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Factorization formulas for Macdonald polynomials

Francois Descouens and Hideaki Morita

1 Introduction

In [CLTT)], Lascoux, Leclerc and Thibon give some factorisation formulas for Hall-Littlewood
functions when the parameter ¢ is specialized at roots of unity. They also give formulas in
terms of cyclic characters of the symmetric group. In this article, we give a generalization
of these specializations for different versions of the Macdonald polynomials and we obtain
similar formulas in terms of plethysms and cyclic characters. In the last section, we give
congruence formulas for (g, t)-Kostka polynomials using Schur functions in the alphabet of
the powers of the parameter £. We will mainly follow the notations of [M].

Acknowlegdements: All computations about Macdonald polynomials have been done us-
ing the MuPAD package MuPAD-Combinat (see [HT] for more details on the project or the
website http://mupad-combinat.sourceforge.net/).

2 Preliminaries

For a partition A = (Aq, ..., \,), A1 > ... > Ay, we write [()) its length, |A| its weight, m;(\)
the multiplicity of the part of length i and X\  its conjugate partition. Let ¢ and ¢ be two
indeterminates and F' = Q(q,t). Let Ar be the ring of symmetric functions over the field F'.
Let denote by (-, )4+ the inner product on Ap defined on the powersums by

<p)\ ) p,u >q,t = 5)\;LZ)\<Q7 t>7

where
ey

- 1— g
Z)\(Q7t) = H(mz)' ¢ i H 1 — N

i>1 i=1

The special case (-, -) = (-, '>§f8 is the usual inner product.
Let {Py(x;q,t)}» be the family of Macdonald polynomials obtained by orthogonalization of
the Schur functions basis with respect to the inner product (-, -),¢+. Let define a normalization
of these functions by

1

(P\(z;q,t), P(7;q,1)) g4

1

Q)\(xv q, t) -

Py(z;q,t).



It is clear from the previous definitions that the families { P}, and {Q,}, are dual to each
other with respect to the inner product (-, -),: (c.f. [M, I, section 4] and [M, VI, (2.7)]).

Proposition 2.1 [M,VI, (4.13)] Let x = (x1,22,...) and y = (y1,Yy2,...) be two sets of
variables. The Macdonald polynomials { Py} and {Qx}x satisfy the following Cauchy formula

(tziy; @)oo

Pa(z;q, ) (y; 1) = | | T——— (1)
; l_j[ (7iyj3 @)oo

where (a;q)oo is the infinite product []..o(1 — aq").

We consider the following two algebra homomorphisms

A — [}F and
fl@) — flx)=f (%),

The images of the powersums (pg)r > 1 by these morphisms are

1 / 1—q*

u(e) and pi(e) = 7

Vk > 1, pr(x) = 1T_ ¢

——i(T).

Let consider the following modified version of the Macdonal polynomial

Q.(r;q,t) = Qy G:zx q,t) .

We can see that the families {Q},}, and {Py}\ are dual to each others with respect to the
usual inner product.

Proposition 2.2 Let © = (z1,29,...) and y = (y1,Y2,...) be two sets of variables. The
Macdonald polynomials {P\}» and {Q\}x satisfy the following Cauchy formula

ZPA(x§Q7t)QIA<y§Q7t):H L (2)

1 — z;y;
irj iYi

Proof. By Proposition R.1], we have

ZPqu, )Qx(y; g, 1) HHI_W"%Q

1—=x
i, r>0 qu

Since the map = — z/(1 —t) corresponds to the transformation of the alphabet {1, xs, ...}
into the alphabet {z;t, i > 1,j > 0}, a straightforward computation shows that

ZPAx% QA( — ,q,) HHl_x

v>0 i iviq"



This means that the families {P\(z;q,t)} on the alphabet x and {Qu ( Lid, )} on the
m
alphabet y/(1 — ¢) are dual to each other with respect to the usual inner product. Since

the transformation of alphabets y — y/(1 — ¢) is inversible and the inverse map is given by
y+— (1 —q)y, it follows that

ZP)\ (z;,1 QA( qy g, ) = Pa(z3¢,0)Q\(yi0,t) = [ | :

1— 2y,
i i3

O
We recall some definitions of combinatorial quantities associated to a cell s = (i, j) of a given
partition. The arm length a(s), arm-colength a’(s), leg length I(s) and leg-colength I'(s) are

respectively the number of cells at the east, at the west, at the south and at the north of
the cell s (c.f. [M, VI, (6.14)]), i.e

!

a(s)=Xi—j , a(s)=j—1,
I(s)=X.—i , I(s)=i—1.

We also define the quantity

n(\)=> (i—1)\.

i

Let J,(x;¢,t) be the symmetric function with two parameters defined by

Ju(x;q,t) = cu(q, t)Pux;q,t) = cL(q,t)Qu(x;q,t) , (3)

with

la.0) =TI = 0O and (g0 = [ — @14,

sep SEN

The symmetric function J,(x; ¢, 1) is called the integral form of P,(x;q,t) or Q,(z;q,t) (c.t.
[M, VI, section 8]). Using this integral form, we can define an other modified version of the
Macdonald polynomial and the (g, t)-Kostka polynomials K} ,(q,t) by

Tu(w;q,t) = Ju | = 554, ZKMq, (4)
(70 -

In [T, Haglund, Haiman and Loehr consider a modified version of J,,(; ¢, t) and introduce
others (¢, t)-Kostka polynomials K u(q,t) by defining

H,(z;q,t) = t"W ] (z;q,t ZKW q:t)sx - (5)

They give a combinatorial interpretation of this modified version expanded on the monomials
basis by defining two statistics (major index and inversion) on arbitrary filling by integers
of p.



Remark 2.1 Let p and p be partitions of the same weight. We have

X5<q7t) = < jﬂ<q7t) ) pp<x> >7

where X!(q,1) is the Green polynomial with two variables, defined by
_ A
=Y pKou(gt)
)

Here X;‘ is the value of the irreducible character of the symmetric group corresponding to
the partition A on the conjugancy class indexed by p.

3 Plethystic formula

In this section, we prove a plethystic formula for Macdonald polynomials indexed by rect-
angular partitions when the second parameter t is specialized at primitive roots of unity.

Proposition 3.1 [M,VI, (6.11")] Let | be a positive integer and X be a partition such that
I(A\) < 1. The Macdonald polynomials P\(x;t,q) on the alphabet {z; = t', 0 < i < [ —
1, and z; =0, Vi > 1}, can be written

1_qa S)tl U(s)
1_qa(stl

Py(1,t,...,t7 g, t) = "W H (6)

Corollary 3.1 Let [ be a positive integer and \ a partition such that [(\) <.
For ¢ a primitive [-th root of unity, the Macdonald polynomial Py satisfy the following spe-
cialization

2 I-1. [ (=D)EDr Gf X = (r!) for some r >0,
P)\(]-)Cag 7---7C 4, g) - { 0 otherwise.

(7)
Proof. Supplying zeros at the end of A\, we consider the partition A as a sequence of length
exactly equal to [. The multiplicity of 0 in A is mg =1 — [(A). We will denote by ¢,.(¢) the

polynomial
pr(t) = (1= (1 =) ...(1-1).
Let (1—tH(1 =1 (1 = ) (1 — =1y (1T —2)(1 — 1)
oo (1) Py (1) Py () -+ -+ -

be the product of factors of the form 1 — ¢°t* for some o > 0 in the formula (3.1). If we
suppose that f(¢) # 0, the factor 1 — ¢! should be contained in one of ¢,,,(t). This means
that there exists ¢ > 0 such that m; > [. Since we consider A as a sequence of length exactly
[, this implies the condition m, = [ for some r > 0. Thus, if Py(1,(,¢2,...,¢7q,¢) #0,

ft) =

4



the shape of A should be (r!).

Suppose now that A = (r!). By Proposition B.], it follows that

B . 1— qa/(s)glfl’(s)
PA(]-a Ca §27 ) Cl 1; q, g) = C ) H 1 _ qa(S)CH—l(S)

SEA
_ Cn()\) H 1_q]_1<l_(l_1)
(_ < 1 — gritl—itl
N
1— q] 1Cl i+1
n(A)
C HH _ r ]tl i+1
i=1 j=1

For each i, it is easy to see that

"1 qj—lcl—z‘—f—l

| | - - > = 1.
_ gr—jl—i+1

ey 1—q 9t

Hence, we obtain
P)\(la g) C27 R gl—l; q, C) = CN()\)v
and it follows immediately from the definition of n(\) that

¢ = =Dz (-,
O

Theorem 3.1 Letl and r be two positive integers and ¢ a primitive [-th root of unity. The
Macdonald polynomials Q;l (x;q,t) satisfy the following specialization formula at t =

Quy(#30,¢) = (=1)""V(proh,)(z) . (8)

Proof. Recall that

1
ZPA(x;q,t)Ql,\(y; q:t) = H 1— 2o
- ¥ iYj

If welet 2; = (1, fori=1,2,...,1, and o; = 0, for i > [, and ¢t = (, we obtain

ZP)\(:[vg)CQvacl aqgQ)\ch HH _Cll (9)
A

j>14i=1

By Corollary B, the left hand side of ] is equal to

> (=D)L (y50.0).

r>0



Since Hizl(l —("7't) = 1—t!, the right hand side of (3.2) coincides with 3 . &
y' denotes the alphabet (3}, 3}, --). Comparing the degrees, we can conclude that

Qo (¥:¢,¢) = (=D h(y') = (=) (pro by ().

~(y'), where

Example 3.2 For A = (222) and [ = 3, we can compute

2im

Ql(222) (3q,73) = —s301 + 833 + S411 — S51 + S6 + S22
= pzohy(z).
In order to give similar formula for the modified versions of the integral form of the Macdonald

polynomials, we give a formula for the specialization of the constant ¢/,(¢, ¢) at ¢ a primitive
[-th root of unity.

Lemma 3.3 Let | and r be two positive integers and ¢ a l-th primitive root of unity. The
normalization constant satisfies the following specialization at t = (

T

cula,¢) =[] = D. (10)

i=1

Proof. Recall the definition of the normalization constant

ua.) = [10 — @) = [TTT0 - =) = [ 110 - 4

SEW i=1 j=1 =1 j=1
Specializing ¢t at ¢ a [-th primitive root of unity, we obtain

T

HH —q z+1t] :H(qil_l)-

i=1 j=1 =1
U

Corollary 3.2 With the same notation as in Theorem B.1, the modified integral form of the
Macdonald polynomials J,(x;q,t) satisfy a similar formula at t = ¢, a primitive I-th root of
unity

Tofwiad) = 0 Tt = pen (152 (1)

i=1 -4

Aw(eiad) = T[@" - mon (1), (12)

=1



Proof. Using the definition B of the integral form of the Macdonald polynomials
=~ ) Xz . ’ Xz )
J(rl)(l‘a qvt) = J(rl) mvcbt = Crl(qvt)Q(rl) ma q,t
/ / x
= Crl(qvt)Q(rl) <1 _ q7Q7t> .

The map ~ defined in section 2 can be rewriten in terms of plethysms by the powersum p,
consequently

- , , 1
Joiant) = u(a.0) (@ 50t o ) (0)

By specializing the previous egality at a primitive [-th root of unity (, we obtain with the
result of Theorem

, , 1
Jon(34,¢) = (g, €) (Q(m( 30,6) 0 7 qm) (z)

_ C;l(qa g)(_l)r(lfl) ((pl o hr) ) 1 i qpl) (l‘)

As plethysm is associative, we can write

Toofaia0) = a1 o (o 1) 0)

= C;l(qa g)(_l)r(lil)pl o hr <1 ° ) .

—dq
Using the formula of Lemma B.3, we obtain the formula.
The second statement comes from the following specialization ("™ = (—1)(¢=1r, O

Example 3.4 For A\ = (222) and [ = 3, we can compute
2im

j(222)($§ g,e3) = q3(3111111 — So1111 + S3111) — (q3 + 1) (8301 + S33 + S222) + S411 — S51 + S

= (qg—l)(qﬁ—l)p30h2<1x )

-4

FI(2222) (z3¢,1) = Se11 + S8 — Ss111 — S71 4 ¢ (S11111111 + Sz11111 — S2111111 — Sar111) +
(¢* + 1) (52222 + S332 + Sa211 + Saa — Saz1 — S3201)
x
= (1—-¢"(1—-¢ h :
=)= ) puona (1)
Remark 3.5 At ¢ = (, a primitive [-th root of unity, the inverse of the norm of P,.y(;¢,1)
indexed by rectangle satisfy

1
<P(7"l)(x; q, t) ) P(rl)(x; Q7t)>q7t

Consequently, we obtain the following specializations

Q(ﬂ)(l’, q, C) =0 and J(ﬂ)(l’, q, C) =0.

=0.
t=(¢




4 Pieri formula at roots of unity

In order to prove the factorization formulas, we prepare an auxiliary result (Proposition [.1))
on the coefficients of Pieri formula at root of unity (c.f. [M, VI, (6.24 ii)])

Q. (w;¢,)g,(w; g, t Z%/u g,t) Q\(w;4,1). (13)

Let A and p be partitions such that A/u is an horizontal (r-)strip 6. Let C)/, (resp. Ry/,)
be the union of columns (resp. rows) of A that intersects with 6, and D)/, = Cy/, — Ry/,
the set theoretical difference. Then it can be seen from the definition that for each cell s of
Dy, (resp. Dj /ﬂ) there exists a unique connected component of § (resp. 5), which lies in

the same row as s. We denote the corresponding component by 6, (resp. 55)

Suppose that [ and 7 are positive integers. Set A = A U (rY) and i = p U (r'). We shall
consider the difference between Dj s and Dyy,,. It can be seen that there exists a projection

P = pA/M . DS\/Q —_— D)\/M'

The cardinality of the fiber of each cell s = (i,5) € Dy, is exactly one or two. Let J,
denote the set of second coordinates of the cells in 6,. If all elements of J; are all strictly
larger than r, the fiber p~!(s) consists of a single element s = (i, j). If all elements of J, are
strictly smaller than 7, then the fiber p~1(s) consists of a single element § := (7,5 + ). In
the case where J, contains r, then the fiber p~!(s) consists of exactly two elements s = (4, j)
and § = (i,j + ). For the case where r € Jg, we have the followig lemma, which follows
immediately from the definition of the projection p = py/,.

Lemma 4.1 Let s = (i,7) be a cell of Dy, and § = (i,j +1) be a cell of D5,; such that
r € Js. The arm length, the arm-colength, the leg length and the leg-colength satisfy the
following properties

ap(s) = az(3) , la(s) = 15(3) = 1, (14)
) =auls) . 5E) = (o) | (15)
as(s) = ax(s) , Ii(s) = U(s)=1. (16)

Proposition 4.1 Let A and p be two partitions such that u C X and 8 = X\ — p an horizontal
strip. Let v and | be positive integers and ( a primitive root of unity. It follows that

Qﬁ)\U(rl)/uLJ(Tl)(q’ C) = w)\/,u(qv C)

Proof. Recall that for a cell s of the partition v,

3
w)\/,u, qa H b)\ 8

SED/\/

8



where )l (e) 41
1 — g ()¢l(s
by(s) = — 1 .
1— qal,(s)—i-ltll,(s)

If s = (i,7) € X satisfies the condition r < j for all j € J,, then the fiber p~1(s) of the
projection p is {s = (i,7)}, and we have a,(s) = au(s),ar(s) = as(s) and [,(s) + 1 =
li(s), 1x(s) + 1 = I5(s). It is clear from these identities that b,(s)/br(s) = ba(s)/bs(s) at
t = ( in this case. Suppose that s satisfies j < r for all j € J,. In this case, the fiber p~!(s)
consisits of a single element {5 = (4,5 + {)}, and we have a,(s) = a;(s) and ax(s) = a;(s)
and [,(s) = lz(s) and I\(s) = I5(s). Hence we have b,(s)/bxr(s) = bz(s)/bs(s). Consider the
case where r € J,. In this case, the fiber p~!(s) consists of two elements {s,5}. Let consider

b-

m

(u) B 1— qaﬂ(s)tlﬂ(s)Jrl 1— qa;(S)JFltlS\(s) 1— qaﬂ(§)tlﬂ(§)+1 1— qa;\(é)Jrltl;\(é')

uep=(s)

By [[4 it follows that
1 — g lals)+1 -1 1 — @+ ()
1— qaﬂ(s)—i—ltlﬂ(s)

e 1- ¢ O E t:c.

It also follows by [§]

1 — qu®¢la3)+1 1 — gu(®)gln(s)+1
1 — qu®+1¢a() e 1- qan(s)+1¢lu(s) t:C’
and from [[{
1 — qa;(s)—l—ltl;(s) 1 — qu(s)-l—ltl)\(s)
1 — qa;(s)tls\(s)Jrl 4= _ 1 — qu(s)tlA(s)Jrl tZC.
Therefore, it follows that
bi() _ b (s)
oL ) T )
Combining these, the assertion follows. O

5 Factorization formulas

In this section, we shall show factorization formulas for different kinds of Macdonald poly-
nomials at roots of unity.

Theorem 5.1 Let | be a positive integer and ¢ a primitive [-th root of unity. Let p =
(1™2m2...n™n) be a partition of a positive integer n. For each i, let m; = lg; + r; with
0<r <l-1andlet p=(1"2"2---m"™). The function Q;L satisfy the following factorisation
formula at t = ¢

q2 qn

Q,(x:¢,¢) = (Q/(m(w;q,é))m (Q/@z)(ﬂ?;q,éﬁ ~-~(Q/(nz)(x;q,é)> Qu(w:9,¢) (17)



Proof. We shall show that the C-linear map defined by
friAp — Ap
Q;(x; ¢,¢) +— Q;U(rl)@? q,¢)

is an Ac(q-linear map. Let ¢ be a primitive I-th root of unity. From (3.1), we have

Qu( 0, Qg1 ¢, ) = D thaula, O)Q:(w3 ¢, )

A

where the sum is taken over the partitions A such that A\ — i is a horizontal (k-)strip. Using
the result of Proposition [L.1], it follows that

Qoo (@14, Qgp(r30.¢) = Z%u(r /o) (@ O Qo) (5., €)
= Z%/M 4, Q) Qi (%3 4, ).
A

Consequently, for each r > 1, the multiplication by g commutes with the morphism f,.
Since {gr(x; ¢, () }r>1 generate the algebra Ay [M, VI, (2.12)], the map f, is Ag(y)-linear.
This implies that

VF € Ac, J(F(x)) = Fa)f,(1)

= F(2)Q,.(z:q,Q).

As Q) (7;q,t) and @ﬂ(:c; q,t) satisfy the same Pieri formula, the second item of the theorem
follows immediately.

0

Corollary 5.1 With the same notation as in Theorem [3.1, we have

Ju(x3q,() = (j(m(x;q,é))ql (j@z)(fv;q,é"))qg---(J(nn(x;q,é))qn Ja(x:q,¢) . (18)
H,(z;4,¢) (ﬁf(u)(x; q, C))ql (ff(zz>(x;q,é)>q2 e (ffw)(w; q, O)% Ta(234,¢) - (19)

Proof. If we define
(¢, 1)
(g, t)’

then the Pieri formula for the integral form ju(x; q,t) is written as follows

\I/)\/“(q, t) = ¢A/H(Q7 t)

ju(l‘a qv gk x5 qa Z\I/)\/,u Q7 l‘ 14, )a

10



where the sum is over the partitions A such that A — p is a horizontal (k-)strip.
Let a positive integer r be arbitrarily fixed, and 7 denote the partition v U (r!). Since we
have already shown that w;/ﬁ(q, ¢) = ¥r/ulq, €), it suffices to show that

(g, ¢)  d.(q,¢)

%(g:¢) g Q)
We shall actually show that

/ /

Cq ,¢) _ C5\g;

c.(q,¢) (g 0)

It follows from the definition that

L(0t)  TLeall = gn@40)
1(a,) [Toc, (1 — goa)F1eiae))
e (1 — goa()+1lals)

_ Hs@;ﬁ)< 1 ) H (1— aﬁ(8)+1tlﬁ(8))

" L, (1= g 0780) ’ |

se(rh)cp

C
C

The Young diagram of the partition /i is the disjoint union of the cells {5 € fi|s € u} and (r!).
For each s € p, we have as seen in previous theorem that a;(5) = a,(s), and [;(5) = [,(s)
or [,(s) + 1. Hence at ¢t = ¢, we have

ACRON a()+ 145 (s)
CZ<q,<>— [T (- =) ang (5.1)

se(rh)ci

!
>\ H 1 — g% +1f;l>\(s)) (32)

Although there is a difference between the positions where the block (r!) is inserted in
the Young diagram of 1 and A, (3.1) and (3.2) coincide at ¢ = ¢, since a;(s) = a;(s) for each
s € (r'). Thus we have

(2,0) _ c\(g,9)
ca(a,0)  (a,0)
O
Let v = (v1,...,1,) be a partition. For some [ > 0, we denote by 1! the partition where each

part of v is repeated [ times. We can give a more explicit expression for the factorisation

formula in the special case where p = v/!.

Corollary 5.2 Let v be a partition and | a positive integer. We have the following special

11



cases for the factorisation formulas

Qu(X;¢,¢0) = (D" Mpon,(a), (20)
l(v) vy
Ixia.0) = o 6 =0 men (15) (21)
j=1i=1
B W) vi "
a0 = [T - vmon (1) (22)
j=11i=1 q

Example 5.2 For A = (222111) and k = 3, we can compute

2im/3
/ ) —592921 — S321111 + S3222 + S33111 — S3321 + 35333 + Sai1111

—25439 + 28441 — S51111 + 25522 — 2554 + Se111 — 25621 + 2563
+S711 — Ss1 + Sg + S222111

= p3o hgl(l').

!
Q299111 ($§ q,¢e

6 A generalization of the plethystic formula

In this section, using the factorisation formula given in Theorem [.I], we shall give a gener-
alization of the plethystic formula obtained by specializing Macdonald polynomials at roots
of unity in Theorem B.1. For A a partition, let consider the following map which is the
plethystic substitution by the powersum p,
L - A F — A F
[ — prof
Lemma 6.1 Let A and p be two partitions, the maps Wy and ¥, satisfy the following mul-

tiplicative property
Un ()W (f) = Voo (f) -

Proposition 6.1 Let d be an integer such that d|l and (; be a primitive d-th root of unity,

Quy(:0.6) = ()77 P oh() . (23)

Proof. Let d and [ be two integers such that d divide I. Let u = (r') the rectangle partition
with parts of length r. Using the factorisation formula described in Theorem [.1, we can
write

!

/ /
Q(rl)(ffé q,Ga) = (Q(rd)($§Q>Cd)>l d- (24)

12



With the specialization formula at root of unity written in Theorem B.1], we have

/ /
(Q(Td)(l’; q, Cd))l ‘ = ((_1)(d—1)Tpd o hr<l’))l/d
Ir(d—1)

= (=1)7T (pgoh(x)"

Using the Lemma [.]], we obtain

’ l/d Ir(d—1)
(Quy(50.¢0)) " = (=)= pf o hola)
Finally, we obtain by P4

f Ir(d—1)
Quiy(iq,C) = (1)~ pf o hu(x) .

O
Using the same proof, we can write a similar specialization for integral forms of the Mac-
donald Polynomials.

Corollary 6.1 The modified Macdonald polynomials Jy and Hy satisfy the same generaliza-
tion

~ ri(d—1) " i T
TG = (0" Tla" = vwlffon, (1) | (25)
=1

Hiy(750,C) = H(qi’—l)pi{dohr( . ) : (26)

i=1 1—q

Example 6.2 For A = (222222) (i.e r = 2 and [ = 6) and d = 3 we can compute

2im/3
/ ) = —S320091 + S33220 + 25333111 — 2533321 1+ 283333 + S420211 — 25432111

/

Q(222222) (z;q,¢
+543221 + 28441111 — Sad22 + 45444 + Ss22111 — 2852221 + S53211 — 2854111
+55421 — 45543 + 38552 — Se21111 + 286222 + Se3111 — 286321 + 45633
+56411 — 35651 + 3866 + Sr11111 — 25732 + 28741 — Sg1111 + 28822 — 2834
+59111 — 25921 + 2893 + S1011 — S111 T S12 + 5222222

= pj;oha(z) = p@s) 0 ha(x).

7 Macdonald polynomials at roots of unity and cyclic
characters of the symmetric group

In the following, we will denote the symmetric group of order £ by &;. Let I' C & be
a cyclic subgroup generated by an element of order r. As I' is a commutative subgroup

13



its irreducible representations are one-dimensional vector space. The corresponding maps
(75)j=0..r—1 can be defined by

v: T — GL(C) ~ C*

T +— CZ,

where ¢, is a r-th primitive root of unity (See [§] for more details). In [[H], Foulkes consid-
ered the Frobenius characteristic of the representations of &; induced by these irreducible
representations and obtained an explicit formula that we will give in the next Proposition.
Let k and n be two positive integers such that u = (k,d) (the greater common divisor be-
tween k and n) and d = u-m. Let us define the Ramanujan (or Von Sterneck) sum ¢(k, d)

by
_ u(m)¢(d)
¢(m)
where p is the Moebius function and ¢ the Euler totient. The quantity c(k, d) corresponds

to the sum of the k-th powers of the primitive d-th roots of unity (the previous expression
was given first by Holder in [HW]).

c(k,d)

Proposition 7.1 Let 7 be a cyclic permutation of length k and I' the maximal cyclic sub-
group of &, generated by T. Let j be a positive integer less than k. The Frobenius character-
istic of the representation of &y, induced by the irreducible representation of ', v : 7 —— (I,
s given by

19() = 7 3 el d) 1), (21)

d|k

Example 7.1 For G4 and k = 2, the cyclic character l((f) expanded on powersums and Schur
basis is
1
6 = 5 (P111111 + P22 — P33 — Ps)
= S51 + 2842 + Sa11 + 38321 + 283111 + S222 + S2211 + S21111-

Theorem 7.2 Let r and | be two positive integers. The specialization of the Macdonald
polynomials indexed by the rectangle partition (r') at a primitive I-th root of unity is equivalent
to

-1
Quy(xiq,t) mod &) = Y 7 (I oh,)(z). (28)
7=0

Proof. We will first give a generalization of the Moebius inversion formula due to E. Cohen
(see [d] for the original work and [D] for a simpler proof). Let

n—1
P(q) = Z arg"”
k=0

14



be a polynomial of degree less than n — 1 with coefficients a5 in Z. P is said to be even
modulo n if
(i,n) = (j,n) = a; = a;.

Lemma 7.3 The polynomial P is even modulo n if and only if for every divisor d of n, the
residue of P modulo the d-th cyclotomic polynomial ®4 is a constant rq in Z. In this case,
one has

1
N ST TR RS R P

din tln

Let d be an integer such that d|l. By expanding Ql l)(x' ¢,t) (and more generally Q) (x;q,t))
on the Schur basis, we can define a kind of (g, t)- Kostka polynomials K’ o l)(q, t) by

Q(rl xZ; qv ZK 7 ( )

Let p be a partition and d an integer such that d|l. Pl(t) := Zz;lo a;(q)t’ is the residue
modulo 1 — # of the (g, t)-Kostka polynomial K}; (rl)(q, t), if and only if, for all {; primitive
d-th root of unity,

Pq(gd) M(rl)(q Ca)-
Using Theorem p.1] , one has

PY(Cq) = (=) 40rd (gl o (2) |, su() ).

Consequently P((;) is an integer since the entries of the transition matrix between the
powersums and the Schur functions are all integers. Using the Lemma [(.3, we obtain

a()) = 33 elid) (B ohi(x) , sux) )

d|i
= (1P oh(z), su(x)).

Example 7.4 Let define g as the right hand side of B§ for r =2 and | =3

g(t) = léo) ohy+1t lél) ohy +t2 l§2) o ho
= San1 + (t2 + b+ 1)sgo +t(t+ 1)s51 + t(t + 1)S301 + So22 + S33 + S¢ -

The specialization of g(t) and Qyy(X;q,t) at t the 3-th primitive roots of unity satisfy

g(j) = QIZQZ(X; q,J) = S411 — Ss1 — S321 + So22 + S33 + S¢
9(j2) = Qoo (X;; Q7j2> = S411 — S51 — S321 1 S222 + S33 1+ Sg -
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Corollary 7.1 For two positive integers v and l, the same residue formulas occurs for the
modified Macdonald polynomials J y(x59,t) and H(Tz)(:p q,t)

T

j(TZ)(x;q,t) mod ¥,(t) = H(q”—l) itj (ll(j)ohr)< ’ ) , (29)

i=1 =0 1—q

~ r -1 ' T

Hiiy(z;q,t) mod ®(t) = H(q” —1) Zt] (ll(]) o h,) <1 — q) : (30)
i=1 =0

8 Congruences for (q,t)-Kostka polynomials

For a given partition partition A, let denote by 5&(1)

$0(@) = sy (ﬁq).

Let * be the internal product on Ap given on the powersums by (see [M, I, (7.12)])

the symmetic function defined by

DA * Dy = OxpuZ2Pa-

Proposition 8.1 Let 7 and [ be two positive integers and p a partition of weight nl. Let
denote by ®(t) the cyclotomic polynomial of order 1. The (q,t)-Kostka polynomial K1 ,(q,t)
satisfy the following congruence

T

K, o(g.t) = [[@" = 1) 5,901, #7") mod &y(t). (31)
i=1
More generally, for all partition v = (v1,...,v,) of weight r
I(v)
K, (gt HH " —1) hl,,*su (1 tt2, ..t mod @) (32)
j=11i=1
where lv = (lvy, ..., lv,).

Proof. Let ¢ be a primitive root of unity and Z; = {1,¢,..., ("1} be the alphabet of the
l-roots of unity. Using A-ring notation (see [[J] for more details) and Theorem B.1], we have
for all positive integer r

(X 0,0 = T[Tl ~ Do) (ﬁq) I, (f_“cq) |

i=1

Consequently, for all partition p of size rl, we can write

T

Ku(a,¢) = [ -1)3522),

i=1
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which is equivalent to the first statement of the theorem. The second statement follows from

the following identity
T Zx
h, = (hy * hyy .
o) (12 = s ()

Example 8.1 Let consider r =2 and |l = 3. For u = (222), we have

Ko9.999(0,§) = Komoom (0, 7%) =1+ ¢* and (1 —¢%)(1 = ¢*)555 (1,5, =1+ ¢* .
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