of (22). On the right: sketch of enlargement
of I'oy near S*. The functions L,, and R,, are defined in Section 2.4.

In Section 4 we will prove the following result.

Theorem 2.4. 1. All solutions are defined on R and tend to S* ast — —oo.

2. More precisely, for any solution (x,y) of (22) there exist A, B € R such that

z(t) = —V3 + ¢t <ACOS% —l—Bsin\/i5 —l—o(l)) ast — —oo. (24)

3. There is one and only one orbit, denoted by I'«, such that any solution (z,y) parametrizing I'o,
satisfies that % tends to —1 as t — 4o0.

There is one and only one orbit, denoted by Iy, such that any solution (x,y) parametrizing 'y satisfies
that x(t) tends to 0 as t — +oo.

For all non constant solutions (x,y), y(t) tends to ;i—(c:)o ast — +oo.

For all solutions (x,y) except those on I'sg U{S™}, 71 tends to 0 as t — +oo. In particular, all solutions

(x,y), except those on T'o, U {S*}, eventually leave the region x +y < 0.

4. In terms of positive Crocco solutions, this means that we have the following equivalences
(1) (a,¢) = S* if and only if u(0~;a,—1,¢) =0 and v/(0~;a,—1,¢) = 0,
(2) (a,¢) € T if and only if u(0~;a,—1,¢) =0 and v'(07;a,—1,¢) < 0,
(3) (a,c) ¢ T'so U{S*} if and only if u(0;a,—1,¢) > 0.

5. For all solutions (x,y) except those on I', % has a limit k € R as t — +o0.

6. Conversely, for any k € R\ {—3} there is one and only one orbit, denoted by I'j, such that
a(t)®

im
t——+o00 y(t)
and a second one denoted by I' _g /5.

= k for all solutions (x,y) that parametrize I'y. For k = —% there are two orbits: S*

7. If k > 0 or k = oo then I'y, has no inflexion point; if k < 0 then I'y has exactly one inflexion point.

2.3. Properties of the function A. In this section, we state the properties of A needed for the proof of
Theorem 1.2 and for arguments justifying our Conjecture 1.3. First, the similarity property (3) implies

for all 0 > 0, A(ca,o?b,0%c) = o?A(a,b,c). (25)

Therefore, as far as possible, properties of A for b < 0 will be stated below using the function A (a,c¢) —
A(a,—1,¢), as said in the introduction.

Theorem 2.5. The function A is continuous on (Rx]0, +00[) \ T'sc.
On T', the discontinuity of A is described as follows. If (a,c) belongs to I'w, then for all sequences

((@ny7¥n))nen which tend to (a,c) on the convex side of I, the sequence (A(au,,¥n))nen tends to 0,
whereas for all sequences ((a,,Vn))nen which tend to (a,c) on the concave side of T, the sequence
(A(tn, Y ))nen tends to Ayet, where t € R is such that a = z_(t),c = y_(t).

As a consequence, for all A > 0 there is a unique point on I',, with abscissa equal to A(\), such that A

jumps from 0 on the convex side of ', to A on its concave side.
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The proof is in Section 5.3. Besides this important regularity property we have some monotony
properties.

Proposition 2.6. 1. For nonnegative b, the functions a — A(a,b,c) and ¢ — A(a, b, ¢) are increasing.
2. In the region above both ', and the hyperbola ac+ 2 = 0, the function ¢ — A(a, ¢) is increasing.
3. In the region on the right of both T, and the straight line 2a + 3¢ = 0, a — A(a, ¢) is increasing.

Statement 1 is proved in Section 3.4; statements 2 and 3 are proved in 5.3. At last, we present
asymptotic properties of A.

Proposition 2.7. For all a € R fixed, we have
Aa,¢) ~2Xy Inlasc—o0, (26)
Aa,¢) ~ 3A(0,0,1) as ¢ — +oo. (27)
The proof is given in Section 5.3. Numerical computations give A(0,0,1) ~ 1.655193.
2.4. Back to the Blasius problem. In this section, we first prove Proposition 1.1. Then we write I's
as a union of graphs. Next, we describe the graph of A, in accordance with the relative position of a and
a, and we give details about the functions A,,. These descriptions are then used to prove Theorem 1.2.

At last, we explain which elements lead us to state our Conjecture 1.3. Of course the results stated in
the Sections 2.1 to 2.3 will be used all along this section.

Proof of Proposition 1.1. As already announced in the introduction, the last item of Theorem 2.5 shows
that, for all A €]0,4o00[, there is a unique point (x_(t),y_(t)) on I's, namely with ¢ = In (ﬁ), such

that A takes values respectively 0 and A on each side of I'o,. We recall that, by definition, the abscissa
of this point is
v (m (ﬁ)) = A(N). (28)
Then, using (24) with e' = ﬁ, we obtain (7). The asymptotic behavior as t — 400 simply follows from
(6) and from lim u’ (s) = —1. Due to (28), the nth extremum a,, of the function A, counted from the
s—0~

right is also the nth extremum of the function x_ with time reversed, i.e. with ¢ from +o0o to —oo, see
Figure 8. Because 'y, has no inflexion point, we have

ag<a4<a6<...<—\/§<...<a3<a1

and items 1 and 2 follow. 0
We now describe the curve I'w, as an union of graphs. Since I'o, has no inflexion point and S* is a
focus, for all n > 1, with the convention ag = —o0, there exist functions
Ln : [a2n; aQn—l] - R7 Rn : [a2n—27 a2n—1] —R

such that (see Figure 8 right for the graphs of Ry, Re and L4)

I'w is the union of the graphs of the mappings « — L, (x) and = — R, (),
the functions L,, are convex and the functions R,, are concave,
e for all n > 1, we have

Ln1(a) < Lo(e) < == < Rala) < Roca (o) 29)

where each inequality holds for all # such that both functions are defined, and is strict if = is not
an end point a,,
at the end points of the intervals we have

Rn(a2n71) - Ln(CLanl) - — 2 s Rn+l(a2n) - Ln(a2n) = _i (30)

a2n—1 QA2n

Since the function ¢ — z(t) is decreasing under the hyperbola xy = —2 and increasing above this
hyperbola, from (28) we deduce that the map A — A()) is increasing on each interval [Aa,, A2p—1] and
decreasing on each [A2jp—1,A2n—2]. Hence for all n > 1, with the convention A\g = +o00, there exist
one-to-one mappings

Lyt [agn, a2n—1] = Aon, Aon—1],  Tn t [@2n—2, G2n—1] = [Aon—1, Aan—2],

such that the graph of A — A(X) is the union of the graphs of a — [, (a) and a — 7,(a), see Figure 7 left
for the graphs of r1, ro and ;.
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For all n > 1, we have
rt1(a) < ln(a) < rafa), (31)
where each inequality holds for all a where both functions are defined, and is strict except at the end
points of the intervals. At the end points we have

ln(a2n) = TnJrl(aQn) = >\2n7 ln(a2n71) = Tn(a2n71) = A27171
An immediate consequence of Theorem 2.5 is the following.

Lemma 2.8. At a point (a, R,(a)) on s, A jumps from 0 on the convex side of I'sy to r,(a) on the
concave side. At a point (a, Ly(a)), A jumps from 0 on the convex side to l,(a) on the concave side.

Let us now describe the functions A,. We recall that, roughly speaking, A, (a) is the minimum of A
on its central part, when this minimum is reached.

A

A1<a)

O c

FIGURE 9. A schematic graph of A, : ¢ — A(a,—1,¢) in the case a > ay. For conve-
nience, explanatory figures 9, 10 and 11 are schematic. See Figure 6 and Figures 12 to
15 for numerical graphs; e.g. the present figure may be compared to Figure 6, bottom
right.

Lemma 2.9. Consider the case a > a.
(1) The function A, is continuous on 10, +o0[, tends to 400 as ¢ — 07 and as ¢ — +o00. As a
consequence, A, attains its minimum on |0, +oo|, denoted by A1 (a).
(2) The function A; is continuous on [a1,+o0o[ and increasing at least on [0, 400[.
(3) We have Ai1(a1) = 0 and Ai(a) > a®\y for all a > 0. In particular, Ai(a) tends to +oo as
a — +00.

Proof. (i) If @ > a4, then the ray R, does not cross ', and /~\a is continuous. If a = aq, then the

ray R, touches I'y,, without crossing it, at (al, —a—21), hence without creating any discontinuity, and
Ka(_a%) = 0. Due to Proposition 2.7, A4(c) tends to +00 as ¢ — 01 and as ¢ — +00, hence A, has (at
least) one global minimum A (a), which is reached for some value ¢ = Cy(a), see Figure 9. The function
Ay is defined on [ay, +oo[ and satisfies Aj(aq) = 0.

(i) As for all fixed ¢ the map a — A(a,¢) is continuous on [ay,+oo|, this is also the case for A; (even
though C7 may not be continuous).

Furthermore, if 0 < a < a’ then, using item 3 of Proposition 2.6, we obtain

Av(a) = m>11017\(a, ¢) < Ala,C1(d)) < Ma', Ci(a')) = m>ig/~\(a’, ¢) = Ay (a),
(iii) Set u :=u(-;a,—1,C1(a)). We have u(0) > a and u’'(0) > a, therefore by item 1 of Proposition 2.6
Ay(a) = A(u'(0),0,u(0)) > A(a,0,a) = a®A(1,0,a72) > a®Ay. O

Lemma 2.10. Consider the case a < as.
(1) The function A, has one discontinuity at ¢ = Ry(a).
2) As ¢ — 0%, Ay(c) tends to +oo; as ¢ — Ri(a)~, Aa(c) tends to r1(a).
) The function A is increasing on [Ry(a), +oo[ from A, (Ry(a)) = 0 to +oc.
) There exists dy € [—00, as[ such that

e for all a €]dg, a3, A, reaches its minimum on ]0, Ry (a)[, denoted by As(a),

(
(3
(4



12 B. BRIGHI, A. FRUCHARD, T. SARI

A

ri(a)

: As(a)
0 Ri(a) c 0 Cy(a)  Ri(a) ¢

FIGURE 10. Sketches of graphs of /~\a in the case a < ay. On the left: a close to —oo,
on the right: a close to as. For numerical graphs, see the top of Figure 6.

e for a = dy the infimum of A, on )0, R1(a)[ is equal to py := r1(dy) (with the convention
ri(—o00) = +00).
(5) The function Ag :]da,as] — [0, uz[ is continuous.

Proof. (i) If a < ay then the ray R, crosses 'y, once. By Lemma 2.8, 7\& has a discontinuity at
¢ = Ri(a) and jumps down from 71(a) to 0. If a = as then the ray touches I's also at (as, —a%) but
without discontinuity.

(ii) follows from (26) and item (i).

(iii) follows from (27) and Proposition 2.6.

(iv) If a = aq, then /~\a has an isolated zero at ¢ = —a—22. Thus by continuity of K, for a < as, and a close

to ag, A, has a local minimum close to 0 for some (possibly non unique) value ¢ = Cy(a) close to —=2

~ a2
and As(a) = A(C2(a)), see Figure 10.
Now let dy € [—00,az] be the infimum of those values d such that for all a €]d,as], A, reaches its
minimum As(a) on ]0, R1(a)[. By construction, we have As(d2) = u2 = r1(dz), see Figure 7.

(v) As for all fixed ¢ the map a — A(a, ) is continuous on [a;, +oo[, this is also the case for As. 0

Lemma 2.11. Consider the case a € [a2n+1, Gon—1] With n > 1.

(1) The function A, has 2n discontinuities at ¢ = Ry (a) and ¢ = Lg(a), with 1 < k < n, which satisfy
Li(a) <+ < Lp(a) < =2 < Ry(a) < --+ < Ry(a).
(2) Asc— 0%, Ay(c) tends to +oo. On [Ry(a),+oo[, A, increases from 0 to 4cc.
(3) As ¢ — Ry(a)~, Aa(c) tends to ri(a); as ¢ — Li(a)™, Aa(c) tends to Iy (a).
(4) We have 0 < lp(a) < rp(a) <--- <li(a) < r1(a).
(5) There exists dop+1 € |aan+1,a2n—1] such that
e for all a € [agn41,dant1[, the minimum of A, on |Ln(a), Ry(a)[ is reached and denoted by
Aopi1(a), for some ¢ = Coy,11(a) possibly non unique,
e for a = dypy1 the infimum of A, on |Ln(a), Ry(a)] is equal to pant1 := ln(dant1)-
(6) The function Agpy1 : [a2n+1, dont+1[— [0, pant1[ is continuous.

A A

ri(a)f-

l1(a)

ALt

FI1GURE 11. Sketches of graphs of 7\& in the case as < a < ay. On the left a close to ag,
on the right, a close to a;. Compare with Figure 14 top left and Figures 12 bottom,
respectively.

Proof. (i) The ray R, crosses I'o; 2n times, hence /~\a has 2n discontinuities. The inequalities result from
(29).
(ii) results from Propositions 2.6 and 2.7.
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(iii) results from Lemma 2.8.

(iv) results from (31).

2

v) If @ = ag,41 then we have Ka(—m

) = 0, but there is no discontinuity at this point. Moreover,

Aq(c) tends to the value r,,(a) > 0 and I,,(a) > 0 as ¢ — Ry, (a)” and ¢ — L, (a)™ respectively. Hence for
a > agn11, a close to aspt1 7\& reaches its minimum on |L,(a), Ry (a)[. This minimum As,11(a) is close
to 0, attained for some ¢ = Co,41(a) (possibly non unique, but necessarily close to —a23+1) see Figure
11 for the case n = 1.

Let dop+1 €] a2n+1, aan—1], be the supremum of those values d such that for all a € [azn+1,d[, Aant1(a)
achieves its minimum on ]L,(a), R,(a)[. By construction, As,i1(a) tends to pont1 = ln(dant1) as
a — dan41, see Figure 7.

(vi) As for all fixed ¢ the map a — /N\(a7 c) is continuous on [ay, +oocl, this is also the case for Agn 1.

0.4 0.4
0.31 0.31
0.2 0.2
0.1 0.1
07 11 12 13 14 15 07 11 1.2 13 14 15
0.47 0.4+
0.31 | 031
0.2 021
0.1 0.1
07 11 1.2 13 14 1.5 07 11 12 13 14 15

FIGURE 12. Scenario of bifurcation of the graphs of Ao near a; ~ —1.702704. Top left:
a = —1.68, top right: a = —1.7027, bottom left: a = —1.7028, bottom right: a = —1.705.

Similarly, we have the following result, stated without proof; see Figure 13.

Lemma 2.12. Consider the case a € |aap, Gant2] with n > 1.

(1) The function A, has 2n+ 1 discontinuities at ¢ = Ly(a), 1 <k <n andc = Rg(a) 1 <k <n+1,
such that 0 < Li(a) < -+ < Lp(a) < =2 < Ryp1(a) < -+ < Ri(a).

(2) Asc— 0, Ay(c) tends to +oo. On [Ry(a),+0c[, Ay is increasing from 0 to +oo.

(3) At each ¢ = Ry(a) the function A, jumps from 0 to Ix(a) and at each ¢ = Ly(a) it jumps down
from ri(a) to 0, where I, and 1y, satisfy 0 < rpy1(a) < lp(a) <rp(a) < -+ <li(a) < r1(a).

(4) Let dant2 €] agn, Gont2] be the infimum of d such that for all a €]d, azny2], A2nt1(a) achieves its
minimum on |L,(a), Rn+1(a)], denoted by Asnia(a). This yields a continuous function Agy o :
|dant2, aant2] — [0, pont2] such that As,qo(a) tends to poni2 as a — dapy2, wWith pionio =
Tn+1(d2n+2)-

In the case a = —v/3, the ray R, crosses I's, infinitely times, and we have the following result, once
again stated without proof; see Figure 15.

Lemma 2.13. Consider the case a = —/3. The function A, has infinitely many discontinuities at
¢= Ly(a) and ¢ = R, (a) with n > 1, such that

0< Lifa) < < Lpla)<--- - < Rp(a) < -+ < Ry(a).

AN
Sl
A
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0.015
0.014
0.005

115 1.152 1.154 1.156 1.158

0.015 ~

0.014

0.005 1 \

07115 1152 1154 1156 1158  1.16

S

o

0.015 0.015 -

0.01 0.01-

0.005 | 0.005
07115 1152 '1.154 1156 1.158  1.16 0715 1152 1154 1156 1.158 1.1

FIGURE 13. Scenario of bifurcation of the graphs of [~\a near as ~ —1.7324. Top left:
a = —1.7323, top right: a = —1.73238, bottom left: a = —1.7324, bottom right: a =

—1.733.
0.0001 7 0.0001
8e-05 1 8e-05 1
6e-05 6e-05
4e-05 4e-05
2e-05 2e-05
0 1.15468 1.1547 1.15472 1.15474 1.15476 0 1.15468 1.1547 1.15472 1.15474 1.15476
0.0001 1 0.0001 1
8e-05 8e—05
6e-05 1 6e-05
4e-05 / 4e-05
2e-05 2e-05 ]
0 1.15468 1.1547 1.15472 1.15474 1.15476 0 1.15468 1.1547 1.15472 1.15474 1.15476

FIGURE 14. Scenario of bifurcation of the graphs of /N\a, near az ~ —1.7320463. Top
left: a = —1.73204, top right: a = —1.732046, bottom left: a = —1.732047, bottom
right: a = —1.732048.

As ¢ — 0%, Au(c) tends to +00. On [Ry(a),4+0c], A, is increasing from 0 to +oo. At each ¢ = Ry, (a)
the function A, jumps from 0 to l,(a) and at each ¢ = L, (a) it jumps down from r,(a) to 0, where the
sequences (I )nen and (1, )nen satisty

0<-<lpla) <rpla) < <li(a) < ri(a).
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107 0.87
8]
0.6
61
0.4
4]
0.2
5]
0705 1 15 2 25 3 35 4 07 11 12 13 14 15
0.027 0.00012 1
0.0001
0.015
8e-05
0.017 6e-05 |
4e-05 -
0.005
2e-05
0 ‘ ‘ ‘ ‘ ‘ : : ‘ : ‘
1152 1154 1156 1158  1.16 071 15466 11547 1.15472 115474 1.15476
FIGURE 15. Numerical graph of A, for a = —+/3, with successive enlargements.

(From (30), we see that, as a increases and crosses the value agn—1, Ry(a) and L,(a) collapse and
two discontinuities disappear. This scenario of bifurcation is displayed on Figures 12 and 14 for the
cases n = 1 and n = 2. Similarly, as a decreases and crosses as,, Rn+1(a) and L, (a) collapse and two
discontinuities disappear. This scenario of bifurcation is displayed on Figure 13 for the case n = 1.

Proof of Theorem 1.2. 1f —1 < A <0 then there is no solution by Proposition 3.1. If A > 0, we have to
count the number of solutions of the equation A,(c) = A. A simple glance at the graph of A, shows the
following.

The case a > a1. From Lemma 2.9 we deduce that Problem (10) has no solution if and only if 0 < A <
Aq(a) and that this problem has at least one solution (satisfying f”(0) = C1(a)) if A = Ai(a), and at
least two solutions if A > Aj(a); see Figure 9.

The case a < as. {From Lemma 2.10 we see that this case splits into two subcases. In the first case
d2 < a < asz, we have the following:

e if 0 < A < Ag(a) then Problem (10) has at least one solution;

o if A = Ay(a) then (10) has at least two solutions;

o if Ay(a) < A < r1(a) then (10) has at least three solutions;

e if 1 (a) < A then (10) has at least two solutions; see Figure 10, right.
In the second case a < ds:

e if 0 < A <rji(a) then (10) has at least one solutions;
e if r1(a) < A then (10) has at least two solutions, see Figure 10, left.
The case a € [azn+t1,02n—1], n > 1. (From Lemma 2.10 we deduce that if azp+1 < a < dap+1, then the
number of solutions of Problem (10) is at least equal to
e 2n,if 0 <\ < Agpyi(a);
2n+1, if A= A2n+1(a);
2n+ 2, if A2n+1(a) <A< ln(a);
2n+1, it I, (a) < A < rp(a);
2k, if ri(a) < A <lp—_1(a), where 2 > k > n;
and 2, if r1(a) < \; see Figure 11 left for the case n = 1.

If dopy1 < @ < agp—1, then the number of solutions of Problem (10) is at least equal to
o 2n,if 0 < A <lp(a);
e 2n+1,if l,(a) <\ <ry(a);
o 2k, if ri(a) < A <l,—1(a), where 2 > k > n;
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e and 2, if r1(a) < A; see Figure 11 right for the case n = 1.

The case a €lazgn, aan12], n > 1 is completely analogous to the former one.

The case a = —/3. By Lemma 2.13, Problem (10) admits as many solutions as possible for sufficiently
small values of A, and infinitely many solutions for A = 0. 0

Comments on Conjecture 1.3. Some numerical experiments and a deeper study which are beyond the
scope of the present article convinced us of the following assertion.

Conjecture 2.14. Let n > 1. If dopy+1 < a < ag,—1 then the function 7\& is increasing on its central
part |Ly(a), Ry(a)[.

If agpiq < a < dany1, then A, has a unique minimum on | L, (a), Ry (a)[ for ¢ = Cypii(a). Moreover,
the function A, is decreasing on the interval | Ly (a), Cany1(a)] and increasing on [Capy1(a), Rn(a)].

Similarly, if asp, < a < doyyo then A, is increasing on |L,(a), Rpt1(a)] and if dopyo < a < agpta,
then A, has a unique minimum on |Ly(a), Ryy1(a)[ for ¢ = Capyo(a), A, is decreasing on the interval
|Ln(a), Conyo(a)] and increasing on [Capi2(a), Rpy1(a)l.

For all a € R, on all parts of the graph of /N\a, except the central one, the function A, is monotonous,
decreasing on each part on the left of the central part, increasing on the right.

This would imply our Conjecture 1.3.

3. PRELIMINARY RESULTS.

In this section, we present some basic results on the Blasius problem (1-2) in the convex case, i.e. for
A > b. Most of these results are already known; however we tried to give, as far as possible, new shorter
proofs. In particular in the case b > 0, we prove (¢f. Corollary 3.6) that the Blasius problem has no
solution if A < 0 orif b=0 < @ and A < a?)\; and a unique solution in the following cases:

i)b>0and XA > b, ii)b=0and a <0 < A, ili) b=0 < a and X > a®),.
(i) +

We first show the existence of our function A and we prove its continuity and monotony properties.

3.1. Definition of the function A. Let a,b € R and ¢ €]0,+0c[. We recall that f(-;a,b,c) is the
solution of the initial value problem (5). Let [0, Ty 5 o[ denote its right maximal interval of existence. We
also have set

A(a,b,c) := lim f'(t;a,b,c).

t_’Ta,b,c
Proposition 3.1. If ¢ > 0 then T, 3 . = +00 and A(a, b, ) exists, Is finite and nonnegative.

Proof. The existence of A(a,b,c) €]b,400] follows from the positivity of f”(-;a,b,c). We first show
that T, 5 = +00. Since f := f(-;a,b,¢) is convex on [0, Ty p [, we have f(t) > f(to) + f'(to)(t — to) for
all to,t € [0,T4p,c[- Hence (11) implies

2

0 < £0) < £ (tohexp { ~flta)(e - t0) — £e0) 0. (32)

If T, p,c were finite, then f, f* and f” would have finite limits as t — T, 3, thus a contradiction. This
proves T p . = +o00.

If now A(a,b,c) €]b,0[, then f(t) — —oo as t — 400, hence there exists t; > 0 such that f(¢) < —1
for t > t1. ;From (11) we obtain f”(t) > f”(t1)e! "t hence f”(t) — +o0, as t — ~+oo, which contradicts
the fact that f/(¢) has a finite limit as t — +oo.

It remains to show that A(a,b,c) is finite. We can assume that A(a,b,c) # 0. Thus, f(f) — +oo
as t — o0, hence there exists t2 > 0 such that f(t2) = max{1l,a + 1}. We have f'(¢2) > 0, hence
writing (32) for tg = t2 we obtain 0 < f”(t) < f”(ta)e”(*7*) for all t > t,. Integrating, we obtain
0< f'(t) — f'(t2) < f"(t2) (1 — e~*2)) for all t > ¢5. This implies that A(a, b, c) is finite. 0

REMARK. Let ¢ > 0. From its convexity, the function f(-;a,b,c) has a constant sign at infinity, hence
it is so for f"'(-;a,b,c). Since A(a, b, c) is finite, we obtain

: e _
tl}inoo f(t;a,b,¢) =0. (33)
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3.2. Proof of Proposition 2.1. Let f := f(-;a,b,c) be the solution of problem (5) with ¢ = f”(0) > 0.
From the previous section, we know that f is defined on [0, +oo[ and that f”(¢) > 0 for all ¢t. Hence the
function t — s = f/(t) is increasing and defines t = (f/)" (s) as a function of s.

As seen at the beginning of Section 2.1, the function

w: [b,Ala,b,e)[ = ]0,+00f, s fo (f)7(s)

is solution of problem (12-13). We also saw that u’ o f* = —f. Moreover, from (33), we have
li = 1 "(t) =0.
i ") = B SO =0

This shows that u cannot be continued after A(a,b,c). Finally, if A(a,b,c) > 0, then f(t) — 400 as
t — 400, hence

H/l\i(rﬁb,c) w(s) = lim (=f(£)) = oo,

This completes the proof. 0

3.3. Useful identities. Below are some useful identities satisfied by any function wu, solution of the
Crocco equation (12) on some interval I. ;jFrom this equation we immediately obtain that for all sg,s € T
we have .
’ / n
()~ (so) == [ (34)
S0 u(n)
and integrating once again

u(s) —u(so) —u'(s0)(s — sp) = — /S %dn. (35)

Moreover, since uu’” = (uu')’ — u'?, it follows after integration that for all sg, s € I we have
y 1
(s)u' () — ulso)u (o) = [ u'n)dn - (67~ ),
S0

and integrating again

u(s)? —u(s0)? — 2u(so)u’(s0)(s — s0) = 2 /S(s —n)u'(n)*dn — %(s — 50)%(s + 250). (36)

S0

Finally, multiplying equation (12) by 2u’ and integrating, we obtain for all sg,s € I

u'(5)% — 1/ (s0)? = —2s1n|u(s)| + 250 In |u(so)| + 2/ In Ju(n)|dn. (37)
S0
3.4. Further properties of the function A. Thanks to Proposition 2.1, we associate to f(-;a,b,c)
the Crocco solution of (12-13), denoted u( -;a,b, ¢). Precisely, u := u( -;a,b, ¢) satisfies

W' =—-% on [b,A(a,b,c)]  wu(b)=¢, v'(b)=a, u>0.
u

Proof of Proposition 2.6, Item 1. First, we prove that if a € R and b € [0,+o0[, then the function
¢ — A(a,b,c) is increasing. Suppose ¢; > ¢a > 0 and A(a,b,¢1) < Aa,b,c2). For i = 1,2 set u; :=
u(-;a,b,¢;), and set w := uy —uz. We have w(b) =c¢; —ca >0, w'(b) =a—a =0, and

1 " " —S S S’LU(S)
Vs e[b,Ala,b,cr)], w'(s) =uf(s) —uj(s) e + B mE) )
Therefore, as long as w is positive, w is convex, and so increasing in such a way that w remains positive
on [b,A(a,b,c1)[. However, as s — A(a,b,c1), w(s) tends either to 0 if A(a,b,c1) = A(a,b, c2), or to
—ug(A(a,b,c1)) <0if A(a,b,c1) # A(a, b, c2). In both cases, this is a contradiction.

Secondly, we prove that if b € [0, +oo[ and ¢ €]0, +oc], then the function a — A(a,b, ¢) is increasing.
With the notation w; := u(-;a;,b,¢) (for ¢ = 1,2) and w := u; — ue, we have w(b) = ¢ — ¢ = 0 and
w'(b) = a1 —ag > 0. If A(a,b,c1) < A(a,b,cz), then

sw(s)
u(s)uz(s)

and we conclude as in the previous case. 0

Vs € [b,Ala,b,c1)[ w'(s) =

REMARK. From this proof, we see that, if 0 < b < s, then the function ¢ — u(s;a,b,c) is increasing
(when defined).
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Proposition 3.2. If (a,b,c) € R xR x]0,4o00[ is such that A(a,b,c) > 0, then A is continuous at (a, b, c).

Proof. We have A(a,b,c) = sup{f’(t;a,b,c) ; t > 0}. Since for every ¢ the function (a,b, c) — f'(¢;a,b,c)
is continuous, it follows that A is lower semicontinuous on R x R x |0, 4+o00].

Now we argue by contradiction by assuming that A is not upper semicontinuous at (a,b,c). Then
there would exist a positive real number € and a sequence (G, by, ¢,) in R x R x ]0, +00[ which converges
to (a,b,c) such that, if we set A := A(a,b,c) and A\, := A(an, by, ¢n), we have

VneN, A+e< A (38)

Let u :=u(-;a,b,c) and uy, 1= u(-;an, by, ¢,). Since A > 0 we deduce from Proposition 2.1 that u(n) — 0
and v/(n) — —o0 as n — A, n < A. Hence, there exists s €]0, A[ such that u(s) < 1 and u'(s) < —2. By
continuity with respect to the initial conditions, there exists m € N such that up,(s) < 2 and uJ, (s) < —2.

Therefore, since u,, decreases and is concave on [s, A, [, we have up,(A) < 2 and ul,()\) < —2. Hence,
2
Vne [/\7>\m[7 u7n(77) < Um(>‘) + u;n(/\)(ﬁ - >‘) <2- g(n - >‘) (39)
Since U (n) — 0 as n — Am, 1< Am, (38) and (39) give a contradiction. 0

3.5. Proof of Theorem 2.2, item 3. FExistence. Let u, =u (-;1, 0, %) For s > 0 small enough, we
have u,(s) > 5. On any interval [0, ] where u,, is defined and satisfies u,(s) > 3, we have u(s) =
ﬁé) € [-2,0]. Integrating twice, we obtain successively

1 1
1-2s<au/(s) <1 and — +s— 5> <uu(s) < = +s. (40)
n n

Since § < % +s5—s%forall s € [0, %], the a priori majorization principle implies that (40) is valid for

all s in this interval. This shows that the sequence (uy) is uniformly equicontinuous and bounded on
[0,3]. Ascoli’s Theorem implies that some subsequence (uy, )ren converges to some function u, which is
automatically solution of (12) because

-5 -5

u'(s)= lim wu, (s)= lim —— =——
() k—+o0 i () k—too Un, ($)  u(s)
uniformly on each compact subset of ]0,4]. Moreover, (40) implies that u satisfies s — s? < u(s) < s,

hence u satisfies (18). This proves the existence of u .

REMARK. Since ¢ — u(s;a,b,c) increases on |0,+o0o[ if 0 < b < s (¢f. the remark above Proposition
3.2), we also have

ut(s) = lin})u(s; 1,0,c¢). (41)

Uniqueness. Suppose that u; and uy are two solutions of v’ = —2 on some interval |0, 7', satisfying
uw(0T) =0, v/(07) = 1. Setting w = uy — ug, we obtain

w' = —Y  p(0t) = w'(0F) = 0. 42

ey M) = () (42)

Assume first that w does not vanish on |0, T[. Without loss of generality we may assume that w > 0 on
]0,T[. Then, w is convex. This implies that w(n) = w (Zs) < Zw(s) for all  €]0, s]. Now (42) gives by
integration, for all s €10, T

w'(s) 1 [ nu(n) 1/
MQ_MWAMWWMMS&LMWWWM

Since ui(n)ua(n) ~ n? as n — 0F, there exists € such that for 0 < s < & we have w'(s) < 2w(s). By
Gronwall lemma, we deduce that w’ = 0 on [0, £], hence w = 0 on [0, €], which contradicts our assumption.

Therefore, there is so €]0,7[ such that w(sg) = 0. Then w = 0 on [0, sg[, because on the contrary
it should exist s1 €]0, so[ such that, for example, w(s1) > 0 and w”(s1) < 0, which contradicts (42). It
follows that w = 0 on [0, T[.

REMARK. A similar proof could be done for u_, but we give a shorter indirect proof in Section 5.3.

Bounds for Ay. Let |0, A\;[ denote the interval of existence of u,. We have to prove that 1 < Ay < sq,
where s¢ > 0 satisfies (259 — 4) ln( — 870) = s¢, see Figure 16.
By concavity, we have uy(s) < s for all s €]0,\;.[. Thus v/ (s) < —1 for all s €]0, \;[. Integrating

twice we obtain u4(s) < s — % for all s €]0, A [. Hence u//(s) < —2< for all s €]0, A;[. Integrating
2

twice again, we obtain u, (s) < B(s) := (25 —4)In(1 — 3) — s for all s €]0, A\ [. Thus Ay < sg, where

S0 /= 1.43 is the positive root of equation 3(s) = 0.
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u=s
050 S u=«afs)
U= uy(s)
u= 5o
i u—s—

0.2 '
0.1 y Ay

U = 8—82

0 02040608 1 12 14 16 18 2
FIGURE 16. The solution uy of the Crocco equation. We have A4 ~ 1.304.

On the other hand for s > 0 small enough we have uy(s) > §. Thus v/ (s) > —2 as long as s > 0 and
u(s) > 5. Integrating twice we obtain u(s) > s — s for all s €]0, 2[. Thus v/ (s) > —11, as long as
both s €]0, Ay [ and uy(s) > s — s, Integrating twice again, we obtaln up(s) > a(s) :=(s—1)In(1 —s)
as long as both s €]0, Ay [ and ui(s) > s — s%. Since a(s) > s —s? for all s €]0,1[, we deduce Ay > 1.

3.6. The Blasius problem for b > 0.

Proposition 3.3. It holds:
Ay = lim A(1,0,¢) = ig%A(l,Qc).

c—0t
Proof. Since ¢ — A(1,0,¢) is increasing and positive, the expression
A; == inf A(1,0,¢)
c>0
is finite and equal to lim+ A(1,0,c). Besides, the solution u given by (41) is defined on ]0, A1 [ and, for
c—0

¢ > 0, the solution u(-;1,0,c¢) is defined on [0, A(1,0,¢)[. By the lower semicontinuity of the positive

maximal interval of existence of solutions of ODEs with respect to initial conditions, we obtain A1 < A;.
By contradiction, assume that Ay < A;. Notice that for all ¢ > 0 we have ]0,A;] C]0,A(1,0,c)].

Consider € > 0 and B €]0, A4 [, close to Ay. Then there exists ¢y > 0 such that for all ¢ €]0, ¢o|

Vs €]0, B] |u(s;1,0,¢) —uy(s)] <e.

Since € can be chosen as small as we want and B as close to Ay as we want, this would contradict the
fact that u(-;1,0,¢) is positive and concave on [0, A;]. 0

We prove below the asymptotic formula (27) of Proposition 2.7, Section 2.3 in a more general situation.
This shows, in particular, that A(a,b,c) — +00 as ¢ — +oo.

Proposition 3.4. For all (a,b) € R? the following holds
A(a,b,¢) ~ A0,0,1)c*? as ¢ — +oo.
Proof. From (25), for ¢ > 0, we have
072/3A(a7 b,c) =A (acil/B, be=2/3, 1) — A(0,0,1) as ¢ — +oo,

since A is continuous at the point (0,0, 1). 0

REMARK. Section 9.5 contains an historical account about this constant A(0,0, 1).

Proposition 3.5. Let a € R and b > 0. Set piqp = inf{A(a,b,c) ; ¢> 0}. The mapping ¢ — A(a, b, c)
is increasing one-to-one from |0, +00[ onto |ug,p, +00[. Furthermore we have

b if a<0 or b>0,
,Ua,b

(43)
a’ \y if a>0 and b=0.
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Proof. The first assertion follows from Proposition 2.6, item 1 and Propositions 3.2, 3.4. It remains to
prove (43). Notice that we have
tap = lim A(a,b,c).
c—0t

For the remainder of the proof, let us set u. := u(-;a,b,c) and A := A(a, b, c).

o If o < 0, then wu, is decreasing on [b, A.[. Thanks to (35) with so = b, s — A, we obtain

A A

”ﬂ(/\c—ﬂ) 1/ ¢ 1 2
> Ao —b) = Ble  Vap > = e —n)dn = — (Ao — b)2(\. + 2b),
c>c+a( ) A i) Mz n( n)dn 65 )= (Ac + 2b)

hence A\, — b as ¢ — 0.

e If a > 0 and b > 0, then there exists a unique s. € ]b, \;[ in which u. attains its maximum. Using
identity (35) with sp = s., s — A, and the fact that u. is decreasing on [s., A.[ we obtain as above

_ e =) 1o .
o) = / ey > —— / WO = Wy = s (O = 0+ 250)

This and the concavity of u. yield

c+a(s.—b) > ue(se) > %(Ac — Sc)V Ae + 28 (44)

In addition, from (34) and the concavity of u., we obtain

fe Se dn b a
= dn>b —— = —-In(14+—(s.—b
@ /b ue(n) = /b c+aln—>5) a n( * c(S ))

and since b > 0, this leads to

Ogsc—bgf(eGQ/b—l)
a

hence s, — b as ¢ — 07. Coming back to (44) we obtain that A, — b as ¢ — 0T.
e If a > 0 and b = 0 then, from the similarity (25) and Proposition 3.3, we have
_ T _ 2 -3y _ 2

Ha,0 = cli%l+ A(a,0,¢c) =a cli%l+A (1,0,ca ) =a“A;. O
Corollary 3.6. Let a € R and b > 0.
If a < 0 or b > 0, then the Blasius boundary value problem (1-2) has one and only one solution for all
A €]b, 400l
Ifa < 0 and b= 0, then the Blasius problem (1-2) has one and only one solution for all A € ]a®\y, +00]
and no solution for all X €10, a4 ].

Proof. This follows immediately from Proposition 3.5. 0

4. PROPERTIES OF THE AUTONOMOUS VECTOR FIELD.
This section is entirely devoted to the proof of Theorem 2.4.

4.1. The behavior near S*. Proof of Theorem 2.4, item 1. Let (x,y) be a solution of (22-23) with
¢ > 0. Its associated Crocco solution u(-;a,—1,c) is defined at least on [—1, 0], hence (z,y) is defined at
least on [0, 400].

Besides, (22) has the same orbits as the polynomial one:

gL - 3 2
T = +2$ya Z/—xy+2y
hence no orbit of (22) can reach the horizontal axis y = 0.

The upper half plane (y > 0) is cut in four regions by the isoclines I, (£ =0 < xzy = —2) and I
1=0&y= —%m) On the East,  and y increase with ¢, on the North, x decreases and y increases,
etc., see Figure 17, left.

With the time ¢ reversed, any solution starting in the East region must cross Iy at some point (x1,y1)

with y; € }0, %[ and z; = —%yl, then crosses I, at some (z2,y2) with yo € }yl, %[ and xo =

-Z,
then crosses Iy once again at (z3,ys) with z3 € ]’ﬁg, —\/5[, then I at (x4,y4) with y4 < ys, hence
x4 < x1. This gives an invariant box containing the solution for ¢ €]—o00,t1], see Figure 17, right. As a
consequence the solution is defined for all ¢ < 0. Because the divergence

KD A P A
oxr \ 2 Y dy 2Y)~
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T3
Ys fo-
Y2 |-
Yit---
T2 1 0 T

FIGURE 17. On the left, the four regions delimited by the isoclines Iy and I.,; on the
right, a solution starting in the Fast region for negative time and its invariant box.

has a constant positive sign, there is no cycle by Dulac criterion, therefore any solution starting in the
East region must tend to the unique stationary point S* as t — —oo.

With the same arguments, any solution that starts from any other region eventually visits the East as
t decreases, and we fall again in the first case. 0

Proof of Theorem 2.4, item 2. The linear part of the vector field at the stationary point S* has matrix
1/2 -3/4

1 3/2
approximated by a solution of the linear part of our system at S*. This is proved in the following lemma.

), hence S* is a source with simple eigenvalues 1 + % Therefore (24) means that z is

Lemma 4.1. Consider a C' differential system in R™ of the form
x' = Ax + b(x). (45)

Assume b : U C R™ — R" satisfies b(x) = O(|x|¥) as [x| — 0 for some k €]1, 400, where | | stands for
some norm in R™ and U is a neighborhood of 0 € R™.

Assume also that there is o > 0 such that —ka < Re(X) < —a for all eigenvalue A\ of A (with the
same k).

Then, for any solution x of (45) remaining in U and tending to 0 € R™, there exists X € R™ such that

x(t) = e "X + 0(1)) as t — +o0.

Proof.  Although this result follows directly from the theory of normal forms (the assumptions imply
that there is no resonance), we give here an elementary proof.

Since the linear part of the system at its stationary point 0 € R™ is A, the assumption on the spectrum
of A already gives x(t) = O (') as t — +00, hence b(x(t)) = O (e7**) as t — +o0.

Let us view (45) as a linear system with b(x) considered as a “known” function. The variation of
constant formula yields, for all £ > 0:

x(t) = e <x(0) + /O t eSAb(x(s))ds> .

By assumption, there exists § > 0 such that for all s > 0, |le™*A|| = O (e**=9)%), where || || stands
for any matrix norm. Therefore we obtain e~ *4b(x(s)) = O (e7%¢) as s — +o00, which shows that the
integral f0+oo e *Ab(x(s))ds converges in R". Now put:

+oo
% = x(0) + /O e~ *Ab(x(s))ds.

+oo
We obtain x(t) = e*A(%(0) + 7(t)) with r(t) = /t e *Ab(x(s))ds = o(1). 0

REMARKS. 1. We stated the result for the stationary point 0 € R™ but of course we have the same result
at any stationary point of type sink of any nonlinear system. In the same way we have an analogous
result as ¢ — —oo for stationary points of type source.

2. The assumption on the spectrum of A is optimal: for example the system

o =—ke+yt, Y =-y

with initial conditions z(0) = 0, y(0) = 1 is solved by z(t) = te™**,y(t) = e~* which cannot be asymptotic
to any solution of the linear part, of the form (Ze %, ge").
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Our system (22), being C'* near S*, satisfies the assumptions of Lemma 4.1 (with time reversed
and after translation (x,y) — (a: —V3,y+ %), as explained in Remark 1 above) with k¥ = 2 and any
€ |4,1][. This proves (24). 0

)

FIGURE 18. The orbits I's,I'g and their antifunnels.

4.2. The orbits I' and I'y. Proof of Theorem 2.4, item 3. The straight line y = —x and the isocline
I_,givenbyas+9y=0,ie x+y= —3—2y, form a narrowing antifunnel (see Figure 18 left) with positive
divergence, thus Theorem 4.10 of [28] applies. This proves the existence and uniqueness of T'.

In the same manner as for I', there is a unique orbit Iy in the narrowing antifunnel made of the axis
Oy and the isocline I, (see Figure 18 right).

x

Now the change of variables X = £, Y = % transforms (22) into the polynomial system

57
. 9 ) ) 3
X=Y"-X“-X, Y:—Y(X+§). (46)
We study this system in the half plane Y > 0, corresponding to y > 0. In addition to the stationary

point S = (—%, @) corresponding to the source S* of (22), system (46) has two other stationary points,

(0,0) and (—1,0), which lie on the axis Y = 0 and correspond then to asymptotic direction at infinity
of solutions of system (22). The linear part of the vector field (46) at the stationary point (—1,0) has
eigenvalues 1 and —%, hence (—1,0) is a saddle. The unstable separatrix of the saddle belongs to the axis
Y = 0. The curve ', corresponds to the stable separatrix Wy of this saddle. Using Taylor expansion for

W, we get that, for y large enough, I' is the graph of a function = = x.(y) that satisfies
B 11 1 7 13
Tool) = Y= 5. T T8 T 205 24057 54050

With the notation introduced in Section 2.4, 2, is the inverse function of R;.

The linear part of the vector field (46) at the stationary point (0, 0) has eigenvalues —1 and —3. Hence
(0,0) is a stable node. Let us show that all trajectories of system (46), except the part (X < —1) of
the axis Y = 0, the stationary point S, and the stable separatrix W, tend to (0,0) as ¢ — 4o00. Let

R denote the region enclosed by Wy and the lines X = —% and Y = @ as shown on Figure 19, right.

+0(y™ ).

—% -1 0 X

FIGURE 19. On the left: the vector field (46). On the right: a sketch of the region R.
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Iy

W 4

3 _
T _510 X

FIGURE 20. On the left, the spiral I's, and a trajectory of (22); on the right the corre-
sponding stable manifold Wy and the corresponding trajectory of (46). We also added
the curve T of inflexion points and I, on the left figure, and isoclines 0 on each figure.

Because R does not contain neither limit cycles nor stationary points other than the saddle (—1,0), any
trajectory (X (t),Y(t)) of system (46), starting in R will cross the isocline X = —3 (see Figure 20 right).

This means that the corresponding trajectory (z(t),y(t)) of system (22) will cross the isocline Iy, given

by y = —%a:.

y k<o Y

I 4 %k>0

0 = 0 T

FIGURE 21. On the left: the curve of inflexion points T of (22) given by (47) and the
bounding curves I_1 and Oy. On the right: the same ones with 'y, I'sx and two I'y, with
k <0 andk > 0.

We claim that the corresponding orbit I' is convex in the region y < —2?“”. For that purpose, we use
the following result.
Lemma 4.2. The set of inflexion points of the vector field (22) is the algebraic set of equation
4 4 42 + 202y + 15y% + 3zy® + 322y = 0. (47)
It consists of one isolated point S* = (—\/g, %) and a curve Z with two branches x = z1(y) and
x =x2(y), y € [2,+00[, that satisfy

Vye2too]  —y- % < 22(y) < 01 () <0, (48)

Moreover, we have x1(y) ~ —2 and x2(y) +y ~ —% as y — —+oo.
As a consequence, there is no inflexion point of (22) in the region y < —%x.
Proof. Inflexion points of a vector field
i=h(zy), y=g(y).
have to satisfy
h?gs + hg(gy — ha) = g*hy = 0
where subscripts stand for the corresponding partial derivatives. To see this, if y can be written as a
function of = (otherwise permute x and y), we have y'(z) = £(z,y(z)), thus we obtain:

(@) = 0 hla, y(2)) g (o, y(x)) — gl (@) eh(z, y(a)) = 0
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& h(ga +9yy") — 9(ha + hyy') =0,
then replace y’ by £ and multiply by h.

In our case, we obtain that the inflexion points satisfy (47). This is a second order algebraic equation
in z, therefore its discriminant A = (y? — 4)(3y? — 4)? has to be nonnegative. This implies y = % or
y =2

2

For y = 75 we obtain z = —/3, i.e. (z,y) = S*. The case y > 2 gives the two branches

3y% +20) + VA (3y2 +20) — VA
2(4 + 3y?) ’ 2(4 + 3y2?)
Let us now verify the inequalities and the asymptotics. Firstly, (47) has obviously no solution with both
z and y nonnegative. The asymptotics of 1 is found when one seeks for a solution of (47) with y — +oo
and x — 0; thus two terms are in balance: 15y? and 3xy®. We obtain successively x1(y) = O(y~!) and
5+ya1(y) = O(y~?), hence z1(y) = —> + O(y~?).
Concerning 2 the most convenient is to put « = z — y in (47). This gives

4—y? +12y2+422 =322+ 30°22 =0 (4 — yH) (1 + 3y2) + (4 + 3y%)2% = 0, (50)

from which it is clear that 1 + 3yz has to be positive. A fortiori 2 + 3yz has to be positive and this
gives the left inequality of (48). The asymptotics of zo is found when one seeks for a solution of (50)
with 4y — +oo and z — 0; thus two terms are in balance: —y? and —3y3z. One obtains successively
z=0(y™") and 1+ 3yz = O(y~?), hence z2(y) = ~y — 5, + O(y?). 0

21(y) = —2 raly) = (49)

We now return to our proof of item 3. Since I' is convex in the region y < —%"E, the trajectory
(z(t),y(t)) must cross the isocline I, given by 2y = —2 and enter in the South region (see Figure 20
left). Hence it must cross again the isocline Iy. This means that the corresponding trajectory (X (t), Y (¢))
must cross again the isocline X = —% (see Figure 20 right) and enter in the region X > —%, in which Y
is decreasing. Hence its tends to the stationary point (0, 0).

Consequently, any solution (x(t),y(t)) of system (22), except those corresponding to S* and T,

satisfies

This proves item 3 of Theorem 2.4. 0

Before going further in the proof of the remaining items, we now prove the following.

Lemma 4.3. 1. Ifw is a Crocco solution of (12) on |—o0,0[ satisfying u(0~) = 0, then for all s < 0 we
su/(s)
< -1.

u(s)

2. If moreover v/ (0~) = 0, then for all s < 0 we have —

have —

su'(s) < 3

u(s) = 27

Proof. 1. If w is a Crocco solution such that «(0~) = 0, then by the finite-increment theorem, for all
s < 0 there exists @ €]0, 1] such that u(s) = su’(fs). Since u’ is negative increasing on |]—oo, 0], we obtain

su'(s)  u/(s) <_1.

Vs <0, - u(s) __u’(GS) -

2. For all s < 0 we have
2su’(s)
u(s)

By integration we obtain u/(s)? > —2s, therefore u’(s) < —v/—2s. Integrating once again with u(0~) = 0

we obtain
> —2\/5
3

2u/ (s)u’’(s) = — < -2 and ¥/'(07)=0.

Vs <0, u(s) > (—s)3/2

su'(s)

Proof of Theorem 2.4, item 4. Consider (a,c) € Rx]0,4o00[, set u := u(-;a,—1,c) and let (z,y)
denote the corresponding solution of (22-23). Notice that, if s and ¢ are linked by s = —e~%, then
su'(s)  x(t)

u(s) — y(t)’

3
hence — < —5 0
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Concerning item (i), we have (a,c) = S* < u = u., which satisfies the conditions w(0~) = «/(07) = 0.
Conversely, because S* is the only trajectory that satisfies % < —% for all ¢t € R, by Lemma 4.3 above,

only u, can satisfy the required conditions. Incidentally, we‘proved that u, is the unique Crocco solution
with u,(07) = u./(07) = 0, as claimed after (16).

For the proof of (iii), if (a, ¢) ¢ T'sc U{S*}, then from item 3 proven above, % tends to 0 as t — +oo,

i.e. SZ;S) — 0as s — 07. By Lemma 4.3, u(07) # 0, i.e. u is defined (at least) until 0 and u(0) # 0.

Conversely, if u(0) # 0, then k := u;((%))g is finite, therefore (a,c) cannot be on I'o (because on I's we
have “;((SS))S = 2(8)3 ~ —z(t)? — —o0) and of course (a,c) # S* since u # u,.

Now (ii) follows by exclusion. 0

4.3. The orbits I'y. Proof of Theorem 2.4, item 5. Along an orbit different from 'y, and S*, a
a(t)’ _ u'(s)’

corresponding Crocco solution has to satisfy u(0) > 0. Therefore 0 = ) has a limit £ as
Y u(s
l 3
t — 400 i.e. s— 07, namely k = uu(((()))) . 0

Proof of item 6. Conversely, consider the trajectory of (22) corresponding to the Crocco solution with

u(0) = 1,u'(0) = k'/3. This shows the existence. For the uniqueness, if two Crocco solutions uy,us
’ 3

satisfy Zii((ss)) — k¢ {—2,00} as s — 0~ then the corresponding orbits of (22) are different from S* and

uy (0)° u5(0)®

', hence u;(0) > 0 and oy = 5y therefore uz(s) = o3uy(s72) with o = Zigg; In other words,
the corresponding orbits of (22) coincide. 0

Proof of item 7. We recall that the inflexion points of system (22), already described in Lemma 4.2, are
the point S* and the two branches given for y > 2 by (49). Let us prove that the curve

T= {(i&y) Yy =2 = xl(y) orr = (Eg(y)}
is a barrier. We have to show that for all y > 2, we have p;(y) > 0 and pa(y) < 0 where

/

() 2+ yx1(y)
p1(y) = 71 (y) TGt 2 )

/

— () 2T yy)
p2(y) = 0(y) = S S )

By a tedious but straightforward computation we obtain
23y — 4) [29(7y> — 12) + (13> — 0)\/y? — 1 |

p1(y) = >0,

YV Y2 — 42y + VY2 — 4)(4 + 3y2)?

~2(3y% — 4) [(2y(Ty? — 12) - (13 — 4)/y? 1 |
p2(y) = < 0.

Yy — 42y — Vy? — 4)(4 + 3y?)?

The first inequality is obvious (recall that y > 2). The second inequality follows from the identity

27y5 + 108y* + 144y? + 64
2u(Ty? — 12) + (13y2 — 4)/y? — 4

By Lemma 4.2, the curves z = 0 and = z1(y) form a narrowing antifunnel which contains a unique
orbit, namely the orbit I'g. Similarly, the curves z = —y — % (i.e. the isocline I_1) and z = z2(y) form a
narrowing antifunnel which contains a unique orbit, namely the orbit I's,. Thus the orbit I'y remains on
the right of the curve Z of inflexion points and the orbit I'w, remains on the left of Z. Consequently, the
orbit I'y, has no inflexion point if £ > 0 and the orbit 'y crosses the curve Z at one and only one point if
k < 0 (see Figure 21). 0

2y(Ty* —12) — (13y* — 4)\/y2 —4 = > 0.
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5. FURTHER PROPERTIES OF CROCCO SOLUTIONS.
We start with the following intermediate result.
Lemma 5.1. Let a € R, ¢ > 0 and u := u(-;a,—1,c¢).
1. For all s1 € [—1,0[ such that u'(s1) > 0, we have

s 1
VsEs,O,/lnu dn > — . 51
[ 1 ] o (77) n U/(Sl) ( )
2. For all s1 < —1 such that uv/(s1) < 0, we have
S1 1
Vs < 1 dn > . 52
s<a [ muln > s (52)

Proof. 1. Since u is convex on [—1,0], one has for all n € [—1,0]
u(n) = u'(s1)(n — s1) +u(s1).
Denoting ap = u(s1) and a; = u/(s1) we then obtain
/ Inu(n)dn > / In(a1(n — s1) + ao)dn
S1 S1

S

= | (n—s1+=2) a1 (n—51) + a0) =
(1-o+52) |

S1

= <s — 51+ %> In(asi(s —s1) + ap) — %lnao — (s —s1)
(051 ay

= (s—s1)In(aqr(s — s1) + ap) + Z—?ln <1 + ﬂ(s - sl)) — (s —s1)

> (s 1) n(an(s = s1)) = (s = 1) =~

since the function ¢ —— tIn(at) — ¢ defined for ¢ > 0 is convex and achieves its minimum for ¢ = 0%1

This completes the proof of item 1. The proof of item 2 follows the same way. 0

5.1. Proof of Proposition 2.3. Fix a € R and set u. := u(-;a,—1,¢). Given a compact subset of
]—o0, —1[U]—1,0], we first choose & €]0, ;[ such that this compact is included in

K=K;UK_ with K; = [-%,—-1—26] and K_ = [~1+ 24,0].
(From (36) with so = —1 we obtain for all s € K:
1
ue(s)? > c® + 2ac(s + 1) + g(s +1)%(2 — ).

Since the constant term (s + 1)%(2 — s) is bounded below by 2(26)?, we have

Jep €]0,8], Vs €K, Vee]0,a], uc(s) > 0. (563)
Note also that, using the convexity of u. on |— 00, 0], we have
Vs <0, ue(s) <c+ (s+ 1)ul(s). (54)

At this step we have to split the proof in two cases, whether s > —1 or s < —1. Although these cases are
very similar, we found more convenient to separate them, due to a great number of small differences.

Case 1. Assume first that s € K. Using (37), the fact that u.(n) < u.(s) for all n € [-1, s] and (54),
we obtain for all s € K} and all ¢ €]0,¢1]

S

ul(s)? = a® — 2sInu.(s) —2Inc+ 2/ Inu.(n)dn (55)
-1

<a?—2Inc+2Inuy(s) <a® —2Inc+21In(c+ (s + 1)ul(s))

<a?—2Inc+2In(1 4 ul.(s)). (56)
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In order to obtain (19) we need a converse inequality, and for that purpose we have to distinguish between
the cases a > 0 and a < 0.

S

1
e If a > 0, then (51) for s; = —1 gives / Inu(n)dn > - for all s € [—1,0]. Using (53), (55) and (56)

-1
we deduce that for all s in K4 and all ¢in |0, ¢q]
a®+2In6—2+2Int <wul(s)? <a®+2Int +2In(1+ ul(s)).

Since ul,(s) > 0 we obtain

uL(s) ~/2Inl as ¢— 0 uniformly for s€ K. (57)

o Assume now that ¢ < 0. From (53), if ¢ < ¢1, then there exist s, €]—1,—14 26[ and o, € [—1, s¢[
such that u.(s.) = 2c and u/(0.) = 0, see Figure 22. Of course, one has u/,(s.) > 0. We claim that

-1 Oc Se s

FIGURE 22. The graph of u. near s = —1.

lirr(lJ se = —1. (58)
Indeed, from (35) with s = —1,s = s., we obtain
e —n(sc —n) L[ 1 2 1 2
—a(sc+1) = ——=d > — —nse)dn = —(s¢+1)%(2 — s¢) > —(sc + 1)~.
e—asert)= [Ty > [P sy = s+ 172 - 50 > s+ D)
This gives (58). Moreover, on the one hand, using (37) with sg = —1 and s = 0., we obtain for all
c€0,e]

Oc

—a® = —20.Inu.(0.) —2Inc+ 2/ Inue(n)dn
-1

< —20.lnu.(o.) —2lnc+ 2(c.+ 1) Inc = —20.(Inuc(o.) — Inc)
from which, using o, < s, < —%, we derive that for ¢ < ¢; we have
Inuc(o.) > Inec—a? (59)

On the other hand, for ¢ < ¢;, writing (37) with sg = —1,s = s., and using (59) we obtain

ul(se)? = a® — 2s.1n2c — 2Inc + 2/ Inu.(n)dn
-1

>a? —2s.In2c —2Inc+ 2(s. + 1) Inu.(o.)

> —25.In2 — (25, + 1)a* > In2, (60)

since we have s, < —3. Consequently, using (55), (51) and (60), we obtain, for ¢ < ¢;

Sc

ul(s)? = a® — 2sInuc(s) —2Inc+ 2/ Inuc(n)dn + 2/ Inwuc(n)dn

1 .
2

> a% —2sInu.(s) —2Inc+ 2(s. + 1) Inu. (o) — .
N Vin2
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Using (59), (53) and s, < —% we deduce:

2

ul(s)? > 2s.Inc — 2sInu.(s) —

2
>2s.Inc+2Ind — —.
2 vIn2

Altogether with (56), we have for all s € Ky and all ¢ €]0,¢1]
<

E

—2scInl +2Ind — \/% < ul(s)?

Using (58), we see that (57) follows in this case too.

a? + 2111% +2In(1 + ul(s)).

’

To obtain (20) for s € K, let us set v, = \/;l‘lT For all s € K we have
—1426 s
Uc(s c
&) _ +/ ve(n)dn +/ ve(n)dn. (61)
\/2Int /2Ind /-1 —1+426
Since v.(n) — 1 as ¢ — 0, uniformly on K, we have
/ ve(n)dn — s+1—25 as ¢— 0 uniformly for s € K. (62)
—1+26

Moreover, for all fixed n €]—1, -1+ 26], we have v.(n) — 1 as ¢ — 0, and since u, is convex on |—o0, 0],
the function v, is increasing on [—1, —1 + 24] and thus

Vnel[-1,-14+26], —oc0o < iggvc(—l) < we(n) < supve(—1+26) < oo.
¢ c>0

Therefore, applying the Lebesgue dominated convergence theorem, we obtain

~1+425
/ ve(n)dn — 20 as ¢ — 0. (63)
—1

Combining (61), (62) and (63) we obtain \;‘% — 541 as c¢— 0, uniformly for s € K.

Case 2. Assume now that s € K_ = [—3,—1—25]. Using (37), the fact that uc(n) < uc(s) for any
n € [s,—1], and (53), we obtain for all s € K_ and all ¢ €]0, ¢4
~1
ul(s)? = a® — 2sInu.(s) —2Inc — 2/ Inwu.(n)dn (64)

>a? — 2sInue(s) —2Inc —2(—1 — s) Inu(s)
=a?—2Inc+2Inu.(s) > a? —2Inc+ 2Iné. (65)
To obtain a converse inequality, we distinguish between the cases a < 0 and a > 0.

—1
1

o If a <0, then (52) for s; = —1 implies that / Inwuc(n)dn > — for all s < —1. Using (54) and (64)
s a

we obtain for all s € K_ and all ¢ € |0, ¢1

ul(s)? < a* —2slnu.(s) —2Inc — 2 <a®—2sln(c+ (s+ L)ul(s) —2Inc— 2
<a’+2In(1+ }ul(s)]) —2Inc—2 (66)
Thanks to (65) and (66) we obtain for all s € K_ and all ¢ € ]0,¢4]
a®*+2Ind+2Inl <wu/(s)2<a*—2+2Inl+ 2In(1+ +ul(s)]).

Since u.(s) < 0, we deduce

u,(s) ~—4/2Ind as ¢— 0 uniformly for s € K_. (67)

e Assume now that a > 0. From (53), if ¢ < ¢1, then there exist s, € |—3,—1—25[ and o, €]s., —1]
such that u.(s.) = 2c and u/(0.) = 0. One has u/.(s.) < 0 and, exactly as in the previous case, we show

lir% sc = —1. (68)
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Moreover, on the one hand, using (37) with sp = —1 and s = 0., we obtain for all ¢ €]0, ¢;|
-1

a’? = —20.Inu.(0.) — 2Inc — 2/ Inuc(n)dn

< —20.Ilnu.(o.) —2lnc—2(—1—-o.)Inuc(o.) = —2Inc+ 2Inu.(o.),
from which, we derive that for ¢ < ¢; we have
2Inuc(o.) > 2Inc — a? (69)
On the other hand, for ¢ < ¢y, using (37) we obtain

-1
u(s¢)? = a® —2s.In2c — 2Inc — 2/ Inu.(n)dn

c

>a? —2s.In2c —2Inc —2(—1 —s.)In2¢c = a® — 2In 2,

ul(se) < —va?—2In2. (70)

Consequently, using successively (64), (54), (52), (69) and (70), we obtain, for ¢ < ¢; and s € K_

hence

Sc

. -1
ul(s)? = a* — 2slnwu.(s) —2Inc — 2/ Inue(n)dn — 2/ Inuc(n)dn

S c

<a®=2sIn(c+ (s + Dul(s)) — 2Inc — -2

g 2(—1—s¢) Inuc(o.)

<a?+ 2 (14 3lug(s)]) = 2me+ oo + (14 5.)(2Ine —a?)

< —Sca,2 + %ln (]_ + %|UIC(S)|) + 2sclnc—|— \/ﬁ,
and with (65) we obtain, for ¢ €]0,¢;[ and all s € K_
a’*+2Ind+2Inl <wl(s)? < \/ﬁ —5ca® —2scInd + 21n (1 + ul(s)])

Hence, using (68), we see that (67) holds in this case too. The relation (20) on K_ = [—3,—1—24] is
obtained exactly as in the previous case.

5.2. Proof of Theorem 2.2, item 4. We need the following result whose proof is postponed to the
end of this section.

Lemma 5.2. Let a € RU {+o0} and let (a,)nen be a sequence such that lim a, = a. Let (¢p)nen

n—-+4oo
be another sequence of real number such that ¢, # 0 for all n € N. Set u,, = u(-;an,0,c,). For all
so € [—1,0[ fixed, the following holds:

1. Suppose a = 0, lil}_l ¢n = 0 and the sequence (l,)nen given by l, := sup |ul,(s)| is bounded. Then
n—Too s€[0,1]
hrf Un(S0) = ux(s0).

2. If a € R* and liIJ'I_l ¢n =0, then lil}_l Un(so) = u‘f‘(so) = |a|*u_(spa™?).

3. Ifa=+oc and lim - = 0, then lim w,(so) = +o0.
n—-+4oo Ay, n—-+o0o

Proof of Theorem 2.2, item 4. Set u, = u(-;an, —1,%), by an := u,,(07) and by ¢, := u,(07). We
define u,,(0) by its limit ¢, if necessary.

By the continuous dependence of solutions of ODEs with respect to initial conditions, we have for all
s < 0 fixed, un(s) — u_(s) as n — 4o0. Since u, is convex on [—1,0], u, has a minimum at some
sn €]—1,0] that satisfies lim s, =0, and s, < —&, hence lim & =0.

n—-+oo n—+oo “n

Suppose first that ¢, is non zero for an infinite number of values of n. Considering a subsequence if
necessary, we may assume without loss of generality that ¢,, # 0 for all n.
e If (a,) is unbounded, then considering once again a subsequence if necessary, we may assume without

loss of generality that lirf an = +00. By Lemma 5.2, 3 we would obtain a contradiction with u,(—1) =
n—-—+00

Yn — u—(—1). Therefore the sequence (a,) is bounded. Let a be one of its cluster points.
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e If a =0, then for n large enough we would have a,, < u/,(s) <1 for all s € [0,1], i.e. the assumptions
of Lemma 5.2, item 1 would be satisfied, and we obtain once again a contradiction: we cannot have for
all sg € [—1,0[ fixed u_(so) = u«(s0).

o If a # 0 then item 2 of Lemma 5.2 yields u_ = u*! on [—1,0][, hence |a|] = 1.

If ¢, is non zero only for a finite number of values of n, then considering once again a subsequence if
necessary, we may assume without loss of generality that ¢, = 0 for all n, therefore u,, belongs to the
family u” or u, = u. Since u, — u_ on [—1,0[, it follows that for n large enough, u,, = u’" for some
on, €10, +00[ and necessarily nEIfoo on = 1. Therefore a, = u?(07) = -0, — —1. 0

The proof of Lemma 5.2 needs two technical results. The first one (Proposition 5.3) follows from
elementary computations. The second one (Proposition 5.4) uses the deep asymptotic result given by
Proposition 2.3.

Proposition 5.3. Let a < 0. Let (an)nen, (bn)nen, (cn)nen be sequences such that a, < 0, b, < 0,
cn >0, lil}_l anp=a, lim b, =0, lim ¢, =0and lim b,Inc, =0. Then for all s <0, we have

n—-+o0o n—-+o0o n—-+o0o
lim  u(s;an, bp, cn) = —au_(sa™?).
n—-+o0o

Proof. The solution u,(s) := u(s;an,bn,c,) is defined for all s < 0 and satisfies u,(s) > 0. Thus we
have u/l(s) = —us > 0. Integrating twice we obtain

Un (
Un(8) > cn + an(s — by), for all s <0, (71)

hence 0 < u//(s) < for all s < b,,. Integrating once we obtain for all s < b,

— anra;(szbn)
1 n nbn n - bn n

an——(s—bn)—i—c Qa lna(s )+c
an ay, Cn

ul (s) < ap. (72)

Integrating once again we obtain for all s < b,

1
2a,

(5 —by)?

Cp — anbn

Un(s) < cp + an(s —by)

an(s —bp) + cn
Cn

<(a,n(s —by) + ) In — an(s — bn)) . (73)

Since lim b,lnc, =0, a close examination of (72) and (73) shows that the sequence (u,,) is uniformly

n—-+oo

3
ap

equicontinuous and bounded on [—1, —¢] for all § > 0 and n large enough. Therefore some subsequence
Up, converges to some function u, which is a solution of (12), because
W'(s) = lim u” (s)= lim [——> S
( ) k—-4o00 nk( ) k—-+o0 Unk(S) U/(S)
uniformly on each compact subset of [—1,0[. Going to the limit in equations (71) and (73), we obtain
as < u(s) < as — 55> for all s < 0. We deduce that u(0~) = 0 and «/(07) = a. By the uniqueness of
u? s+ o3u_(072s) as solution of (12) with condition u? (0~) = 0, (ui)/ (07) = —o, we obtain that
u = u? with ¢ = —a.
We proved that any cluster point of the uniformly equicontinuous sequence (u,) has to be equal to
this u, hence (u,) converges to u. 0

Proposition 5.4. Assume that a > 0 and € > 0. Then u(s;a,0,¢) reaches its minimum at s = —r(g),
where k() > 0 and we have
3
k(e) = 2(1 +0(1)) and c(g) := u(—k(e);a,0,&) = exp <—g—€ 1+ 0(1)}) ase — 0.
Moreover, for all L < 0, we have
u(es,a,0,e) =¢e(las+ 1| +0o(1))  uniformly for s € [L,0], ase — 0.
Proof. We omit the dependence in € of k and ¢. By the similarity property (15), we have

u(es;a,0,¢e) = K3y (65 a c ) )

;;ma am (74)

On the other hand, we have

. —les 0. —r ) — 1320 (E5.0 _ _C)
u(gs, a, 075) ’LL(ES, 0, K/,C) K u ( i 707 ].7 ,‘<.'/3/2 .
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Thus v’ (0;0, -1, =) = % and u (0;0, -1, =) = —. Formula (34) with so = —« and s = 0 yields

0
-n
= —d
a / w0

Since ¢ < u(s;a,0,¢) < e for all s € [—k, 0], we have '2"—2 <a< g—z Hence 0 < r < v2ea and —75 < /4.
Thus —7 = o(1). By Proposition 2.3 we have

a 13/2
= /2InZ—(1+0(1)), (75)

K1/2 c
Hence k = £(1+0(1)), as € — 0.

#:\/ﬂn%/z(l—ko(l)). (76)
2

1 1
(From (75) we deduce % = (2 lnz +3In /1) (14 0(1)) = (2 In E) (14 o(1)). Thus

¢ = exp < ;2 (1+ 0(1))) = exp (—3—3(1 + 0(1))> as e — 0.

K 9

(From (74), (76) and again Proposition 2.3, we have

ulesia0.2) = w/%u(as(l+0(1), 0.1 )

= k%% /2In %/les(l +0(1)) + 1|(1 4+ o(1)) = e(|as + 1| + o(1)).
O

Proof of Lemma 5.2. 1. By contradiction, if it were not the case, then there would exist a subsequence
(tn, (50))nen such that any possible cluster point would be different from u.(so). However, the sequence
of functions (uy, )nen is uniformly equicontinuous and bounded on [—1, 0], therefore has at least a cluster
point w which is a Crocco solution and satisfies u(0~) = «/(07) = 0. This would imply v = u, and the
contradiction.

2. If a < 0 the result follows from Proposition 5.3 with b, = 0. If a > 0, let b,, = —22—’;, an = ul,(bn)

and ¢, = uy(b,). Denote r,, := %2, Since un(s) = r3u (r;2s;a,0,r,%c,), by Proposition 5.4 we have

lim a, =—a, ¢, ~¢, —0and lim b,In¢, = 0. Hence the result follows from Proposition 5.3.

n—-+oo n—-+oo

3. We have u,(s) = adu(sa,?;1,0,cpa,?) and by hypothesis c,a,! — 0, a fortiori c,a,® — 0.
Therefore, by Proposition 5.4, u,, has a minimum at some s,, satisfying spa,? = —k = —cpa,,3(1+o(1)),
hence s, = —cpa,*(1 + o(1)). Using the same Proposition 5.4, we obtain that u, takes the value ¢, at
another point 3,, < 0 satisfying 5,, = —2c,a, (1 + 0(1)) and u,(5,) = —a,(1 + o(1)). This implies that

for n large enough, un(so) > San|se| — 00 as n — +oo . 0

5.3. Last proofs. Proof of Theorem 2.2, item 1. Let u denote the solution of (12-13) with b < 0 and
¢ > 0. By Proposition 3.1, u is defined at least on [b,0[. By (21) we have u(s) = (—s)3/?y(—In(—s)),
and by Theorem 2.4 item 1, y(t) — % as t — —oo. It follows that w is defined at least on |— oo, b]
and u(s) ~ %(—3)3/2 as s — —oo. Section 9.2 contains an alternative proof that uses only the Crocco
equation. 0
Proof of Theorem 2.2, item 2. For an existence proof, let (x,y) € I's. Thanks to the second equivalence
of Theorem 2.4, item 4, the corresponding Crocco solution ug , := u(-;x, —1,y) satisfies uy ,(07) = 0

and u}, ,(07) = =6 < 0. Now, the Crocco solution u_ : s — 6 3u, ,(6%s) satisfies u_(07) = 0 and
uw (07) = —1. For any o > 0, the Crocco solution u? : s +— o3u_(0"2s) satisfies u? (07) = 0 and
(u‘i)l (07) = —o. Uniqueness follows from the fact that I', corresponds to a unique family (u?),>0 of
solutions of the Crocco equation. 0

Proof of Theorem 2.5. If we omit S*, the first item results from the fact that A is non zero apart from
T U{S*} (see Theorem 2.4, item 4) and from Proposition 3.2. The continuity at S* will result from the
next item.

We now study the discontinuity on I's,. Consider first the point (a,c) where ¢ = u_(—1) and ¢ =
u’_(—1). By item 4 of Theorem 2.2, if (e, ¥n)nen tends to (a,¢) then u'(0; ay,, —1, ;) has at most two

cluster points: —1 or 1. Denote by A,, = A(an,Vn) = Aan, —1,7,) and by k,, the k given by Theorem
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’ 3
2.4 items 5 and 6, i.e. k, = 7;" ((00)) . We have lirf k, = —oo on the convex side and 400 on the concave
" n—-+oo

side. Therefore u,(0) = k,,'u/,(0)®> — 0 on both sides. ’ Since k,, is positive on the concave side and
negative on the convex side of I',, we obtain that:

e On the convex side u!,(0) tends to —1. Since the solution w,, is concave for s > 0 we have A,, < Z/”—ggg —
0. !

e On the concave side u/,(0) tends to +1, hence A, = A(ul,(0),0,un(0)) — Ay.

n

For another point (a,c) on I', let ¢ be such that a = z_(t),¢ = y_(t) and put s = —e~*, so that
a=(—s)"Y2u' (s),c = (—s)~3/?u_(s). Then the solution u(-;a, —1,c) is the member of the family (u?)

with o = (—s)~%/2. As a consequence, the discontinuity of A at (a,¢) is equal to 02\, = % =€ g
Proof of Proposition 2.6, items 2 and 3.

Item 2. Because a; is the first point counted from the right of intersection of I'o, and I, (defined by
y = —%), the first branch of the orbit I's, included in the North region is the graph of the function
y = Ri(x) defined for x < ay, see Figure 8, right. Let ¢ be the function defined for a < 0 by

¢(a):—§ ifacla,0, w(a)=Ri(a) ifa<ar.

We have to prove that for all a < 0, A, : ¢ — A(a,—1,¢) is increasing on [¢(a), +00].
Let a < 0 and ¢o > ¢1 > 9¥(a). Let u;(s) = u(s;a,—1,¢;), i = 1,2, and let (x;(t),y:(t)) denote the
corresponding solutions of system (22). Since the orbit of (z1,y1) is on the left of the one of (z2,y2), we
1(0)3
deduce that k1 < k(< 0), where k; = (%)

1s(0) Thus we have

u}(0) < ous(0), where ¢ := (

yalto) = yalto)

C2

C1

xl(t0)<12(to) a 0 =z -1 S0 0 s

FIGURE 23. On the left: two solutions of (22) with initial conditions on the same vertical
ray. If their associated Crocco solutions (on the right) were crossing, then this would
yield a contradiction.

By contradiction, suppose that there exists s € [—1,0] such that u;(s) > u2(s) and consider
so :=inf{s > —1:ui(s) > ua(s)}.

Then we have uj(sg) = ua(so) and u1(s) < ua(s) for all s € [—1, so[, hence u5(sp) < uf(sp). This means
for the solutions (z;,y;) of (22), with to = —In(—sp), that y1(to) = y2(to) and x1(to) > x2(tp) which is
impossible (see Figure 23). Thus u1(s) < uz(s) for all s € [—1,0] and then u1(0) < u2(0). Consequently
o < 1, hence from item 1 of this Proposition 2.6 and (77) we obtain

A(a,c1) = A(a,—1,¢1) = Au}(0),0,u1(0)) < A(oub(0),0,u1(0))

< %A(oué(OLO,ul(O)) = %A(ou;(oyo,a%g(o)) (78)

= A(u5(0),0,u2(0)) = Aa, ~1,¢2) = Aa, c2).
Item 8. The proof is very similar to that of item 2. Let ¢ be the first point (counted from below) of
intersection of I's, and Iy (defined by y = —%x), so that the first branch of the orbit I's, included in
the East and in the North regions is the graph of the function z = . (y) introduced in Section 4.2 and
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defined for y > ¢;. Observe that x, is the inverse function of R; introduced in Section 2.4 only on the
interval [—a%, 400 { Let ¢ be the function defined for ¢ > 0 by

(;5(6):—% ifeelo,el,  dle) = ma(c) ife > er.

Let ¢ > 0 and ag > a1 > ¥(c). We have to prove that A(a1, —1,¢) < Aag, —1,¢).
Consider u; = u(-;a;,—1,¢), i = 1,2 and let (x;(t),y;(t)) denote the corresponding solutions of (22).

(0)3
Since the orbit of (z1,y1) is on the left of the one of (x3,y2), we have ki < ko, where k; = LZ((O)) . Thus
we have l
0) 1/3
u; (0) < oub(0), with o := (ul( > . 79
1(0) < 01 (0) o (79)
As before, we prove by contradiction that ui(s) < ua(s) for all s € [—1,0], a fortiori ui(0) < u2(0). Thus
o < 1,item 1 and (79) yield A(a1,c) < A(ag, ¢) similarly to (78). 0

Proof of Proposition 2.7. We use the notation u := u(-;a, —1,¢). Concerning formula (26), by Proposi-
tion 2.3 we have u(0) ~ 1/2In2 and v/(0) ~ 1/2In1 as ¢ — 0, hence % — 0 as ¢ — 0. Then by the
similarity (25):

Aa,c) = A(a,—1,c) = A(u'(0),0,u(0))

Formula (27) results from Proposition 3.4 with b = —1. 0

6. CANARD SOLUTIONS.

The most important property of the solutions of the Crocco equation, which allowed us to discover
the discontinuity of the function A(a,b,c), is item 4 of Theorem 2.2. The crucial part of its proof is
Proposition 5.4 which was deduced from Proposition 2.3. This last proposition is our main technical
result. It served us also to obtain the asymptotic behavior of the function ¢ — A(a,b,c¢) as ¢ — 0. In
fact, both Proposition 5.4 and Proposition 2.3 are closely related to the asymptotic behavior, as e — 07,
of the solutions of the ODE with small parameter € > 0

d*U
Ud—5’2 +e5=0. (80)
Concerning Proposition 5.4, we can deduce it from the analysis of (80) in the following manner. This
proposition describes the asymptotic behavior, as ¢ — 0, of the solution u(s;a,0,¢). The change of
variables u = €U, s = €S leads to (80) with condition U(0) = 1, U’(0) = a.

Concerning Proposition 2.3, it describes the asymptotic behavior, as ¢ — 0, of the solution u(s; a, —1, ¢).
The change of variable \/eu = U, s = S, with 1 = 2In 1, leads to (80) with initial conditions U(—1) =
Veexp 3, U'(-1) = /ea.

The aim of this section is to study (80) and to deduce from this study new proofs of both Proposition
2.3 and Proposition 5.4. We already gave a complete proof of Proposition 2.3 in Section 5.1; however
we give a new proof in this section because we believe that the asymptotic behavior, as ¢ — 0, of the
solutions of (80) gives an insight into the reasons why the asymptotic behaviors given by Propositions 2.3
and 5.4 hold.

Equation (80) can be transformed into a slow-fast system (see system (88) below) which has canard
solutions. Canard solutions are special trajectories of slow-fast systems that first move near the stable
part of the slow manifold, then move near the unstable part of it. These solutions were first discovered by
E. Benoit, J.-L. Callot, F. Diener and M. Diener and studied in the framework of Nonstandard Analysis,
see [6, 17, 53] for historical comments and references. Related to canard solutions is also the important
and newly discovered phenomenon of stability loss delay in dynamical bifurcations, see [2] p. 179-192 and
[5]. The study of canard solutions has also been made in the framework of classical asymptotic analysis
[19], center manifold theory [18] and Gevrey complex asymptotics [21].

In the present article, the situation is particularly simple and does not need the whole theory of
canards. Therefore we provide a complete proof.
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FIGURE 24. Above: schematic graphs of the solution of (80-81) in the limit ¢ — 0,
respectively in the variables S, U, the variables U,V and S,V. Below: the numerical
solution corresponding toe = 0.1, A=—-2, B=—1and C = 1.

6.1. Canard solutions of equation (80).

Theorem 6.1. 1. Let A€ R, B <0 and C > 0 be given and let U(S, ¢) denote the solution of (80) with

initial conditions
dU

(B) = A. (81)
Then for all L < 0 we have
U(S,e) = |A(S — B) + C| + o(1) uniformly for S € [L,0] as e — 0.

If A< 0and AB—C >0 (or A>0), then U(S, €) reaches its minimum at K (¢) < 0 satisfying

K(e)=B— ¢ +o(1) and U(K(e),e) =exp <2A3 +o(l)

1 7(143_0)6) ase— 0.

2. Let A € R and K < 0 be given and let U (S, ¢) denote the solution of (80) with initial conditions

A? +0(1) dU
() = exp (52 ) o) = o) (52)
Then we have
U(S,e) =|A(S — K)|+o0(1) ase — 0. (83)
uniformly for S in any compact subset of | — o0, 0]
%(S, e) =sgn(A(S — K))+o(l1) ase — 0.

uniformly for S in any compact subset of | —oo, —1[U]—1,0].

A complete proof of this result is given in Section 6.2, but we would like to give here an idea of proof
of item 1. Except near the axis U = 0, and for bounded values of S, U” is close to 0, 7.e. the solutions
are almost affine. Therefore, as long as A(S — B) + C is positive, the approximation (83) is valid and
quite natural indeed. What is less obvious is that the solution satisfies the same approximation after its
passage near the axis, like a light ray reflecting on a mirror.

To see what happens near U = 0, the best way is first to rewrite (80-81) as a first order initial value

problem

dUu av S

— — = —e—= B) = B)=A 4

=V o= UB=C V(-4 (34)
and then to choose V' as independent variable, i.e.

as U au. VU
v TS fav T s

Consider for instance the case A < 0 and C < AB. Then in the U,V variables, V remains close to A

until U is close to 0, where V suddenly changes its value from its “entry value” A to some exit value,

meanwhile U and S remain almost constant, close to 0, resp. So = B — %. With this approximation for

S(A) =B, U(A)=C. (85)
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S = S(V), the second equation of (85) appears as a singularly perturbed ODE exhibiting canards with
a symmetric entry-exit relationship. Actually, solving this second equation as a linear one in U yields

Vi ovdo 2 0
U(V) = U(0) exp (—/O %) — U(0) exp (%)

A

as long as U(V) is small. This shows first that U becomes bounded below for V' close to —A (i.e. with a
reflection angle opposite to the incident angle) and secondly that U(0) is exponentially small compared

to e:
A

We refer the reader to the next section for a more precise and complete proof.

6.2. Proof of Theorem 6.1. For the sake of simplicity, and when there is no risk of confusion, we omit
the dependence in €.

The proof of the first item is as follows. The solution U of (80-81) is defined and satisfies U(S) > 0
for all S < 0. If both A < 0 and AB —C < 0, then U is decreasing. If A < 0 and AB—C >0 (or A > 0),
then there exists K (¢) < 0 such that U is decreasing on |—o0, K (¢)] and increasing on [K (¢),0[. Assume
that A < 0 and AB — C > 0 (the other cases follow the same arguments). By the continuous dependence
of the solutions with respect to the parameters, for all L and By, such that L < By < B — %, as e — 0,
we have

du

ﬁ(s, e)=A+o0(l), U(S,e) = A(S — B) + C + o(1), uniformly for S € [L, By]. (86)

Notice that By is fixed but may be chosen as close to B — % as we want. The problem now is to determine

the asymptotic behavior of U(S,¢) for S > By. Since % >0 forall S <0and U > 0, we can use V as

an independent variable in (84). Hence, for all S < 0 and U > 0, the functions S(V,¢) and U(V,¢) are

solutions of (85). Notice that

S(V') = constant, UlVv)=0o, (87)

are solutions of the system in (85). These solutions do not correspond to actual solutions of the system

in (84). Let us study the asymptotic behavior of the solutions which satisfy U > 0. Considered as a

system in R3, (85) is a slow-fast system with fast variables S and U and slow variable V. We use the
slow variable T'= V.S — U. With this variable, problem (85) becomes

s T-VS dT

VTS Gv S S(A)=B, T(A)=AB-C. (88)

This is a singularly perturbed system whose slow manifold is the surface T = V'S. This slow manifold

(A,B,AB—C) S

FIGURE 25. The approximation of the solution of problem (88) given by the Tikhonov
theory.

is attractive for V' < 0 and repulsive for V' > 0. The Tikhonov theorem, see [42, 36] and [49] Section 39,
describes the behavior of the solution (S(V,e),T(V,¢)) of (88) in the following manner. There is a fast
transition (see Figure 25) taking the trajectory (V,S(V,e),T(V,¢)), from its initial point (4, B, AB — (),
to a o(1) neighborhood of the point (A, B — %, AB — C’) of the slow manifold, followed by a slow transition
near the solution So(V) = B— 4, Ty(V) = (B — ) V of the reduced problem

dT

T
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More precisely, for any Ay and A;, such that A < Ay < A; < 0, we have

S(V,e) =B — % +0o(1) uniformly for V' € [Ay, A1], (89)

T(V,e) = (B — %) V +o0(1) uniformly for V' € [4, 44].

Notice that Ay (resp. A;) is fixed but may be chosen as close to A, (resp. 0), as we want. The
approximation for S does not hold near V' = A because of the boundary layer near A. We deduce that

UV,e) =VS(V,e) =T (V,e) = o(1), uniformly for V' € [Ay, A1]. (90)

A priori, Tikhonov theorem does not apply for V' > 0, because for V' > 0 the slow manifold becomes
repulsive, but we will see that (90) still hold for positive values of V. This is the so-called bifurcation
delay [5]. The slow manifold is foliated by the explicit solutions S(V)) = Sy = constant, T'(V) = V Sy,
corresponding to the solutions (87). These solutions are canard solutions since they follow the attractive
part of the slow manifold and then the repulsive part of the slow manifold. Knowing the “entry” value
V = A of the solution T'(V, ¢) in a small neighborhood of the slow manifold, we want to compute now the
“exit” value for which the solution is again far from the slow manifold. The asymptotic behavior of the
solutions for which T' < V'S is obtained by using the new variable W = eIn U. Problem (85) is equivalent
to problem
W/e
% = _eg—g’ Cfi—?// = —% S(A) =B, W(A)=eln(C). (91)

We have
W/e

W <0and S <0, then lim <
e—0 €

By the continuous dependence of the solutions with respect to parameters we obtain that, when ¢ — 0,

=0. (92)

w

-5-

FIGURE 26. On the left: the vector field in the variables V,W. On the right: the
numerical solution corresponding to e = 0.1, A= -2, B=—1 and C = 1.

the solutions of the differential system in (91) satisfy
2

25

where Sy < 0 and Wy < 0 are constant and Vp < +/2SoWy. (From (89), and the fact that A; can be
chosen as close to 0 as we want, we deduce that So = B — %. Hence

— — —AV?
W(‘/, 5) = W(V) + 0(1), where W(V) = m

The value of the constant Wy is determined from the initial condition W (4,e) = eIn(C); since 4

remains far from 0 near W = 0 we deduce that W(A) = 0, that is, Wy = 2(%370)' Thus we have
C A(A% - V?)
=B —— 1 =—
S(Vie) = B= G o). WVie) = Gim—cs
uniformly for V' € [Ag, —Ap]. Hence we have U(V,e) = o(1) uniformly for V € [Ag,—Ag]. Recall

that U = V.S — T represents the “distance” of the solution of (88) from the slow manifold ' = V'S.
Since Ag may be chosen as close to A as we want, we conclude that the “exit” of the solution from the

S(V,e) =Sy +o(l), W(V,e)= + Wy + o(1) uniformly for V' € [—V, Vg,

+ Wo.

+o(1)
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neighborhood of the slow manifold holds asymptotically for V' = — A, that is to say, U(S,¢) is far away
from 0 for S > By > B — %, where Bj is as close to B — % as we want and we have

V(S,e) = —A+ o(1), uniformly for S € [B1,0].
Since U (B — §,¢) = o(1), we have
U(S,e)=—-A (S - B+ %) + o(1), uniformly for S € [By,0]. (93)
Using (86) and (93), together with (90) we conclude that
U(S,e) =|A(S — B)+ C|+0(1) uniformly for S € [L,0].
The minimum of U(S, ¢) is reached for S = K (e) which corresponds to V' = 0. Hence
C W(0,¢) A% +0(1)
K@) =B—- = +o(1 K - - A TN )
=8-S 1o),  UKE.) exp( : ) eXp(2(AB—C’)5

The proof of the second item begins by the analysis of the solution in the variables (V, S, W). In these
variables, problem (80-82) is equivalent to problem

ds eWie aw 1% A%+ 0(1)
— = ——=—— SWV) =K, WW)=—F=—"
dv S ’ dv S ( 0) ) ( 0) 2K ’
where Vy := Y = o(1). Using (92) and the continuous dependence of the solutions with respect to
parameters and initial conditions we deduce that for any Ag such that 0 < Ag < |A|, we have
A2 -2

S(V,e)=K+o(l), W(V,e)= + o(1) uniformly for V' € [Ag, —Ao].

2K
We deduce that U(V,e) = o(1) uniformly for V' € [Ag, —Ag]. Since Ay may be chosen as close to |A4|
as we want, we deduce that the “entry” of the corresponding solution (V,S(V,¢),T(V,¢)) near the slow
manifold 7' = SV holds for V = —|A| and the “exit” of the solution from the neighborhood of the slow
manifold holds asymptotically for V' = | A|, that is to say, U(S,¢) is far away from 0 for S < By < K and
S > B1 > K, where By and Bj are as close to K as we want. Thus we have

V(S,e) = —|A| + o(1), uniformly for S € [L, By],
V(S,e) = |A| + o(1), uniformly for S € [By, 0],
U(S,e) = |A(S — K)| + o(1), uniformly for S € [L, 0]. O

6.3. From Theorem 6.1 to Propositions 5.4 and 2.3 . Proof of Proposition 5.4. The solution
u(s;a,0,¢) if defined for all s < 0 and is positive. The function U(S,¢), defined by

U(S,e) = éu (eS;a,0,¢),

is the solution of the initial value problem
d*U dUu

- — -1 habdl = a.
Usez +eS=0,  U@)=1, —=(0)=a
By Theorem 6.1 item 1, U(S, €) reaches its minimum at K (), with K(g) < 0 and we have
1 _q3 1
K(e) = P +o(1), U(K(e),e) = exp%o() as e — 0.
Hence, as € — 0, we have k(e) = —eK(g) = ¢(1/a+ o(1)) and (using € = exp EIT“E = exp O(sl))

—a® +o(1) —a® +o(1)

2¢ TP
Let L < 0, we have U(S,¢) = |aS + 1| + o(1) uniformly for S € [L,0], as ¢ — 0. Hence u(eS;a,0,¢) =
e (|aS + 1| + o(1)) uniformly for S € [L,0], as ¢ — 0. 0

c(e) = u(—k(e),e) =cU(K(e),e) =€ exp

Proof of Proposition 2.3. The solution u(s;a, —1,c) if defined for all s < 0 and is positive. The function
U(S,¢), defined by
1 1
U(S,e) = Veu(S;a,—1,c) where g:2ln—,
c
is the solution of the initial value problem
d*U -1 dU
U— +e5=0, U(-1) = Veexp —,

452 50 gg(h=Vea
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By Theorem 6.1 item 2, we have U(S, e) = |S+ 1|4 o(1) uniformly for S in any compact subset of |—c0, 0]
and 4 (S, ¢) = sgn(S + 1) + o(1) uniformly for S in any compact subset of ]—oo, —1[ U]—1,0], as € — 0.
Hence, as ¢ — 0, we have

1
Ve

uniformly for s in any compact subset of | —o0, 0] and

u(s;a,—1,¢) (Is+ 1]+ 0o(1))

u'(s;a,—1,¢) = % (sgn(s + 1)+ o(1))

uniformly for s in any compact subset of | —oo, —1[U]—1,0]. 0

7. FroM CROCCO TO BLASIUS.

In this section we investigate the way to recover a solution of the Blasius initial value problem (5) from
a Crocco solution, and also to obtain the asymptotic behavior of Blasius solutions from the one of Crocco
solutions. Our point of view, here, is to forget what we know about Blasius solutions, and to show that
the properties of these solutions can be deduced from the properties of Crocco solutions. Some of the
results of this section were obtained by J. Wang, W. Gao and Z. Zhang [48] in the more general case of
the Falkner-Skan equation but with restrictive boundary conditions.

Proposition 7.1. Let ¢ > 0 and u := u(-;a,b,c) be the solution of
W= ulb)=c, W) =a, (94)
u

and let [b, L(a, b, c)| denote its right maximal interval of existence.

1. Set A := L(a,b,c) . We have X € [0, +oo] and u(s) — 0 as s — A, s < A. In addition, if A > 0 then
u'(s) = —oco as s — A, s < A, and we have

' (8) ~ —/—=2AIn(A — 8) and u(s) ~ (A — 8)y/ =2 In(A —s) as s — A, s < \. (95)
2. The solution f of the second order initial value problem
f"=ulf), f(0)=—a, f'(0) =0, (96)

is the solution of (5). The function f is defined on [0,4o00[ and is given by

f(t) = —a+ / o(r)dr (97)

B g(t) dn
t = /b s (98)

REMARK. The interesting property of Crocco solutions (95) is somewhat surprising insofar as the
asymptotic behavior is not sufficient to separate different solutions with the same A, see Figure 27.

where g is implicitly defined by

Moreover, f'(t) — L(a,b,c) as t — +oc.

-1 -08-06-04-02 02 04 06 08 1

FIGURE 27. Several Crocco solutions with the same maximal right boundary A = 1. All
of them have the same asymptotic behavior near A, given by (95).
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Proof. Notice that u is convex on [b, A{N]—00, 0] and concave on [b, \[N [0, co].

Item 1. First we show that A is finite. By contradiction, let us suppose that A = +0c0. Since w is positive,
and concave on [b, 0o[N [0, +oo[, we necessarily have u’ > 0 on this interval. Let so € [b,00[N [0, 400l
Using (34) and the concavity of u we obtain

, ey tsr = [ g 1
—u'(s0) <u'(s) —u'(s0) = /so u(n) < /So u(so) +u'(s0)(n — SO)dn’

for all s > sg, hence, with g = 59 — 5((8500)), we derive

u/(50)2 >/ n dn—s—so—i—aoln — o
so 11— @o S0 — Qo

for all s > sg. Since the right hand side of this inequality tends to +o0o0 as s — oo, this gives a
contradiction. Hence A is finite and necessarily, by (94), we have u(s) = 0as s — A, s < A.

Next, we show that A > 0. On the contrary, choosing s¢ € [b, A[ such that u(s) < 1 for s € [sg, A, and
using (37) we obtain for such a s

—u'(50)% < u'(5)% —u/(s0)* = —2sInu(s) + 250 Inu(sg) + 2/ In u(n)dn

S0

—2slnu(s) + 2sgp lnu(sp)

which gives a contradiction since —2slnu(s) — —oco as s — A.
Now, if A > 0, then the concavity of u close to A shows that u/(s) — p € [-00,0[ as s — A. If p is
finite, then u(s) ~ (A —s) as s — A, hence identity (34) give a contradiction. Thus y = —co. It remains

A
to prove relations (95). Since u(s) — 0 and u/(s) — —oo as s — A, the integral / Inu(n)dn converges,

and then from (37) we easily obtain u/(s)? ~ —2slnu(s) as s — ), hence

(s) ~ —V2X/—Inu(s) as s — A (99)

On the other hand, for s close enough to ), integration by parts gives

R N L
s /—Inu(n) V-Inu(s) 2/, (—Inu(n))3/?
from which together with (99) we obtain
U8 VIR —s) as s A (100)

VTnu(s)
Taking the logarithm of each side of (100) we arrive to
Inu(s) ~In(A—s) as s — A (101)
Combining (99), (100) and (101) we obtain (95).

Item 2. Let f be the solution of problem (96). Differentiating with respect to ¢ we obtain f(t) =
u'(f'(¢))f" (). Using (34) we can write

u’(f’(t»:a—/bf/(t)— —a—/ P/ rdr Tf" /f 1),

Thus f is a solution of the Blasius equation f"' = —ff”. From (96) we obtain f”(0) = c¢. Hence f is the
solution of (5). Denote by [0, 77 its right maximal interval of existence.

Since (96) is equivalent to integrate successively ¢’ = u(g) and f' = g with the initial conditions
9(0) =b and f(0) = —a, we obtain (98) (recall that u > 0, so that, formula (98) defines g(¢) implicitly)
and (97). Moreover, g is the inverse function of

5 d
Vs / S/
b u(n)
The function v is defined on [b, A\[ and v(s) — +o00 as s — A. Indeed, in the case A > 0, thanks to (95)

we have u(s) ~ (A—s)\/—2AIn(A — s) as s — A and the integral / 1 diverges. If A = 0 then either
oxVinz
u(s) ~ ps (for some p < 0) as s — 0, or u(s) = %(—8)3/2, and in both cases, we obtain v(s) — 400 as

s — 0. Therefore, g and f are defined on [0, +o00[ and g(¢) = f/(t) tends to A as t — +o0. 0
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The following result, already given by P. Hartman [24, 25] for A = 1 (in the more general case of the
Falkner-Skan equation) and concerning the asymptotic behavior of the solutions of (1-2), can be very
easily proved from the behavior near A of the function u solution of (12) such that lm wu(s) =0 as

s—A, s<
described by (95).

Proposition 7.2. Let a,b € R, A > 0 and f be a solution of the Blasius problem (1-2). There exist
constants k1 and ko in R such that

F'(t) ~ XN = f'(t) and X — f'(t) ~ % exp {—% + Hgt} as t — +oo. (102)
Proof. Using (95) and the relations u(f’(¢)) = f”(¢t) and «/(f’'(¢)) = —f(t) we obtain
F') = u(f () ~ (A= f/({0)V=2AIn(A - f/(t)) as t — +oo, (103)
and
f(t) = —d'(f'(t) ~ V=2XIn(A = f'(1)) as t — +oo, (104)

Combining (103), (104) and the fact that f(t) ~ At as ¢ — 400, we obtain the first part of (102), and

also
2

In(A — f/(t)) ~ —% as t — +oo. (105)

In other words,
2

A= f(t) = exp {—)\Tt(l + 0(1))} as t — +o0. (106)

By successive integration, we deduce from (106) that there exist constants y < —a and v € R such that

F&)=M+pu+0 (eXp{_%t?a —|—0(1))}> as t — 400,

and
A2
F(t)= > +ut+v+o(l) as t — 4oo,
where F is the anti-derivative of f such that F(0) = 0. To conclude, we use (11) with 7 = 0 to obtain
1 " )\t2
f(t) ~ f"(0) exp _T_Mt_y as t — 4oo0.
Hence, with x1 = § f”(0)e™ and ko = —p, the second part of (102) follows from the first one. 0

8. THE CONCAVE CASE.

Here, the word “concave” refers to Blasius solutions and concerns the boundary value problem (1-2)
with A < b. Notice that, if f is a concave Blasius solution with associated Crocco solution u, then
t — —f(—t) is a convex Blasius solution with associated Crocco solution —u. However the boundary
value problem has changed and needs a separate treatment.

Let a,b € R, ¢ €]—00,0[ and f(-;a,b,c) be the solution of the initial value problem (5) rewritten
below

frH (=0, f(0)=—a, f(0)=0, f'(0)=c.
Denote by [0, T} p,c[ the right maximal interval of existence of f(-;a,b,¢). Since f”(;a,b,¢) <0ifc <0
and f”(-;a,b,0) = 0 the following limit exists

Aa,b,c) :== . lim f'(t;a,b,c) € [—o0,b|.

A’Ta,b,c
For ¢ < 0, we associate to f(-;a,b,c) the Crocco solution u(-;a,b,c) of (12-13). Precisely, if ¢ < 0 then
the Crocco changes of variable f” = u(f’) yields u := u(-;a,b, ¢) satisfying v'(f’') = —f and
u’ = —2 on |A(a,b,c),b] u®) =c, u'(b) =a, u<O.

Lemma 8.1. Let a,b € R and ¢ €|—00,0[. If A(a,b,c) is finite, then Ty . = +00, Ala,b,c¢) > 0 and
u(s;a,b,c) — 0 as s — A(a,b,¢), s > Ala, b, c).
If moreover A(a,b,c) > 0, then u/(s;a,b,c) — —o0 as s — A(a,b,¢), s > Aa, b, c).
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Proof. Let us suppose that A(a,b,c) and Ty . are finite. Then f(¢;a,b,c) has a limit as ¢t — T, 4., and
due to (11), it is so for f(¢;a,b,c). This contradicts the fact that f(-;a,b,c) cannot be extended after
Tob,c. Therefore, T, p . = +00. If now A(a, b, c) < 0, then there exists to > 0 such that f(¢;a,b,¢) < —1
for t > to. From (11) we obtain |f”(¢t;a,b,c)| > |f"(to;a,b,c)le! ", hence f”(t;a,b,c) — —oo, as
t — +o00, which contradicts the fact that f’(¢; a, b, ¢) has a finite limit as ¢ — +o00. Finally, we have

: ) _ 1 . _
Sﬁ{l\l(r;ljbyc)u(s, a,b,c) = tl}rlloof (t;a,b,¢) =0

and, if A(a,b,c) > 0, then

li '(s;a,b,c) = lim (—f(ta,b,c)) = —o0.
S_}/\l(rglyb,c)u(s,a, ,C) tjgrrlw( f(t;a,b,¢)) 00

This completes the proof. 0

REMARK. From Lemma 8.1, we see that indeed |A(a, b, c),b] is the left maximal interval of existence of
u(-;a,b,c).

0.5 } 1.‘5 ? 2‘5
5] 0
2 A r 2 3 4 0%
0
—-0.4+1
_2—
—0.6
4]
—0.8
2 1 2 3
4 5 § 0

-84

FIGURE 28. Concave solutions of Blasius equation (1) on the left, the corresponding
Crocco solutions on the right, for a = 1, b = 2 and respectively ¢ = —0.7, ¢ = —1.

Lemma 8.2. Let a € R, b € [0,400[ and ¢y, c2 €]—00,0][ such that one at least among A(a,b,c1) and
A(a,b,co) is finite. If ¢; < cq, then A(a,b,c1) < A(a, b, c2).
Proof. Suppose ¢1 < ¢2 < 0 and A(a,b,c¢1) > A(a,b,c2). Hence, A(a,b,cy) is finite and nonnegative
by Lemma 8.1. For i = 1,2 set u; := u(-;a,b,¢;), and w = ug — u;. We have w(b) = ¢a —¢1 > 0,
w'(b) =a—a =0, and

Vs elA(a,b,ci),b], w'(s) =uy(s) —u(s) = L sw(s) )

] ( 1) ] ( ) 2( ) 1( ) UQ(S) Ul(S) Ul(S)Ug(S)

Therefore, as long as w is positive, w is convex, and so decreasing in such a way that w remains greater
than c2 — ¢; on |A(a, b, c1),b]. However,

lim  w(s)= lm  wua(s) <O0.
s—A(a,b,c1) s—A(a,b,c1)
s>A(a,b,cq) s>A(a,b,c1)
This is a contradiction. 0
Let us set
¢x(a,b) =sup{c < 0; Aa,b,c) = —o0} (107)
with the convention sup () := —co. As a consequence of Lemma 8.2, if ¢ < ¢, (a,b) then A(a,b,c) = —o0

and if ¢ €]ei(a,b),0[ then A(a, b, c) is finite.
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Lemma 8.3. Let a,b € R. If b <0 then c.(a,b) =0, and if b > 0 then —o0 < ¢.(a,b) < 0.

Proof. If b < 0, then for all ¢ < 0, we have A(a, b, ¢) < 0 and using Lemma 8.1 we obtain A(a,b,c) = —oc.
Since, moreover A(a,b,0) = b, we deduce c.(a,b) = 0.

Suppose now b > 0. For ¢ < 0, set u := u(-;a,b,¢). From (36) with s9 = b we obtain for s €
JA(a, b, ¢),b] N[0, oo

b
1
u(s)2 =2+ 2ac(s — b) + 2/ (n— s)u'(n)2d77 - §(b - 8)2(217 +s) > 2 - 2|aclb — b3,

Thus, for —c large enough, we obtain that u cannot vanish on [0,b], which implies that A(a,b,¢) < 0.
From Lemma 8.1 we obtain A(a, b, c) = —oo for —c large enough, hence c.(a,b) > —oco.

To obtain the inequality c.(a,b) < 0, we have to distinguish between the cases a < 0 and a > 0. First
of all, let us remark that using the convexity of u on JA(a,b,c),b] N [0, co[, we have

Vn €]A(a,b,c),b]N[0,00[, ¢+ a(n—">b) <un) <O0. (108)

e If a <0, then (108) gives ¢ < u(n) < 0 for n €]A(a,b,c),b] N[0, co[, hence using (35) we obtain for
s €]A(a,b,¢),b] N[0, 00]

b p—
u(s):c+a(s—b)+/ %dn

b
zc—&—%/ n(s—n)dnzc—é(b—s)2(2b+s). (109)

Since the right hand side of (109) is positive for s = 0 and —b*/? < ¢ < 0, we have, for such a ¢, that
A(a,b,c) > 0. Hence c.(a,b) <O0.

e If a > 0 then, using (108) and (34), we get for s €]A(a,b,c), b N[0, 00[

Y L I U
o)== [ sz = [

Hence, for s €A(a,b,c),b] N[0, 0o, we deduce

bo[P dn b a
s)<a+- | — 2 _ a2 (1 a —b).
u(s)_a—|—a/S rat =) a—-—In —i—c(s )
Integrating, we obtain for s € |A(a, b, ¢),b] N[0, 00|
b b /e a
>c—(a+=)0-s5)— = (S+s=0)m(1+ (s~ ). 110
wze- (a4 2)0-9 -2 (Ers-)m(1+ 260 (110)
Since the right hand side of (110) is positive for s = 0 and —c sufficiently small, we obtain, for such a c,
that A(a,b,c) > 0. Hence c4(a,b) < 0 in this case too. 0

Proposition 8.4. If (a,b,c¢) € R x R x|—00,0[ is such that A(a,b,c) €]0,b[, then A is continuous at
(a,b,c).

Proof. We have A(a,b,c) = inf{f'(t;a,b,c) ; 0 <t < Ty}, hence A is upper semicontinuous on
R x R x |—00,0].

Now, to prove that A is lower semicontinuous at (a,b,c¢) € R x R x ]—00, 0], let us set A = A(a, b, ¢),
consider ¢ €]0,\[ and a sequence (ay, by, cy) which converges to (a,b,c), and set A, = A(ap, by, cy).

Since A €]0, b, we have
lim (s — uls) =,
s—»i\ u/(s)

s>
u(so)
u’(s0)
exists ng € N such that A, < so for n > ng. Moreover, since u,(so) — u(so) and ul,(so) — u'(so) as
n — 400, there exists n; > ng such that

hence there exists so €]\, b[ such that so — > A — 5. The upper semicontinuity of A show that there

VYn >ny, sg— u:L(SO) >A—e>0.
up(s0)
Since u, is negative and convex on |A,,b] N [0, +oo[, we have u,(s) > un(so) + ul,(s0)(s — so). Because
the right hand side of this inequality vanishes for s = sq — Z/"E:ﬁ), we necessarily have A\, > \ — ¢ for

n > ni. This completes the proof. 0
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Proposition 8.5. Let a € R and b > 0. The function ¢ — A(a, b, ¢) is an increasing one-to-one mapping
from [c.(a,b),0[ onto [0, b[.

Proof. Set ¢, := c«(a,b). Taking into account Lemma 8.2 and Proposition 8.4, it is sufficient to prove
that

Jim A(a,b,¢c) =0 and lirél A(a,b,c) =b. (111)
c>cex e

Let us set A. := A(a,b,c¢). For the first equality, since the map ¢ — . is upper semicontinuous and
increasing on ey, 0[, then A, — Ao, as ¢ — ¢4, ¢ > ¢, and A;, > 0. On the other hand, for ¢ < ¢, we
have A\, = —oo. Hence the map ¢ — A is not continuous at c,, and thus, from Proposition 8.4, we obtain
Ae, = 0.

To obtain the second equality of (111) for a < 0, let us take —c sufficiently small to have A, > 0.
Letting s — A in (109), we obtain

1
>c— —(b—X)%(20+ \.).
0>c 66( )7 (20 + Ae)

Hence, (b— A:)?(2b+ A.) < 6¢ and A\, — b as ¢ — 0~. For a > 0, using (110) we obtain in a similar way

ozc—<a+g) (b—Ac)—g(2+)\c—b)ln(1+%(>\c—b))

and hence we obtain a contradiction if A, /4 basc— 0. 0

Corollary 8.6. Let a € R, b € R and A €]—00,b[. The Blasius boundary problem (1-2) has exactly one

(concave) solution when 0 < A < b, and no solution for A < 0, whatever b < 0 or b > 0.

Proof. This follows immediately from Proposition 8.5 and Lemma 8.1. 0
To finish this section, we give in a very quick way the asymptotic behavior of f(t;a,b,c) ast — Ty p.c

when ¢ < ¢.(a,b). This behavior was already obtained by W.A. Coppel [15] and Ishimura and Matsui
(33].

Proposition 8.7. Let a,b € R. If ¢ €]—00, ¢ci(a,b)], then T := Ty . Is finite and we have

-3 and f(t;a,b,c) ~

f/(t; a,b, C) ~ m T_— :

as t —T. (112)

Proof. Let f:= f(-;a,b,¢) and u :=u(-;a,b,c). We have A(a,b,c) = —oo and —u is a positive solution
of (12) on |—o0,b]. Thanks to item 1 of Theorem 2.2, we have —u(s) ~ u.(s) as s — —oo. In other
words,

() ~ %(—f’(t))?’” as ¢ T,
hence
e i ) N SR

2(=1'®)*? V3

Then, for all € > 0, there exists t. > 0 such that for ¢ €t.,T[ and all 7 €]¢,T'[, we have

1 1 1 1
E(T—t)(l—@ < T 0 < 7§(T—t)(1+6)-
Letting 7 — T, this yields T' < 400 and
3 ) 3
GroT- = TWsa57-9

Now (112) follows. 0
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9. FINAL REMARKS, ALTERNATIVE PROOFS AND HISTORICAL COMMENTS.

9.1. Vanishing Crocco solutions. We consider here the Crocco equation in its non resolved form
uu” 4+ s = 0 and we describe solutions that vanish somewhere.

Proposition 9.1. 1. If s — u(s) is a C? function that has a zero at some point sy and that satisfies
u(s)u’(s) + s =0 in a neighborhood of sy, then we must have sg = 0.

2. There is a unique function w analytic in a neighborhood of 0 such that w(0) = 0, w’(0) = 1 and
w(s)w”(s) + s = 0. This function w is defined on |—o0, Ay by

—u_(s) ifs<0
w(s)=4¢ 0 ifs=0
u () if s €]0, A4

3. The Taylor series Z ans™ of w is given recursively by
n>0

n—1

1
> k(k + 1ak1an—gi1- (113)

= ]-1 =5 n =T
“ “ 2 ¢ i n’(n—"_ 1) k=1

The radius of convergence of this series is equal to A . The first terms are given by

1, 1.4 1, 17 . 247 , 1819 . 21277 .
SR S B . - . 19
wis) =s- 55— 55 ~ 365 ~Tmo®  13200°  6o4s00°  1z7oosoo” T O

4. All other functions u analytic in a neighborhood of 0 and such that u(0) = 0, and u(s)u”(s) + s =0,
are given by u(s) = o3w(s/o?) for o # 0 and s < o2\

Proof. Statement 1 is immediate because otherwise u”(sg) would be infinite.

Concerning statement 3, if we look for a formal series Z ans™ solution of the Crocco equation with

n>0
ap =0, a; = 1, then we obtain the recursion formula (113).

We first prove by the majorant method that this series has a nonzero radius of convergence. Let (c¢;,)
be the majorizing sequence defined recursively by

1 n—1
- Cp = E CrCn—k-
27

k=1

This is a majorizing sequence in the sense that, by recursion we have |an4+1| < ¢,. Now set g(s) :=

00:1, C1 =

—+o0
E cns". We have
n=0

—+oo n —+oo
§(s)2 = Z < Ckcnk> s" = cg + 2¢cpc18 + Z (2cocn + cpn) 8™ = 3g(s) —2 — f,
k=0

2
n=0 n>2

hence g is in fact the formal expansion of the function g : s — % (3 —V1- 25). This shows that the
series g has a radius of convergence equal to %, hence the radius R of our formal Crocco solution satisfies
R> 1.

Moreover Formula (113) shows that the a,, are of constant sign for n > 1; therefore the sum of the
series must have its first singularity on R* at s = R, hence R = \,.

In this manner we have constructed an analytic Crocco solution with the required properties. Its

uniqueness follows from that of the formal series solution. This proves statement 2.

For statement 4, if u is such an analytic solution, then ¢ := u’(0) must be nonzero (otherwise u would
coincide with u, which is not analytic at s = 0). As for the case 0 = 1, looking for a formal solution with
prescribed derivative at s = 0 leads to uniqueness, hence to the function s — o3w(s/c?). 0

REMARK. The fact that Crocco equation uu” + s = 0 has a solution w analytic in a neighborhood of

s = 0 with w(0) = 0, w’(0) = 1 is not a surprise: the change of variables w(s) = (1 + y(s))s yields the
equation sy” = —2y’ — ﬁly with initial conditions y(0) = 0, y/(0) = —31; see Figure 29 for the graphs of

w and y. Written as a differential system in ¢ := (y,y’)

dy - L .. = 1
3% = f(s,9) with f(s,y1,y2) := (Sylv —2y2 — 1+1y1) ’
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FIGURE 29. The solutions w and y. As s — Ay ~ 1.303918, w(s) — 0 and y(s) — —1.

it has a singularity of the first kind, hence satisfies the assumptions of Theorem V-2-7 of [27], page 118.
This proves that our formal solution is convergent for |s| small enough. However, for completeness we
preferred to provide a direct proof based on the majorant method.

9.2. Alternative proofs. The aim of this section is to present three results that can be proved directly
from the Crocco equation, i.e. without the use of the vector field (22) and without Proposition 2.3.

Solutions u_ and u, are unique (Theorem 2.2, item 2 and Theorem 2.4 item 4, first point).
Let 11 < 0. Suppose that u; and ug are two positive solutions of the Crocco equation (12) on ]— oo, 0]
such that ©1(07) = u2(07) = 0 and ¢} (07) = w4 (07) = p. If u = 0, we will take uy = wu,. Let us set
w = uj — uz. We have w(07) =w'(07) =0 and

sw(s)

Vs <0, w(s) = o))

(114)

Integrating twice yields
* n(n — s)w(n)
Vs <0, w(s) = / —————=dn,
s u(n)uz(n)
which shows that for all s < 0, w has to vanish between s and 0. In particular, there exists an increasing

sequence s, < 0 tending to 0 such that w(s,) = 0. Now, multiplying (114) by w’ and integrating, we
obtain for all s < 0 and all s,, > s that

V2 (s)2 = W)t i) mua(n)) w(n)®
Wl o =~ | (1 w0 (n) u2<n>>u1<n>u2<n>d”' (115)

If 4 < 0, then u;(n) ~ un asm — 07, for i = 1,2, hence there exists § < 0 such that

nui(n) o 3

ui(n) 4

Vn €]4,0],

for i = 1,2. If 4 =0, then for all n < 0 we have

Lol VB2

u1(1) Z(mr 2
Therefore, in both cases, equality (115) shows that w’(s,)? —w'(s)? > 0 for all s €]4,0[ and all s,, €]s,0[.
Taking the limit as n — +o00, we obtain w’(s)? < 0, hence w’ = 0 on ]§,0[. This yields w = 0 and
completes the proof. 0

Any Crocco solution of (12-13) with b < 0 and ¢ > 0 is defined at least on |—o0,0[ and is asymptotic to
Uy as § — —oo. (Theorem 2.2, item 1).

Let u be a solution of (12-13) with b < 0 < ¢ and ]s_, s4[ be its maximal interval of existence. ;From
Proposition 7.1, s; is nonnegative. We now prove by contradiction that s_ = —oo. Assume that s_ is
finite; then by convexity, u(s) tends to a limit { € [0, 4o00] as s — s_.

If | # 0 (I finite or not), then u’(s) = — sy tends to —2= € [0,+00[ as s — s_, hence v’ and u would
have a finite limit, contradicting the maximality of ]s_, s4[.



46 B. BRIGHI, A. FRUCHARD, T. SARI
If | = 0, then by convexity v is increasing on ]s_, 0[. Identity (36) then gives, for an arbitrary so €]s_, 0],
S0
u/(s0)% — /(s)? = —2s0Inu(sg) + 2sInu(s) + 2/ In u(n)dn

> —2spInu(sg) + 2sInwu(s) + 2(s — sp) Inu(s)
= —259(Inu(sg) —Inwu(s)) - +oo as s — s_
hence a contradiction. This shows that v is defined at least on |—o0,0].

For the asymptotic, we construct by induction sequences «,, > 0, 5, > 0 and s,, < 0 such that for all
n > 1, we have

Vs < sny an(—5) <u(s)? < Bu(—s)? (116)
and
4
li n=li n = . 117
W O = 1 P =3 ()

First of all, thanks to (36) we have
0
1
Vs <0, u(s)? = u(0)? + 2u(0)u’(0)s + 2/ (n — s)u'(n)*dn — 553

1
> u(0)? + 2u(0)u'(0)s — 553.
Therefore, there exists og < 0 such that
1
Vs < g, u(s)? > Z(_S)S'

Coming back to (12) we obtain u”(s) < 2(—s)~/2 for s < 0y and integrating twice we easily see that
there exists s1 < o( such that
Vs < s1, u(s) < 3(—s)%2

So (116) holds for n = 1 with oy = % and 3, = 9. Suppose now that for a given integer n, we have ay,,
Bn and s, such that (116) holds. Starting from (12) and using the first inequality of (116), we obtain
u”(s) < \%}(—s)‘l/? Integration gives

4
JA,,B, >0, Vs<s,, u'(s)? < a_(_s) 4 An(—s)? + B,

Thus there exists o,, < s,, such that

VSSWUW@f§<—%- )@@.

(From (36) we then obtain, for all s < o,

On

u(s)? = u(op)? + 2u(o,)u'(0,)s + 2/ (n — s)u'(n)*dn — %(s —0,)%(s + 20,)

4 LY (=s)° 2
< (1 — R [ S "
_<+an+3n) 3 + s%en(s)
where &, is bounded on |—oo, 0[. Hence, there exists 7, < o, such that

Vs < 7h, u(s)? < % (1 + ai + %) (—s)3.

Similarly, using the right inequality of (116) and the same method, we obtain

~ 1 4 1
37, < 0ny, Vs < T, u(s)? > 3 <1 +—— - —> (—s)3.

Choosing $,,+1 := min(7,,7,), we obtain (116) at order n 4+ 1 with

1 4 1 1 4 1
1 == |14+ —5—— — dfBpt1=z1+—+—).
o= (e ) i = Lo )
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Since oy = % and B; = 9, we obtain as = % }—g > a1 and Gy = % % < (1. Then, by recursion, we obtain
that the sequence («,,) increases and that (f3,) decreases. Because a,, < f3, these sequences converge,
respectively to a and (3, which satisfy

1 4 1 4
=-(1+= dg=-(1+—
w=3(1e5) ma=g(143)
from which we obtain o = 8 = %. Finally, (116) and (117) give u(s) ~ %(—8)3/2 as s — —oo. 0

The function A is continuous at (a,cy) = (—V/3,2/V/3) (first assertion of Theorem 2.5).

Consider a sequence (an,cy,) tending to (a«,c.), and set A, := K(an,cn) and u, = u(-;an, —1,cp).
Writing (37) for sp = —1 and s € [—1, 0] we obtain

S

u),(5)? = a2 — 2sInuy,(s) — 2Inc, + 2/ In uy, (7)dr. (118)

n
-1

Then, we obtain
0

0
2/ sul,(s)%ds = —a? 4+ 2Inc, — 6/ s2Inuy,(s)ds

-1 —1
and thus (36) written for sop = —1 and s = 0 gives

0
2
un(0)? — ¢ — 2can, = —2/ sul, (s)%ds + 3’ (119)
—1
0 2
:ai—Zlncn—i—G/ 521nun(s)ds—|—§. (120)
-1

We claim that there is a constant Cy > 0 such that

Vn eN, Vs € [-1,0], 0 < u,(s) < Ch. (121)
On the contrary, it would exist a subsequence u,, (0) going to +0o as k — +oo and thus for k large
enough we should have u,, (7) < up, (0) for y € [b,0] and thanks to (120),

2
Unp,, (0)2 - ci — CppQn,, < 3~ Inc,, + lnu,,(0),

k

which gives a contradiction as k — +o00. Hence (121) holds. Coming back to (118) we derive that there
exists a constant C5 such that

Vn €N, Vs € [-1,0], |ul,(s)| < Ca. (122)

Using (119), (122), the fact that for all s € [—1,0], u},(s) — wu/(s) as n — +oo, and the Lebesgue
dominated convergence theorem, we obtain that

0
2
un(0)? = 2 4+ 2c,a, — 2/ su’ (s)%ds + 3= u.(0)> =0 as n — +oo
-1
and u,(0) — 0 as n — +o0.
Moreover, taking into account (121) and applying the Fatou’s Lemma to the nonnegative functions
gn = InC1 — Inu,, we easily derive that

0 0
limsup/ lnun(s)dsg/ In u.(s)ds.

n—-+o0o —1 —1

Then using (118) for s = 0 leads to

0
0 <limsupu),(0)* < a? —2Inc, + 2/ Inu.(s)ds = u/,(0)* =0,
n—-+4oo -1
and u! (0) — 0 as n — +o0.
To conclude, let us set o, := max (ul,(0), u,(0)*/?). By Proposition 2.6 item 1 and similarity (25), we
have
0 < A = A(u),(0),0,1%,(0) < A(an,0,03) =a2A(1,0,1) - 0 as n — +oo,

since a,, — 0 as n — 400. This completes the proof. 0
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9.3. Additional results on concave Blasius solutions. We give here some precisions about concave

Blasius solutions, in particular, on the function c, : (a,b) — sup{c < 0 ; A(a,b,c) = —oco} introduced in
(107).
Proposition 9.2. 1. Consider the first order differential equation

dy 3y—2z

dr =+ %

in the region y < 0 and xy > —2. This equation has a unique solution x — y.(x) which Is defined for
—00 < & < 400 and satisfies y.(z) ~ x as x — —o0. Moreover this function y, is concave, increasing and
satisfies liT y«(x) = 0.

T—T00

2. For b > 0, we have
cx(a,b) = b3/ %y, (b= 2%a). (123)

Proof. We start from the Crocco equation (12). The change of variables
x(t) = e~/ (e"), yt) = e 32y (")

leads to the system

.1 1 . 3

x——§x—§, y=a-5v (124)
Since concave Blasius solutions correspond to negative Crocco solutions, we consider this system only for
y < 0. The initial conditions u(b) = ¢, v'(b) = a, with b > 0, correspond to

z(Inb) = b~ 2a, y(Inb) = b=3/%¢.

Notice that the vector field (124) describes Crocco equation only for s > 0. This vector field has no
stationary point. Using a phase plane analysis similar to the study of the vector field (22) made in
Section 4, we obtain the following results.

FIGURE 30. The phase portrait of (124).

There is one and only one orbit, denoted by T'. (see Figure 30) such that any solution (x,y) that

parametrizes I', satisfies that % tends to 1 as ¢ — —oo. The orbit I', is the graph of the function
y = y«(x) defined in the proposition. Depending on the initial condition (a,b,c), the following cases

oceur.
If ¢ < b3/2y.(b=1/2a) (i.e. the trajectory is below I',) then (x(t),y(t)) is defined on some | —00, tymax|
with —00 < tymes < 400 and satisfies
. lim y(t) = —oo, lim y(t) =0.

t—tmaax

As a consequence, the maximal interval of definition of u( - ; a, b, ¢) is J-oo, etme=|. Tt follows that f(-;a,b,c)
is defined on |—00, T, [ with 0 < T 5. < +00 and we obtain A(a,b,c) = —oo. For an illustration of
this case, see the bottom of Figure 28.
If ¢ > b3y, (b=1/2a) then (z(t),y(t)) is defined on some Jt,min, tmaz| With —00 < tymin < tmaz < +00
and
lim y(¢) =0, lim y(t) =0.

t—tmin t—tmaax
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It follows that the maximal interval of definition of u( - ;a, b, ¢) is Jetmin etmae=[ hence f(-;a, b, c) is defined
on |—o0, +oo[ and we obtain A(a,b,c) = e'min. See the top of Figure 28.

If ¢ = b3y, (b="/2a) then (z(t),y(t)) is defined on | — 00, tyaz| With —00 < t,4r < +00 and satisfies
, lim y(t) = —oo, lim y(t) =0.

t—tmax
Then the maximal interval of definition of u(-;a,b,c) is ]0,e'ma=[, hence f(-;a,b,c) is defined on |—
00, +oo[ and A(a, b, c) = 0. This proves (123). 0

9.4. Reduction of the Blasius equation to a planar vector field. The Blasius differential equation
F"+ ff” =0, of order three, can be reduced to a planar autonomous vector field because it is invariant
by the group of transformations f(t) — kf(kt). Setting

W ) de
we obtain the equations
dg dh _

The change of variables (125) was considered in [12] in the more general case of equation " + (m +
) ff" —2mf"? = 0 where m is a real parameter. Formulae (125) define a change of variables only when
the Blasius solution f does not vanish. To a vanishing Blasius solution correspond up to three orbits of
the vector field (126). These orbits are oriented in the sense of increasing time £ when f is positive and
are oriented in the sense of decreasing time ¢ when f is negative. It is difficult to follow the function f in
the plane (g, h) because the values of ¢ for which f(¢) = 0 correspond to points at infinity of the vector
field (126) or to the non elementary singular point (0,0) of this vector field.

The reduction of the Blasius equation to a first order equation appeared first in [52], p. 389, and is
attributed by H. Weyl to J. von Neumann. Setting

do

—e° "= 7259 20 — — = 127
f=et = C = (127)
von Neumann obtains the equation
dr  71714+7+86
- L 7 12
e 6 20—71 (128)
Notice that from (127) we deduce that
N i A ()
R E 7y

Hence equations (128) and (126) are equivalent through the change of variables § = g, 7 = h/g. The
interest of equation (128) and formulae (127) is that the Blasius equation is reduced to a first order
equation followed by two quadratures. After determining 7(0) from equation (128) one find s(#), and
then ¢(0) from

ds 1 dt —e5(9)

o 20— 7(6)’ o 020 —7(9))

Hence, the solution f is given parametrically by t = t(6), f = e,

Following von Neumann and Weyl, many authors reduced also the Blasius equation to a first order
equation or a planar vector field using various change of variables. Among these authors, we can cite B.
Punnis, W.A. Coppel and Y.M. Treve. Setting

1dy
- - =2 v=-% 129
r=f y=f ot e (129)
Punnis [39], p. 168, obtains the equation
av. V 14+U+V
_ 1+ v (130)

dU ~ U 20~V
(From (129) we deduce that U = g, V= %. Hence the variables U and V of Punnis are the same
than the variables 6 and 7 of von Neunmann. This is not surprising since the first order equation (130)

obtained by Punnis is the same as the first order equation (128) of von Neumann. Setting

dx do 1
— S — 2s = — _ = ——
f—@ I f €z, Z/ dS, dS xa
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Coppel [15], p. 124, obtains the planar vector field
d d
o _ —xy, e =2z +y + 622 + Tay + 2 (131)
do do

Notice that equations (131) and (126) are equivalent through the change of variables 0 = —¢ 4 Const,
r=g,and y = % — 2g. Setting

Uy = I U U = _ @« _ f
2 = f27 102 — f37 dt — J>
Treve [44], p. 1220, obtains the planar vector field
d d
difl = —u1(1 — ug + ua), diz = —ug(u1 + 2us2). (132)

Notice that equations (132) and (126) are equivalent through the change of variables u; = —% and us = g.
See Section 9.5 for more historical informations and a review of the main results obtained with the help
of the vector fields (128), (130), (131) and (132).

We already noticed that solutions of the vector (126) going to infinity are of particular interest, because
they correspond to vanishing Blasius functions. Hence, it should be interesting to study these solutions
using the methods of Poincaré. This has been done by some authors, in particular B. Punnis [39] and
Y.M. Treve [44]. Setting X = —% and Y = —% in equation (130), Punnis obtains equation

Y Y X-Y -2
dX X X+Y -1
This last equation was previously obtained by C.W. Jones [34]. This author transformed first the Blasius
equation into the Crocco equation (without any reference to the work of Crocco [16]) and then, setting

(133)

X = ST“/ and Y = ;—2 he obtains equation (133). The reason why the Blasius equation reduces to the

u’

first order equation (133) using two apparently different ways becomes clear when we express all the new
variables in terms of f and its derivatives. Actually Punnis used U = %, V= #, and then

1 ! 2
X = —— = —ﬁ’ Y = _g = — f .
V f// V ff//
On the other hand, Jones used s = f', u = f”, v/ = —f, and then
/ / 2 2
x-S _ Sy s
m fl/ uu/ ff/l
Thus, the variable X and Y of Punnis and Jones are identical. Compared to our present work and our
variables x,y given by (21), these variables are in fact X = -2, Y = L

Y zy’
9.5. Historical comments. The original question. As we said in the introduction, the Blasius problem

(rewritten here for convenience)
"+ ff" =0 on [0,+0c],
F(0) = —a, f'(0)=b, lim_f/(t) =\

first appears, with a = b = 0 and A = 2, in [7], see also [8]. Without worrying about existence or
uniqueness of solution, Blasius is mainly interested in the computation of the value of a := f(0). In the
framework of our article, a is such that A(0,0,«) = 2. By the similarity (25), o and A\; := A(0,0,1) are
thus linked by a2/3\; = 2.

To compute «, Blasius makes use of the formal solution

(Pa,b,))

+oo
) = 3 gt (134)

where the coefficients ¢,, are given by

" /3n+2
co=a and cp41 = ( ) >clcn_4.
j; 3] J J

Thus, the few first terms are ¢; = a?, co = 1103, ¢5 = 375a?, ¢4 = 27897a°. The presence of the term
(3n +2)! at the denominator in the sum (134) leads Blasius to believe that the power solution converges
for all ¢t € R. He then makes use of this power series around ¢t = 0 and of certain asymptotic expression
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for large values of ¢, adjusting the constant « so as to connect both expressions in a middle region. In
this way, Blasius obtains the (erroneous) bounds 1.326 < o < 1.327.

In 1912, in a short note, C. Topfer [43] comes back to the paper of Blasius [8] and solves numerically the
Blasius equation with initial conditions f(0) = f'(0) =0, f”(0) = 1, by using the so-called Runge-Kutta
method. He then arrives, without detailing his computations, at the value a ~ 1.32824, contradicting
the bounds obtained by Blasius. We must notice that neither Blasius, nor Topfer justify thoroughly the
accuracy of their computations.

Thereafter, L. Bairstow [3], with the power series, obtains o &~ 1.340, S. Goldstein [23] obtains « ~
1.328, V.M. Falkner [20], by a finite difference method, yields the value « ~ 1.3282306, L. Howarth [26]
gives a &~ 1.328228, and up today, much efforts have been made to get approximated value of o or Aj.

(From 1968, the Crocco formulation is also used to compute . For example, A.J. Callegari and M.B.
Friedman [13] formulate the Blasius problem in terms of the Crocco variables, show that this problem has
an analytical solution, and give the following inequalities: 1.32822 < a < 1.32828. These bounds for «
correspond to 1.65515 < A; < 1.65520. In 1991, K. Vajravelu, E. Soewono and R.N. Mohapatra [46] use
the method of Runge-Kutta and a shooting technique to solve numerically the Crocco formulation of the
Blasius problem (Py ¢,1) and obtain the erroneous value a ~ 1.32880 which corresponds to A; ~ 1.65473.
In 1999, J.P. Boyd [9] considers the Blasius equation in the complex plane and gives a ~ 1, 32822934486,
in accordance with our own calculations.

About the radius of convergence of the Blasius series. In 1941, H. Weyl [51] proves that the radius of
convergence of the power series (134) with ¢g = 1 is between 2.620 and 3.915 and chooses to make use of
a process of successive and alternating approximations defined by go = 0 and ¢,,+1 = ®(g,,) where

2(0)(0) = exp {5 [ 0= cPa(0c} . (135)

In this way, he proves that o < 1.368 and says that g3 is a pretty good approximation of f”.

In 1947, A. Oudart [38] p.123, who seems to be unaware of the paper of Weyl [51], asks the question
of knowing if the Blasius formal solution converges on the whole line R, or not. J. Kuntzmann [35] gives
the answer and proves that the radius of convergence R of the power series expansion (134) with ¢y =1
is between 2.884 and 3.203.

In 1948, A. Ostrowski [37] improves these bounds. Using two methods, one based on the elementary
proof of Borel of the Picard theorem and the second based on majorant series, he provides the bounds
3.1 < R < 3.18, and announces also that the upper bound can be brought down to 3.14.

If f is the solution of the Blasius equation with initial conditions f(0) = f'(0) = 0 and f”(0) = 1,
then the function g : ¢t — — f(—t) also is a solution of the Blasius equation, and satisfies g(0) = ¢'(0) = 0,
¢"(0) < 0. Hence g does not exist up to +oo, see Section 8. In term of f, this means that f cannot be
extended on the whole interval | —oo,0]. This point of view allows to recover the fact that the radius R
is necessarily finite. In [47], W. Walter, introducing appropriate super- and subsolutions, shows that g
stops to exist somewhere between 3.098 and 3.151.

Recently, in [9], J.P. Boyd announces R ~ 3.1273479, once again confirmed by our own calculations.
Surprisingly, we did not find in the literature any formula relating the asymptotic behavior of the ¢, to
the radius R. Actually, a study of the Blasius series (134) in the complex plane, however out of the scope

Cn

of the present article, shows that Gy ™ %. A more complete analysis of the singularities would

even give a whole asymptotic expansion of ¢,,. This approach would give very quickly an estimate for R.

Ezistence and uniqueness of the solution of the restricted problem (Po0,x). The questions of existence
and uniqueness of the Blasius problem with a = b = 0 is evoked for the first time in 1942, by H. Weyl
[52] who proves that the integral operator ® defined by (135) has a fix point g and that f” = g with
initial conditions f(0) = f’(0) = 0 yields a solution of the Blasius equation defined on the whole interval
[0, 4+00[. This solution satisfies f”(0) =1 and f’(t) tends to a positive limit 3 as ¢ — +oo. The function
t — kf(kt), where Kk = 1/2/0, is then the unique solution of the problem (P .2).

In 1960, W.A. Coppel [15], in a long paper essentially concerned with the Falkner-Skan equation

81— ) =0 (136)

with § > 0, devotes a section to the Blasius equation, and shows by differential inequalities that any
convex Blasius solution f does exist up to +oo, that f’(¢) has a nonnegative limit as ¢ — +oo and that
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f(t) is positive for all large t. Then, he deduces that there are only three possibilities as t — +oo:
either  f(t) =0,  f()—0, f'(t)—0,
or  f(t)—up,  f(H)—0,  ft)—=0, (u>0),
or  f(t)~pt,  f(H)—8, [f't)—0, (8>0).

Using the vector field (131), Coppel obtains that the only solutions of the first type are f(¢) = % with
to € R. He finally notices that f is of the last type if f/(0) > 0, or if f/(0) < 0 and f(0) < 0, and that
the Blasius problem (P ,1) has one and only one solution.

Coppel also studies the concave solutions of the Blasius equation, and obtains the following possibilities:
either  f(t) —» —o0, [f/(t) — —o0, [f'(t) > —o0, as t—1T,
or  f(t)—mp,  fit)—=0,  f'(t)—=0, as t—+oo, (n>0),
or  f(t)~pt,  fl)—=06, [f't)—0, as t—+oo, (B>0).

Using the same vector field (131), he then proves that the solution of the first type satisfies
3
t) ~ —
J) ~ —

; as t—T, t<T. (137)

Moreover, he proves that for any x4 > 0 and 7 # 0, the equation of Blasius has one and only one solution
defined for all sufficiently large ¢ such that f(t) — p and f”(t) ~ ve "* as t — +oo. His method is quite
tedious and makes use of the following integro-differential equation

+oo
B = et [ e CDRQR (O
(with F' = f — p) solving it by the usual fix point argument.

B. Punnis [39] uses (133) to show that the solution of the Blasius problem (P 0,2) has the asymptotic
form f(t) ~ % ast — T,t>T for some T < 0. Coppel (see [15] p. 135) expresses doubts about the
arguments of Punnis for proving this behavior, and precisely says that the reasons for asserting that the

path in the phase-space necessarily tends to the critical point (g, —%) are not clear to him.

Existence and uniqueness for the general problem. In the general case a,b € R, the questions of existence
and uniqueness depend on A < b (concave case) or A > b (convex case).

The concave case is rarely considered, essentially because the physical situations corresponding to it
appears later. In particular, in the seventies, the Blasius problem (Pg 1,0) arises in the framework of free
convection in a porous medium. In 2000, Z. Belhachmi, B. Brighi and K. Taous [4] prove that the Blasius
problem (P, ) with @ € R, b € R and A < b has one and only one solution if b > 0 and A € [0, ], and no
solutions if A < 0. The authors prove directly on the Blasius equation that if b < 0 then any solution f of
the Blasius equation verifying f”(0) = ¢ < 0 does not exist up to +oo, and that if b > 0 then there exists
a negative real number ¢, = c¢.(a,b) such that the function ¢ — A(a,b,c) is one-to-one and increasing
from [c., 0] onto [0, b]. In the present paper, we gave in Section 8 a proof of the same result with the use
of Crocco equation for two reasons: firstly for completeness and secondly because this alternative proof
is simpler.

In the concave case, the question of uniqueness for the Blasius problem, is easy to solve, because, if
there is a pair of distinct solutions f1, f2 and if f{(0) > f4(0), then the function g = f; — f4 satisfies
9(0) = g(oc0) = 0 and ¢'(0) > 0. It follows that g has a positive maximum at some point ¢y > 0 such that
g(t) > 0 for 0 < t < to, but then we obtain

g (to) = F1"(to) — fL"(to) = — F1'(to) /0 ()t > 0

and a contradiction. We see also that this argument does not work for convex solutions, and we will see
below that the situation in this latter case is indeed very different. Let us finally notice that, in 1967,
Y.M. Treve [44] studies the Blasius equation with initial conditions given by f(0) =1, f/(0) =b > 0 and
1"(0) = ¢ < 0. Using the vector field (132) corresponding to the Blasius equation, Treve shows that there
are values of ¢ for which the solutions behave at infinity as mentioned by Coppel [15]. See also W.R. Utz
[45].

In the convex case, the results of existence and uniqueness for b > 0 are scattered in many papers
concerned with the Falkner-Skan equation (136). Let us give some key steps. In 1945, R. Iglisch and D.
Grohne [32] obtain existence for a < a, ~ 1.2385, b = 0, A = 1. In 1964, P. Hartmann [25] completes
this result and proves existence for a € R, 0 < b < 1 and A = 1. In 1971, K.K. Tam considers the Blasius
problem (P,,0.1) with @ > 0, but his work contains some mistakes. Moreover, in spite of the title, the
approach is not so elementary.
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The proofs of uniqueness of the solution of the problem (P, 3 ) depend on the introduction of some
changes of variable. In the case a € R, b > 0 and A > b, the first change of variable for a uniqueness

result consists of setting z = f and v = f’. Blasius equation is then transformed into
!/

_ v
= U(v + 2),

"
v

where ’ denotes the derivation with respect to z. To our knowledge, the first author to consider this
transformation is S. Furuya in 1953, who obtains uniqueness for the Falkner-Skan equation (136) (with
0 < ¢ < 1) subjected to the boundary conditions f(0) = f'(0) =0 and f'(t) = A >0ast — 4oo. It
is easy to see that his proof can be extended to the case f(0) = —a > 0. This is done in 1954 by R.
Iglisch [31] for all 6 > 0. Moreover, Iglish proves, by an additional argument, that uniqueness also holds
for a €]0,a.]. In [15], the uniqueness proof done by Coppel for the Falkner-Skan equation, contains the
Blasius problem (P, ,») for a >0, b >0 and A > b. See also W.R. Utz [45].

To overcome the difficulty appearing for a > 0, P. Hartmann [25] sets z = f and v = f'2, arrives to
the equation

=2 (138)

and obtains uniqueness for all ¢ € R and b > 0. His proof, done for the Falkner-Skan equation, is quite
complicated and depends on the introduction of suitable further transformations, but looking carefully,
in the case of Blasius equation, the proof of P. Hartmann can be simplified, and the successive transfor-
mations reduce to the Crocco transformation. Notice also that the equation (138) is used by N. Ishimura
and S. Matsui [33] to prove the asymptotic (137).

For b > 0, the Crocco equation is the most elementary way to obtain uniqueness for all a. Indeed,
let us assume that f1, fo are two distinct solutions of the Blasius problem, set ¢; = f//(0) (i = 1,2) and
suppose that ¢; > co. We obtain uy, us : [b, \[— R solutions of the Crocco equation, and if w = u; — usg
we have

-5 s sw(s)
ur(s)  wua(s)  wi(s)ua(s)’
Because u; and ug are positive, we obtain w” > 0 as long as w > 0. Since w(0) = ¢; — ¢z > 0 and
w'(0) = a — a = 0 we obtain that w increases, hence a contradiction with the fact that w(s) — 0 as
s — A. These arguments are more or less used by A.J. Callegari, M.B. Friedman [13] and K. Vajravelu,
E. Soewono and R.N. Mohapatra [46].

Vs €lb AL w'(s) = uf(s) — uf(s) =
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