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QUANTIZATION OF FORMAL CLASSICAL DYNAMICAL
r~-MATRICES: THE REDUCTIVE CASE

DAMIEN CALAQUE

ABSTRACT. In this paper we prove the existence of a formal dynamical twist
quantization for any triangular and non-modified formal classical dynamical
r-matrix in the reductive case. The dynamical twist is constructed as the
image of the dynamical r-matrix by a Loo-quasi-isomorphism. This quasi-
isomorphism also allows us to classify formal dynamical twist quantizations
up to gauge equivalence.

INTRODUCTION

In [E], Felder introduced dynamical versions of both classical and quantum
Yang-Baxter equations which has been generalized to the case of a nonabelian base
in [EV] for the classical part and in [K3J] for the quantum part. Naturally this leads
to quantization problems which have been formulated in terms of twist quantization
a la Drinfeld ([Prd]) in [X3, K3, EET, EEJ.

Let us formulate this problem in the general context. Consider an inclusion
h C g of Lie algebras equipped with an element Z € (A3g)®. A (modified) classical
dynamical r-matriz for (g,h,Z) is a regular (meaning C'°°, meromorphic, formal,

. depending on the context) h-equivariant map p : h* — A%g which satisfies the
(modified) classical dynamical Yang-Bazter equation (CDYBE)

(1) CYB(p) — Alt(dp) =

where CYB(p) := [p"2, p"%] + [p"2, p>%] + [p"3, p*%] = §[p, p] and

2,3
— 1 B2 3
Alt(dp) := El (R o~ i T hi 8Ai)

Here (h;) and (\!) are dual basis of h and h*.

Let ® = 1 + O(h?) € (Ug®3)?[[h]] be an associator quantizing Z (of which the
existence was proved in | , proposition 3.10]). A dynamical twist quantization of
a (modified) classical dynamical r-matrix p associated to ® is a regular h-equivariant
map J = 14 O(h) € Reg(h*,Ug®?)[[A]] such that AltZ = p mod h and which
satisfies the (modified) dynamical twist equation (DTE)

(2) T3 TV 4+ hh3) = 7 LTE2(N) x J23(N)
where * denotes the PBW star-product of functions on h* and
TV 4 3 Z o Z (Dxir - Oyin J)N) @ (hiy - hiy)

k>0 Q1.
1
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Now observe that many (modified) classical dynamical r-matrices can be viewed
as formal ones by taking their Taylor expansion at 0. In this paper we are interested
in the following conjecture:

Conjecture 0.1 ([EEI]). Any (modified) formal classical dynamical r-matriz ad-
mits a dynamical twist quantization.

Let us reformulate DTE in the formal framework. A formal (modified) dynamical
twist is an element J(\) = 1+ O(h) € (Ug®2®Sh)"[[A]] which satisfies DTE,
and JY2(\ 4 hh3) € (Ug®3&8h)[[h]] is equal to (id®* © A)(J) where A : 5§ —
(Ug&Sh)[[A]] is induced by § 3  — iz ® 1 + 1 ® 2. Then define K := J(h)) €
(Ug®? ® Sh)"[[h]] which we view as an element of (Ug®? @ Uh)"[[h]] using the
symmetrization map Sh — Uh. Since J is a solution of DTE K satisfies the
(modified) algebraic dynamical twist equation (ADTE)

(3) K234 F1,2,34 _ ((I)—1)1,2,3K1,23,4K2,3,4

Moreover and by construction, K = 1+ Y -, A"K, has the h-adic valuation
property. Namely, Ub is filtered by (Uh)<, = ker (id — noe)®**1 o A where
e:Uh — k and n : k — Uh are the counit and unit maps, and K, € (Uh)<p_1.
Conversely, any algebraic dynamical twist having the A-adic valuation property can
be obtained from a unique formal dynamical twist by this procedure.

This paper, in which we always assume Z = 0 and ® = 1 (non-modified case),
is organized as follow.

In section 1 we define two differential graded Lie algebras (dgla’s) respectively
associated to classical dynamical r-matrices and algebraic dynamical twists. Then
we formulate the main theorem of this paper which states that if h admits an
adh-invariant complement (the reductive case) then these two dgla’s are Lo,-quasi-
isomorphic and we prove that it implies Conjecture @ in this case, which general-
izes Theorem 5.3 of [KJ:

Theorem 0.2. In the reductive case, any formal classical dynamical r-matriz for
(g,5,0) admits a dynamical twist quantization (associated to the trivial associator).

The second section is devoted to the proof of the main theorem of section 1: using
an equivariant formality theorem for homogeneous spaces which is obtain from [@L
we construct a Lo,-quasi-isomorphism which we then modify in order to obtain the
desired one. We use this L,,-quasi-isomorphism to classify formal dynamical twist
quantizations up to gauge equivalence for the reductive case in section 3. In section
4 we prove that if g = h @ m for h abelian and m a Lie subalgebra then the results
of sections 1 and 2 are still true in this situation. We conclude the paper with some
open questions, and recall basic results for L,,-algebras in an appendix.

Acknowledgements. I thank Benjamin Enriquez for many usefull discussions on
this subject.

1. DEFINITIONS AND RESULTS

Let h C g be an inclusion of Lie algebras.
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1.1. Algebraic structures associated to CDYBE. Let us consider the follow-
ing graded vector space

CDYB := A*g ® Sh = ) A*g @ Sh
k>0

equipped with the differential d defined by

l
(4) d(zl/\'~/\:ck®h1~~hl) ::*Zhi/\xl/\"'/\xk(ghl"'hlhi
=1

With the exterior product A it becomes a differential graded commutative associa-
tive algebra. Moreover, one can define a graded Lie bracket of degree —1 on CDYB
which is the Lie bracket of g extended to CDYB in the following way:

(5) [a,b A c] = [a,b] A e+ (=1)1el=DPlp A [q, (]

Thus one can observe that polynomial solutions to CDYBE are exactly elements
p € CDYB of degree 2 such that dp + L[p, p] = 0. We would like to say that such a
p is a Maurer-Cartan element but (CDYB[1],d,[,]) is not a differential graded Lie
algebra (dgla).

Instead, remember that we are interested in h-equivariant solutions of CDYBE
(i.e., dynamical r-matrices) and thus consider the subspace g = (CDYB)" of b-
invariants with the same differential and bracket.

Proposition 1.1. (g1[1],d, [,]) is a dgla. Moreover (g1,d, A, [,]) is a Gerstenhaber
algebra.

Proof. Let a =x1 N\ - Axp@hy---hsand b=y A---Ay;®@mq - - - my be h-invariant
elements in g;. We want to show that

(6) dla,b] = [da, b] + (~1)*"[a, db]

The Lh.s. of () is equal to

—(Zhi/\[xl/\---/\xk,yl/\---/\yz]®h1---h8m1---mthi
=1

t
+ijA[:c1AmAsck,ylAmAyl]®h1~~hsm1mmtmj)
j=1

The first term in the r.h.s. of (f) gives

Z ((—1)’“71901/\- S ATEA[RG YL A Ay — RN A Az, Y1 A - -/\yz])®h1 covhgmy - -mihy
i=1

and for the second term we obtain

t
Z (=15 my, 2 A AT AL A Ay —mAlei A - Az, yiA- - -Ayt])®ha - hgmy - - myiing
j=1
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Thus the difference between the Lh.s. and the r.h.s. of (f) is equal to

k
(—1)k(2z1/\~~/\zk/\[hi,yl/\'u/\yl]®h1~~hsm1~~mthi
=1

l
+Z[mj,$1 /\'~'/\xk]/\y1/\~~/\yl®h1~~hsm1~~mtmj)
j=1
Then using h-invariance of a¢ and b one obtains

(—1)k_1 Z TIN- - ATEAYLA- - '/\yl®(h1 < hgmy - mt([hi, mj]—[mj, hl])hlmj) =0
(2]

The second statement of the proposition is obvious from the definition () of the

bracket. g

Let p(\) € (A2g&5h) be a formal classical dynamical r-matrix. Since p satisfies
CDYBE, a := hp(h\) € hg[[1]] is a Maurer-Cartan element (i.e. da+ 1], a] = 0).

1.2. Algebraic structures associated to ADTE. Let us now consider the graded
vector space

ADT :=T*Ug® Uh = @ e"Ug® Ub

k>0
equipped with the differential b given by
k+1
(7) b(P) = P2 ..... k+2 + Z(*l)zpl ..... 1+1,..., k+2 for P c ®kUg ® Ub
i=1

Remark 1.2. This is just the coboundary operator of Hochschild’s cohomology
with value in a comodule; and b = 0 follows directly from an easy calculation.

One can define on ADT an associative product U (the cup product) which is
given on homogeneous elements P € @*Ug ® Uh and Q € ®@'Ug ® Uh by
P U Q = Pl,...,k,k-‘,—l...k+l+1Qk‘+1,...,k+l+1

Proposition 1.3. (ADT,b,U) is a differential graded associative algebra.

Proof. The cup product is obviously associative. Thus the only thing we have to
check is that

(8) HPUQ)=bPUQ+ (-1)IPIPUBQ
Let k = |P| and [ = |Q|. The Lh.s. of (§) is equal to
k
P2,...,k+1,k+2...k+l+2Qk+2,...,k+l+2 + Z(_1)iPl,...,z‘i+1,...,k+1,k+2...k+l+2Qk+2,...,k+l+2
i=1
k+1+1
n Z (= 1)t PLokkt Lokl 2 b Lo di L k42
i=k+1

The first line of this expression is equal to
BP U Q — (—1)k+L plikibt Lokl 2 (k2. k142

and the last term of the same expression gives
(_1)k(P UbQ — Pliwkbk+lktit2 gh+2,... k+l+2)
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The proposition is proved. O

Recall that in the case h = {0} one can define a brace algebra structure on
(T*Ug)[1] (see [Gd]). Unfortunately we are not able to extend this structure to ADT
in general. Since we deal with h-equivariant solutions of ADTE we can consider
the subspace go = (ADT)" of h-invariants. Let us now define a collection of linear
homogeneous maps of degree zero {—|—,...,—} : ga[1] ® go[1]®™ — go[1] indexed
by m >0, and {P|Q1,...,Qn} is given by

} : (,1)6p1,...7i1+1...i1+k1,...,im+1...im+km,...,n+1 H Qis+1,---,is+ks,is+ks+1...n+1

0<i1,im+km<n s=1
itk <ijy1

where ks = |Qs|, n=|P|+ Y ks —mand e = ) (ks — 1)is.
Proposition 1.4. (go[1],{—|—,...,—}) is a brace algebra.

Proof. Since we work with h-invariant elements one can remark that if i, + ks < 44

then Qis-l-l,...,is-l-ks,i3+k3+1...n+1 and QitJrl »»»»» itk itk +1...n41 commute USil’lg this
2 .

the proof becomes identical to the case when h = 0 (see [@] for example). O

Now observe that since m = 192 € (®2Ug ® Uh)" is such that {m|m} = 0 one
obtains a Be-algebra structure ([Bd]) on go (see [KH]). More precisely, we have a
differential graded bialgebra structure on the cofree tensorial coalgebra T'(g2[1]) of
which structure maps a™, a?*? are given by

e a'(P) =bP = (—1)I"I='[m, P]q, where
P.Qla = {PIQ) - (-1)"-D19-D (g|p)
GQ(PaQ) = {m|P,Q} =PuqQ

a®! =a'Y =id
a’lﬁn(P;le"'in) = {P|Q1;7Qn} for n Z 1

e all other maps are zero

In particular, we have
Proposition 1.5. (g2[1],b,[,]¢) is a dgla.

Remark 1.6. Since that for any graded vector space V, dg bialgebra structures
on the cofree coassociative coalgebra T°V are in one-to-one correspondence with
dg Lie bialgebra structures on the cofree Lie coalgebra LV (see [[T4], section 5),
then L¢(g2[1]) becomes a dg Lie bialgebra with differential and Lie bracket given by
maps [", [P such that I' = b and I = [,]g. Thereforeds := Y, I'+>°, o179
C°(L¢(ga[1])) — C°(L¢(g2[1])) defines a Gu-algebra structure on gy (dg o da = 0
since ds is just the Chevalley-Eilenberg differential on the dg Lie algebra L¢(g2[1])).

1.3. Main result and proof of theorem E First of all, observe that CDYB,
g1 and G := C°(g1[2]) have a natural grading induced by the one of Sh. In the
same way ADT, go and Gy := C°(g2[2]) have a natural filtration induced by the
one of Uh. Our main goal is to prove the following theorem, which is sufficient to
obtain algebraic dynamical twists from formal dynamical r-matrices.

Theorem 1.7. In the reductive case, there exists a Lo.-quasi-isomorphism
U (Gr,d+[]) = (G2, 0+ [ ]a)
with the following two filtration properties:
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(Fl) VX € (gl)k7 \Ifl(X) = (alt ®sym)(X) mod (QQ)Sk—l
(F2) VX € (A"g1)k, V"(X) € (92) <nth—1

Proof of Theorem P.4. Now consider a formal solution p()) € (A2g&8h)" to CDYBE.
Let us define « := hip(h\) € hg1[[h]] which is a Maurer-Cartan element in hig; [[R]].
The Lo-morphism property implies that & := Y >° | LW¥"(A"q) is a Maurer-
Cartan element in Ags[[A]]; this exactly means that K := 1+a € (22Ug®@Uh)"[[A]]
satisfies ADTE. Moreover, due to (F2) the coefficient K, of A" in K liesin (g2)<n—1-
It means that there exists J € (Ug®2®Sh)"[[h]] satisfying DTE and such that
K = (id®? @ sym)(J(h))). Finally, property (F1) obviously implies that the semi-
classical limit condition J’—,;ZOD = p mod # is satisfied. O
2. PROOF OF THEOREM [L.7]

In this section we assume that g = h & m with [h, m] C m. Let us denote by
p : g — m the projection on m along b; it is h-equivariant.

2.1. Resolutions. Let us first observe that the bilinear map [,]m = (A'p) o [,]
defines a graded Lie bracket of degree —1 on (A*m)?. Then we prove

Proposition 2.1. The natural map p1 : (g1[1],d,[,]) — (A*m)?[1],0,[,]m) is a
morphism of dgla’s. Moreover, there exists an operator & : gi — g}~ such that
dd+déd =id —p1, od =0 and 5((91)k) C (91)k+1- In particular, p1 induces an
isomorphism in cohomology.

Proof. The projection p; := (A'p) ® € : (CDYB,d) — (A*m,0) is a h-equivariant
morphism of complexes, and it obviously restricts to a morphism of (differential)
graded Lie algebras at the level of h-invariants.

Moreover, Ag ® Sh = @HFH APm ® A?h ® Sh as a h-module; and under
this identification d becomes —id ® dx, where dx : A*h ® Sh — A*Tlh ® Sh is
Koszul’s coboundary operator, and p; corresponds to the projection on the part of
zero antisymmetric and symmetric degrees in f. Let us define § = id ® dx with
dx : A*h ® S*h — A*~1h ® S*t1h defined by

LS (D21 A @y A @b hmry if m4n#0
. e P — m—+n [3
O (21N ATn @B - By ) { 0 otherwise

Finally remark ¢ is a h-equivariant homotopy operator: dd + dd = id — p; and
0 04 = 0. The proposition is proved. O

Now we prove a similar result for go. Let us first define Um := sym(Sm) C
Ug; this is a sub-coalgebra of Ug and thus T*Um equipped with its Hochschild’s
coboundary operator b, becomes a cochain subcomplex of the Hochschild complex
(T*Ug, by) of Ug. We also have the following

Lemma 2.2. Ug = Ug-hdUm as a filtered h-module. Moreover [,]g m := (®'p)o],]
defines a graded Lie bracket of degree —1 on (T*Um)"

Proof. See [@, Ch.IT §4.2] for the first statement. The second statement follows
from a direct computation. O

Then we prove the
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Proposition 2.3. The natural map ps : (g2[1],b,[,]¢) — (T*Um)"[1], bw, [,JG.m)
is @ morphism of dgla’s. Moreover, there exists an operator x : g5 — 93—1 such
that kb + bk = id — p3, kok = 0 and K((gg)gk) C (g2)<k+1- In particular, ps
induces an isomorphism in cohomology.
Proof. The projection py := (®'p) ® ¢ : (ADT,b) — (T*Um, by,) is a h-equivariant
morphism of complexes, and it obviously restricts to a morphism of dgla’s at the
level of h-invariants (by lemma P.2).

Remember that go has a natural filtration induced by the one of Uh. Then one
obtains a spectral sequence of which we compute the first terms:

E;* = (T*Ug® 5%9)  do = by ®id

E}" = (A*g® S*h)Y dy=d
Ey*=Ey"=(Am)"  dy=0
Then the proposition follows from proposition E O

2.2. Inverting p>. In this subsection, taking our inspiration from [Md, appendix],
we prove the following

Proposition 2.4. There exists a Lo, -quasi-isomorphism

Qo (C((T*UM)"2]), b + [, ]a,m) — (C(82[2]),0+ [,]c)
such that Q% is the natural inclusion and QY takes values in (g2)<n—1-
Proof. Let (N,bn) C (g2,b) be the kernel of the surjective morphism of complexes
pa: (g2,b) — ((T*Um)", by). It follows from the proofs of propositions R.1 and P.3
that there exists an operator H : N* — N*~! such that HoH =0, by H+Hby = id

and H(Ngn) C N§n+1-
Now let us construct a L,.-isomorphism

F 1 (C%ga[2]), b+ [,]a) = (C((T*Um)"[2] & N[2]), b + by + [,]Jc,m)
with structure maps F" : A"gy — ((T*Um)" @ N)[1 — n] such that

e Flis the sum of py with the projection on N along (T*Um)" (in some sense
F1is the identity),
e for any n > 1 and X € (A"g2)<k, F*(X) € N<pyr—1-

Let us prove it by induction on n. First F! is a morphism of complexes by definition.
Then let us define Ko : A%gs — ((T*Um)" @ N)[1] by

Ka(zAy) = [F (2), F' ()lom — F' ([, 9]c)

It takes values in NJ1] and is such that byKa(z,y) + Ka(bz,y) + Ka(z,by) = 0.
Consequently F? := H o Ky : A%2go — N is such that

bnF2(z,y) — F2(bx,y) — F2(2,by) = Ka(2,y) (Loo-condition for F?)

and for any X € (A?g2)<k, F2(X) € N<gi1. After this, suppose we have con-
structed F',..., F" and let us define

Knii:=[]omo FS" = F="o [ ]g : A%ga — (T*Um)" @ N)[1]

It obviously takes values in N[1] and is such that by K,11 + K, +1b = 0. Conse-
quently F"*! := H o K, satisfies the L., -condition

byF'H — Frily = byHK 1y — HK, b= (byH + Hbn) K1 = Knj
and for any X € (Angg)§n+1, fnJrl(X) S Ngn—i-k (since IC,H_l(X) S N§n+k—1)-
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Now let H be the inverse of the isomorphism F, it is such that for any n > 1
and X € (A"g2)<k, H"(X) € N<ptk—1. Finally we obtain Qs by composing H
with the inclusion of dgla’s (T*Um)"[1] — ((T*Um)® & N)[1]. O

2.3. End of the proof. Recall from [Id, Ch.IT §4.2] that (T*Um)" = Dift*(G/H)%
and (A*m)Y = T'(G/H,N*T(G/H))¢ as dgla’s. Remember also from [Nd, Ch.IT
§8] that G-invariant connections on G/H are in one-to-one correspondence with
h-equivariant linear maps o : m ® m — m, and that the torsion tensor is given
by a — a?' —po|[,]. Thus G/H is equipped with a G-invariant torsion free con-
nection V, corresponding to the map a := %p o[,]. Then using a theorem of
Dolgushev, see [@, theorem 5|, we obtain a G-equivariant L..-quasi-isomorphism
¢ : T(G/H,N*T(G/H)) — Diff*(G/H) with first structure map ¢! = alt, which
restricts to a Lso-quasi-isomorphism at the level of G-invariants. Let us define
Y= Qoogop : (Cg[2]),d+ [,]) — (C%g2[2]),b + [,]c); it is a Loo-quasi-
isomorphism with first structure map ¢! = (alt® 1) o (A'p ® €).

Finally define V := (alt ® sym)od : g, — go[—1] and use lemma [A.J to construct
a Loo-quasi-morphism ¥ : (C°(g1[2]),d + [,]) — (C°(g2[2]),b + [,]¢) with first
structure map U! = ! +boV + V od. Since for any X € (G1)x, then

bo (alt ® sym)(X) = (alt ® sym) o d(X) mod (g2)<k—1
and thus ¥}(X) = ¢Y(X)+boV(X)+V(dX)

(alt ® sym) o (p1 + dd + dd)(X) mod (g2)<k—1
= (alt ® sym)(X) mod (g2)<k—1

Consequently U satisfies (F1). Moreover, it follows from remark [A.4 that ¥ also
satisfies (F2). O

3. CLASSIFICATION

Theorem E?I implies a stronger result than just the existence of the twist quan-
tization. Namely, since V¥ is a Ls.-quasi-isomorphism there is a bijection between
the moduli spaces of Maurer-Cartan elements of dgla’s (g1[1])[[7]] and (g2[1])[[7]]-

3.1. Classification of algebraic and formal dynamical twists. Following ,
two dynamical twists J(A) and J'(\) are said to be gauge equivalent if there ex-
ists a regular h-equivariant map T(\) = exp(q) + O(h) € Reg(h*,Ug)"[[A]], with
q € Reg(b*, )" such that ¢(0) = 0, and satisfying

(9) TN =T\« JA) « T2\« TN + hh?) !

Dealing with formal functions one can easily derive an equivalence relation for the
corresponding algebraic dynamical twists K = J(hA) and K’ = J'(h)):

(10) K/ _ Q12,3K(Q2,3)71(Q1,23)71

in (Ug®? @ Uh)"[[A]], with @ = 1+ O(h) € (Ug @ Uh)"[[A]] given by T'(h\).

Assume now we are in the reductive case.
Since the composition Qz 06 : (C((Am)?[2]), [, ]m) — (C¢(g2[2]),b+ [,]c) in the
previous section is a L,-quasi-isomorphism then we have a bijective correspondance

{7 € R(A>m)"[[R]] s.t. [, 7]m = 0} {algebraic dynamical twists}
>
Go gauge equivalence ([L0))

(11)
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where Gy is the prounipotent group corresponding to the Lie algebra hAmY[[A]].
Moreover, since the structure maps Qf take values in (g2)<,—1 then it appears
that any algebraic dynamical twist is gauge equivalent to a one with the h-adic
valuation property and thus we have a bijection

{algebraic dynamical twists} {formal dynamical twists}
>
gauge equivalence ([L(]) gauge equivalence (ff)

(12)

3.2. Classical counterpart. Assume that we are in the reductive case. Since p;
is a Leo-quasi-isomorphism by propostion @ then we have a bijection

{a € B(N?g ® Sh)P[[A]] s.t. dov + $[a, 0] = 0} o {m € h(A°m)[[A]] s.t. [7,7]m = O}
G, Go

where GG is a prounipotent group and its action (by affine transformations) is given
by the exponentiation of the infinitesimal action of its Lie algebra A(g ® Sh)"[[A]]:

(13) g-a=dg+[g.a] (g€ nlg®Sh)°[n])

Then going along the lines of subsection @ one can prove the following

Proposition 3.1. There exists a Lo, -quasi-isomorphism
Q1+ (C°((N'm)"[2]), [ Im) = (C(@a[2]),d +[,])
such that Q} is the natural inclusion and QF takes values in (g1)<n—1-
Consequently any Maurer-Cartan element in (g1[1])[[%]] is equivalent to a one of

the form hipp(h\), where py € (A2g&86)Y[[7]] satisfies CDYBE. In other words pp,
is A-dependant formal dynamical r-matrix. On such a pp the infinitesimal action

(L3) becomes

(14 v == S Dl (ac 0B8]

This action integrates in an affine action of some group évl of h-equivariant formal
maps with values in the Lie group G of g. And then we have a bijection

{m € B(A2m)"[[A]] s.t. [, 7]m = O} {form. dynam. r-matrices/R[[A]]}
> e
GO Gl
Remark 3.2. This bijection has to be compared with Proposition 2.13 in [@]
and section 3 of [ES]

Finally, combining (L5), (L1) and ([{) we obtain the following generalization of
Theorem 6.11 in to the case of a nonabelian base:

(15)

Theorem 3.3. Let m € (A’m)" such that [m,7|m = 0. Then there are bijective
correspondances between
(1) the set of h-dependant and G-invariant Poisson structures wp, = hrr mod h?
on G/H, modulo the action of Gy,
(2) the set of h-dependant formal dynamical r-matrices pr(\) such that pr(0) =

7 mod h in A2(g/)[[i]], modulo the action (L}) of Gi,
(3) the set of formal dynamical twists J(\) satisfying Alt% =7 mod h in
A2(g/9)[[1]], modulo gauge equivalence ().
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4. ANOTHER CASE WHEN THE TWIST QUANTIZATION EXISTS

In this section we assume that b is abelian and admits a Lie subalgebra m as
complement.

Note that since h is abelian and m a Lie subalgebra, the projection p: g — g on
m along b extends to a morphsim of graded Lie algebras A'p : (Ag)? — (Ag)Y at the
level of h-invariants. And thus Ap®e : (g1[1],d,[,]) — ((Ag)"[1],0,[,]) is a mor-
phism of dgla’s. Then the natural inclusion id®1 : (T*Ug)? — ga obviously allows
one to consider (7*Ug)"[1] as a sub-dgla of go[1]. Finally recall from [[Cd, section
3.3] that there exists a Lo.-quasi-isomorphism F : C¢((A*g)Y[2]) — C¢((T*Ug)"[2))
with F! = alt. By composing these maps one obtains a L..-morphism

F: (G1,d+[,]) = (G2,0+ [,]c)
with values in (G2)<o and first structure map F* = (alt ® 1) o (A'p @ €).
Theorem 4.1. There exists a Lo -quasi-iomorphism

U (G, d+[]) = (G2,0+ [,]a)
with properties (F1) and (F2) of Theorem [1.7.

Proof. First observe that since b is abelian then g; = ((Ag)? NAm) ® Ah ® Sh as a
vector space. Thus if §x is as in the proof of proposition ﬁ then § :=id® 0k is a
homotopy operator: dd +dd =id — A'p®e and d o § = 0.

Now we proceed like in subsection @: use lemma @ to construct a Lo-
morphism ¥ with first structure map ¥! = F' +boV + V od, where V :=
(alt ® sym) 0 4 : g1 — ga[—1].

It remains to prove that ¥ is a quasi-isomorphism. It follows from the first
observation in this proof that H*(g1,d) = (Ag)? N Am, which also equals H*(ga,b)
due to the spectral sequence argument. Consequently Flisa quasi-isomorphism
of complexes, and so is ¥1. O

Finally using the same argumentation as in the proof of theorem @ (subsection
[[.3) one obtains the

Theorem 4.2. If§ is an abelian subalgebra of g with a Lie subalgebra as a comple-
ment, then any formal classical dynamical r-matriz for (g,h,0) admits a dynamical
twist quantization (associated to the trivial associator).

Example 4.3. In particular, this allows us to quantize dynamical r-matrices
arizing from semi-direct products g = m x C" like in [EN, example 3.7].

CONCLUDING REMARKS

Let us first observe that if b is abelian then (A*g)? N A*m[1] (resp. (T*Ug)" N
T*sym(Sm)[1]) inherits a dgla structure from the one of gi[1] (resp. g2[1]) and
H*(g1,d) = (A*g)" N A*m = H*(g2,b), for any complement m of h. Thus I con-
jecture that there exists a Loo-quasi-isomorphism between (A*g)? N A*m[1] and
(T*Ug)" N T*sym(Sm)[1] which generalizes together ¢ of subsection R.3 and F of
section H In particular this would imply conjecture m in the abelian (and non-
modified) case.

Let us then mention that one can consider a non-triangular (i.e., non-antisymmetric)
version of non-modified classical dynamical r-matrices. Namely, h-equivariant maps
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r € Reg(h*,g @ g) such that CYB(r) — Alt(dr) = 0. According to [KJ], a quanti-
zation of such a r is a h-equivariant map R = 1+ hr + O(h?) € Reg(h*, Ug®?)[[n]]
that satisfies the quantum dynamical Yang-Bazter equation (QDYBE)

(16) R™2(\) * RV (X + hh?) x RZ3(\) = R*3(A + hh') = RY3(N\) * RY2(\ + ki)
Question 4.4. Does such a quantization always exist?

The most famous example of non-triangular dynamical r-matrices was found in
[@] by Alekseev and Meinrenken, then extended successively to a more general

context in [EV], E, EE1], and quantized in [EE].

Following , remark that for any non-triangular dynamical r-matrix r such
that r +r°? = t € (S?g)? (quasi-triangular case) one can define p = r — t/2
and Z := [t} ¢»3]. Then p is a modified dynamical r-matrix for (g,b,2);
morever the assignment r —— p is a bijective correspondence between quasi-
triangular dynamical r-matrices for (g, h,t) and modified dynamical r-matrices
for (g,h,Z). Now observe that if J(\) is a dynamical twist quantizing p, then
R(\) = JP(\) "1 xeM/2 x J()) is a quantum dynamical R-matrix quantizing r.

In this paper we have constructed such a dynamical twist in the triangular case
t = 0. One can ask

Question 4.5. Does such a dynamical twist exist for any quasi-triangular dynam-
ical r-matriz? At least in the reductive and abelian cases?

This question seems to be more reasonable than the previous one.
More generally one can ask if conjecture @ (and its smooth and meromorphic
versions) is true in general. A positive answer was given in [EE]| when § = g; but
unfortunately it is not known in general, even for the non-dynamical case h = {0}
(which is the last problem of Drinfeld ]: quantization of coboundary Lie bial-
gebras).

Finally let me mention that if »()A) is a triangular dynamical r-matrix for (g, b),
then the bivector field

SN P
7T::T(/\)+ZW/\E+7T,]*

is a G x H-biinvariant Poisson structure on G x h* and the projection p : Gxb* — h*
is a momentum map. Moreover, according to [KJ]| any dynamical twist quantization
J(A) of r(A) allows us to define a G x H-biinvariant star-product * quantizing 7 on
G x h* as follows:

f*g=[f*pBwyg it f,geC>(h")
F*9=1rg . if  feC>(G),geC>(h")
Frg=exp (WY g @hi) - (fog) if  [eC®(h7), g€ C>(G)
frg=JN(f®g) if  f,9eC®G)

This way the map p* : (Fet(h*)[[A]], *pew ) — (Fct(G x h*)[[A]], *) becomes a quan-
tum momentum map in the sens of [@]

So there may be a way to see momentum maps and their quantum analogues as
Maurer-Cartan elements in dgla’s.
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APPENDIX A. HOMOTOPY LIE ALGEBRAS

See [HY] for a detailed discussion of the theory.

Recall that a Lo-algebra structure on a graded vector space g is a degree 1
coderivation @ on the cofree cocommutative coalgebra C¢(g[1]) such that QoQ = 0.
By cofreeness, such a coderivation () is uniquely determined by structure maps
Q" : A"g — g[2 — n] which satisfy an infinite collection of equations. In particular
(g,@Q%) is a cochain complex.

Example A.1. Any dgla (g,d,[,]) is canonically a L..-algebra. Namely, @ is
given by structure maps Q' =d, Q% = [,] and Q™ =0 for n > 2.

A Lo.-morphism between two L.-algebras (g1,@Q1) and (g2, @Q2) is a degree 0
morphism of coalgebras F' : C°(g1[1]) — C°(g2[1]) such that Fo @y = Q20 F.
Again by cofreeness, such a morphism is uniquely determined by structure maps
F™: A™g; — g2[1 —n] which satisfy an infinite collection of equations. In particular
F' : g — go is a morphism of complexes; when it induces an isomorphism in
cohomology we say that F'is a Lo, -quasi-isomorphism.

Example A.2. Any morphism of dgla’s is a Ly,-morphism with all structure
maps equal to zero except the first one.

In this paper we use many times the following

Lemma A.3 (|Dd]). Let F : C(g1[1]) — C%(g2[1]) be a Loo-morphism. For any
linear map V : g1 — go[—1] there exists a Loo-morphism ¥ : C°(g1[1]) — C°(g2[1])
with first structure map W' = F* 4+ Q3o V +V o QL. Moreover, if F is a Loo-quasi-
isomorphism then V¥ is also.

Proof. First remark that V extends uniquely to a linear map C°(g1[1]) — C°(g2[1])
of degree —1 such that

1 1
AQOV: (F®V+V®F+§V®(Q20V+VOQ1)+5(@20V+VOQ1)®V)OAl

where A; and Ag denote comultiplications in C¢(g1[1]) and C°(g2[1]), respectively.
Then define ¥ :=F + Qo0V +V 0 Q1. O

Remark A.4. Assume that in the previous lemma g; and go are filtrated, F is
such that F™ takes values in (g2)<n—1, and V((g1)<k) C (g2)<k+1- Then one can
obviously check that for any X € (A"g1)<k, F™(X) € (g2)<n+k—1-
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