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Fast rates for plug-in estimators of
density level sets
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Abstract

In the context of density level set estimation, we recall the notion
of «v-exponent of a density at a certain level. This notion is similar
to Tsybakov’s margin assumption and allows us to prove fast rates
of convergence for general plug-in methods, up to order n~! when
the density is supposed to be smooth in a neighborhood of the level
under consideration. Lower bounds proving optimality of the rates in
a minimax sense are also provided.

Mathematics Subject Classifications: Primary 62G05, Secondary 62C20,
62G05, 62G20.

Key Words: Density level set, plug-in estimators, fast rates of convergence,
minimax lower bounds.

Short title: Plug-in density level set estimation.

1 Introduction

Let @Q be a positive o-finite measure on X C IR?. Consider i.i.d random
vectors (X1,...,X,) with distribution P, having an unknown probability
density p with respect to the measure Q. For a fixed A > 0, we are interested
in the estimation of the A-level set of the density p:
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Throughout the paper we fix A > 0 and when no confusion is possible
we use the notation I'(A) or simply I' instead of I'y(A). When @ is the
Lebesgue measure on IRY, density level sets typically correspond to minimum
volume sets of given P-probability mass, as shown in ([L997). More
generally, if Q is an arbitrary probability distribution on IR?, density level
sets correspond to the critical regions of likelihood ratio (Neyman-Pearson)
tests, which are known to be optimal for testing the hypothesis P versus the
alternative Q).
Here are two possible applications of density level set estimation.

Anomaly detection: the goal is to detect an abnormal observation from
a sample (see Bcholkopf et al], PO01). One way to deal with that
problem is to assume that abnormal observations do not belong to a
group of concentrated observations. In this framework, observations
are considered as abnormal when they do not belong to I'(\) for some
fixed A > 0. The special case A = 0, which corresponds to support
estimation has been examined by [Devroye and Wisd ([980). In the
general case, A can be considered as a tolerance level for anomalies:
the smaller A, the fewer observations are considered as being abnormal.
In particular, it is often the case that the user has a fixed budget,
allowing him to qualify only a limited fraction of the data as outliers.

Unsupervised or semi-supervised classification: these two problems
amount to identify areas where the observations are concentrated with
possible use of some available labels for the semi-supervised case. More
precisely it can be assumed that the connected components of I'()\),
for a fixed A, are clusters of homogeneous observations as described

in ([979). Again, the bigger the A, the smaller the clusters.

Remark 1.1 In both applications, the choice of A can be left to the user
depending on its tolerance to anomalies or the desired number of clusters.

There are essentially two approaches towards estimating density level
sets from the sample (X1,...,X,): plug-in methods where the density p
in the expression for I'y(\) is replaced by its estimate computed from the
sample, and direct methods which are based on empirical excess-mass max-
imization (see Hartigan|, [[987; Miiller and Sawitzk], [987).

While local versions of direct methods have been deeply analyzed and
proved to be optimal in a minimax sense, over a certain family of well-
behaved distributions (see [T'sybakoy], [997), and although reasonable imple-
mentations have been recently proposed (see for instance Steinwart et all,




R00F), they are still not very easy to use for practical purposes, compared to
plug-in methods. Indeed, it is common to estimate density level sets for dif-
ferent level values -typically when the goal is to compute a density level set
of pre-specified probability mass (or acceptance rate) and unknown density
level. In that case, using direct methods, one has to run an optimization
procedure several times, one for different density level values, then choose
a posteriori the most suited level according to the desired rejection rate.
Plug-in methods do not involve such a complex process: the density estima-
tion step is only performed once and the construction of a density level set
estimate simply amounts to thresholding the density estimate at the desired
level.

On the other hand, in the related context of binary classification where
more theoretical advances have been developed, the different analyses pro-
posed so far have mainly supported a belief in the superiority of direct meth-
ods. Yang (1999) shows that, under general assumptions, plug-in rules can-
not achieve a classification error risk convergence rate faster than O(l / \/ﬁ)
(where n is the size of the data sample), and suffer from the curse of di-
mensionality. On the contrary, under slightly different assumptions, direct
methods achieve this rate O(l / \/ﬁ) whatever the dimensionality (see e.g.
Vapnik, [1998; Devroye et all, [1996; [['sybakov, R004H), and can even reach
faster convergence rates- up to O(l / n)— under Tsybakov’s margin assump-
tion (see Mammen and Tsybakov, [1999; [['sybakov, R004b; [I'sybakov and|

van de Geel, P00Y; [Tarigan and van de Geeq, R006). This contributed to

raising some pessimism concerning plug-in methods. Nevertheless such a
comparison between plug-in methods and direct methods is far from being
legitimate, since the aforementioned analyzes of both plug-in methods and
direct ones have been carried out under the different sets of assumptions
(those sets are not disjoint, but none of them is included in the other).
Recently, [Audibert and Tsybakoy (R005) have introduced a new type of
assumption dealing with the smoothness of the regression function in the
standard classification framework, under which they derive fast convergence
rates- even faster than O(l / n) in some situations- for plug-in classification
rules based on local polynomial estimators. This new result reveals that
plug-in methods should not be considered as inferior to direct methods and,
more importantly, that this new type of assumption on the regression func-
tion is a critical point in the general analysis of classification procedures.
In this paper we extend such positive results to the density level set es-
timation (DLSE) framework: we revisit the analysis of plug-in density level
set estimators, and show that they can be also very efficient under smooth-
ness assumptions on the underlying density function p. Related papers are




Baillo et al] (P001)) and (B003), who investigate plug-in rules based
on a certain type of kernel density estimates. Bailld (R00J) derives almost
sure rates of convergence for a quantity different from the one studied here.
It is interesting to observe that she introduces a condition similar to the
~v-exponent used here. The particular case A = 0, corresponds to estima-
tion of the support of density p and is often applied to anomaly detection.
Following the pioneer paper of Devroye and Wisq ([198(), this problem has
received more attention than the general case A > 0 and has been treated
using plug-in methods for example by Cuevas and Fraiman| ([997). Unlike
the previously cited papers, we derive fast rates of convergence and prove
that these rates are optimal in a minimax sense.

A general plug-in approach has been studied previously by
(I1998), where a result on the asymptotic distribution of the Hausdorff dis-
tance is given. In a recent paper, [Cuevas et al] (200q) study general plug-in
estimators of the level sets. Under very general assumptions they derive
consistency with respect to the Hausdorff metric and the measure of the
symmetric difference. However, this very general framework does not allow
them to derive rates of convergence.

This paper is organized as follows. Section J] introduces the notation
and definitions. Section [J presents the main result, that is a new bound on
the error of penalized plug-in estimators based on general density estimators
that satisfy a certain exponential inequality. As an example we prove that
kernel density estimators are valid for this method. The upper bounds
are proved to be optimal in Section [, where we prove the corresponding
minimax lower bounds.

2 Notation and Setup

For any vector z € IR% denote by zU) its jth coordinate, j = 1,...,d.
Denote by By(x,r) the closed ball in X centered at x € X and of radius
r > 0 with respect to the norm || - ||, 1 < a < 0o defined by

d

Jella 2 (3 129))

=1

1/a

and

llloo 2 mmasx [2)].

The probability and expectation with respect to the joint distribution
of (Xi,...,X,) are denoted by IP and IE respectively. For any function



f: R — IR, we denote by ||f|lcc = supyege |f(z)| the sup-norm of f and
by £l = ( [ra f?(z)dx)'/? its Ly-norm. Throughout the paper, we denote
by ¢; positive constants and by A° the complement of the set A.
2.1 Penalized plug-in rules
For a fixed A > 0, the plug-in estimator of I'(\) is defined by

T\ ={z€X : pn(z) > A},

where p,, is a nonparametric estimator of p. For example, p,, can be a kernel
density estimator of p,

3 . R X~z
pn(x) _pn,h(x) Y Y Zle< h >, re kX,

where K : IR — IR is a suitably chosen kernel and A > 0 is the bandwidth
parameter.

It is sometimes the case, for some applications that I is required to
be included in T’ with high probability (see, e.g., Rigollet, P00d). For this
reason, we consider in this paper the more general family of penalized plug-in
rules Ty, defined as follows:

Ly, =T, ) =LA+ ) = {w € X : pole) 2 A+ 6a},

where (£,,) is a non-negative sequence that typically tends to 0 as n tends to
infinity. This family includes in particular the estimator I' when ¢, is taken
equal to 0.

2.2 Measures of performance

Recall that Q is a positive o-finite measure on X and define the measure Qy
that has density |p(-) — A| with respect to Q. To assess the performance of a
density level set estimator, we use the two pseudo-distances between closed

sets G1 and Gy C X

(i) The Q-measure of the symmetric difference between G; and Ga:

dA(Gl, GQ) = Q(Gl A GQ) .

(ii) The Q-measure of the symmetric difference between G and Go:

di(G1,G2) = QA(G1 & Ga) = /G - Ip(z) — AldQ(x) .



The quantity da(Gip,G2) is a standard and natural way to measure the
distance between two sets G1 and Ga. Another way to measure the quality

of G is to compute its excess-mass H(G) defined as follows (Hartigax, [[987;
Miiller and Sawitzk{, [1987):

H(G) =P(G) - 2Q(G) .

Excess-mass measures how the P-probability mass concentrates in the re-
gion G, and it is maximized by I' = I'(\). Hence, it acts as a risk functional
in the DLSE framework and it is natural to measure the performance of an
estimator G by its excess-mass deficit H(T') — H(G) > 0. Further justifi-
cations for the well-foundedness of the excess mass criterion can be found

in ([[995). Note that for any measurable set G C X, the excess-mass
H(G) can be written

H(G) = /G (p(z) — V) dQ(z)

Thus, we can rewrite,

H) = HG) = [ (10200 - 156) () - 3) dQe)

X
= / p(x) = NdQ(z) = di(G,T).
I'AG

This explains the notation dy. The next definition allows us to link dz to
dn.

Definition 2.1 For any A,~v > 0, a function f : X — R is said to have
v-exponent at level \ with respect to Q if there exist constants cg > 0 and
go > 0 such that, for all 0 < & < gq,

Q{r e X :|f(x) = A <e} <cpe”.

This condition has been introduced in ([995). It is a generaliza-
tion to any level A\ > 0 instead of 1/2, of the celebrated margin assumption
formulated in Mammen and Tsybakoy] ([999) and [Tsybakoy] (P0044). The
exponent v controls the slope of the function around level A\. When ~ = 0,
the condition is loose and the density is allowed to have flat parts at level A.
When + is positive, the function f has no flat part at level A. A standard
case corresponds to v = 1, arising for instance in the case where the gradient
of f has a coordinate bounded away from 0 in a neighborhood of {f = A}.
If v < 1, we call A a critical level. To illustrate such cases, assume that @
is the Lebesgue measure on IR? denoted here by Leby. Let ¢ be a positive
number such that ¢ > d and consider a function f on IR% such that




e f(z) = A+ |z — 203, for all z € IR? in a neighborhood of zy and
e f(x) < \/2 for any = € IR? outside of this neighborhood.

Then, Lebg {|f — A| < €} = ¢1e%/9, for some constant ¢; > 0 and for ¢ small
enough.

We now show that the pseudo-distances da and dy are linked when the
density p has ~-exponent at level A with v > 0. Remark first that when
Iplloo < Lo < 00, da dominates dy in the sense that for any G1,Gy C X,
we have

dH(Gl, GQ) S max()\, Lo)dA(Gl, GQ) .

This inequality is valid whatever v > 0. When ~ > 0, the following propo-
sition holds.

Proposition 2.1 Fiz A > 0,7 > 0 and Lg > 0. The two following state-
ments are equivalent.

(i) 3¢ >0 and g9 > 0, such that for any 0 < e < g9y, we have

Q{r e X :|p(z) — A <e} <ce”.

(i1) 3¢ >0 and g1 > 0, such that for any 0 < € < €1, we have
Q{z e :[p(a) — N < ¢} < Lq
and for all C C X satisfying Q(C) < Lqg, we have
b
T+

@) =< ( [ o) - aq) ) (2.1)

In particular, taking C = Gy A Go with G1 and Go two closed subsets of X
such that Q(G1) + Q(G2) < Lq, if the density p has y-exponent at level A
w.r.t Q, we have

dp(Gr,Ga) < ¢ (i (Gr,G2)) 7 .
PRrROOF. We first prove (i) = (ii). Define

L 1/~
(1 f'y)) } '

€1 = min |:€0, (
Remark that for any 0 < ¢ < &1, we have

L
Q{xezl’:\p(w)—)\]§€}§057508¥:%<LQ.

y



Define A. = {z : |p(z) — | > €}, for all 0 < € < gy. For any measurable set
C Cc X, we have

/ Ip() — MdQ(z) > £Q(C N A.)

e[Q(C) — Q(AD)]
e[Q(C) — '],

>
>

where the last inequality is obtained using (i). Maximizing the last term
w.r.t € > 0, we get

7/ 1

/Ip — AldQ( ))ﬁzQ(cmﬁ)l“(m)ﬁc1/<1+fy>,

This yields (1) with ¢ = e=2/¢¢!/(1+7) | Note that the maximum is obtained

1/
for e = (cg(ﬁz)) ! < gp and (i) is valid for this particular e.

We now prove that (ii) = (i). Consider £; > 0 such that Q(AS) < Lg
for any 0 < ¢ < g1 and ¢ > 0 such that (R.1) is satisfied for any C C X,

Q(C) < Lg. Taking C' = A¢ in (R.])) yields

Q{z :[p(z) — A < e} = Q(A)

Therefore,
Q{z:Ip(z) = Al < e} < ()77
This inequality yields (i) with eg = g7 and ¢ = (/). |

2.3 Classes of densities

Fix 3 > 0 and A > 0. For any d-tuples s = (s1,...,54) € INY and 2 =
(x1,...,2q) € X, we define [s| = s+ ... + 54, sl = s1!...84! and 2* =
xit ... xfld. Let D? denote the differential operator

9s1++sa

Ds:7.
S1 Sd
oxy'...0x,



Denote by |3] the maximal integer that is strictly smaller than § and fix
xo € X. For any real valued function g on X’ that is |3]-times continuously
differentiable at point x(, we denote by gg(fé) its Taylor polynomial of degree

| 3] at point xq:

(.%' - xo)s s
K00 T E Ly

Let L > 0 and denote by X(3, L, z¢) the set of functions g : X — IR that
are |[3|-times continuously differentiable at point zy and satisfy

9(z) — gD (@)] < Lz — w05, Y € Boo(o,r),

for some r > 0. The set X(8, L, x¢) is called (3, L, zo)-locally Hélder class
of functions.
We now define the class of densities that are considered in this paper.

Definition 2.2 Fiz § > 0,L > 0,A > 0 and v > 0. Let Px(B,L,\,7)
denote the class of all probability densities p on X such that

(i) 3n > 0 such that p € X(B, L, xq) for allzg € D(n) =p~ ' (A —n, A +7[),
apart from a set of null measure Q.

(it) 33" > 0 such that p € X(03', L, x0), for all xg ¢ D(n), apart from a set
of null measure Q.

(iii) p has y-exponent at level \ with respect to Q.

(iv) p is uniformly bounded by a constant L*.

The class Px (5, L, A, 7) is the class of uniformly bounded (condition (iv))
densities that have y-exponent at level A with respect to @ (condition (iii))
and that are smooth in the neighborhood of the level under consideration
(condition (i)). Remark that the parameters 3’ in condition (i) and L* in
condition (iv) do not appear in the notation of the class. Indeed ' > 0
can be arbitrary close to 0 and this will not affect the rates of convergence.
Actually, the role of condition (ii) is to ensure that any density from the class
can be consistently estimated at any point with an arbitrary slow polynomial
rate. In the same manner, the constant L* does not appear in the rates of
convergence and only affects the constants.



To estimate a density from this class we can use a kernel density esti-
mator defined by:

ﬁAm:mMmzﬁ%E:K<&;“>, (2.2)
=1

where h > 0 is the bandwidth parameter and K : X — IR is a kernel. In the
sequel, a specific family of kernels is considered.

Definition 2.3 Let K be a real-valued function on R?, with support [—1,1].
Fiz 8 > 0, and let |3] denote the mazimal integer that is strictly less
than 3. The function K (-) is said to be a B-valid kernel if it satisfies [ K =
1, [|K]P < oo for anyp > 1, thHg |K(t)|dt < oo, and, in case |B] > 1,
it satisfies [t°K(t)dt = 0 for any s = (s1,...,84) € IN¢ such that 1 <
s1+...+sq4 < |B].

Example 2.1 Let 3 > 0. For any $-valid kernel K defined on IR?, consider
the following product kernel

f((az) = K(x1)K(x2) ... K(xd)]lxe[,m}d )

for any x = (x1,...,14) € R%. Then it can be easily shown that K is a §3-
valid kernel on R®. Now, for any 3 > 0, an example of a 1-dimensional (3-
valid kernel is given in (Tsybakod, [2004d, section 1.2.2), the construction of
which is based on Legendre polynomials. This eventually proves the existence
of a multivariate B-valid kernel, for any given 3 > 0.

The following proposition holds.

Proposition 2.2 Fix 8 > 0. If K is a B-valid kernel, then K is also a
(' -valid kernel for any 0 < 5/ < 3.

PRrROOF. Fix § and /' such that 0 < 3/ < 3. Remark that || < |3]. For
any (-valid kernel K, we have [t5K(t)dt = 0 for any s = (s1,...,s4) such
that 1 <s3+ ...+ sg < |F]. It remains to check that

/ 112 1K () dt < oo (2.3)
Rd

Consider the decomposition

g wa= [ o [ g
2>

lltll2>1

s/|K@w+/ 121K (£)]dt
R4 lt]]2>1

10



To prove (R.3), remark that since K is a (-valid kernel, we have [pq [K(t)|dt <
oo and

[ g [ K <o,
l[tll2>1 R4

Intuitively, parameters v and 3 are conflicting. Indeed, the parameter
0 ensures that the density p has a relatively small slope around level A and
the parameter v requires p to have a slope that is not too small around level
A. The following proposition gives an explicit constraint on the possible
parameters v and (3.

Proposition 2.3 When Q is the Lebesque measure Lebg, if v(1 A 3) > d,
there is no density p € Ps(3, L, \,7) such that X\ is in the interior of p (X).

PROOF. Let p be a density in Px(3, L, \,y) with A in the interior of p(X).
There exists z such that p(xp) = A and for any x in a neighborhood of xg
we can decompose

p(z) = Al < |p(z) — P2 ()| + [pYD (z) — Al

Since p is (83, L, xg)-locally Holder the first term can be bounded from above
by L||z — ﬂ:0||g. Now, if 8 < 1, the second term is null. If 8 > 1, this term
is a polynomial of degree |3] > 1 with no constant term. Hence

PP (x) = Al = [p (x) — p(x0)| < c2 max [z — 2| < esl|z — o2
1<j<d
Since 8 > 1 and ||z — ]2 is bounded by a constant, Hx—ong < esl|lz—x0]|2-
Thus, for any 8 > 0, if p has v-exponent at level A\ with respect to @,

e’ > Qx: p(x) — N < &) > Qx : eyl — x| I < &) > e PN

3 Fast rates for penalized plug-in rules

The first theorem states that rates of convergence for penalized plug-in rules
can be obtained using exponential inequalities for the corresponding non-
parametric density estimator p,. For any measurable function f on X and
any set A C f(X), we write for simplicity {z € X' : f(x) € A} ={f € A}.

11



Theorem 3.1 Fiz A >0 and A > 0. Let p,, be an estimator of the density
p such that Q(p, > A) < C, almost surely for some positive constant C and
let P be class of densities on X. Assume that there exists positive constants
1, C6, C7, C8, C9, Cs5, Cs, & and b, such that

e for Q-almost all v € D(n) = p~* (A —n, A\ +n[) and for any & such
that csn~ %% < § < A, we have

sup P (|p,(x) — p(x)| > 6) < cee™ T > 1. (3.1)
peEP

e and for Q-almost all x € X \ D(n), for any 6 such that cgrfb/2 <6<
A, we have

sup P (|p,(x) — p(x)| > 6) < cge™ @ > 1. (3.2)
peEP

Then if p has v-exponent at level X for any p € P and if £, = O (n*a/2),
the following upper bound holds,

supIE [dH(Fp()\),fgn)] Sclon*u?)a ) (3.3)
peEP

= _qa
sup [E [dA(Fp()\),an)] <enn~ 2, (3.4)
peEP

for n > ng = nyg(A\,n,a,b,eo,cs,¢5) and where cio > 0 and ¢11 > 0 depend
only on cg, c7, cs, cg, C, a, b,y and .

PrOOF. Note first that the conditions of Proposition R.1] are satisfied. In-
deed, Q(Pr, > N) + Q(p > A\) < C + A7! and we choose Lg = C + AL
Therefore, (B.4) is a direct consequence of (B.J) and we prove the latter
using the same scheme as in the proof of [Audibert and Tsybakoy (R00H,
Theorem 3.1).

Recall that I'y, AT = (Iy, NT¢) U (0§ NT). It yields

I i (1) =8 [ o) = AdQ) + 1 [ lp(a) — AdQ().

Define two sequences

209na/\b )1/2

4 — —a/2 d gb:
nT e <<1+fy>alogn

12



Let ng be a positive integer such that 2 < < min(n, ) = r and £, >
ckn=b2 for all n > ng. Recall that D(r) = p~! (J]A —r, A+ r[). Consider the
following decomposition:

Dy, NTC={pp > A+ 4n, p< A=A U Ay U Az, (3.5)
where,

Ay ={pn > A+ Llp, A =02 <p< A},
Ay = {pPp > XN+l A=L8 <p<XA—12},
As={pp > A+ ln, p<A—12}.

Remark that A; C {|p — A| < ¢¢}. It yields for n > ny,

E [ |p@) - AdQ(z) < (2Q(A1) < co(9)* = con™ 2", (3.6)
A

where in the last inequality we used the y-exponent of p. Then when n > ng,
we can decompose Ao into the disjoint union:

=X, ={pn2r+l, A-20<p<i—272}ND(r)
Hence,

E [ |p(z) - Q@ ZIE / p(@) - AdQ(@).  (37)

Ao

Using the Fubini Theorem, the general term of the sum in the right-hand
side of (B-4) can be bounded from above by

20 /D( )IP [1Pn(x) = pla)| > 27708 ] W) a|<2ipa dQ(2) -
Using now (@) and the fact that p has y-exponent at level A\, we get

E Ip(z) — AdQ(x <COC6ZeXp —en®(271)? )(23’6%)14_7
" J= (3.8)

_ (4v)a
< () =cignT 2

13



We now treat the integral over Az using the Fubini theorem and the as-
sumption Q(p, > N) < C, ass.

E [ o) =A@ < s [ [p(a) = NP [13n(0) ~ p(o)] > 2] dQ(a)
s Q(G<C’
(1+v)a

< (14 AC)cgexp <—09na(€2)2) <cisnT Tz
(3.9)

where in the last inequality, we used the fact that

a ~1/2
s (o 2an® TV
" (1+~)alogn
In view of (B.5), if we combine (B.6)), (B.§) and (B.9), we obtain

_(+4va
E [ lp(x) = AldQ(z) < cran™ =
[y, Nle

where c14 depends on cg, ¢7, cg, ¢g, C, a, b,y and A. In the same manner, using
the fact that £,, < ci50%, it can be shown that for n > ny,

_ (+4va
E [ |p(z) = AdQ(z) < cign” 2
rg nr

where ¢16 depends on ¢g, ¢7, cg, Cg, a, b, 7y, A but not on C. ]

Remark 3.1 If ¢, > 0, i.e., we use penalized plug-in rules, we get

EQ(Ly, NT¢) =E [ dQ(x)
Ly, NIe

sup /]P —p(z)| > £,] dQ(x)
G’CX

Q(G)<C
< ¢cs5C exp (—cronly) |

where cg 8 € {ce,c8} and c79 € {c7,co}. Thus the choice
~1/2
c a
by, = <ﬂ> , a>0,
alogn

14



yields )
EQ(Ty, NI°) =0(n™?),

whatever is v > 0. This is of particular interest if v is very small. Indeed,
even in such cases we might be interested in the situation where the density
level set estimator is included in the density level set to be estimated with
high probability. Note that for such a choice of £y, the resulting performance
of the density level set estimator is only altered by a logarithmic factor.
Indeed we have

_ n —(1+7)/2
sup IE [dH(Fp()\),an)} <ecyy ( > ,

peP logn
B n —7/2
]E[d r,(\),T }< .
sup a(Tp(AN), Ty, )| <cis <logn>

When the density p belongs to the class Px (0, L, \,7), a kernel density
estimator defined in (R.9) can be used to obtain exponential inequalities as
in (B.1) and (B.9). This choice is not the only possible one.

Lemma 3.1 Let P be a distribution on R? having a density p w.r.t. the
measure @ such that ||pllcc < L* for some constant L* > 0. Fiz 3 > 0,
B* > B, L > 0 and assume that p € X(5, L, x9) (8, L, xo)-locally Holder
class of functions where the neighborhood around xq is a ball of radius r > 0.
Let p,, be a kernel density estimator with bandwidth h > 0 and 5*-valid kernel
K, given an i.i.d. sample X1,...,X, from P:

R 1 " Xl-—x
pn(x):WZK< . >
i=1

Set
6L*|| K|

A= 3 .
1K loe + L* + L [ |It]l; K (t)dt
Then, for all 6,h < r such that A > & > 2Lc1gh® > 0, we have,

P{[pn(w0) = p(wo)| = 3} < 2exp (—caonhs?) |

where c19 = [ ||t||§K(t)dt and co0 = 1/(16L* || K||?).

PROOF. For any zy € IR¢,

)

pulo) — plao)| < ~| S Zi(ao)
=1

15



with

Zi(z) = %K <Xh_$> ~p(x).

The expectation of Z;(xg) is the pointwise bias of a kernel density estimator
with bandwidth A. Under the assumptions of the theorem, it is controlled
in the following way

’IEZZ'(.%'())‘ < Lclghﬁ .

Indeed,
[EZi(z0)| =

- /%K(%) [p(z0 + 1) —p(mo)]dt‘
- / K(t)[p(xo + ht) — p(:co)]dt‘

= / K(t)[p(xo + ht) — pi (o + ht)]dt + / K(t) [p{) (xo + ht) — p(0)] dt(
(3.10)

To control the first term in the RHS of (B.10), remark that since K has
support [—1,1]¢, for any h < r, we have ¢ + ht € Boo(z0,7) for any t €
[—1,1]¢. Thus, using the fact that pis in (8, L, 2¢) we have

‘/K(t)[p(xomt)_pgc@(xwht)]dt‘ gL/|K(t)|||ht||§dt.

Now, since K is a kernel of order |3] (cf. Proposition P.9) and pg;ﬁo) — p(zo)
is a polynomial of degree at most || with no constant term, the second

term in the RHS of (B.1() is zero. Therefore, it holds
BZ:(z0)| < L / K@|[E0dt, for any h < r

Now denote for simplicity Z; = Z;(xp) and let Z; be the centered version
of Z;. Then, when Leygh® < 6/2,

Pllialen) ~plan)| > 0) < P37
i=1

1 n
< IP{—\ZZ
n
=1

>0 — Lclghﬁ}

g
> — 5.
-2
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The right-hand side of the last inequality can be bounded applying Bern-
stein’s inequality to Z; and —Z; successively. For h > 1, one has

Z| < || K|loh™ + L* + Leygh? < carh™,
where ¢o1 = ||K||oo + L* 4+ Lecig and
Var{Z;} < h_d/K(u)zp(hu)du < eph™?,

where cgo = L*||K||?>. Applying now Bernstein’s inequality yields

n(9/2)? )
(ngh_d + c21 h_d5/6)

< 2exp (—CQOTLhd52) ,

P{|pn (x0) — plzo)| > 5} < 2exp <_2

for any § < A and where A = 6¢92/co1 and cop = 1/(16¢22). |

We can therefore apply Theorem B.]. When the choice of h is optimal,
ie., h=n"1Y/@F+d it yields the following corollary.

Corollary 3.1 Fiz 8 > 0, L > 0, A > 0, v > 0 and consider the penal-
1zed plug-in estimator fgn, where 0 < £, < c15n P/2B+d) ¢ > 0. The
nonparametric estimator p,, is the kernel density estimator defined in (22)
with bandwidth parameter h = n~Y@+d) gnd B*-valid kernel K, where
B* = max(3,3") and (' is the parameter from Definition B.3. Then,
sup E [dH(Fp()\),fgn)] §023n7(£1)dﬁ ,
PEPx(B,L,\7)
~ __aB
sup B |da(Ty(N), Ty,)| <earn” 557,
PEP=(B,L,A7)
where co3 > 0 and cog > 0 depend on the constants ci9 and cog that appear
in Lemma [3.1, on co,3,8,7,d and on \.

PROOF. The results are direct consequences of Theorem B.J] when p, is
chosen as in (R.9). We need to check that for such an estimator we have
Q(pn, > \) < C, almost surely for some C' > 0. Note that since K € L1 (IR%),
we have

o> [ IK@AQ@) > [ Ipu(@)]dQe) 2 Q{2 A}
R4 {Pn>A}

Hence, the condition is satisfied with C' = A~! [ |K|. All the other conditions

of Theorem B.]] are satisfied and we can apply it with a = 23/(28 + d) and

b=28/(26+ d). N
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4 Minimax lower bounds

The following theorem shows that the rate obtained in Corollary B.1] is op-
timal in a minimax sense.

Theorem 4.1 Assume that Q is the Lebesgue measure on X. Fix A > 0
and let L, 3,~ be positive constants such that v3 < d. Then, there exists
constants cos > 0 and cog > 0 such that for any n > 1 and any estimator
Gy, of T')p(N) constructed from the sample Xy, ..., X,, we have
A _ (4B
sup E {dH(I’p()\),Gn)} >cosn 28+
pE'Pz(ﬁ,L,)\,’Y)
A __abB
sup I [dA(Fp()\),Gn)} = (4.1)
pepz(ﬁva)\v’Y)

PROOF. In view of Proposition P.1], we only have to prove ([.]). To that

end, we will use Lemma @ with d = da, € = ¢, ~ niﬁid and P =
Ps (B, L, \,v). Assume without loss of generality that A\ = 1.

We now describe the construction of the family A. Define the support
density by

1 if0<z0) <1, forany j=1,....d,
po(x):{ 0 else._ B T

We now define perturbations of the support density. Consider the integer

1
q = |co7n2P+d | where co7 is a positive constant chosen large enough to ensure
that ¢ > 1, and the regular grid G on [0, 1]¢ defined as

2k1 +1 2kqs +1 .
= ; g —1 =1,... .
g {( 2(] ) ) 2q >7kle{07 »q }72 ) 7d}}

Re-index the grid by G = {g;}1<;<,¢ and define the integer m = [c23¢? 7|
for some positive constant cog. The condition 73 < d ensures that m > 2
if cog is chosen large enough. Let J = {1,3,...,2m — 1} be the set of odd
integers between 1 and 2m — 1 and for any j = 1,...,2m, define the disjoint
balls B; = BB(gj,(élq)*l), where 3= Bif 3> 1and f=21if 3 < 1. Set
By = [0,1]%\ U?:l Bj and consider a partition of By into two measurable
sets By = C1 U Cy such that Q(C1) = Q(C2) = Q(By)/2. For any j € J,
define the function ¢; on [0,1]¢ by

pj(x) = Lz — nggﬁ{mij} — Lz~ 9j+1H§ﬁ{xij+1} , 0<L<1.

18



For any w = (w1,...,wn) € {—1,1}"", define the density

Pu() =14 wiwj(@) + £ (Lpecyy — Lizecy))
JjeJ
where £ < 1 is a tuning parameter. Consider a set Q C {—1,1}™ of cardi-
nality s and define the family N as

N ={p,,w e Q}.

The tuning parameters, L, x and 2, will be chosen in order to fulfill the
conditions of Lemma [.9.

FIrsT conDITION: N C Px(S, L, 1,7).

Remark first that for any w € €2, p,, is a density that satisfies ||py||co < 2.
Next, fix n > 0 and 29 € D(n) = p,*{]1 —n,1 + n[} outside of the set of
null Lebesgue measure where p,, is not differentiable. If x( is in the interior
of By then p is constant in a neighborhood of xg and obviously belongs to
X(B8,L,x0). Fix j € {1,...,2m} and assume that xy € Bj, g # g;, for some
j=1,...,2m.

We begin by treating the case 8 > 1. For any x € B;, we have

d
po@) =1+, LS |20 — gV,
=1

where 0; € {-1,1}. Fix | € {1,2,...,d}, and assume without loss of
(1) 0

generality that x;’ > g; - Consider now a real number z() such that

lz®) — x(()l)| < (ac(()l) - g§l))/2. A Laplace-Taylor expansion at point x((]l) gives

L8]
20 =g = >t =) (o) - o)+ RO,
k=0

where C(k,3) # 0 depends only on [,k and the sign of W — g§l). The
residual term is given by

20

RO — ¢/(3) /(l) (a® — )Pt - gj(‘l))ﬁﬂqut’
Zo

where C'(3) depends only on 3 and the sign of z® — g](.l). Note now that

since § — | 3] — 1 <0, we have

l
1RO < |C"(B)||z® — =)
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Summing up over [ allows us to bound from above the difference between
po and its Taylor polynomial of degree |3] at point zg by the quantity

caoLllw — 2ol < esoLllz — zol5,

where cg9 and c3p are positive constants that depend only on 3 and d.
When g < 1, 8 = 2 and the Taylor polynomial of p, at point xy has
degree | 3] = 0. Therefore, it is constant and equals p,,(zg). It yields

[po(@) = pulo)] = |l = 51 — o — ;15|
7 B
< L[z = gjll2 = llzo — gjll2|
< Lz - o3 -

For any 8 > 0, taking L such that csoL < L A 1/2, yields that NV C
E(B’ L, 1’0)-

For large enough 1, D(n) = [0,1]¢ and we can take 3 = 3 in condition
(ii). Therefore we only have to check that p, has y-exponent at level 1 with
respect to the Lebesgue measure. The following decomposition holds:

Qz:lp—1]<e)=2) Qz:|p(x)— 1| <&,z € By
JjeET
+Q(z : p(z) — 1] < &,z € By)

=2mQ(z : |p(z) — 1| < e,7 € By) + Q(Bo) Le>y -
(4.2)

We have on the one hand,
mQ(x : |p(z) — 1| <e,x € By) < 631mq_d]1{62iq,ﬁ} + 632m6d/5]1{6<iq,ﬁ}.
Since m < c28¢% 7 we have mq=? < ¢~ 77, Tt yields

—d _
mg My 5 -0y < 284 vgﬂ{a”Ziq*’Yﬁ} < es3e’

and
me P g0y < easa" e M ppyearny < e
Therefore
mQ(z : |p(x) — 1| < e,z € By) < e35¢”. (4.3)
On the other hand,
Q(Bo)Liesny = (1 — csgmq N Lpespy < cgre?, (4.4)
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when & = c33(1 — c3emq™?) /7 < 1. Equation ([) together with (f£3) and
(B4) yield
Q(z:|p—1 <e) <cage”.
for k = c3g(1 — 036mq*d)1/7.
SECOND CONDITION (B.1): da(Ty,Ty) > &4,V p,q € N,p # q.
By construction, for any w,w’ € {—1,1}"™,

m
dn (pr? Ipy) =2 Z ]I{wﬁéwg}q_d
j=1

We need to bound from below the Hamming distance between w and w’,
defined for any w,w’ € Q by

Z ot}

To do so we use the Varshamov-Gilbert bound (cf. Lemma p.J]) that guar-
antees the existence of  such that card(Q) > 2"/® and p(w,w’) > m/8 for
any w,w’ € . For such Q we have

—d
m B
i > cy0q” P > cqn”

d (PPwP )

THIRD CONDITION: max K (p,q) < cs2log(s).
P.aEN

Note that for the above choice of Q, we have s = card(N') = card(Q) >
2m/8 . Therefore log(s) > c43m and we only have to prove that

max K(p,q) < cgam.
Jnax K(p,q) < cas

For any p,,, p.s € N, we have,

pwapw —nZ/

jeT B; UBJ+1

(2)
(2)
<n Z /BUBJ.+1 log <1 + WjSDJ:EQJ“;) (1 + wjgoj(x))dx.

JjeT
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Fix j € J and assume without loss of generality that w; = 1. For any
x € Bj we have

/B_ log (%) (1+ p;(x))dz =

J

e (T Crestoin= [ tos (1= 755) 0-see

j+1

Consider the function F' : [0,1) — IR defined by

F(z) = log <1+12—_ZZ> (14 2)+log (1_ 12fz> (1—2).

For any z > 0 such that z < f//4 < 1/4, we have

_ 2
- 22(1+2) 22(1-2) 8 9.2

F =
(2) < 1—2 1+2 1—22—

It yields

[ e (720 estenaz <o |

_(0.L
50’4q

) HxH%ﬁdm < 045q(2ﬁ+d) .

Hence

K (pw,pur) < 045nmq(26+d) < eggm < cq7log(s).

We can therefore apply Lemma [5.9 and the Theorem [£.1] is proved. [ |

5 Appendix

In this section we gather technical results that are used in Section [|. For a
recent survey on the construction of minimax lower bounds, see
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(B0044)[Chap. 2]. We first give a lemma related to subset extraction. Fix
an integer m > 1 and define

Q={w=(w1,...,wm),w; € {0,1}} ={0,1}"

For any two w = (w1,...,wy) and o’ = (W],...,w),) in Q define the Ham-
ming distance between w and w’ by

plw, o) = Mirury -
=1

The following lemma holds
Lemma 5.1 (Varshamov-Gilbert bound, 1962) Fizm > 8. Then there
exists a subset {w®, ... WM} of Q such that M > 2™/% and
m
8 )
Moreover, we can always take w©® = 0,...,0).
For a proof of this lemma, see [['sybakoy (0044, Lemma 2.8, p. 89).

The next lemma can be found in [Tsybakoy] (|l 99 ﬂ, Lemma 4) and is stated
here in a slightly weaker form. It allows to derive minimax lower bounds in

the context of density level set estimation. It involves the Kullback-Leibler
divergence between two probability densities p and ¢ on IR?

+00 else.

p(w(j),w(k))z VO<j<k<M.

Lemma 5.2 Let d be a pseudo-metric between subsets of X C IR%. Let P be
a set of densities and assume that there exists a subset N' C F with cardinal
2 < card(N) = s < 0o and a constant cyg > 0, such that

d(Tp(A\),Ty(N) >, VpgeN,p#q, (5.1)
and
max K (p,q) < csglog(s), (5.2)
p,gEN

where K (-,-) denotes the Kullback-Leibler divergence. Then, there exists
an absolute positive constant css such that for any estimator Gy, of I'p(\)
constructed from the sample X1,...,X,, we have

sup IE d(Fp(A),én)] > cq9€ .
peEP
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