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A FULL DISCRETIZATION OF THE TIME-DEPENDENT NAVIER-STOKES
EQUATIONS BY A TWO-GRID SCHEME

HYAM ABBOUDT# AND TONI SAYAH?

ABSTRACT. We study a two-grid scheme fully discrete in time and space for solving the Navier-Stokes
system. In the first step, the fully non-linear problem is discretized in space on a coarse grid with
mesh-size H and time step k. In the second step, the problem is discretized in space on a fine grid
with mesh-size h and the same time step, and linearized around the velocity wy computed in the first
step. The two-grid strategy is motivated by the fact that under suitable assumptions, the contribution
of ug to the error in the non-linear term, is measured in the L2 norm in space and time, and thus has
a higher-order than if it were measured in the H! norm in space. We present the following results: if
h = H? = k, then the global error of the two-grid algorithm is of the order of h, the same as would have
been obtained if the non-linear problem had been solved directly on the fine grid.

Keywords Two-grid scheme, Non-linear problem, Incompressible flow, Time and Space discretiza-
tions, Duality argument, “superconvergence”.

1. INTRODUCTION.

The two-grid method is a general strategy for solving a non-linear Partial Differential Equation (PDE),
depending or not in time, with solution w. In a first step, we discretize the fully non-linear PDE on a
coarse grid of mesh-size H and we compute an approximate solution ug. Then, in a second step, we
linearize the PDE around wy and we discretize the linearized problem on a fine grid of mesh-size h; let
uﬁf" be the corresponding solution. Then, under suitable assumptions, we can prove that if h, H and the
time step k are well-chosen, the global error of the two-grid algorithm || u — ul™ || has the same order as
the error || u—wuy, || that would have been obtained if the non-linear problem had been directly discretized
on the fine grid.

Two-grid discretizations have been widely applied to linear and non-linear elliptic boundary value
problems: J. Xu in [20], [21], [22] has pioneered their development. These methods have been extended
to the steady Navier-Stokes equations, cf. for instance the work of W. Layton in [11], W. Layton & W.
Lenferink in [12] and V. Girault & J.-L. Lions in [5]. Also, this method has been applied to the time-
dependent Navier-Stokes problem, cf. V. Girault & J.-L. Lions [6] in which they analyze a semi-discrete
algorithm.

The purpose of this article is to solve by a two-grid scheme, on a coarse grid and a fine grid, the non-
stationary incompressible Navier-Stokes problem and to show that the two-grid algorithm’s global error
is similar to the error of the direct resolution of the non-linear problem on a fine grid.

Let Q be a bounded domain of R? with a polygonal boundary 99 and let 10,T[ be a given time-
interval. Consider the following Navier-Stokes equations for an incompressible fluid, with u the velocity
and p the pressure

%(x,t) — vAu(z,t) + u(z,t) - Vu(z, t) + Vp(x, t) = f(z,t) in 2x]0, T, (1.1)
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2 ABBOUD AND SAYAH.

with the incompressibility condition

divu(x,t) =0 in 2x]0, T, (1.2)
the homogeneous Dirichlet boundary condition
u(z,t) =0 on 920,77, (1.3)
and the initial condition
u(z,0) =0 in Q, (1.4)
where the notation u - Vu means )

K3

ou
u-Vu = ;ul%

Setting L3(Q) = {q € L2(Q);/ q dr = 0} and assuming that f belongs to L?(0,T; H~*(Q)?), it is

Q
well-known that (1.1)—(1.2) has the following variational formulation in |0, T'[:

Find u(t) € H}()?, such that in the sense of distributions on ]0, 77,

Vv € H} (), %(u(t)m) +v(Vu(t), Vo) + (u(t) - Vu(t),v) — (p(t),divv) = (f(¢), v), (1.5)
Vg € L§(Q), (¢, divu(t)) =0, (1.6)

and
u(0) = 0, (1.7)

where u(t) = u(z,t).

Furthermore, this problem has one and only one solution u in L>(0,T; L%(Q)?) N L?(0,T; H(2)?) and
p in the dual space of W' (0, T; L2(Q)) (see e.g. O.A. Ladyzenskaya in [10] and J.-L. Lions in [13]).
In addition, we have the following regularity result.

Theorem 1.1. If Q is convex and f € L?(0,T; L*(Q)?), then
u€ L0, T; H'(2)%) N L*(0,T; H*(Q)?) and p € L*(0,T; H*(Q)). (1.8)

For discretizing (1.5)—(1.7), let n > 0 be a discretization parameter in space and for each 7, let 7,, be a
corresponding regular (or non-degenerate) family of triangulations of Q, consisting of triangles such that
any two triangles are either disjoint or share a vertex or an entire side. For an arbitrary triangle x, we
denote by 7, the diameter of x and by p, the diameter of the circle inscribed in x. Then 1 denotes the
maximum of 7, and we assume that 7,, is regular in the sense of Ciarlet [4] : there exists a constant o
independent of 1 such that

sup = =0, < 0. (1.9)

Let X, and M, be a “stable” pair of finite-element spaces for discretizing the velocity u and the pressure
p, stable in the sense that it satisfies a uniform discrete inf-sup condition: there exists a constant §* > 0,
independent of 7, such that

1 , X
Vg, € M, sup ol / gy divuydr > 8% || gy ||2cq) - (1.10)
v €Xy Un|H1(Q) Q

Let P,, denote the space of polynomials with total degree less than or equal to k. As the two-grid
scheme is better adapted to finite-elements of low degree, we may choose for instance the “mini-element”
(see D. Arnold, F. Brezzi and M. Fortin in [3]), where in each triangle x, the pressure p is a polynomial
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of IP; and each component of the velocity is the sum of a polynomial of IP; and a “bubble” function by.

Denoting the vertices of k¥ by a;,1 < ¢ < 3, and its corresponding barycentric coordinate by \;, the
basic bubble function b, is the polynomial of degree three

be(x) = A () A2 (x)A5(2).
We observe that b, (x) = 0 on dk and that b, (x) > 0 on k. The graph of b, looks like a bulb attached to

the boundary of x, whence its name.
Therefore, the finite-element spaces are :

X, = {v, € C°(V)* VK €Ty, vy, € P(K), vy =0}, (1.11)
M, = {qn €C'(Q); VE €Ty, qy, € Pl,/ gndx = O} , (1.12)
Q
where
P(k) = [P1 ® Vect(by))*. (1.13)

There exists an approximation operator P, € L(H}(Q)?%; X,,) such that (see V. Girault and P.-A. Raviart
in [7]) :

Vv € Hy(Q)?, Vg, € M,, / ¢y div(P,(v) — v)dz = 0, (1.14)
Q

and for k=0 or 1,
Vo e [H'H Q)N Hy ()2, || Py(v) = v [|2@) < O (ol gies o), (1.15)

and forall r > 2,k =0 or 1,
Yu € [WlJrk’T(Q) N Hé(Q)P, |P77(’U) - ’U|W1,r(Q) < Cﬂ]k|’U|W1+k,r(Q). (116)

In addition, as M,, contains all polynomials of degree one, there exists an operator 7, € L(L3(£2); M,),
such that for any real number s € [0, 2],

Vg € H*(Q) N L§(Q), || ry(a) — q 2@ < Cn’lg

Hs(Q)- (1.17)

T
To discretize in time, we divide the interval [0,7] into N subintervals of equal length k = N’ with
grid-points t" = nk,0 <n < N.

With these spaces, we propose the following two-grid scheme for discretizing (1.5)—(1.7). We use two
regular triangulations of Q : a coarse triangulation 7 and a fine one 7}, that for practical purposes, is
a refinement of 7g.

On each of these, we define the same stable pair of finite-element spaces, (Xg, My) and (X, M}y,) such
that Xy C X, and My C M. At each time step, we solve (1.18)—(1.19) and (1.20)—(1.21) below. The
two-grid algorithm reads :

e Step One (non-linear problem on coarse grid): Knowing u%, find (u}?l , p’IfI'H) with values in Xy x My,

solution of
1 1
Vor € X, E(U?I—H —ufy,ve) + v(Vut, Vor) + (Wit Vait ) + §(divu’}_1+1,u’}_1+1 “vp)
— (i divor) = (" o) (1.18)

Ygr € My, (qu,divu’y™) =0. (1.19)
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e Step Two (linearized problem on fine grid): Knowing (uy™, p%™), find (up ™!, pi™!) with values in
X3 x Mj, solution of

1
Yoy, € Xh, E(u;fl —up,vp) + v(Vup Tt V) + Wy Vet o) — (0t divos)
() (1.20)

Yan € My, (qn,divuy™) =0. (1.21)

By assumption, u% = 0. Moreover, at the step time n + 1, in (1.18), u% is in fact a restriction on the
coarse grid of uj’ that has just been computed :

uf = R(”Z)?
where R is a suitable restriction from X into Xg.
The pressure pZ“ is dissociated from uZ“
to the fine grid.

In both (1.18) and (1.20), f™*! is a suitable approximation of f at time ¢t"**. The purpose of this two-grid
algorithm is to reduce the time of computation for both velocity and pressure.

by a decoupling algorithm starting with an extension of p’;

In the sequel, we shall take k of the order of H? : there exist two constants a; and as > 0 that do
not depend on H and k such that
041H2 S k S O[2H2.

Remark 1.2. To simplify the error analysis, the convection term in (1.18) is stabilized so that it is
anti-symmetric. But often in practice, it is not stabilized; it is the case of the numerical tests presented
at the end. We refer to [6] for the numerical analysis of a semi-discrete scheme that is not stabilized.

Remark 1.3. One can also linearize the first step by taking the non-linear term at time n (instead of
n 4+ 1). This requires a condition CFL, but as k << H, this condition is generally satisfied.

Remark 1.4. This is an example in which both equations use the same time step and are both of order
one with respect to time. A more elaborate idea for Step Two would be to use a scheme of second-order
in time with the same time step, or some time-splitting scheme of order one.

The remainder of this article is organized as follows: In Section 2, we present some conventions
and notations that will be used throughout the article. In Section 3, we present a first error estimate
for the fully-discrete Step One then in section 4 we establish a duality argument based on the backward
semi-discrete Stokes system and we derive some uniform bounds that allow us to prove the Stokes prob-
lem’s error estimate in L?(Q2x]0,T[)?, then we apply it to the Navier-Stokes problem. We also prove a
“superconvergence” result for the non-linear part. The pressure is estimated in section 5 and the error
estimation for the solution of Step Two is studied in section 6. Finally, in section 7, we confirm these
results numerically.

Some of these results have been announced in [1].

2. PRELIMINARIES.

To begin with, we present some conventions and notations that will be used throughout the article.
As usual, for handling time-dependent problems, it is convenient to consider functions defined on a time
interval |a, b[ with values in a functional space, say X (cf. Lions and Magenes [14]). More precisely, let
| - [|x denote the norm of X; then for any r, 1 <r < oo, we define

b
L"(a,b; X) = {f mesurable in ]a,b[;/ | f@) I dt < oo}
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equipped with the norm
b 1/r
I o= ([ 17 15 )

with the usual modifications if r = co. It is a Banach space if X is a Banach space.

Let (ki1,k2) denote a pair of non-negative integers, set |k| = k1 + k2 and define the partial derivative
0" by
ko dlkly
V=
Oz Oxs
Here X is usually a Sobolev space, such as (cf. Adams [2] or Necas [15]): for any non-negative integer m
and number r > 1,

Wmr(Q) = {v e L"(Q); 0% € L"(Q),V|k| < m}.

This space is equipped with the seminorm
1/r
ooy = 3 [ 1okoras]
|k|=m €
and is a Banach space for the norm

o lwnr@=| > Pl

0< k| <m

)

:|1/7‘

with the usual extension when r = oo.
When r = 2, this space is the Hilbert space H™(f2). In particular, the scalar product of L?(f2) is denoted

by (,)

Similarly, L2(a,b; H™()) is a Hilbert space and in particular L?(a, b; L?(£2)) coincides with L?(Qx]a, b[).
The definitions of these spaces are extended straightforwardly to vectors, with the same notation, but
with the following modification for the norms in the non-Hilbert case. Let u = (u1, uz); then we set

1/r
Iz oy= [/Q [ u(e) " de|
where || - || denotes the Euclidean vector norm.

For functions that vanish on the boundary, we define for any r > 1 :
Wo () = {v € WH(Q); v]on = 0}, (2.1)
and recall Poincaré’s inequality: there exists a constant P such that

Yo € Hy(Q), || v |r2(0)< Plvla o)- (2.2)

More generally, recall the inequalities of Sobolev imbeddings in two dimensions: for each r € [2, oo, there
exits a constant S, such that

Vo€ Hy(Q), | v [lr@)< Srlvla @), (2.3)
where
[l 0) =l VU [lz2(0) - (2.4)

When r = 2, (2.3) reduces to Poincaré’s inequality and S5 is Poincaré’s constant.
The case r = oo is excluded and is replaced by: for any r > 2, there exists a constant M, such that

Vo e Wy (Q), || v [l < Melolwrr (@) (2.5)
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We have also in dimension 2,
1/2 1/2
I s < 2% 11 g lI750)ll Vo I g, - (2.6)
Owing to (2.2), we use the seminorm |- |g1() as a norm on Hg(f2) and we use it to define the norm of
the dual space H1(Q) of H}(Q):
U
| f ||H*1(Q): sup Lv
vEHY (Q) |U|H1(Q)

where (-, -) denotes the duality pairing between H ~1(Q) and HJ ().

Also, we recall the spaces we introduced at the beginning:
V ={v € Hj(Q)?dive = 0in Q},

L3©) = {a € L9); [ qdo =0},
Q
and the orthogonal complement of V in H}(Q)? :
vVt = {ve H Q) Vw eV, (Vo, Vw) = 0}.

3. ERROR ESTIMATES FOR THE SOLUTION OF STEP ONE

The results in this paragraph are written for the non-linear scheme (1.18)—(1.19).
To simplify, we denote by 7 the mesh parameter. The first result, stated in Lemma 3.1, is a standard
error estimate. We give the proof for the sake of completeness.

Lemma 3.1. Let X,, and M, be defined by (1.11) and (1.12) and approzimate ™' by the average defined
almost everywhere in 0 as follows :

1 tn+1
i (z) = E/ f(z,t)dt, a.e x €. (3.1)
t’Vl
At each time step, (1.18)—(1.19) has a solution u?,“ and this solution is unique if k is sufficiently small.

If f and u are sufficiently smooth, each solution satisfies :

n n s n+1 n+1 n n 2 1/2
sup ||y — (") llzagoy +( D0 I ™ = u(t™h) = (uy = ut) 320 )
0<n<N =0

N-1 1/2
+\/;( Z k|u:71+1 _u(tn—i_l)ﬁfl(ﬂ)) S O(f7uap7 VaT)(n+k)7 (32)

n=0

with a constant C(f,u,p,v,T) independent of n and k.

Proof. Noting that the approximation operator P, defined in [7] satisfies (P, (u))" = P,(u’), we integrate
(1.1) over [t", "], substract (1.18), insert Pu(t"*'), choose the test function vp** = up*t — Pyu(t"*1),
multiply the result by the time step k£ and sum it over n = 0,...,m — 1. We obtain :

m—1 m—1
%(H vy ||2L2(Q) =l U?; ||2L2(Q) + Z [ U:;H — vy H%Q(Q)) +v Z k|l VUZH ||2L2(Q)
n=0 n=0
m—1 gntt
= Z;J {((u(t"H) — Pyu(t")) = (u(t") = Pyu(t™)), op*t) + v ” (V(u(t) = Pyu(t™1)), Vopth)dt
tntt 1
+ ) (u(t) - Vu(t) = u ' Veith) + < (divu(t)u(t) - div ugﬂugﬂ),vgﬂ)dt
i

- /t (p(t)—r,]p(t),divvg“)dt}.
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Let us study the terms of the right hand side of (3.3). The non-linear term is treated like follows :
u(t) - Vu(t) —up™ - Vuptt = (u(t) — Pyu(™)) - Vu(t) —optt - VPu (™)

+  Pu(™) - V(u(t) — Pyu(t™)) + u;”rl -V(Pyu(t"tt) — u%“rl)

and the term corresponding to the divergence is treated similarly.

The first term is bounded as follows : For any €1 > 0,

\Z u(t™ ) = Pyu(t™) = (u(t") = Pyu(t™)), o)

02 5132 n
= 25 | o HL2 0TH1(9)2)77 +— Zk| i 311(9)’
n=0

where S5 is the constant of Poincaré’s inequality.

To study the second term, we insert P,u(t) and we obtain two terms : For any €2 > 0, the first one
is bounded as follows :

‘y Z / W(V(u(t) — Pyult), Vo )]

tn+1 m—1

S - Z/t — Pyu(t) 3y dt +e2 Y klop ™ in Q)}

n=0
m—1
14

< 5{— w1 Z20,7;m2(0)2) 1 + €2 Z Kl * ?{1(9)},

and the second one as follows : Knowing that

tn+1 tn+1

/tn P, (u(t) — u(t™1))dt = /t Py () (r — t")dr,

we have, for any 3 > 0,

tn+1

Z / VP U(tn—i_l)),v’l):;—‘rl dt‘ 2\/_ || 'LL HLQ 0,T; Hl(Q)z) k + 53 Z k|'Un+l|H1
€3

For the pressure contribution, we have, for any 4 > 0,

tn+1 m—1 ntl m—1

]Z [ 00 = rapteaivop i < ([ 100 = 10 e 407 Kot o)

n=0 /t" n=0
m—1

C €4 n
< 2, [ p ||2L2(0,T;H1(Q)) n + 5 Z k|%+1|§11(9)-
n=0

Now, we consider the non-linear terms. Applying (2.3) and (2.6) and setting
C1 =l w ||z 0,181 (2)2)5

we have, for any €5 and g6 > 0,

tn+1

\WZ [ ()= Pauo) - Va0t <

m—1

— w1220, 12002y 1 + €5 Z kv * |§{1(Q)}7
n=0

01_52{
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tn+1 m—1
n n C15%
\ Z / = () ult) o ] < SIE o e +20 2 ko e -
The corresponding divergence terms are bounded as follows : For any €7 and g > 0,
1 gt . S Cl m—1
5 Z / (div(u u(t)) - u(t), opth) dt‘ 4 {— I 122071202y 77 + €7 Z klvy ™ |§Il(Q)}7

n=0

and

n+1 m—1
¢ S4Cl

\22 [ @ Pl = ) )| < f{—nu|\L2<0TH1<Q>2>+asZk|v e }-

Setting Co =|| Pyu || oo (0,711 (2)2), We also have, for any 9 and €19 > 0,

{sgzkw e + — anv " e

‘_ 3 / (v:;“-VPnu(t"H),v:;“)dt‘ <
tTL

n=0
and
m—1 tn+1 1/
1 2 S C. 1
‘ ~5 Z /t (div v;”rl . Pnu(t"H),v:;“)dt‘ 2 {510 Z k|Un+1|H1
n=0 " n=0

10 L n
+ 50 3 RO ey + 5 105 e |-
n=0

And the two final terms are split as follows : For any €11 > 0,

tn+1

’mZ / (Pnu(tn+l) -V(u(t) = Pyu(t)), vy, ot dt’ S4CQ{ C

2
a | u ||L2(0,T;H2(Q)2) n

m—1
e 3 Ko B )
n=0

with the divergence contribution : For any €12 and €13 > 0,

tn+1

‘2 Z/ (div(Pyu(t™ ) (u(t) — Pyu(t)),v n+1 dt‘ 5401{ C

5 [ w ||2L2(0,T;H2(Q)2) n

m—1
+€12 Z k|vg+1|§{1(m},
n=0
and

m—1 gntl S CoC
3 [ e O () — e ), ] < 2 {— I’ 130,
tn 2V/3

n=0
+€13 Z k|’U ntl %(1 Q)}

and also the divergence contribution : For any 14 > 0,

Lt . . . S2C,C
‘5 Z/ (div(Pyu(t +1))P77(U(t) —u(t +1)) +1 dt‘ 4\/5 {51 | v ||L2 (0,T:H(Q)2)

m—1
+E€14 Z k|’l):;+l|§{1(ﬂ)}.
n=0
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After a suitable choice of ¢; and 4, (3.3) becomes

m—1 m—1 m—1

1 m 1 n n v n n

5 | Uy ”%2(9) +§ Z | Un+l — Uy ||%2(sz) +§ Z k|vn+1 %rl(sz) <C.+C Z k|| ”nH H%z(sz)
n=0 n=0 n=0

where C, = an? + k2, o and 3 are constants that depend on u, p, v, but do not depend on 7 and k.

Then after applying Gronwall’s lemma and for £ sufficiently small, the result follows from this inequality:
N-1

1/2
sup g — Pyult") ey +( 20 1 ™ = Pyu(t)) — (i — Pyu(t™) ey )
0<n<N oy
N-1
n+1 n+1y\(2 1/2
Vo (Y kgt = Pt ) < O+ k).
n=0
Finally, (3.2) follows by applying a triangular inequality and the P,’s properties. O

The next property of the solution of (1.18)—(1.19) is an easy consequence of Lemma 3.1.

Corollary 3.2. In addition to the assumptions of Lemma 3.1, we assume that there exist constants a > 0
and C independent of n and k, such that k > an? and

sup |uy |1 (0) < C. (3.5)

Proof. We have
s n+1 n+1\2 1/2
(32 Bl =@ ) < Co+h),
n=0

which implies that

n n C(n+k)? n?
|y — u(t )|?{1(Q) < — % < C(?-i-k) <C, 0<n<N.
Then
[uy (@) < ug — w(t™)[ a1 o) + [ut™) g < C.
O

Remark 3.3. We suppose that there exist two constants o and v > 0 that do not depend on n and k
such that
an? <k <y, (3.6)

which means that k is of the same order of n?.

4. SOME ERROR ESTIMATES FOR THE STOKES PROBLEM

The error estimate of order two in L(Q2x]0,T[)?, that will be established in the next section, is based
on a duality argument for the transient Stokes problem :

%(m,t) —vAv(z,t) + Vq(z,t) = g(z,t) in Qx]0, T, (4.1)
divo(z,t) =0 in Qx]0,T7, (4.2)
v(z,t) =0 on 002x]0,T7, (4.3)

v(x,0) =0 in Q. (4.4)
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Theorem 4.1. This problem has a unique solution (v,q). We assume that g € L?(Q2x]0,T[)?; Then
v e L20,T; W243(Q)2) N L>®(0,T; HY(Q)?), v' € L*(2x]0,T[)? and ¢ € L2(0,T; WH*/3(Q)).

If Q is convez, then (v,q) € L*(0,T; H?(2)?) x L?(0,T; H*(Q)). Finally, without convexity assumption,
if g€ HY(0,T; H-*(Q)?) and g(0) € L2(2)?, then v’ € L>(0,T; L*(Q)?) N L*(0,T; H'(2)?).

The fully-discrete scheme for (4.1)-(4.4) is : Find (vp*h, ¢pt") with values in X, x M,, for each
0 <n< N —1, solution of :

1
Yz, € Xy, E(vlfrl — vy, 2y) + I/(VUZJrl, Vz,) — (q;”rl, div z,) = (g™, 2,), (4.5)
VQW € Mﬁv (q777 div ’U1171+1) = Oa (46)
vy =0 in Q, (4.7)

where g"*! is the same approximation as in (3.1).

This linear problem has a unique solution that satisfies the following error estimate :

Lemma 4.2. Let Q be a convez, g € L*(2x]0,T))%,¢' € L*(0,T; H~'(2)?) and g(0) € L*(Q)%. Then,
there exists a constant C that does not depend on n and k such that

n n s n+1 n+1 n n 2 1/2
sup | v = 0(t") |y +( D | (0 = o) = (0 — (")) I3aqe )
0<n<N 0

- n+1 n+1y\|2 1/2
+\/;( Z klog™ —o(t )lHl(Q))
n=0
< Co+ R (19 llaxporps + 19 Iz +1190) 2 ).

In addition, the solution (v}, ¢/t1) of (4.5)(4.7) satisfies

Lemma 4.3. In addition to the hypotheses of Lemma 4.2, suppose that ¢’ € L*(2x]0,T[). There exists
a constant C that does not depend on n and k such that

g v+l gyt h)) — (v — ot 1/2
(1;) L ” ( n ( )k) ( n ( )) ||%2(Q) ) + \/;()SSBEN |U:; — v(t")|H1(Q)
(4.8)
N-1 12
V(Y I = o) = (0 — ot nw ) < Clr+ VR
n=0

The parabolic duality argument (cf. [19]) consists in defining the solution (w™, A™) of the backward
semi-discrete Stokes system :

(wnJrl _ w’n«) + VA'UJ” — VA” = ’U:;' — ’U(tn) in Q, (49)

> =

divew™ =0 in €, (4.10)
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w™ =0 on 01, (4.11)

w¥t =0 in Q, (4.12)
where 0 <n < N.

For each n, knowing w™*?!, the Stokes problem (4.9)—(4.12) has a unique solution w™ € Hg ()2,
A" € L§(Q), (cf. [7], [18]).

The next lemma establishes basic estimates for the velocity w™ of the backward semi-discrete Stokes
problem (4.9)—(4.12).

Lemma 4.4. Standard arguments give the uniform bounds :

n al n+1 n (|12 1/2 a n|2 1/2
Csup gy + (0 1wt =" e ) +ﬁ(2klw o)
N> n=0

(4.13)
1/2
\fSQ(anv ) Py )
where Sy is the constant of Poincaré’s inequality, and
- +1 2 1/2
sup VI ey + V(3 0 = 0 g) (Zk 5 Ry )
0<n<N n=0 (414)

< \/E(Z ko = o(t") 220, )1/2.
n=0

If Q is conver, (4.14) implies the uniform bound

N
/
(3 K ey + W) < (§ 1 =) e )" (4.15)
n=0

with a constant C independent of k and n.

Proof. For the first inequality, we take the scalar product of (4.9) with z = w™ and we use the incom-
pressibility condition. This gives
1
@ =) v g = (0") — o, ")
Multiplying the above equation by k, summing it over n from ¢ to N, and applying the Poincaré’s

inequality, we obtain for any € > 0
N N

1 i - - .
5(” w ”%2(9) +Z | w? —w Hiz(sz)) + VZM“’”%{I(Q)

i=i i=i

S (e S KB + anvtﬂ — v 32y )

] =1

N)I)—l

where S5 is Poincaré’s constant.

Then (4.13) follows after the suitable choice of ¢ = SL
2

n o wn+1)

(w , We

e

Similarly, for the second inequality, we take the scalar product of (4.9) with z =

multiply the equation by k and sum it over n.

Now, we assume that  is convex. Since (4.9)—(4.12) is a steady Stokes problem with right-hand side
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(W™t —w™)/k + v(t") — vy, we have w" € H?*(Q)?,\" € H'(Q) (cf. [8]) and (4.14) implies also the
uniform bound (4.15). O

From now on, we assume that €2 is convex. Using these inequalities, the next theorem establishes that
the error satisfies an estimate of order two in L2(2x]0, T[)2.

Theorem 4.5. We suppose that there exists a constant a > 0, independent of n and k, such that
k>an? If g € L*>(2x]0,T[)2, ¢’ € L?(0,T; H=*(Q)?) and g(0) € L?(Q)?, then there exists a constant C,
independent of n,k,g,qg" and g(0) such that

N

1/2
(Z Kor — v(t”)||%2(m) <Oo@? + k). (4.16)
n=0
In particular, if (3.6) holds, then
1/2
(Zk”U ||L2(Q ) < Cn. (4.17)

Proof. Let €™ = v;) — v(t"). On one hand, taking the scalar product of (4.9) by e”, applying

N _
ST (@ —ampt = aN N — %0+ ST a e - b, (4.18)

n=0

summing over n and inserting P,w" ™!, we obtain
N-1 N-1
ka|mm—2x"“—mwﬂw—ww+§ymwﬂw_wm
N =0 N (4.19)
—v Z w" —w"), Ver) —v Yk (Vu', Ve) + 3k (A" — A", dive”)
n=0 n=0 =0

because wN ! =0, e = 0 and (r,\", dive") = (r, A", div o)) — (ry A", divo(t")) = 0.

On the other hand, we integrate (4.1) and (4.5) over [t",t"!] and we take the difference between the
resulting equations. This gives

tn+1 tn+1

@w_w%hﬂﬁlwm“wwwmw—/<www@m%m

tn

This result is substituted into the second term of the right-hand side of (4.19) with ¢, = P,w"*!. So
(4.19) becomes

N-1 N— g1

Zk Ie™ 2= Z (W = Pyu™ e — et Z / (V(vpt' —w(s)), VPyw")ds

n=0
tn+1 N

+ Z / q(s) —ryq(s), div Pyuw™*)d Z w™ —w" ), Ven)
N
—v Z k(V(w"t — Pw"th), Ve") —v Z E(VPw"™™ Ve™) + > k(A" = ry A", dive™).

n=0

(4.20)

Inserting =Vo(#"*1) in the second term of the right hand side and using the formula

tn+1 tn+1

Jo )

tn+1

Vo' (1)drds = / (1 —t")V'(1)dr

tn
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this term becomes

ol

The sixth term can be written as follows :

tn+1 tn+1

"tV Pw" ) ds + Z / (1 —t") (VY (1), VPyw" )dr.

N N
D k(VPuw™ V(e" — ")) + Y T k(VPuw T, vert)
n:ON n:]\?
= k(VPy(w™™ —w"),Ve") + Y k(VPuw" !, Ve't).
n=0 n=0
Replacing them in (4.20) and using (4.18), we obtain
N N-1 N—1 gt
S I By = Y@ = P =) £ [ = )W), TP
n= n= n= tn
0 0 N 0
v > R(V(Pyw™ —w"),Ve™) + Y k(A" = rp A", dive”)
Nn_zlo tn+1 n=0
+ Z / (q(s) — ryq(s), div(Pyw™** ")) ds
n=0/t"

(4.21)

Denote the terms in the right-hand side of (4.21) by (Wgw);,7 = 1,...,5. Using the approximation
properties of P,, applying (4.13) and Lemma 4.2, the first and second terms can be bounded as follows :

/2 /
(Waah| < €L (Zne ey ) (X R ey )
n=0

1/2
g%(wrk)(;k”@"ll%z(m) 7

k ! = n+1 12 1/2
|(WrH)2| < 7 Il V" [l z2(0,7; 51 (2)2) ( Z kI VEw™™ [|12(q) )
n=0
N
C 1/2
Tk 0" |20, (2)2) (Zk e 1720 ) .
n=0

Owing to Lemma 4.2 and (4.15), the third and fourth terms can be bounded by :

N 1/2
(Wrn)sl < Cotn+ k) (S k" 320y )
n=0

N ) 12, N ) 1/2
(Wrn)al <n( Dk Re) (D ke o)
n=0

n=0

N 1/2
< Cn(n+k)(zk | e” ||%2(Q) ) :

n=0
Finally, the last term is bounded by :
N-1

N-1 1/2 1/2
(Wan)sl < Cn( 3 kla=ral3ae ) (2 Kllw™ e )
n=0

N-1

<Cn? || q 2 ) (O Kl €™ [I3200) "
n=0
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Substituting these inequalities into (4.21) we obtain (4.16).

If (3.6) holds, then (4.16) implies (4.17). O

Now, we split uj' — u(t") into a linear contribution, v}’ —u(t") and a non-linear one u; — v Here vyt

is the solution of the Stokes problem (4.5)-(4.7) with g = f — u.Vu. Therefore, v = u and v)*" solves
the discrete problem

1
n+1
% (Un Un )

with (4.6)-(4.7).

n+1
1 t

wy) + v(Vortt Vw,) — (q:;“ divw,) = E/tn (f(s) — u(s).Vu(s),w,)ds  (4.22)

n

On one hand, by assumption (1.8), we have f —u.Vu € L?(Q2x]0,T[)?. Therefore, Theorem 4.5 gives

1/2
(ZkHU tn ||L2(Q)) < C(f,u,p, V7T)(772 + k)a (423)
with another constant C(f,u,p,v,T) that does not depend on 12 nor on k.
Furthermore, if p’ belongs to L?(£2x]0,T[), Lemma 4.3 implies that

sup vy —u(t")|[mq) < Cn+ Vk).
0<n<N

On the other hand, we prove the following “superconvergence” result for the non-linear part.

Theorem 4.6. Assume that f € L*(0,T; L*(2)?),p’ € L*(2x]0,T[),u € C°(0,T; W+4(Q)?) and
u € L?(0,T; H'(Q)?), then there exists a constant C that does not depend on n and k, such that

— n+1 n+1 n n 2 1/2
e = oy + (0 105 =) = 0 = ) e )
n=0 (4.24)
= +1_ gt 1/2 2
+\/;( Z klvy, Uy |H1(Q ) <Cn” + k).
n=0

Proof. By taking the difference between (4.22) and (1.18), we obtain :

1 n n n n n n
Vin € Vi, E((%;Jrl - un+1) - (Un - un)v<ﬁn) + V(v(anrl +1) v‘Pn)

(4.25)

tn+1

1 n n 1 3 n n
=7 / [(unJrl . VunJrl —u(s) - Vu(s), py) + E(dlvunJrl,unJrl . gpn)} ds.
t'Vl

We split u(s) - Vu(s) — uptt - Vupt! as follows :
u(s) - Vu(s) —upt - Vuptt = (u(s) — u(t"™)) - Vu(s) + u(t™+) - V(u(s) — u(t" 1))
—(u;”l - v,’;“) . Vu;”l - UZ;‘H . V(u?,*‘l - v,’;“) — (UZ;‘H —u(t"th)) . V(v,’;”‘l —u(t™th))
— g ) - Va(e ) — u@) - Vet — (),

and we split similarly the divergence term. To simplify, we denote by b(u;v,w) the sum of these two
non-linear terms;

b(u;v,w) = (u - Vo,w) + %(div U,V w).
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Now, we multiply (4.25) by k, choose ¢, = ¢t = vptt — upt! which belongs to V,, and sum it
over n =0, ..., m — 1. We obtain:
1 1m 1 m—1
S I e 5 30 N6t = ot ey +v 3 kot )
n=0 n=0

tn+1 tn+1

m—1
Z/ u(t™) = u(s)) - Vu(s), o) ds+Z/ u(t™H) -V (u(™ ) — uls)), @it )ds

_ Z k b n-l—l7 n+1780:71+1 + Z k{b(v;z-i-l _ u(tn-l-l);v;z-i-l _ u(tn-l-l) QDZ-H)

—|—b( n+l _ (thrl) (thrl n+1 } Z kb tn+1 u(thrl) <PZ+1)

(4.26)
We note (Urp)i,i = 1,...,6, the terms in the right-hand side of (4.26) and set

CO =|| u ||Loo(01T;L4(Q)2) and 6 =|| u' ||L2(O,T;L4(Q)2) .

For the first two terms, since div u = 0, we can write

(™) = u(s)) - Vu(s), ep ) = =((w(t™) = u(s)) - V™, u(s)),

(w(t™™) - V(u(t™) - u(s)),
Therefore, for any ¢ > 0,

~—

oy = —(ut™) Vet ut™h) — u(s)).

c (cz,
(Unih| < 5= {228 20 3 klop i) |
n=0
with the same bound for (Urg)a.

For the third term, we set C; = sup |u | a1 (0)- The two parts are treated similarly and we obtain, for
0<n<N

any €1 > 0,

m—1

m—1
(Unn)s| < 21/2Cy{ ey > ey i + LS R e -
n=0

In order to bound the two last terms, we use the well-known formula

b(u;v,w):%{‘/ﬂ(u-VU)-w—/ﬂ(u-Vw)m]

The fourth term is split into two parts that we treat successively : Using Lemma 4.2 and Lemma 4.3, for
any €9 > 0, we bound the first part as follows :

(Uni)aal =5 i B (0 = (™) - Dt — ue ), it

m—1 / m—1
054 (n+ k)( Z klont? |H1(Q))l 2( > kgt - “(t”“)@ﬂ(m)

n=0

1/2

SQ m—1

C?
D) { (77 +k3+772]€ +€2 Z k|§0n |H1(Q}
n=0

I /\



16 ABBOUD AND SAYAH.

and the second part is bounded exactly as the first part. For any €3 > 0,

m—1
|(URH)4 2| = ’2 > k(v:;""l _ u(t"+1) . V@Z+17UZ+1 _ u(t""'l))‘
< S—i [ - n+1 n+l _ , oqntl 1/2
< G sup o —u(t™ e (0 kel o ) Z o = w1 B )
52 n 0

S5 {C (n* + & +n°k) +€Szk|¢n e Q)}

The fifth term is bounded as the fourth term. Settlng Co =|| u || oo (0,7;w1.4()2), for any e4 > 0, the first
part is bounded as follows :

,_.

(Un)s.l = ]2 (= ule ) Vet )|
m—1
< 5402(772 + k)(z k|@z+l|§11(ﬂ))l/2
n=0
S4Cs (1 o
5 {5_4(774 + k%) + e Z kl‘zpn-’_lﬁfl(ﬂ)}u

n=0

and for any €5 > 0, the second part is bounded as follows :

m—1

|(URH)5 2| = ’2 k(’l):;+1 — u(t""'l) . V@Z+l7u(tn+l))‘

=0
m—1

_042{ (K + ) +ss§k'%“?ﬂ<m}'

Finally, the last term is bounded by applying Green’s formula : For any €4 > 0,

m—1

|(Urn)s| = ‘ Z k(u(t™) - Vntt ontt - u(tn+l))‘

02 1 m—1 . . m—1 .
= 7{— Z k|l Un+1 —u(t"t) ||%2(Q) +ee Z k|%+l|§fl(sz)}
n=0
<& k%) E|ontt|?
<5 (77 + k%) +¢c6 Z lon™ o) (-
Then (4.26) becomes :
1 m—1
B o —ut 220 +5 Z | (ot =y ™) = (o —up) 1720y +V Z klog*t —up i )
n=0
<A+ B+ D,
m—1 m—1
where A < C(n* + k), B=m Z k|| U:;H - UZH ||%2(Q)7D =72 Z klvﬁ“ - uzﬂﬁfl(sz),
n=0 n=0

7= 7(0361755)7 Y2 = 7(84501'56]'71' = 1727.j = 0776)

Then, after a suitable choice of £; and applying Gronwall’s lemma, the equation becomes :
m—1

(| vy HL?(Q) + Z [ (v nH Un“) (vy — uy) ||2L2(Q) +v Z kle}“ - UZ“@{I(Q)
n=0

<e“T(n* + k2).
Then the result follows from this inequality. O
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Combining Theorems 4.5 and 4.6, we obtain :

Corollary 4.7. Under the assumptions of Theorem 4.6, there exists a constant C, that does not depend
on n and k, such that

> n n |12 1/2 2
(Do klue) —uy ey )~ <CO* + h). (4.27)
n=0

5. AN ESTIMATE FOR THE PRESSURE

The results of the preceding section allow one to establish an error estimate for the pressure. We start
with a general bound.

Lemma 5.1. Under the assumptions of Corollary 3.2, suppose that p’ € L?(2x]0,T|). Let (u(t™*1), p(t" 1))
and (up™t, pntt) be the respective solutions of (1.1)~(1.4) and (1.18)~(1.19). We have

n+1 (thrl))

N-1 /2 (U — (i /
( Z k|l p;ﬂrl — rpp(t"Th) ||2L2(Q) )1 < ﬁ* {Sz( Z k || 2 (up — u(t™)) H%z(ﬂ) )1 i
n=0

+C1(n+ k) + Cok || p" | L2(axjo,rp +C3n || p [|2200,7:5 () },

(5.1)

where B* is the constant of the inf-sup condition (1.10) and the coefficients C;,1 < i < 3, are independent
of m and k.

Proof. Integrate (1.1) over [t", "], substract (1.18), both multiplied by a test function w}™!, insert
ryp(s) and rnp(t"“) and sum the resulting equation over n from 0 to N — 1. This gives

N—-1 gntl

L e p(t" ), divw™ T ds
pn 77p Y n

n
n=0

N—

)_.

tn+1

{ere =g v [ (90, Vs
t

n=0 "

tn+1 tn+1

1
+( "t (s) - Vuptt wpt)ds + 3 / (div " (), up ™t - w;“rl)ds)
tn tn

tn+1 tn+1

+ /tn SV T(s), w,’;“)ds +/ (ryp(s) — ryp(t" 1), div w,’;“)ds

tn

tn+1

+ /tn (p(s) — ryp(s),div w;“rl)ds}, (5.2)

where ¢'(1) = ul, — u(7).

Owing to the inf-sup condition (1.10), there exists a function w, € VJ- such that

(div wnva—H - r,]p(t""'l)) =|| an - Tnp(th) ||%2(Q) » |wnlar o) < || pn+1 - Tnp(th) L2 -

Let (Prm)i,i =1,...,6, denote the terms of the right-hand side of (5.2).
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We deduce by standard arguments and by using the estimate (3.2) :

(up ™ — (™)) — (uy — u(t")) V2GS /2
[(Pri| < s Sk — o ) (D0 ki )
n=0 n=0
N—1 o+t 12, N-1 12
|(Pru)2| < V( Z /tn |u:;+1 — u(s)ﬁp(mds) ( Z l<:|wnJr1 ?{1(9))
n=0 n=0
N-1 12
< C'177( Z k|w:;l+l|%{1(sz)) )
n=0
n+1 t"+1 2 1/2 = n+12 1/2
|(Prr)s| < S7 SUP I Vuy ||L2 () Z / (5)|H1(Q)d5) ( Z k|wn |H1(Q))
n=0
— n+1(2 1/2
§C2(77+]€)(Z k|wn |H1(Q)> .
n=0
As far as (Pgpr)4 is concerned, since
tr
(Prsyi == [ (uls)- Tuj o (s))ds,
tn
we have
t"“ 12 N=1 1/2
(Prr)al < SF Il w w0 mimscr Z / P i) (3 Hup B )
n=0
- +12 1/2
< Cs(n+ k)( Z klwy |H1(Q)) :
n=0
N—1
Ck . 1/2
(Pres| < T 19 ey (2 Moy i)
n=0
and
N-1 1/2
(Pran)el < Cn | p ey (D s o) -
n=0
Then (5.1) follows easily by substituting these inequalities into (5.2). O

(up ™t —u(t™h) = (up — (")) .

We have to estimate in L2(2x]0, T[)%. This estimate is proven assuming

the triangulation satisfies a milder regularity property than uniform regularity (1.9): in addition to this
property, there exists a constante 7 that does not depend on n or k such that

Pmin Z %n57 Where Pmin = 1nf Pk - (53)
KeT,

More precisely, this assumption is used in proving that u; is bounded in L* (0, T W1’5/2(Q)2).

Lemma 5.2. Under the assumptions of Theorem 4.6 and if T, satisfies (5.3), there exists a constant C
that depends neither on n nor on k, such that

sup|uZ|W1,5/z(Q) < C. (54)
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Proof. Lets us sketch the proof. We write
|’UJZ|W1,5/2(Q) < |UZ - ’U:;|W1,5/2(Q) + |’U:; — Pnu(t”)|W1,5/z(Q) + |Pnu(t”) — u(t”)|W1,5/2(Q)

+|U(tn)|W1,5/2(Q).
To evaluate the first and second terms in the right-hand side of the above inequality, we consider the
reference element %, where all norms are equivalent, revert to the element x, sum over all k € 7, apply
Jensen’s inequality and the regularity of 7,,, we obtain then an inverse inequality. Then, we obtain
|UZ|W1,5/2(Q) < Ol + 02|u(t”)|W1,5/2(Q).

As we have sup [u(t")|y1.5/2(q) < C, the result follows easily. O

Lemma 5.3. Under the assumptions of Theorem 4.6 and Lemma 5.2, there exists a constant
C=Cu,w,p, uy, V) that does not depend on n or on k, such that

n+1 n+1 —(u” — u(t™
(Z k || ult )k) ( — ut™)) 1220 )1/ + \/;oS:ENhL u(t™)| ()
(5.5)
Nl 1/2
V(3 1t = ) = (g — ) o)) < Cln+ VR,
n=0

Proof. The proof is similar to that of Lemma 5.1. But here we also insert S,u(s), where S, is defined by
V(u,p) € V x LE(Q), S, (u) € V,
Yo, € Vy, v(V(Sy(u) —u),Vu,) = —(p,divuy), (5.6)

and we take e = up — Syu(t"). Then we obtain

n+1 n m—1
Z k|| M ||L2 ©@ T5 (|| Ve ||L2(Q) | Ve, H%Q(Q) + Z | V(egtt —ep) H%?(Q))
n=0
m— gttt en-i—l —en m—1 gntl en-i—l —en
Z / (u'(s) — Syu'(s), L——™L)ds — v Z / (VS (s), V(-——2L))(s — t")ds
- k o/t k
gntt 1 en-i—l —en
- Z ((u;”l . Vu;”l —u(s) - Vu(s)+ E(div UZHVUZH —divu(s)Vu(s)), %))ds. (5.7)
Let us estimate the three terms (Vgg )i, = 1,...,3, in the right-hand side of (5.7).
Using the fact that
| Syu—u |22 < Cn(|Syu — ulm@)+ || rap — P lL2(0));
and
V3
|Syu = ulpr (o) < 2/Pyu — ulmig) + W | 7op = P l22(02),
the first term is as follows : For any €9 > 0,
C 712 /12 n+1 Z
|(Vre)1| < 2_50(” U 20,00 0)2) T 1P 1122 @x00,77) n? +2 Z k|| ||L2 @) -
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Setting C =|| Syu’ ||L2(01T;H1((2)2) the second term is bounded as follows : For any €1 > 0,

—er s 1/2
|(VrH)2| <= Z kl/2| L (o) (/t |Snul(5)|%rl(sz)d5>
I/C VEl n+1
< 2\/§€1 Z ley™ —e |H1(Q)

Setting Co =|| u || L~ (@x]o,7})2, using

1
u(s) - Vu(s) —upt - Vuptt — 3 div ug"'lu;”l

1
=u(s) - V(u(s) —upt) + (u(s) —up™) - Vupt! + 3 div(u(s) — up™Huptt,

the third term is bounded as follows : For any 9,3 > 0,

Co C’ c"c’

V <
|(Vrm)a| < ( 20, 5

C c n+1 e
)P + B2+ (22 4 ey Z k| G "% 1720 -

Then, choosing suitably the parameters €;, the equation (5.7) becomes

n+1 m—1

Z k|l M ||L2(Q +v || Vey! ||L2 @ v Ve, ||L2(Q tv Z | V(ep™ —ep) H%?(Q)
n=0

<C(m?+k).

Finally (5.5) follows readily from this result and by applying a triangular inequality and S,’s properties.
O

From these three lemmas, we easily derive an estimate of order one of the pressure.

Theorem 5.4. Under the assumptions of Theorem 4.6 and Lemma 5.2, there exists a constant C' that
does not depend on n nor on k, such that

= +1 +1 12 1/2
(X klpE™) = p e ) < Clrt VR). (5.8)
n=0

In particular, if (3.6) holds, then

- +1 +1 12 1/2
(S klpE™*) = p* ey ) <O (5.9)
n=0

6. ERROR ESTIMATE FOR THE SOLUTION OF STEP TwO

We assume at this stage that we know the solution u”Jr1 of the first step. Then at each time step,
the second step (1.20)—(1.21) is a square system of linear equations in finite dimension, and if & is small
enough, it has a unique solution.

This solution satisfies the following error estimate.
Theorem 6.1. Suppose that
u e L0, T; HY()?) N L0, T; H*(Q)?) n C°(0,T; Wh(Q)?),
u' € L*(0,T; HY(Q)?), p € L=(0, T H'(Q)), p' € L*(2x]0,T7), f € L*(Q2x]0,T[)*,
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e L2(0,T; H-H(Q)?), f(0) € L*(Q)? and Q convex. The solution (ujt*,pi*h) of the second step
satisfies the following error estimate :

1/2
g () ||L29)+(ZH = () = (g — () (e )

(6.1)
+ E k nl ()2 1/2<C'H2—i—h—|—k
NZ |U u( )|H1(Q) < ( ),

where C' is a constant that does not depend on h, H and k.

Proof. On one hand, by choosing f"*! as in (3.1), u'** satisfies (1.20). On the other hand, we integrate
(1.5) over [t™,#"+1]. Then, taking the difference between the resulting equations, inserting Ppu(t"*1) and
rpp(s), choosing v, = ’UZJrl = uZH — Pu(t"t1), multiplying the equation by k and summing it over

n=20,...,m— 1, we obtain

m—1
%( (| vp" ||L2 @ T Z [ op*t —op ||L2(Q) ) +v Z k|vn+1|H1(Q)
m—1 gt
= Z ((w(t™h) = Pyu(t™™)) — (u(t™) — Pyu(t™)),vopt) + v Z / (V(u(s) = Pru(t™th)), Voit)ds
o
+ / {(rhp(s) —p(s),div UZ‘H) + (u(s) - Vu(s) — u’}f‘l VuZ'H "+1)}ds
n

(6.2)
Let us estimate the terms (T'Grp)i, i = 1,...,4 in the right-hand side of (6.2). The first term is bounded
as follows : For any €1 > 0,

Oh’2 / 61 = n+1 (12
(TGru)1| < 2y " 70,7501 (0)2) + ) Dokl e -

The second term is divided into two parts that we treat separately. The first part is bounded as follows :
For any €2 > 0,

t"+1 m—1

veg n
(TG ru)2a| < o Z / — Phu(s)[F gy ds + == 5 > Klh o)

n=0

Cl/ 1/52
2 | w ||L2(0TH2(Q)2) h? + Z k|vh |H1 Q)

and the second part as follows : For any €3 > 0,

vk?

ve
|(TGRH)2,2| < % || u ||L2 (0,T:H(2)?) _|_ 3 Z k| n+1 2

The third term is bounded as follows : For any €4 > 0,

gl m—1

€ n
() §7Z / I 70p(s) = p(5) [y ds + S5 D blop s o

n=0

C
2— [ p ||%2(0,T HY(Q)) n? 2 Z klop Hl(Q)-

The non-linear term in the right-hand side can be written as follows :
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u(s) - Vuls) —uitt -Vt = (u(s) — wj) - Vuls) +uipt - Vu(s) - Poui™1))

—u(tmtl). VUZ"H — (u’;{"'l —u(t"tl)) - VvZ'H.

We study the four parts of the non-linear term (NL);,i = 1,...,4, separately. The first part is treated as
follows : For any €5 > 0,
tn+1

5 e ws!
g+l m—1

S un
<= H u || oo 0,75w14(02) 2) Z / | u( H HL2 (@) ds+ €5 Z k|Uh|H1 Q))

S C
—4 [ w Lo 0,mwra(0)2) (E(H4 + k%) +es Z k|vh|§p(9)),
n=0

/\

IN

The second term bound is divided into two parts :

tn+1 tn+1

Z/ ((NL)a, o *')ds = 2/ ((NL)a + (NL)o, of+)ds
tn n=0 tn

with for any eg,e7 > 0,

n+1 n+1
’ Z / ((NL)s 1,vh ds = ’ Z / n+1 (u(s) — Pru(s)), n+1)d5
SZ(SUP [uy | Q))

" C
S D) {—h2+gﬁnzokl’l}h Hl(ﬂ)}7

and
m—1 n+l tn+1

} ng() /tn (NL)a,2, vyt ds = } Z /tn ul VP (u(s) _U(tnﬂ)),vﬁﬂ)ds‘

S4(s%p|UH|H1(Q)) { || u ||L2 (0,T;H'(Q)2 k2 n Z k| 412 }
[ v
2v/3 er ! HY (@)

<

The third term vanishes : »
o

|Z/t ((NL)z,vp+h)ds| = 0.

Finally, the last part is bounded as follows : For any eg > 0,
tn+1

‘ Z / ((NL)g, vt ds = ‘ Z/ uptt —au(tTh)) - VUZ+1,UZ+1)CZS‘

S4C m—1 B 1 m—1 .
< 23/4 {58 Z k|”h+l|%{1(sz) + 2_68 Z (5|U +1|H1 @ 1% H Uh ”%2(9) )}
n=0

n=0

Then, collecting these inequalities and choosing suitably the parameters ¢; and d, and applying Gronwall’s
Lemma, we get

—

m—

m m n+1 n+1 n n 2 1/2
[ up' = Pou™) |lz20) +( SO @ptt = Pau™th) = (up = Phu(t™) 1320 )

S
o

(6.3)

—

1/2
V(Y Bl = Pt g)) < Clh+ B2+ ).

n

3

Il
o
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Then, (6.1) follows readily from the above result and the Pj’s properties. O

As a consequence, if h = H? and h ~ k, then

1/2
sup || wh — u(t") ||m>+(2|\ =) = (g — () [ )

0<n<N
N-1 (6.4)

(X i —ut ) <

n=0

Finally, we consider the error of the pressure. As in Section 5, the pressure satisfies the following bound.

Lemma 6.2. Under the assumptions of Theorem 4.6 and Theorem 6.1, let (u(t" 1), p(t"*1)) and
(up ™t pitt) be the respective solutions of (1.1)~(1.4) and (1.20)~(1.21). We have

n+1 n+1\) _ u® — ul(t™
(anp"“ ) By ) < {8 (an MmN @D )

+O(H? +h+k)},
(6.5)
where 3* is the constant of the inf-sup condition (1.10) and the constant C' depends on u,u’,p et p’ but
does not depend on H,h and k.

Proof. The only difference with the proof of Lemma 5.1 concerns the non-linear term. Here we write

u(s) - Vu(s) —up™ - Vup ™ = (u(s) —up™) - Vu(s) + (uf™ — u(s)) - V(u(s) —up ™)
+u(s) - V(u(s) —up ™),

and
I (uls) - Vuls) = uift - Vurt wp ) s < { 1 uls) = uf™ el uls) lwia)

(et = als) gy + 1 us) sy )luls) = up o | Il wpt o) -

Let us estimate the terms that compose the non-linear term. We have

N-—-1 gntl
’ Z / ((u(s) —ulh) . Va(s), "H)ds’
n=0 71 N—1 1 / N—-1 1/2
< Satsup [ u(s) o) (0 [ 10Ge) =t ey ds) (X bl i o)
8 n=0 V1" n=0

1/2
(Clk || u’ ||L2(Q><]O T[)?2 +C H? + k ( Z k|w |H1 Q)) .
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Similarly, the second term is bounded as follows :

tn+1

| Z / Wi = () V(uls) = uit) + u(s). ¥ (uls) - i), witt)ds|
N—-1 gntl 1/2
< 54(sup g™ = uls) luscoy +sup Il uls) e ) ( / Jus) = w3 ey ds )
n s n=0 Y t"
N—1 12
( > k|wn+1|H1(Q))
n=0
2 = n+1,2 1/2
<Co(H*+k+ h)( > Efwy |H1(Q)) :
n=0
Then, (6.5) follows readily from these bounds and from the inf-sup condition (1.10). O

Therefore, here again, we must derive an estimate for

un-l—l n+1\) _ u® — u(t™
(Z k || h (t + )]3 ( h (t )) H%Q(Q) )1/2'

Lemma 6.3. Under the assumptions of Theorem 4.6 and Theorem 6.1, and if Vu € L*>(Q2x]0,T)?,
Au' € L*(Qx]0,T[)? and Vp' € L?>(Qx]0,T|), there exists a constant C that does not depend on H,h
and k, such that

un-l—l tn-}-l — (u™ — u(t™ 1/2
(Z k|~ u )k) (uf (@) Hiz(ﬂ)) +\/; sup fup, — u(t")| (o)
<n<N
o (6.6)
- 1/2
Vo (D0 —u ) = (uh — ) ) < Clh+ H + k),
n=0
Proof. As in the proof of Lemma 6.2, we insert Spu(t"1), we set w} = ul! — Spu(t") and we take
vt = k(thrl wyy) = k((“h“ Spu(t"*1)) — (uly — Spu(t™))).
Thus we obtain
1 n n n n
5 0 = wf a0 +o (Vo Vi = up))
1 n+1 n—+1 n n n+1 n
= 5 ((Shu(™*) = (@) = (Spu(t”) = (")), wi ™ = wj)
b1 (6.7)

+ / (TS = Syuls)), V(i —wp))ds

tn+1

1
+ﬁ/ (u(s) SVu(s) —uptt - Vaptt wptt — Z) ds.
tn

Then by multiplying (6.7) by k& and by summing over n =0, ...,m — 1, we obtain the following left-hand
side

w n n v m
an ) + va i =) ey +5 (11 VR 2@ = | Vol I3, )-
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Let us bound the right-hand side of (6.7). The first term is bounded as follows : For any €1 > 0, we have

’ nil k( (Spu(t"tt) — u(t"H)k? — (Spu(t™) — U(tn)), wZHk_ W, )‘

1 /Ch? w"+1 w
< 5 (T (1 e + 19 o )man U g )

The second term is treated as follows : For any €2 > 0, we have

m—1 tn+1

b f

n= e

A QEEATNBI PR T A 3PN

< I/’ _ /t"+1 (Au/(s)7 U’Z-klk— ) s —t")ds + Z /t"+1 (Vp/(s)7 Lﬂ)(s —t")ds

Cvk? v wn+l W
< g (189 lzz@goris + 1 99 laoiory ) + 5 }jk | =" e
2

For the third term, we set || Vu(t"t!) || (o)< C, and for any e3 > 0, we have

m—1 n+1 n
‘ Z k((u(t"+1) _ ur]?rl)_vu(tn-l-l) u)‘
n=0 k
C Cs witt — wp
2—(H4+k2 - ZkH S ||L2(Q)

For the fourth term, we use the fact that || u(t) ||L=@< C and |[u}|y1s/2(q) < C which means that
|| u} || Loe ()< C, and we apply (6.1). Then, for any e4 > 0, we have

n+1

‘ Z k( L (7). () — u Y, th_wZM

4 2 2 U’ZH wy,
<2—O(H + h? + k%) an 1720 -

The fifth term is bounded as the fourth term. For any €5 > 0, we have

n+1

’ Z k( Lm-i-l V(u (tn-i-l) —UZ-H), th_wZN

C(SUP [ (™) [|Lo(0)) nt1

wpt —wh
< 9o (H? + h + k)? an S ||L2Q)'

The last term is split into two parts that we treat successively.

-1 tn+1 1

m n+l _ n
\Z/ (u(s)~Vu(s)—u(t”+1)~Vu(t”+1),w)ds‘
— tn

791—1 Tt n41 n

-1> o

((uls) = u()) - Vuls) + u(t™*) - V(u(s) = u(t" ™)), T)ds‘
n=0 7/t"
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The first part is bounded as follows : For any ¢ > 0, we have

‘ Z /tn+1 —u(t") - Vau(s), M)ds‘

t"+1 n+1

-|- Z/ () - Vu(s)ds)dr, “2——"1)|
tn n k
| u" || oo (0,754 (02)2) i witt —wp
< 3ee I V|72 0,7;080)2) K + €6 Z k|l — [FEIL
n=0

and the second part is bounded as follows : For any €7 > 0, we have

L Wt n
| Z / w(t™) -V (uls) = u(t" ), = ) ds
€ wp T — wp k2
<l o= @iory { 2 Z e T g o 1 sz )
Then (6.6) follows readily after a suitable choice of ¢; and by applying the S} s properties. O

These two lemmas yield immediately the following theorem.

Theorem 6.4. Under the assumptions
u e L*0,T; H*(Q)*) N L>(0,T; HY(Q)?),u' € L*(0,T; H*(Q)?),p € L=(0,T; H'(Q)),
p' € L*(0,T; HY(Q)), f € L*(Q@x]0,T[)%, f" € L*(0, T; H~H(Q)?), f(0) € L*(Q)?

and ) convex, we have

s n+1 n+1 112 1/2 2
(X klp ) =pt e ) < Clh+H? + k), (6.8)

with a constant C' that does not depend on h, H and k.

Remark 6.5. As a consequence, if h = H? and h ~ k, then

- 1/2
(X klp) =pi e ) < Ch. (6.9)
n=0
This analysis is confirmed by numerical results which are presented in the next section.

7. NUMERICAL RESULTS

In order to confirm these results numerically, we did several experiments by using the FreeFem ++
software, see [9] for the “mini” element.
On the square domain ]0, 1[x]0, 1[, the numerical velocity and the pressure are taken as (u, p) = (curl ¥, p),
where:
Ut zy) = te”" TP —y)? sin’ (),
and
p(t,,y) = te " cos(2mz) sin(2my).

First of all, we have verified that our problem is stable. In fact, we have fixed the coarse grid Ny = 7
points, so the fine one contains Ny = Ng2 = 49 points and 7" = 500 so that the number of iterations
becomes nbiter =T x Ny.
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We present below the evolution of the degree of liberty 500 in time. The graphs are as follows :

0.002 DOL1(500) - 0.0001 T Do) %
5 3,
o o
n n
1 |
- -
0 0
[a)] 0.

0,016 JRR S )

0 50 100 150 200 250 300 0 50 100 150 200 250 300

Time Time

FI1GURE 1. The first figure shows the evolution of the first component of the degree of
liberty 500 in time and the second one is related to the second component.

In order to see precisely this evolution, we did a zoom on the velocity’s components. We obtain :

0.002 ‘ ‘ " DOLL(500) % 0.0001 ‘ ‘ " DOL2(500) &

DOL 1(500)

25

Time Time

FI1GURE 2. The first figure shows a zoom on the evolution of the first component of the
degree of liberty 500 in time and the second one is related to the second component.
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Next, we have taken N, = 10,N; = N7, h

1

Ny

ABBOUD AND SAYAH.

, 7' =1 and nbiter = T x Ny and we have ob-

tained a color comparison between the exact and numerical solutions of velocity and pressure :

Vec Value
LI}

Vec Value
Lo}

FI1GURE 3. These two figures show respectively the exact and numerical velocity’s solutions.
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FIGURE 4. These two figures show respectively the exact and numerical pressure’s solutions.

The graphs related to the velocity’s and pressure’s error estimations have been studied. The values
of these error estimations are given by the following table.

meshes N; L? Rate H!'Rate L? pressure Rate
H=1/4,h=1/16 16 —2.42327 -0.578102 -2.43816
H=1/6,h=1/36 36 —2.87689 -1.17702 -3.04758
H=1/8,h=1/64 64 —3.1673 -1.47656 -3.55464
H=1/10,Ah=1/100 100 —3.37502 -1.63477 -3.9356
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So the L?(Qx]0,T[)? slope is of order 1.1958 and the L?(0,T; H*(2)?) slope is of order 1.327 and the
pressure’s one in norm L?(Qx]0,T) is of order 1.8814.

24 Two grids. Error L2(L2) 0.4 Two grids. Error L2(H1) -
-2.5 1
-0.6
-2.6
2.7 -0.8
5 28 5 4
3 -2.9 3
> -3 > -1.2
o o
- -31 14
-3.2
33 -1.6
3.4 -1.8
-1.9 -18 -1.7 -16 -15 -14 -1.3 -1.2 -1.1 -1 -1.9 -18 -1.7 -16 -15 -14 -1.3 -1.2 -1.1 -1
Log (h) Log (h)

FIGURE 5. The first figure shows the error L7, and the second one shows the error L7(H).

-2.4
-2.6+
-2.8¢

3t
-3.2¢
_3.4,
-3.6+
_3.8,

_41.9 -1.8 -1.7 -16 -15 -14 -13 -1.2 -1.1 -1

Log (h)

Two grids. Error Pressure L2(L2)

Log (error)

FIGURE 6. The pressure’s error in norm L? .

Remark 7.1. An explicit scheme on the coarse grid has been studied numerically and theorically. The
results are interesting.
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