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Sharp estimates of bounded solutions to
some second order forced dissipative equations

Alain Haraux

Résumé. A l'aide d’inégalités différentielles, on établit une estimation proche
de 'optimalité pour la norme dans L*°(R,V) de I'unique solution bornée de u" +
cu' + Au = f(t) lorsque A = A* > AI est un opérateur borné ou non sur un espace
de Hilbert réel H, V = D(Al/ 2) et ), c sont des constantes positives, tandis que
feL>*R H).

Abstract. By using differential inequalities, a close-to-optimal L>(R, V') bound
of the unique bounded solution of w4 cu’+ Au = f(t) is obtained whenever A = A* >
Al is a bounded or unbounded linear operator on a real Hilbert space H, V = D(Al/ 2)
and A, ¢ are positive constants, while f € L> (R, H).
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| ntroduction

Let H be a real Hilbert space. In the sequel we denote by (u,v) the inner product
of two vectors uw,v in H and by |u| the H-norm of u. Let A : D(A) — H a possibly

unbounded self-adjoint linear operator such that
A > 0,Vu € D(A), (Au,u) > Nul?
We consider the largest possible number satisfying the above inequality, in other terms

AL = inf (Au, u)
u€D(A),|u|=1

We also introduce
V = D(AY?)

endowed with the norm given by
vueV, ful?=|AYuf?

We recall that
Vu € D(A), |AY?u|* = (Au,u)

It is clear that the norm just defined on V is equivalent to the graph norm of A'/? as

a consequence of our coerciveness assumption on A.

Given f € L>®(R, H) the second order evolution equation
u 4+ cu' + Au = f(t) (1)
is well-known to have a unique bounded solution
ue C(R,V)NC, (R, H) (2)
Indeed, putting (1) in the equivalent form
W=v;, vV4+ew+tAu=f
and introducing the contraction semi-group S(t) generated on V' x H by the system

W —v=v+cv+Au=0
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since S is exponentially damped on V' x H, we have (cf.e.g. [5])

VteR, [u(t),u(t)]= /OOO S(m)[0, f(t —7)]dr = / S(t—s)[0, f(s)lds (3)

— 00

Assuming
IS@)|| < Me™?*

we also get the estimate

M
vteR,  Ju@®)| < (@) + [ )P < |l )

However, in applications to infinite dimensional systems such as the wave equation,
the standard method relying on the above formulas does not seem to give the best
possible estimate of the energy because the choice of § and M is not easy to optimize,
especially in presence of double eigenvalues or more generally close enough eigenvalues.
The object of this paper is to develop specific methods to obtain a good estimate on
the L norm of u with values in V. Not too surprisingly the results which we obtain
are natural extensions of optimal estimates for second order ODE which were devised
in [7] for the special case of Duffing’s equation. Therefore these result are in the
direct line of the tradition initiated by Cartwright and Littlewood [2] and continued
by W.S. Loud [8]. Duffing’s equation have been studied a lot both theoretically and
numerically, cf. e.g.[3, 4, 10]. Infinite dimensional variants of Duffing’s equation arise
naturally in continuum mechanics. In this framework the behavior of the general
solution becomes very complicated but it is still useful to derive sharp estimates for
bounded solutions of the linearized problem in order, for instance, to estimate the
size of the attractor in the usual energy space. Surprisingly enough, our estimates
provide bounds on the attractor which in some relevant cases are optimal up to at
most a /2 factor. At the present time we do not know if an optimal bound can be
achieved.

The plan of the paper is the following: Section 1 contains the statement of all
major results. Sections 2,3, 4 and 5 are devoted to the proofs. In Section 6 we give
examples of application to the size of attractors of some nonlinear wave equations in

a bounded domain. The results are shown to be almost optimal.



1- Main results.

We start with a non-optimal result which is applicable in a rather broad framework

Theorem 1.1. Let 5(t) : R — C(V,V') be a measurable family of continuous
operators, f € L (R, H) and assume for some constants C >0, ¢>0

Vte R Yo eV, (B(t)v,v) > clv]? (1.1)
VteR,Yv eV, |[B(t)]7 <C(B(t)v,v) (1.2)

Then if u € CY (R, V)N W2 (R, H) is a bounded solution of
u’ + Au+ B(t)u’ = f(t) (1.3)

in the sense that
uwe LR, V), ueL®R,H)

We have the following estimates

vteR, {Ju/ @) +Ilu@®)]?}? < \3[(4 + O fllzos . (1.4)
vieR, sup{|u'(t)] [[u(t )H}<\/_( + Ol o o (1.5)

Corollary 1.2. Assume that € L*™(R, L(H)) satisfies (1.1) and
vo € H, 8(t)v] < Tl

Then (1.4)—(1.5) are valid for any solution u € CP(R, V)N CH(R, H) N W%>(R, V")

2
ith C =
wi C)\1

Corollary 1.3. In the special case

Vte R,Yv € HZ [B(t)v=-cv

we obtain
WER, (WP +u)P}? < }(4 M lema (16)
veR sup{lu' (Ol u®)l} < V3G + 1)l (1.7)

valid for any solution u € CY(R,V)NCH(R, H) N W27°°(]R, V.

Corollary 1.3 is not optimal. In fact a better result can be obtained for equation

(1) under suitable hypotheses on ¢ and A.



We start with a result when c is small (weak dissipation)

Theorem 1.4. Assume ¢ < 2y/ A1 or equivalently

62

)\122

Then the bounded solution u of (1) satisfies the stronger estimates

4 1 2v/2
vteR, u@)|| < P N [ fllzoe (rFry < T||f||L<>°(R,H) (1.9)
, 4
VteR, /()] < E“f”LOO(R,H) (1.10)

The next intermediate result is only valid for A bounded

Theorem 1.5. Let A € L(H) and assume
¢ > 2| A = 2|4/ (1.11)

Then the bounded solution u of (1) satisfies the estimate
2
vt € R, [lu(t)]| = [APu(t)] < 3 llee (1.12)

Finally the following result for large damping complements Theorem 1.4.

Theorem 1.6. Assuming ¢ > 2\/ A1 or equivalently

02

A< (1.13)

the bounded solution w of (1) satisfies the estimate

8
vieR, [u(l <y

2 2
+ — o < — o 1.14
)\1 ||fHL (R,H) \/)\—1 ||fHL (R,H) ( )

Remark 1.7. It is not difficult to check that both Theorems 1.4 and 1.6 improve

the result of Corollary 1.3 by a factor at least equal to /12. However the two estimates
2

of Theorem 1.4 and Theorem 1.6 do not match for \; = CZ This suggests that these

results are not optimal yet.



2-Proof of Theorem 1.1.

First we notice that the hypotheses (1.2)-(1.3) imply

Indeed for any v € V, v # 0 we have ||5(t)v]« < C||lv|| and then

clo? < (B(t)v,v) < [BE)vllllv]l < Cllv]]* = = <

In other words )
< ol _
C ~vev-o |yf?

Next we introduce
O(t) = [u' ()]* + lu(®)||* + 6 (u(t), ' (t)) (2.2)

® is absolutely continuous on R and a.e. in t, dropping for simplicity the t-dependence
we have
O = (v + Au, 2u) + 6|/ |* + 6(u”, u)
= —2(B(t)u’,u') + O[u'|* + 6(f — Au— B(t)u’,u) + 2(f,u)
o' < —2(B(t) ') + 8|’ [P + VO§|Jul| (B, u') 2 = Sllul]? + (f, 20" + 6u) (2.3)

We set

1
v=—7=(BOu, W) > ], w=|ul

Ve
and
P(v,w) = (2¢ — 6)v* — 6V Cc vw + Sw?

In order for the quadratic form P to be positive definite it is sufficient to have
6 <2, A=Ccd?—45(2c—6)<0

The second condition reads 8¢ > §(Cc + 4) and is obviously satisfied for the choice

4e

= < 2.4
Cetd=F¢ (24)
We have obviously
4c 4V MV Ce
= < < .
0 Cc+4— C(Cc+4 <Vh (2:5)
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An obvious calculation shows that whenever a > 0 and A’ = 32 — ay < 0 we have

o+ a—7,2
ey ()

av? — 2Bvw + yw? > (v + w?)

For the quadratic form P we have

V— p=VTes a—y=2c—0)
and 2 2 3
5 Cc ; 522006 _ 4C¢c i
hence 2 02 4 C 3 C 3
a— cr+4C¢ c
52+< ”Y) = 2 =
So we find
cvCe
> 2 2
P(v,w) > [ Tm] (v° +w?)
Now
vCec _\/C'c—|—4—\/Cc_ 4 2

= = >
VCc+4 VCec+4 VCc+4(VCc++/Cc+4) — Ce+4

and finally

P > 2
(v,w) 2 C’c+4<v +w’)
From (2.3) we deduce
2c
< _ 712 2 / )
@ < =2 (W ) + (.20 + 6 (2.6

Since by (2.5)
120" + Sul? = 4/ |* + 45 (u, u') + 62 |ul* < 4’2 4 46(u, ') + ||Ju|? < 4@
we deduce from (2.6)

P < — 2c

< g (WP ) + 2171VB 27)

On the other hand, let
E=E@t):= [ {)F + u@®)]?

7



Since ® = E + §(u, u’) and

1
[6(w, w)l < Vful '] < Jluflle| < SE

we have . 5

SE<®<IE (2.8)
From (2.7) and (2.8) we deduce

[ 2| fIV®

3(Cc+4)

and combining with
AVE < g 2P
we infer, a.e in t
¥ <o e A0 (2.9)

From (2.9) we deduce immediately, using boundedness of ® on R

3(Cc+4)72

vteR, o)< [ S| IflEerm (2.10)

As a first consequence we find

VE < V28 < wg“)ufumm,m

hence (1.4) In addition since

© > [u/ () + [u@)[I” — [« @)[u@)]

we deduce easily
3
® > 7 sup{[u (1) %, u(®)]*} (2.11)

and (1.5) follows immediately from (2.10)-(2.11).

Proof of Corollary 1.2. We have

P12 < & ()0, v)

1
teR |4 t)ol|? < —I[B(t)f* < =
VieR, Yo eV, |[B( )vll*_hlﬁ( ol 5y

)



2

r

hence (1.2) is satisfied with C' = o Then Corollary 1.2 follows at once from Theo-
CA1

rem1.1 combined with a standard density argument.

Proof of Corollary 1.3. When ((t)v = cv we deduce
VteR, Yo €V, (B(t)v,v) = c|v|?

and the hypothesis of Corollary 1.2 is satisfied with I' = ¢. Then Corollary 1.3 follows

at once from Corollary 1.2.

3- The case of asmall damping.

This section is devoted to the proof of Theorem 1.4. Under hypothesis (1.8) we

can use the specific, well-adapted, energy functional already used in [6, 7]:
O(t) = [u' ()] + lu®)|]* + c(u(t), u'(t)) (2.12)
Here we have
O = (u" + Au,2u) + c|t/|* + c(u”,u) = —c|u/|? +c(f — Au— cu’,u) +2(f,u)

O = —c® + (f,2u + cu) (2.13)

On the other hand
20 + cul* = Alu/|? + 4u, u') + Alul? < 4P’ + de(u, o) + 4|ul® < 42

hence, using
/ 2002, Clo 9 _ 2,2, €
(f,2u —|—cu)<;\f| —|——5\2u + cul <EM + -0

we deduce from (2.13) the inequality
2
o < —g@+—|f|2 (2.14)
c

In particular, since ® is bounded we find

4
VeR, o) < SlfII%
which means
4
VteR, [u' ()] + [lu(t)]]® + c(u(t),u'(t) < C—QHino (2.15)

9



In particular
4
VEER,  Mfu(t)] +e(u(®),v'(t) < F (1%

and this means
c 4
§(IU(t)I2)’ + Mlu(t)]? < C—gllfllio

Along with boundedness of u(t) in H on R this implies
Ve, [ut) < |2 (2.16)
’ 2\ > .

Finally from (2.15) we deduce

C2

4 4
VEeR, Ju@®)l® < SlIfI% — W/ @F - clu®), ' (®) < F[IfI% + Flu®)

4 1
< (2 L2 2
<G+

hence (1.9) is established. To check (1.10) we start from (2.15)-(2.16) which provide

8
VEER, [u (O + 2\ |u(®) + c(u(®), () < Sl fII%
in particular

2
VieR, WP + Sl + clu(t), v (0) < S

hence
teR, WP < SIfI% - Sl - cu®), v 1) < SIFIE + Sh@)

from which (1.10) follows at once.

Remark 3.1. Compared with the scalar case we lose here a factor v/2. This
extra factor disappears using the same proof only when A = A\{I, a special situation
which generalizes the scalar case, in which case the result is optimal for ¢ = 2/\;.

We do not know whether it is possible to do any better in general, even when H = R?.

4- Bounded operator and large damping

This section is devoted to the proof of Theorem 1.5. We shall use the following

simple lemma.

10



Lemma 4.1 Let B € L(H) satisfy B > nl with n > 0. Then for each f €

L>(R, H) there exists one and only one solution u bounded on R with values in H of
u + Bu=f (4.1)

and we have
1
VteR, |BY?u(t)] < —anHLOO(R,H) (4.2)

Proof. Let u be a solution of (4.1) on some open interval J C R and introduce
lull = 1B/l
We have for almost all ¢t € J
d, o 2
P + 2(Bu, Bu) = 2(/, Bu) < | + (Bu, Bu)
hence
d o o _ d o 2 2
gpllull™ +allul® < — llul” + |Bul” < [f]

In the special case f = 0, this shows that the semi-group exp(—tB) is exponentially
decaying, implying existence and uniqueness of the bounded solution u. Now applying
the above inequality to the bounded solution u on J = R we find by a standard

procedure

n(sup |ull)® = nsup ull® < || 17 rm
R R
from which (4.2) follows immediately.

Proof of Theorem 1.5. As a consequence of (1.11) the operator
D =c*I —4A

satisfies D = D* > (0 and we can define

1/2 I_D1/2
B:cI+2D ’ C:C .

It is readily verified that
B+C=c¢cl; BC=CB=A

11



In addition since 2T — 44 > (¢ — 4||A||)T we deduce

2 _
5o CH V@]

- 2

and since ¢?I — 4A < (c® — 4)\1)I we have

2=
CZC \/02 4)\1[

As a consequence of Lemma 4.1, for each f € L>°(R, H) there is a unique bounded
solution v of

v+ Bv=f

Since v is bounded there is a unique bounded solution u of
W+ Cu=v

It is clear that
u,v € WH2(R, H)

Then v/ = v — Cu € WH°(R, H)and we have
u' =v -Cu =f-—Bv—Cu =f—Cu - B +Cu)=f—cu — Au
Finally, u is the bounded solution of
v +eu +Au=f

on the other hand by Lemma 4.1 we have, denoting by ||u||s the norm of u in
L>(R,H)

1
IB 20|00 < ——=|Ifl
A (B)
Letting
w = BY%y

we then have
(BY2u) + CBY?u = w

and by Lemma 4.1 applied to C' we find

1 1
|4 2u]l oo = |CY2BY 2|0 € ———||w]|oc < 11l
A (0) A(B)A1(C)

12



which means
1
VieR, |u(t)] < [ £l
A (B)A1(C)

Now we have

2 _ _ 2
M(B) > c++\/c 4||A|| M(C) > c c2 — 4\

2 ’ - 2
Because
4\
c—\c2—4)\ =
! c+Ve? —4\
and since
c<c+ A —A4|A| <c+ V2 —4)\ <2
we find
c+ /2 —A4|A| A1
AM(B)AL(C) > A > =
WM = e, T
and finally

2
Ve R, [u(®)] <4/ )\—||f||oo
1

and this concludes the proof of (1.12).

Remark 4.2. a) The proof of Theorem 1.5 may look somewhat strange but it is
in fact a natural generalization of the proof of Theorem 2.1, i) from [7] which in turn is
related to the main principle of [1, 9] in which an order preserving property was used.
The idea is just to decompose the second order operator with boundedness condition
at infinity as a product of two first order operators which are easier to handle. The
decomposition turns out to be real precisely under condition (1.11). When (1.11) is
not satisfied, the decomposition gives a weak estimate even in the scalar case, this
explains why we use a different method for the proof of Theorem 1.4.

b) Compared with the scalar case we lose here a factor v/2. Actually when
A = M1 the /2 factor disappears and we recover the scalar case. We do not know
whether it is possible to avoid the extra /2 factor in general, even when H = R?. At
least the v/2 factor can always be replaced by the smaller factor

c+ V2 — 4\
c(A) =
c+ /2 — 4| A

13



5- Proof of Theorem 1.6.

We now prove Theorem 1.6. As a consequence of [11], Theorem VIIL.4 p. 260,

we may assume, up to an isometric isomorphism, that

H = L*(E,dp)
and
D(A) = L*(E, (14 a®)du)
Vu € D(A), (Au)(x)=a(z)u(x),p— a.e
Now let 5
Hy={ueH, wulx)=0 p— ae. on{a(r)> Cz}}
H_ ={ueH, ulx)=0 p—ae on{a(z)< CZ}}

Let P and (Q = I — P be the orthogonal projectors on H, and H_ respectively. Given
f € L*=(R, H) we remark that the bounded solution of (1) can be written

u = Pu+ Qu

where (Pu, Qu) lie in H, and H_ respectively and are the bounded solutions associ-
ated respectively to (Pf, Qf). Applying Theorem 1.4 to (Pu, Pf) in Hy we find

22

2
THPfHLoo(R,H)

VteR, |[|Pu(t)] <
and by applying Theorem 1.5 to (Qu,Qf) in H_ we find

2
vt € R, [|Qu(t) < \//\_lHQfHLOO(R,H)

Then
2 2 2 8 2 2
vteR, [u®)]” < [Pu)” + [[Qut)]” < (7 + )\_1)HfHL°°(R,H)

and (1.13) follows easily.
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6- Applications.

Let (€2, 1) be a finitely measured space and A a positive definite self-adjoint linear

operator as in the introduction on H = L?(Q, dpu) .

6.1. Local dissipations associated to bounded potentials.
Theorem 1.1 and its corollaries can be applied to estimate the bounded solution
u € Cp(R, V)N CHR, H) N W%2(R, V') of the equation

u’ + Au+c(t,z)u’ = f(t, ) (6.1)
when ¢ € L>®(R x ) is such that
0<vy<c(t,x) <T, aeonRx (6.2)

as a consequence of Corollary 1.2 we have

VieR, {Ju/(t)f+ [u(t)[2}V? < }(j+r—>|\fruwm (6.3)
vieR, sup{lu (O lu(®)]} < V3 (2 +f—>||fummm (6.4)

Similar estimates can be derived when € is a bounded domain in RY and for instance
V=H;(Q); A=-A

assuming
c(t,z) >vy>0, ce L>®[R,LP(Q))

withp >2if N=1,p>2ift N=2, p>Nif N > 3. We leave the estimates to the

reader as an easy excercise.

6.2. More general damping operators.

It is possible to use Theorem 1.1 to study such problems as
' — Au+b(z)u + c(t,x)u’ — () Au' = f(t,z) (6.5)

or
u” 4+ A%u+ b(z)u + c(t, o)u’ — () Au' + o(t) A% = f(t,x) (6.6)

15



with various boundary conditions. But these examples deserve a detailed analysis
which would certainly provide sharper results than a simple use of Theorem 1.1,
especially when c is a constant. The estimates provided by Theorem 1.1 are a bit

tedious in general and are left again as an exercise.

6.3. Bound on attractors of sine-telegraph equations.
Assuming p(£2) < oo, let us consider a bounded function F' : R — [—a, +a] and
let u € Co(R, V)N CHR, H) N W2°(R, V') be a solution of

' +cu' + Au = F(u) (6.7)
Then if ¢ > 24/A\; we have

VteR, [ut)] < -=p@)"? (6.8)

\/Xl

and if ¢ < 24/\; we have

QG\[ (2 )1/2

VteR, |u(t)] <22 (6.9)

For instance, let © be a bounded open domain in RY and b > 0,¢ > 0 We consider
the problem
u' — Au+bu+ cu' = asinu (6.10)

with one of the boundary conditions

u=0 on 0N (6.11)
or
gz =0 on dQ (6.12)

It is well known, c.f. eg [6] that problems (6.10)-(6.11) and (6.10)-(6.12) have a
compact attractor A under the condition b > 0 in the second case. Our results allow
to obtain an upper bound of the size of the u—projection of A since the attractor is
just the union of the ranges of bounded solutions. In the case of problem (6.10)-(6.11)

we have

2
OL\/_|Q|1/2}

Ac () € HY(Q) x L(Q) {/Q||Vu||2dx 1 * < (6.13)



whenever

and for problem (6.10)-(6.12) we have

Ac {(u) € HY(Q) x L(Q), {/Q(Hvun? +bu2)dac}1/2 < Q‘I—Cﬁmﬂﬂ} (6.14)

whenever

c§2\/l_)

These results are, surprisingly enough, close to optimality. For instance in the sec-

ond case, for specific values of the parameters the problem has stationary solutions,

constant in time and space. These are the solutions of
ueR, bu=asinu

The estimate (6.14) here means that any solution u of (6.15) satisfies

let us consider the limiting case

Then the above inequality becomes

||<a2
u —
- b

Now let k € N,k > 1 and let
1

kT Gkt
We have

sin(g + 2k7) — gk(% +2k7) > 0> sin((2k + 1)) — e (2k + )7 = —1

and it follows :

Juy, € [g + 2km, 2k + V)7, sinug = epug
Now select any pair (a,b) of positive numbers with
a= (2k+ 1)7b

17
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our inequality shows
w, < (2k + 1)7V2

while the actual uy is such that
up > % + 2k

For k large we are off by a factor v/2. So that for any Q our estimate is sharp up to a
v/2 multiplicative constant. And of course in general the attractor may contain non

stationary solutions.

Remark. It would of course be possible to estimate also the size in L?(2) of
the u'—projection of the attractor. But in this case it is more difficult to study the

optimality, so we did not give an estimate for which we have no optimality result.
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