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HARDY-TYPE ESTIMATES FOR DIRAC OPERATORS

JEAN DOLBEAULT, JAVIER DUOANDIKOETXEA, MARIA J. ESTEBAN, AND LUIS VEGA

ABSTRACT. We prove some Hardy type inequalities related to the Dirac operator by
elementary methods, for a large class of potentials, which even includes measure valued
potentials. Optimality is achieved by the Coulomb potential. When potentials are smooth
enough, our estimates provide some spectral information on the operator.

Keywords. Hardy inequality, Dirac operator, Coulomb potential, Optimal constants,
Dirac-Coulomb Hamiltonian, relativistic Hydrogen atom
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1. INTRODUCTION

In a recent paper [4], J. Duoandikoetxea and L. Vega proved the following weighted
Gagliardo-Nirenberg inequality

/Rd V(@) f(@)]® de < 2K[VIIVfll2@a) [ l2@ey ¥ f € HI(RT),

for any d > 2 and any nonnegative function V. Here the constant K[V] is given by

1
K[V]:= inf sup |z| [ V(tz+a)t?tdt.
a€R? L cRd 0

J. Duoandikoetxea and L. Vega also proved that the equality holds if V' is a multiple of
1/]x — ag|, for some ag € R?, and in such a case, f has to be a multiple of e—clr=aol with
c>0and K[V]=1/(d—1).

As a consequence, the Schrodinger operator —A — V' is semi-bounded from below and
satisfies —A — V > —K[V]? in the sense of operators, since by writing

KV]IV Al |l e) < / VIR do 4 KV / P da |
we obtain
/ erPda:—/ VIf? de > —K[V]? / fPde ¥ feH'(RY.

This gives an estimate for the lower eigenvalue of —A — V, and also proves that —K[V]?
is an eigenvalue if and only if V' is a Coulomb potential, i.e., V(z) = v/|x — ag| for some
v >0 and qp € R%.

The Dirac operator coupled to a potential V' takes the form
Hy = —ia-V+5-V(z)]y

o= (8 %), k=123 5=(% 9)
and I is the identity operator on C¢. Here o = (0k)k=123 denotes the family of Pauli
matrices :

where

or=0110), o2=(7 ¢) a3=(s ).

Date: November 9, 2006.
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Such Dirac operators act on four components complex valued spinors defined on R3, i.e.,
functions of L?(R3,C*). Since the principal part of the operator is homogeneous of de-
gree —1, Coulomb potentials are critical and eigenvalues are related to some kind of Hardy
inequality. This deserves some further explanations.

When V' = 0, the spectrum of the free Dirac operator Hy is oess(Hp) := (—o0, —1] U
[1,+00). If V(z) = —v/|z|, it is well-known [7] that for any v € (0,1) the Dirac-
Coulomb operator can be defined as a self-adjoint operator with domain D, satisfying :
HY(R3,C*) ¢ D, C HY/2(R3,C*) and spectrum cess(Ho) U {A}, Ay, -} where {\!};>q is
the nondecreasing sequence of eigenvalues, all contained in the interval (0, 1) and such that
N = V1—0v2 limy_ 1o A} = 1, for every v € (0,1). According to [2], for a large set of
radial potentials V' with singularities not stronger than 1/|z|, more precisely, for all those
satisfying :

lim V(z)=0 and —L—clgvg@:supv,
|z|—+o0 ]az\ R4
with v € (0,1), ¢1, c2 € R, ¢1, ca > 0, ¢1 + o — 1 < V1 =12, if A\{[V] is the smallest
eigenvalue of the Dirac operator coupled to the potential V' in the interval (—1,1), then

* M _ 2 _ 2 9,13 9
(%) /}WHM[V]_deJr(l )\I[V])/R3|¢| dr > /RBV|¢| dz V¢ e L2(R3,C2),

with the understanding that some of the terms can be equal to +oc. Although Hy is not
bounded from below, we shall say in the rest of this paper that A;[V] is the ground state
energy level. One can indeed prove that in the non-relativistic limit A\;[V] converges to the
lowest eigenvalue of the limiting Schrodinger operator with the same potential V.

Notations in (%) deserve some precisions. We refer to [1] for more details. The spinor
¢ = (i;) takes its values in C2 and by |¢|?, |Vé|? and |0 - V ¢|?> we denote, respectively,
the quantities [¢1]* + [p2|?, Z3_, (|0k¢1]* + |Org2l?) and [93¢1 + O1¢2 — i Daga|® + |01 +
i Do — D3|

The proof of Inequality (x) relies on the following observations. The eigenfunction asso-
ciated to A1[V] can be characterized as a critical point of the Rayleigh quotient

R[¢] — <1/}7 HV 1/}>

B ||1’Z)H%2(R37(C4)

9

which is obtained by decomposing 1) = (i’) into an upper component ¢ and a lower com-

ponent x, where ¢, x € H'(R3,C?) are two components spinors. Such a decomposition is
known as Talman’s decomposition, see [6], and it is proved in [2] that the lowest eigenvalue
in (—1,1) is given by

MV = gl;oa max R[Y] with ¢ = (i’) .

With these notations, the eigenvalue equation becomes a system
Kx+¢-Vo=Mn[V]o,
{ Ko—x—-Vx=xn[V]x,
where the operator K is defined as
K:=—-i0-V.

The method is actually fairly general, see [2] for precisions, and allows for more general
decompositions than Talman’s decomposition. Moreover, other eigenvalues in the gap can
also be characterized under some additional technical conditions : See [3] for a recent result
in this direction and for a complete list of references.
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We can now rewrite the above characterization of A;[V] as

M[V] = min o]

where for any ¢ € H'(R3,C?),
A¢] == max R[¢p] with ¢ = (¢>) .

X X
With the corresponding Euler-Lagrange equation for y;,
K¢ —x—Vx=Adlx
A[¢] turns out to be implicitly defined as a solution of

_ : o 0 - Vol _ 2 5 2
foN =0 with fun) o= [ I dor (1= [ o da— [ ViePda.

The function A — fs()\) is monotone decreasing with respect to A, so A[¢] is uniquely
defined, and for any A < A[@], f4(\) > 0. Hence, fs(A1[V]) > 0 for any ¢ € H*(R3, C?),
which proves (). Inequality (x) is achieved by the upper component of the four-spinor of
any eigenfunction associated with A;[V]. In particular if V' = —‘—;‘, v e (0,1), we get

|0"V€Z5|2 / 2 / |€Z5|2 23 M2
de+ (1-/1- 02 dz > Pl gz ve¢ e L2(R3,C?).
.é31+v1—y%+ﬁ v ( ”) ol dezy | T de Ve e L )

By taking the limit when v — 1, we get

2 2
/ E—Ydex+ wpdxz/ﬁﬁiwm Vo e HY(R?,C?).
R 1+ R3 Rr3 ||

If we replace ¢(-) by e 1¢(e71-) and take the limit when & — 0, we obtain

2
/immnvw%mz/iw dz .

]

[]

By taking ¢ = (g,0) with g purely real, we end up with

2
z||Vg 2 dx > ]g\ dz
2| [Vg]

R3 W

for all g € H'(R?, C), which is itself equivalent to
2
/ VP de > / :f:2 e ¥ fe H\(RS,C),

as shown by considering f = \/E | g. For more details, see [1, 2]. A direct proof and im-
provements on the potential have even been obtained in [1]. Such results are very similar
to the ones known for the Hardy inequality, see [5] for some recent result and further refer-
ences, or equivalently for the lower estimates for the eigenvalues of Schrodinger operators
with critical potentials, i.e., inverse square singular potentials.

Our main result is twofold. We prove a lower bound A[V] for A\;[V] written in the
spirit of the approach developed in [4], see Theorem 2. Because of the monotonicity of the
function fy, this proves an inequality like (x) with A;[V] replaced by A[V] :

o - Vo ) ) T
A;TIKWTde‘+1_ / |9 dx > — /va|m:v¢eL(R,C)

and, under some technical assumptions, we also show that the equality case is achieved
only if V' is the Coulomb potential. In such a case A[V] = A\1[V] : See Theorem 1 below.

Section 3 is devoted to the proof of Theorems 1 and 2, which are extended to measure
valued potentials in the last section of this paper.
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2. DEFINITIONS AND MAIN RESULTS

Define the admissible class of radial potentials A,,q by

V :R3 — R is a nonnegative radial measurable function,
ALV] ! /TV(t)tZdt <1
'=sup | = =
VeAum + T>IS 2 Jo -2’

A= (0 [Tv ) <5

With a standard abuse of notations, we have written V(z) = V (|z|). Let

A[V] = mjin )\:I: s )\:I: = 1-— 4A:|:[V]2 .

The fundamental example is the Coulomb potential V(z) = I%I for which

Ai:% and A[V]=+v1-12.

Remark. (a) Note that for anyV € Ayaq, A[V] € [0,1]. Moreover, V # 0 implies A[V] < 1
and A[V] =0 only if AL[V]=1/2.

(b) If V € Apa, then V(z) = |z|~2V (|z|™) is also in Awaa and A[V] = A[V]. This is a
simple consequence of Ay[V] = A_[V] and A_[V] = A,[V]. Note that for the Coulomb
potential V=V.

With the above notations, we can state our main results.

Theorem 1. Assume that V € Ayaq. For any ¢ € L*(R3,C?) and any ) € ( - 1,A[V]] ,

V 2
1) [vierass [ 7 VO e+ - [ 1o o

Moreover, if Ay < % and A[V] < 1, then there exists a non-trivial function ¢ € L?>(R3,C?)
such that (1) holds as an equality with A = A[V] if and only if V is the Coulomb potential
Viz) = 1 with v € (0,1), v = \/1—=A[V]? and ¢ is a radial function such that ¢ =

BrY1=v*=1e=v" for some constant B € C2.

Without further restrictions on ¢, both sides of the inequality can be infinite. As already
explained in the introduction, the motivation for Hardy-type estimates like (1) comes from
the Dirac operator. The goal is to give a lower estimate for the ground state level and one
can prove the following result.

Theorem 2. Let V € Apaq. If u € (—1,1) is an eigenvalue of Hy, then
w>AV].

As a consequence, if V € Araq, Hy has only nonnegative eigenvalues in (—1,1) and A[V]
s a lower bound for all of them.

Actually, if V' is not too singular in order that Hy can be defined as a self-adjoint
operator with a domain contained in H'/2(R?), it was proved in [5] that if the maximum
of all A such that (1) holds true is in the interval (—1, 1), then it is the smallest eigenvalue
of Hy in (—1,1).

Remark. (a) If V € Aq and 0 < W(x) < V(z) a.e., then (1) holds with W instead of V
and X € (— 1, A[V]]. Note that the left-hand side of (1) decreases and the right-hand side
increases when V' is replaced by W. Note also that W does not need to be radial.

(b) If Va(z) = V(a + x) is in Awaq for some a € R?, then (1) holds for A € (—1,A[V,]].
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Given a general potential W we can combine both remarks and proceed as follows.
Consider the radial potentials defined by the least radial majorants of the translates of W,
that is

Wi(r):=sup W(a+rw) forr>0.
weS?

If W is in Apaq for some a € R3, define
A [W]=sup {A[W;] : a € R, A (W] <1/2} .
The following corollary is a simple consequence of Theorem 1 and the preceding remarks.

Corollary 3. Assume that W} is in Aaq for some a € R3. For any ¢ € L*(R3,C?) and
any A € (— 1, A*[W]],

- Vl?
2dx < lo - / 2
[owiekde< [ SEEOn des (-0 [ Jof o

and N*[W] is a lower bound for all eigenvalues of Hy in the gap (—1,1).

Note that as a special case corresponding to A = A[V],
/ V] do < / oVl dz + (1 —A[V])/ |p|? dz ¥V ¢ € L*(R?,C?) .
R3 - R3 1+A[V]+V R3 ’

Such an inequality is the generalization to Dirac operators of the Hardy inequality for
Schrodinger operators established in [4].

3. PROOF OF THEOREMS 1 AND 2

3.1. Preliminary results. The Pauli matrices are Hermitian and satisfy the following
properties :

ojor+oro; =201, Vi k=1,23.
With a standard abuse of notations, each time a scalar § appears in an identity involving
operators acting on two-spinors, it has to be understood as d s, where I, is the identity
operator on C2. For any a,b € C3, we have

(0-a)(c-b)=a-b+ioc-(axb).
Applying this formula to a = z and b = V, we obtain the following result.
Lemma 4. The following equality holds:

1
i-V: (U-i>(a'v> —|——(U-L) VazeR?,
|z |z ]
where L := —ix x V is the orbital angular momentum operator.

The next result is concerned with the spectrum of the operator o - L. We shall denote
by X} the spectral space of o- L associated to the eigenvalue k, and by P the corresponding
projector in H!(R3, C?).

Lemma 5. The spectrum of o - L is the discrete set {k € Z : k # —1} and Ker(o - L)
contains all radial functions. Moreover, if ¢ is a continuous function, then Py¢(0) =0 for
any k € Z\ {0,—1}.

Proof. The spectrum of the operator 1+ o - L is the discrete set {£1,£2,---}, see [7]. This
can be seen by noticing that

1
1+J-L:J2—L2+Z, J::L+%.
Then, the fact that the spectrum of J? (resp. L?) is the set {j(j+1) : j = %, %, ...} (resp.
{l+1): =5+ %, j= %, %, ...} proves the statement on the spectrum of 1+ o - L.



6 JEAN DOLBEAULT, JAVIER DUOANDIKOETXEA, MARIA J. ESTEBAN, AND LUIS VEGA

For all k # 0, —1, Py¢ is a linear combination of functions ¥, m = 1,...m; which
depend only on the angular variable w and not on |x|, with coefficients

) = [ PLotrw)vh (o) de
which are continuous functions of r = |z|. According to [7], Section 4.6.4,

F1.0) = Pofo) [ b =0,
S2
which proves that P,¢(0) = 0 for k # 0, —1. O

The main points are that L commutes with all radial functions and that 0 is not in the
spectrum of 1 + o - L. The following result is adapted from [1].

Lemma 6. For any k, [€Spec(o-L), k#I, Pk(a-V)2Pl = Pl(J'V)2Pk =0in H'(R3, C?).

Proof. A direct computation shows that the anti-commutator {o -V ,1+ 0L} =0, i.e.,
o - V anticommutes with 1+ o - L. Hence (¢ - V)? commutes with 1 + ¢ - L. Let ¢}, € Xz,
¢; € X;. Then

—_

(0 -Vor,o Vo) = H—1(¢k,(J-V)2(1—|—J-L)¢1)
— 7 @n(to D9 e)
= H%((l%—J-L)(bk,(U-V)Q(bl)
= T (VP
which is impossible except if (o - V ¢, 0 - V ¢) = 0. O

The radial symmetry of the potential can be taken into account as follows.

Corollary 7. Any function ¢ € L*>(R3,C?) can be written ¢ = Zkez, jt—1 Ok with ¢ € X
and moreover, if W is a radial function,

2 _ 2
[owiekde= > [ Wink .

keZ, k#—1
/W\a-ws\?dx: > /W\U-thk\zdx.
R3 R3

keZ, k#—1

3.2. Two useful inequalities. Here we follow the approach of [4] for the Schrédinger
operator. Let ¢ € D(R3,C?) and write

o) = R ( " 20 o volr) dt)

for r = |z|, w = z/r. Assume that W is a radially symmetric function.

/ngyqudx = /S2dw/OOOW(rw)]¢(rw)\2r2dr
= —25&</Szdw/OOOW(Tw)r2dr/room(w'Vqﬁ(tw)) dt>
— ([ [TE0T - Vo) Baw ) i)

where

(2) gw(t) = t%/o W (r) r2dr .
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Using Lemma 4, for any 6 > 0, 4 > —1, and any nonnegative V', we obtain

((w+ 2w L)o.0)
_ _2%</Rs(ma-i$)< T )>9W(|33|)d$>

|| T+pu+V

1 o-Vol?
< lgw [ o< (0,00) [5 /Rg 1|+M7+|V dx+5/Rg(1+u+V) |2 dm] .

Here we use the fact that (|z|™' gw o - L ¢, ¢) is real.

A similar estimate holds with the integral in r taken on the interval (¢,00). Let ¢ €
D(R3,C?) and write

6()2 = [6O) + 2% ( / 3@ (- Veltw)) dt)

for r = |z|, w = x/r. Assume that W is a radially symmetric function and that ¢(0) = 0.
Then

2 _ > 2.2
/RSWW de = /Sde/O W (rw)|o(rw)|*r*dr

= 2§R</Szdw/OOOW(rw)r2dr/Orm(w-V(b(tw)) dt>
= 2w ( [ v [TEET @ Vo) (o i)

where
(3) hyw (t) == tiz/too W(r)r?dr .

Using Lemma 4, for any 6 > 0, 4 > —1, and any nonnegative V', we obtain

<<W—%hWU-L)¢,¢>
— on( [ (vaTFRE e 55 () et )

1+pu+V

1 ‘O’ . V ¢’2 / 2
< |lh oo - ——dr+9 1 Vv dz| .
< Il |5 [ 1y do0 [ (0wt Vo do
Again we use the fact that <|:E|_1 hw o Lo, qb) is real.

Summarizing, we have the following result.

Lemma 8. With the above notations, for any ¢ € D(R3,C?), for any 6 >0, p > —1, and
any nonnegative V,

W+19WU'L>¢¢> 2
|| ’ 1 lo -V ¢ / ,
4 <5 | o drto 1+pu+V da
@ \thm@w) O Jpsl+p+V RJ H )18

and, assuming ¢(0) =0,

2
(W= Fihwo L)o.0) - 1/ -V g
1w | Lo (0,00) T o rs ltp+V

(5) dx+5/ (I+p+V)|¢f de.
R3



8 JEAN DOLBEAULT, JAVIER DUOANDIKOETXEA, MARIA J. ESTEBAN, AND LUIS VEGA

3.3. Spectral decomposition. For a given V € A,,q, define

1 " 2(k+1 .
il>118<m/0‘/(8)s( ) ds ifkeZ, k>0,

A =

1 +oo ,
sup <m / V(s) 2D ds> ifkeZ, k<-2.

Since V is nonnegative, observe that Ay < Ag for all k € Z, k > 0 and that A, < A_5 for
all k € Z, k < —2. So, if V belongs to Ayaq, Ax < 1/2 for all k € Z, k # —1.

3.3.1. Nonnegative spectrum of o - L. Assume first that k € Z, k > 0, and let us solve the
equation

2k
(6) Wk—l—Tgk:V vV re (0,00)

where g := g, Wwith the notation (2), ie.,

1 T
g (1) == ﬁ/o Wi(s)s%ds .
Since
r / r
<r2k/ 2 Wi (s) ds> = 2D 7y 4 2k 2R / 2 Wi(s) ds = r?FHD v
0 0
Eq. (6) can be solved by taking

1 " 2(k+1)
gr(r) = m/o V(s)s ds

and

2k
szv—7gk.

Note that the relation gi(r) = 7«% Jo Wi(s) 52 ds amounts to a simple integration by parts,
and that
9kl oo (0,00) = Ak

by definition of Aj. Collecting the above estimates and using Lemma 8, for ¢ = ¢ €
D(R3,C?) such that

O-L(bk:k(bku k€Z7k207

we obtain

/RSV\gbk\2dx = <(Wk+%gk0’l/>¢k7¢k>

1 lo -V ¢rl? / 9
A | = —d 1) 1 % d

IN

which amounts to

’ (Zskr / i / i
T — >
/]R3 1T 4 dx + (1 — p) » |pr|” dx » V| or|* dz >0

if ;4 and § satisfy the equations

A6 =5+ A, =0.
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Solutions to the above system of scalar equations are given by

1
- o 2
6 =0 = 5p <1i,/1 4Ak> :
1_’6:|:’2
- - k _ 2
= =_ K — 1-4A2.
SRR T

We observe that ,u; <0 <py =4/1- 4A%. We can therefore choose § = 0, and pu = p;
in order to maximize u, and get

|0V ¢y|? —/ 2 / 2
——dr+ (1 - dr — Vv dr >0
Loy e 0 [ o ar— [ Vo

for any ¢ € D(R3,C?) such that
o-Lop=ko¢r, keZ, k>0,

3.3.2. Negative spectrum of o - L. Similarly, for k € Z, k < —2, let us solve the equation

2
(7) Wk—Tkhk:V Vr e (0,00)

where hy := hy, with the notation (3), i.

e,
1 [ 9
hi(r) = 2 Wi(s)s“ds .

Since

00 / 0o
(7‘%/ 2 Wi(s) d8> = — 2D g 4 ok p2k1 / 2 Wy (s) ds = —p2ED)

T

Eq. (7) can be solved by taking

1 o0
and Wy, = % hi + V. Note that the relation hy(r) = %2 [° Wi(s) s?ds holds as a conse-

quence of a simple integration by parts, and that

1Akl Lo (0,00) = Ak

by definition of Ay, for any k € Z, k < —2.
Let ¢ = ¢} € D(R3,C?) be such that

o-Lop=Fk¢r, kel, k<=2,

and note that ¢ (0) = 0 by the remark following Lemma 5. Collecting the above estimates,
we obtain exactly as in Section 3.3.1

/}R3V|€Z5k|2 dr = <<Wk_ é—’th'L>¢k,¢k>

1 |O -V ¢k|2 / 2
A = D E— dJZ‘ + (5 1 + +{/ (75 dJZ‘
k|:5/R31—|—u—|—[/ RS( H )’k’

IN

which amounts to
’U‘V%’z / 2 / 2
—d 1-— dx — v dz >0
|t e =) [ o do— [ Vi do >
if ;1 and § satisfy the equations
A6 =6+ A, =0.
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The proof goes exactly as in the case of the nonnegative spectrum of o - L. Solutions to
the above system of scalar equations are given by

1
_ st _ 2
6 =0 = 54 <1i,/1 4Ak> :
1— |6 [?
+ k 2
M=l = e TV b

We observe that ,u; <0<y, = 4A%. We can therefore choose § = ¢, and p = p, in
order to maximize u, and get

|0 -V ¢y|? —/ 2 / 2
——dr+ (1 - dr — Vv dr >0
Loy e amm [ o ar— [ via

for any ¢, k € Z, k < —2, such that
o-Lop =k .

3.3.3. Partial result on the eigenspaces of o - L. Collecting the estimates obtained in Sec-
tions 3.3.1 and 3.3.2 for smooth functions, and then using a density argument, we can state
the following result.

Lemma 9. Assume that V € Apaq. For any ¢p € L*(R3,C?) such that o - L ¢y = k ¢y,
keZ, k# -1,

-V ¢y|? _
Vibars [T [ g
[viotars [ EEERG de () [ 1o

3.4. Completion of the proof of Theorem 1. Inequality (1) with A = A[V] follows from
Corollary 7 and Lemma 9 using Ay < Ag = Ay [V] forall k € Z, k > 0 and Ay < A_o =
A_[V]forall k € Z, k < —2. The case A < A[V] is a consequence of the monotonicity with
respect to A.

With the notations of Section 3.3, if the equality case in (1) with A = A[V] occurs for
some non-trivial function ¢ € L?(R3,C?), then equality occurs in (4) for W = Wy, for any
k > 0, and equality also occurs in (5) for W = Wy, for any k < —2. If we decompose ¢ on
the eigenspaces of o+ L as » k#—1 Pr@, this means that for any kg € Z, ko # —1, such that

Do 1= Pro¢ # 0,

(1) if ko > 0, then g, = Ay, is constant a.e.

(2) if ko < —2, then hy, = Ag, is constant a.e.
Hence a derivation with respect to r of Ay, = ﬂ(ki}ﬁl) for V(s) s2kot1) ds in the first case,
and of Ay, = m f:oo V(s) s2(ko+1) ds in the second case, shows that

V(r):; Ve (0,00),

with v = 2|kg + 1| Ag,. For this potential we compute all Ay’s and observe that Ay =
A_9 =v/2 and that Ay < v/2 for all k # —2, 0. So, Py¢ =0 for all k # —2,0. For kg =0,
-2, ¢r, = Pry¢ = fio(r) Fy, where Fy, is an eigenfunction of o - L with eigenvalue kg
depending only on the angular variables and not on |z|. Equality in (4) and ky = 0 means
that (o - ﬁ) (0-V) ¢pg = =6y (14 pg + V) ¢, that is, from Lemma 4, fy(r) is a solution
to the equation

_ _ v
fo==8 (1+n5+2) fo.
where 85 (1 + py ) = v is solved by v, =1 —+/1 — v2. Solving the equation yields
fO(T) _ 14,r,—1—|-\/1—1/2 e VT
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for some constant A € C. On the other hand, equality for (5) and ky = —2 means that
(o- |m|) (0-V) ¢p_g=0_9(14+pn_,+V)p_o, that is, from Lemma 4, f_5(r) is a solution
to the equation
- _ v 2
flo=10, (1 Tt H_gt ;) f—2— ;f—2
where §_5(1+ pu—5) = v is solved by vd_, = 1 — V1 — 2. Solving the equation yields
f_2 (7‘) — AT_I_\/I_VQ v

for some constant A € C. Hence f_5 is not in L?(R?) unless A = 0. The proof is completed
by recalling that the eigenspace of ¢ - L corresponding to the 0 eigenvalue is the space

L2(r? dr,C?), see [7], Section 4.6.4, while, reciprocally, all computations are explicit in the
case V(r) =v/r. O

3.5. Proof of Theorem 2. Assume that p € (—1,1) is an eigenvalue of Hy and consider
an associated eigenfunction v = (;’z) € L?*(R3,C*) satisfying Hyt) = p1p or, what is
equivalent, solutions ¢ and x of the following system of two equations :
Kx+1-V)¢=pé, Ké¢—-(1+V)x=nx.
Using the second equation, we can eliminate y to get
K¢ K¢ >
= Kf————— )+ 0 -V)p= .
l+p+V <1+u+v 1=V)¢=né
Multiplying the last equation by ¢ and integrating over R3, we get
o -V ¢l? / 2 / 24
= ——d dr — v =0.
Foli) s= | {5 e o de— [ VIoPdr =
By monotonicity of fs, fo(A) <0 for any A > pu. Hence, by (1), A[V] < p. O

4. MEASURE VALUED POTENTIALS

Let ./\/lsllmg be the set of nonnegative radial Radon measure with support in zero measure
sets, with respect to Lebesgue measure. We can extend the class of admissible radial
potentials A;.q to the larger class A;,q of measure valued potentials corresponding to

VeAdaq and Se Mig&g ,
- AL [R] = L([v (t)t2 dt "2as)| <!
R=V+Se€Anq < + '—i‘i%’ r2 0 + 0 5

| Amms ([ Tvo g [Tetas)] <

where we do for S the usual abuse of notations of identifying = with |z|. With d1, AL and
A[R] defined in terms of Ay[R] exactly as in Section 2, we obtain the following result.

Theorem 10. Assume that R =V + S € Apaq. For any ¢ € L?(R3,C?) and any \ €
( - 17A[R]:| s

V 62
2 2 < lo- V¢ _ / 2
(8) /RBVW dx+/Rg]¢\ dS < R31+)\+de+(1 A) Rg]qﬁ\ dr .

Moreover, if Ay < % and A[R] < 1, then there exists a non-trivial function ¢ € L?>(R3,C?)
such that (1) holds as an equality with X\ = A[R] if and only if S = 0 and V is the Coulomb
potential V(z) = o> with v € (0,1) and v = /1 — A[R]2.
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Proof. Consider a sequence of functions (W, )nen C Apaq such that S = lim,, o, W, vaguely

in the sense of measures and A, := A[V + W,,] > A[R] = lim,,_,o, A,,. By Theorem 1, for
all ¢ € L?(R3,C?) and any ) € (—1,A,], we have that

-V ¢f?
2 2 < |o _ / 2
/RSV|¢| d:r+/RSWn|¢| i < /R31+>\+V+Wn dot (1= [ 1o da

‘O’V(ﬁp / 2
/]R3 1+)\+de+(1 A R3’¢‘ de

since W, > 0. Passing to the limit in the above inequality proves (8) for all A € (—1, A[R]].
Indeed, for every ¢ such that the right hand side of (8) is finite, we have

lim/ ]a-VqﬁF da:—/ 7’U.v¢‘2 dx
n—too Jps 1+ A+ V +W,, ~  Jrgs1+A+V

since A > 0 and S = lim,,_,oc W), is supported in a 0 measure set of R3. O
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