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The propagation of moving surface inside a body is analysed in the framework
of thermodynamics, when the moving surface is associated with an irreversible
change of mechanical properties. The thermody-namical force associated to the
propagation has the form of an energy release rate. Quasistatic rate boundary value
problem is given when the propagation of the interface is governed by a normality
rule. Extension to generalised media to study delamination is also investigated.

1. INTRODUCTION

This paper is concerned mostly with the description of damage in-
volved on the evolution of a moving interface along which mechanical
transformation occurs, (Pradeilles-Duval and Stolz, 1995). Some con-
nection can be made with the notion of configurational forces, (Gurtin,
1995 ; Maugin, 1995; Truskinovsky, 1987).

A domain €2 is composed of two distinct volumes §2;, s of two linear
elastic materials with different characteristics. The bounding between
the two phases is perfect and the interface is denoted by I', (I' = 921 N
0823). The external surface 99 is decomposed in two parts 962, and
0Qr on which the displacement u® and the loading T¢ are prescribed
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respectively. The material 1 changes into material 2 along the interface
I" by an irreversible process. Hence I' moves with the normal velocity
¢ = ¢v in the reference state, where v is the outward {23 normal vector
and ¢ is positive. When the surface I' is moving volume average of any
mechanical quantity f has a rate defined by:

d .
— Q= Q- .
G for, f90= [ fa0=[[fkexas (1)

where [f]. = fi1 — f2 represents the jump of f accross I'. The state
of the system is characterized by the displacement field u, from which
the strain field € is derived, and by the spatial distribution of the two
phases defined by the position of I'. The two phases have the same mass
density p. The free energy density w; is a quadratic function of the strain
€, pw; = %s : C*: € in Q;. The potential energy £ of the structure £
(€1 UQ2) has the following form

_T_ Z / p wi(e(u)) dQ — / T%y dS.
1=1,2 QT

When I' is known, the body is a heterogeneous medium with two elastic
phases, and under prescribed loading an equilibrium state u®® is given
by the stationnarity of the potential energy written as

——5u—Z/

i=1,2

e(bu) dQ — / T6udS=0, (2
o

for all du kinematically admissible field satisfying du = 0 over 02,. Then
the solution u*® satisfies (PB1):

® the local constitutive relations: o = p%ﬂei, on £;,
» the momentum equations: dive =0, on  , o.n = T% over 90,

» the compatibility relations: 26 = Vu + Viu, in Q, u = u? over
oy,

» the perfect bounding over I': [o],.vx =0 and [u]. = 0.

For a prescribed history of the loading, we must determine the rate of
all mechanical fields and the normal propagation ¢ to characterize the
position of the interface I" at each time. Let us introduce the convected
derivative Dy of any function f(Xp,t) defined by

f(Xp+durt+7) = f(Xr,t)
T

Dyf = lim (3)



For example, the equation of a moving surface is S(YF), t) = 0 then

DyS = 0. This defines the normal velocity ¢ as ¢ = / || | and
v="53/11 5% Il
Hadamard’s relations. The bounding being perfect between the

phases, the displacement and the stress vector are continuous along I.
Their rates (v, ) have discontinuities according to the compatibility
conditions of Hadamard, rewritten with the convected derivative: the
continuity of displacement induces

(ule = 0= Dy([uly) = (2] + ¢[Vul,z=0, (4)

and continuity of stress vector implies:
[U]P'Z =0= Dtb([a']r'ﬂ) = [d']r'z - din([U’]F ¢) =0. (5)
The last equation is obtained taking the equilibrium equation into ac-

count and the surface divergence defined by divprF = divF — v.VF.v.

Orthogonality property for discontinuities. Since the displace-
ment and the stress vector are continuous along the interface,

[u], =0,= [Vu]p.eq =0, [o].z=0, (6)

the discontinuities of the stress o and of Vu have the property of or-
thogonality:
o] : [Vu]. =0. (7)

Dissipation analysis. The total dissipation of the system is
d o€ -
D=/ o:&£dQ)— — pwdQ=——.P=/Q¢dS20, 8
Qr) dt Jor) ol r ®)

taking the momentum conservation and the boundary conditions into
account. The quantity G(Xp,t) = [w].—o : [€], has an analogous form
to the driving traction force acting on a surface of strain discontinuity
proposed by Abeyratne and Knowles, 1990.

2. EVOLUTION OF THE INTERFACE

Let denotes '™ = {z € I'/G(z) = G.} and let considers the rule de-
fined as a generalization of Griffith’s law: ¢ > 0, on I't, ¢ = 0, otherwise.
At the point zp(t) € I't, we have G(zr(t),t) = G, this is an implicit
equation for the position of the interface, and the derivative of G follow-
ing the moving surface vanishes: DyG = 0. This leads to the consistency



condition written for all point on I'™
(¢ — ¢")DyG > 0,¥g" > 0, over I'T, 9)

and ¢ and ¢* are in K = {8/8 > 0on I't,3 = 0 otherwise}. The
evaluation of DyG is obtained easily

DyG = Dylwl —Dyor: [Vul, —o2: [DeVul; (10)
= [o].:Vy, —02: [Vul. — ¢Gy, (11)
where G, = —[o ], : (VVuy.v) + Voav: [Vu]..

The rate boundary value problem. The solution is governed by
the derivation of (PB1) relatively to time, taking account of Hadamard’s
relations (4,5) along I' and of the propagation law (9). Defining the
functional F

Lo oedy 1 B -dv
f@%l)—/‘()C€UMZA%I;% (12)

/¢ iV, dS+/F%¢2Gn ds, (13)

the solution satisfies the inequality
oF
0< =—(v—
Ov (w—v')+ 6(]5

amoung the set K.A of admissible fields (v*, ¢*) :

(ﬁ ), (14)

KA ={(2,6)/u= v over 90, Dyu=0, T, ¢ € k). ()
Some typical examples are presented in Pradeilles-Duval and Stolz, 1995.

Stability and bifurcation. Consider the velocity v solution of
the rate boundary value problem for any given velocity ¢. This field
v is solution of a classical problem of heterogeneous elasticity with non
classical boundary conditions on I' : Dy([o]..v) = 0, Dylu]. = 0.

Consider the value W of F for this solution v(¢, yd,ﬂ

W (g, 12,17 = F(u(@, %, T%, 6, T7. (16)

The stability of the actual state is determined by the condition of the
existence of a solution

o*w

%% 3605 00

5¢ >0, 6¢ € K — {0}, (17)



and the uniqueness and non bifurcation is characterized by
o*w
oo

3. DELAMINATION OF LAMINATES

The change of mechanical characteristics along moving front is used
for the study of the degradation of laminates. We consider that a sound
laminate (domain 0) with known characteristics is transformed into two
laminates (1 and 2), separated by the crack of delamination as shown is
the figure 26.1. Each laminate is described by an homogeneous plate or
by an homogeneous beam, whose middle surface is denoted by S. The
sound part has suffix 0, the two others parts are designed by suffices 1, 2.

5o 6¢ >0, 6¢p € {3/B8=0o0ver I ~T*} — {0}. (18)

Figure 26.1. Modelization with beams.

The kinematic modeling of the beams or of the plates has a great in-
fluence on the behaviour of the delamination as well as the modeling
of the continuity relations on the displacement along the delamination
front which induces specific value for the energy release rate.

Kinematics of plates. A point of the middle surface S has curvi-
linear coordinates (z1,z2). The normal to this surface is denoted by es.
The normal coordinate is z3. The displacement of the point (z;,z2,z3)
is defined by :

€ = u(z1,72) + w1, 22)e3 + (21, 22)23, (T1,22) € S. (19)

where u is the plane displacement, w is the normal displacement and 6
is the local rotation of the normal vector to the middle surface. With
these fields, the strain inside the plate has the following form :

(6) = ew) + (e ®7+7 © €3) — T (20)

The distortion + is defined by v = Vw — @ ; the local rotation ¢ gives
k = 2(V8 + V7T6), and the membrane strain e(u) satisfies 2e(u) =
(Vu + VTu). The free energy of the plate is choosen naturally as a
function of the generalized strains : W = W(e(w), &, 7).



The assemblage of plates. Consider the generalized parameters

= (u;,w;, 8;) and the generalized strains Vg, = (Vy;, Vw;, V;). We
oi)tam the generalized stresses derived from the free energy W;:

OF; OF;
Wile(w), ki, %) = Fi(g,, V), o0i= BVZ] , _i:a_(;-
4; 4

(21)
Along the front, the section of the sound plate (¢ = 0) imposes its motion
to the two others plates (i = 1,2) :

Ei = uo + h’LQoa Wy = Wo, Qi = Qo' (22)

These continuity conditions are easily rewritten with the set of general-
ized parameters :

g,=li.g, zel. (23)
Hence the corresponding Hadamard’s compatiblity relations are
Dgg, =1 Dyg,. (24)
Equilibrium state. A state of equilibrium g is a stationnary value
of the potential energy £ of the system:
2
-y / F(g,Vg)dS— | Tiqds. (25)

The variation of £ amoung the set of kinematically admissible fields
KA ={q/q= gd over 0S5y, g, = li.g . over T'},

gives rize to the equilibrium equations :

OF; .
0 = 3g: = T, — divey, on S;, (26)
0 = v(-) oili+0,)=v[ol,alongT, (27)
T¢ = o,.n, along 8ST. (28)

where the tractions T¢ are imposed on &S complementary part of 0S;.
We have introduced the usefull notation [|f|], = fo — Z?:l fili.

Analysis of the dissipation. The dissipation is given by the
balance of the power of external loading and the reversible stored energy :

D= P——Z/Fds /g¢d5———P>0 (29)



where the thermodynamical force G is the field :

o€ 2

G(s) = —é—r—(s) =F-vo,Vq .v— Z(E -vo;Vg.r). (30)
i=1
Propagation law. The propagation law is defined as before :
G(s,t) < Ge, ¢=0and G(s,t) =G, ¢>0. (31)

The propagation is then possible when the critical value is reached. The
velocity ¢ is included in the set of admissible propagation :

K ={¢"/¢*(s) 2 0,G(s) = G, ¢* = 0, otherwise}.

The rate boundary value problem. The rate boundary value
problem is written in terms of rate of displacement. The solution (g, ¢)
of the rate boundary value satisfies the set of local equations obtained
by the derivation of the constitutive law (21) and of the conservation of
the momentum (26) with respect to time, the continuity relations along
the front (24), the continuity relations on the stress vector :

Dy(vllollr) =w.(lofle — dive(¢llells) + [ Tll. =0, (32)

the propagation law:
(p—9") DG >0, ek, Vo*ek, (33)

and the boundary conditions: g = ¢¢ over 8S, and 6.n = Id over OSt.
The effective expression of the consistency condition gives a relation
between the rate of the displacement and the velocity of propagation.
The variation of G is given by :

2
DyG = lole: Vi, + [ Tr-a,+Y 0i: (Vg —kVg) - ¢Gn,

i=1
2
Gn=—loll,: Vg v~(T|..Vg v+ Z(Vc’i.g) 1 (Vg, —1i.Vg).
=1
Introducing now the potential F(g, ¢, Id) :
0?F;
F= q i+ q. V.
Z/ 4 aq aq Gt &g ove V%

0%F; 44V 0%F;
=i av 04, 4 9V ¢,0V g

1V, Vi,)dS

—/F(“UH Vg, + [Tl ¢d5+/¢2G as— | Tgads,

oSt



the solution of the rate boundary value problem (é, 93) € K.A is a solu-
tion of the variational inequality:

OF + .. OF - -
S G-+ g-d9 >0, 34
57 1= )+ 52092 34
amongs the set (¢*,¢*) € K.A.
KA = {(@8)/d,+0Vav=1(d,+¢Vq,v), over T,

q,= gd over 0S,, ¢ € IC}.

This framework can be extended to different models of beams or plates
and to dynamics using of kinetic energy and hamiltonian formalism,
( Stolz, 1995, 2000).
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