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Materially Nonlinear Analysis 

Marc Bonnet Laboratory of Solid Mechanics Ecole Polytechnique and CNRS, France 
Abstract. This chapter presents a review of domain-boundary element techniques for solv­ing materially nonlinear solid mechanics problems. Quasi-static and dynamic formulations are addressed, with emphasis on the use of implicit constitutive integration techniques and the local and global consistent tangent operators. Symmetric Galerkin BEM formulations are also presented. A section is devoted to steady-state elastoplastic calculations for mov­ing loads, and another to the simulation of abrasive wear, both types of nonlinear analyses being well-suited to D/BEM treatments. Another section deals with energy methods in frac­ture mechanics. Finally, a symmetric formulation for BEM-FEM coupling is presented as another way to use BEM, this time combined with FEM, for materially nonlinear analyses. 

1 Introduction Contrary to a widespread belief, integral equation based formulations are not restricted to linear problems. While it is true that linearity is essential in defining the reciprocity identities and fun­damental solutions, integral equations can be applied to nonlinear problems having a linear part, e.g. elastoplasticity, by treating nonlinear contributions as (unknown) body forces associated withotherwise linear field equations. However, the boundary-only nature of the integral formulationis usually lost, as these (pseudo-) body forces are defined over (part of) the domain of interest.Since the early paper by Swedlow and Cruse (l 971 ), D/BEM treatments of quasi-static elasto­plasticity have been proposed by Telles and Brebbia (1981a), Banerjee and Raveendra (1986), Banerjee et al. (1989), Telles and Carrer (1991), Huber et al. (1996), among others. Bui (1978) established the correct free term associated with the strongly singular domain integrals arising in D/BEM. More recently, incorporation of implicit constitutive integration techniques has been described and implemented by Bonnet and Mukherjee (1996) and further studied by Paulino and Liu ( 1999). D/BEM formulations for dynamic elasto-plasticity have also been investigated, based on either time-domain fundamental solutions (Ahmad and Banerjee, 1990; lsrail and Banerjee, 1992; Telles and Carrer, 1991, 1994) or static fundamental solutions together with the dual reci­procity technique (Kontoni and Beskos, 1992; Providakis et al., 1994); see also some of the ref­erences provided by Beskos (1987a) and Beskos (1997). Other extensions include elastic-plastic fracture mechanics (see e.g. Huber et al., 1996; Cisilino et al., 1998; Cisilino and Aliabadi, 1999), elastoplastic contact (Aliabadi and Martin, 2000; Dong and Bonnet, 2001) nonlinear problems involving finite strains (Zhang et al., 1992b; Foerster and Kuhn, 1994) and shape sensitivity anal­yses (Zhang et al., 1992b; Leu and Mukherjee, 1993; Wei et al., 1994; Poon et al., 1998a). The treatment of the singular domain and boundary integrals arising in D/BEM formulations is ad­dressed in Bonnet and Bui (1993), Guiggiani (1994, 1998), Tanaka et al. (1994) and Bonnet et al. (1998b ). While all the references quoted thus far consider integral equations in collocation form, the theory and implementation of symmetric Galerkin D/BEM formulations has also been 
1



investigated, see e.g. Maier and Polizzotto (1987), Polizzotto (1988), Comi and Maier (1992), Maier et al. (1993, 1995), Burgardt (1999) and Bonnet et al. (1999), for quasi-static problems and Frangi and Maier (1999) for dynamical problems, and also the references in Bonnet et al. (1998a). The book by Chandra and Mukherjee (1997) is devoted to D/BEM for nonlinear prob­lems, and chapters on the same general topic can be also found in other books, e.g. Brebbia et al. (1984), Beskos (1987b), Balas et al. (1989), Banerjee (1994) and Bonnet (1999a). This chapter attempts to summarize the solution of materially nonlinear solid mechanics problems by domain-boundary element methods (D/BEMs). Integral identities involving inelas­tic strain distributions for quasi-static problems are presented in section 2. Next, section 3 ad­dresses the algorithmic D/BEM treatment for quasi-static elastic-plastic analysis, with empha­sis on the use of implicit constitutive integration techniques and the local and global consis­tent tangent operators. While this is by no means the only approach to constitutive integration, it is now widely accepted in the FEM community as robust and efficient, but not very often used in D/BEM-based algorithms. Additional topics are covered in the same section: symmet­ric Galerkin BEM formulations (in a quasi-static setting) and constitutive implicit integration for elasto-viscoplasticity. Then, section 4 is devoted to a particular class of nonlinear analysis, namely steady-state elastoplastic problems with moving loads, which are well suited for D/BEM techniques because the underlying translational invariance implies that the computation domain is unbounded. The simulation of wear induced by friction, which also lends itself well to BEM treatments since materially nonlinear behavior (wear) occurs on the boundary, is considered in section 5. Obviously, this kind of analysis involves contact mechanics, which is not treated here (the reader is referred to the contribution of G.E. Stavroulakis and H. Antes in the same volume). Finally, a symmetric formulation for BEM-FEM coupling is presented in section 7 as another way to use BEM, this time in combination with FEM, for materially nonlinear analyses. 
2 Basic BEM Identities: Elastic Equilibrium With Initial Strains In the framework of infinitesimal strain, it is usually assumed that the strain tensor can be de­composed additively into an elastic part and a plastic ( or visco-plastic) part, i.e., where u = C:eE 

so that the elastic part of the constitutive equation reads 
where C denotes the fourth-order tensor of elastic moduli. For isotropic elasticity, one has 

Ci jkl = µ [ 1 :l/2v ()i j()k£ + ( ()i k()j£ + 6u6jk)]

(1) 

(2) 
(3) where µ and v denote respectively the shear modulus and the Poisson ratio. Hence, BEM treat­ments for problems involving nonlinear constitutive properties are based on the integral identities governing elastic problems with distributions of (a priori unknown) initial strains (or stresses)1•

1 Of course, such distributions may also occur in their own right for a variety of other reasons: thermal
loadings, residual strains or stresses, inclusions or inhomogeneities in micromechanics ... 
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2.1 Integral Representation Of Displacement The usual basis for such integral formulation is a reciprocity identity between the unknown state ( u, e, u) and a known fundamental solution, here chosen to be an elastic field generated by anunit point force applied at a fixed source point x and along a fixed direction k in a fictitious (and usually infinite) body endowed with the same elastic moduli C. The components ui of the unknown displacement field are governed by the equilibrium equation (4) (commas denoting partial differentiations w.r.t. coordinates of the field point x) while the com­ponents Uik ( x, x) of the fundamental displacement are governed by the equation Ci ja bU:, bj + 8(x - x)Ji k  = 0 (5)where 8(x - x) is the Dirac distribution at point x. Multiplying Eq. (4) by Uik(x, x) and Eq. (5) by ui , integrating both equations over the domain n of interest, invoking the defining propertyof 8 ( x - x), integrating by parts the remaining integrals and subtracting the resulting identities,one obtains the reciprocity identity 1,;(x)uk(x) = lan { uik(x, x)ti(x) - Thx, x)ui(x)} dSx + LP E!b(x, x)c�b(x) dVx (6)where [JP � n denotes the potentially plastic region, that is, a region outside of which it isassumed that ep = 0 (keeping in mind that the true support of gP is not known a priori andevolves with the load) ; ,,;( x) = 1 or O according to whether the source point x is interior orexterior to the domain D; besides, ti , Tl and Et denote the components of unknown tractions,fundamental tractions and fundamental stresses, respectively, with ti(x) = Ci ja b(ua,b(x) - €�b(x))nj(X)Tik(x,x) = Et(x,x)nj(x)Et(x, x) = cija bu:,b(x, x)
2.2 Displacement Boundary Integral Equation The displacement boundary integral equation is the limiting case of Eq. (6) when x E an. In that case, in view of the non-integrable O(r2 ) singularity of the fundamental traction Tik • either a regularization along the lines discussed in e.g. Tanaka et al. (1994) and Bonnet (1999a) or the so-called direct approach (Guiggiani, 1998) must be used in order to obtain a mathematically meaningful integral equation. In this contribution, the former approach is adopted. Here, apply­ing Eq. (6) to the rigid-body displacement v(x) defined by v(x) = u(x) and subtracting theresulting identity from Eq. (6), one easily obtains the regularized integral equation 

�uk(x) + r {Thx, x)[ui(x) - Ui(x)] - uik(x, x)ti(x)} dSx lan 
= f E!b(x, x)c�b(x) dVx (7)lnp with � = O (D bounded) or � = 1 (ffi.3 - n bounded). This integral equation is regularizedprovided u has c0 , o. Holder regularity at x = x. 
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2.3 Integral Representation of Strain or Stress at Interior PointsIf the initial strain field ep is known, the displacement BIE (7) collocated at the BEM mesh nodes provides a suitable set of discretized equations for the unknown boundary DOFs. However, in nonlinear solid mechanics analyses by BEM, the field er is to be determined in addition to the usual boundary unknowns. Hence, another set of integral equations are needed, in the form of the integral representation of strain collocated at interior points. In particular, note that using the displacement representation formula at interior points instead would involve the unknown dis­placements at these points, which are also unknown, as well, and thus would not be a satisfactory approach. This new set of equations thus comes from differentiating the integral representation (6) with respect to coordinates of the observation point x. A technical difficulty appears at thisstage, namely that the differentiation ofEq. (6) with respect to Xt necessitates the evaluation of
Ik t (x) = !Cl� - { E!b(x, x) c:�b(x) dVa, UXR, lnr Indeed, the derivatives E� .• (x, x) exhibit a Jx - xl-3 singularity which is not integrable overiJ,� [l (the overbar in () l denoting a partial derivative w.r.t. the £-coordinate of x). Thus the differe�tiation with respect to x in ht ( x) cannot be transferred under the integral sign. This difficulty, which arises only in the presence of initial strains or stresses, is serious, as witness the fact that the issue was incorrectly solved in the literature until Bui (1978) established the correct expression of he ( x), which involves a free term and a domain integral in the Cauchyprincipal value sense 

ht (x) = -l E:b,[ (x,x) c:�b(x) dVx - 2µ [1!; �0:tiAx) - 1: (� � v
v )€�a(x)8k t] (8)Bui's derivation proceeds by excluding the singular point x by removing a spherical neigh­bourhood v,,(x) and then differentiating the result with respect to xe. The integration domain D - v,, ( x) thus depends on x through v,, ( x ) , so that the process involves a convective derivative, which was overlooked in previous attempts at solving this issue. 

2.4 Regularized Integral Representation of Strain at Interior PointsApplication of formula (8) entails the evaluation of a Cauchy principal value domain integral. The direct approach (Guiggiani, 1998) can be adapted to this task. It is also possible, with the help of an auxiliary integral identity, to perform an indirect regularization approach in order to reformulate the integral representation in an integrable form. Consider a constant initial strain tensor e0
• Since e0 is then geometrically compatible, it induces in the absence of body forces in [l and kinematical constraints on an the following elastic state in n, defined up to additive rigid-body motions: 

u(x) = -C:e0 (9) Substituting this simple solution into the representation formula (6), one obtains an integral iden­tity that holds for any constant strain tensor e0
, i.e., 
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In particular, putting e0 = gP(:z:) and subtracting the resulting identity from Eq. (6), one obtainsthe integral representation of displacement in regularized form as 

In practice, one would rather isolate the singular point x with a relatively small portion fle of fl, of boundary I'e , for regularization purposes (typically, fle would be the integration cell containing x ), and recast ( 11) into 
uk(x) = [ {Uik(x, x)t i(x) - Tik(x, x)ui(x)} dSx + 1 E!b(x, x)[c�b(x) - €�b(x)] dVx

� � 
+ 1 E!b(x, x)c�b(x) dVx + €�b(x)Cij ab [ uik(x, x)nj(x) dSx (12) W-� j� Then, thanks to the term [ gP ( x) - gP ( x)] , a differentiation of the domain integral under the integral sign produces a convergent domain integral and is thus mathematically valid, provided the initial strain gP possesses c0,a smoothness at x = x. Indeed, under this assumption, one hasE!b,Ax, x)[c�b(x) - c�b(x)] ~ Ix - xl-3+°'so that this quantity is integrable in the usual sense over fl. A differentiation of Eq. (12) with respect to x then yields the relation 

Uk,£(x) = 1 E!b e(x, x)c�b(x) dVx + 1 E!b e(x, x )[c�b(x) - c�b(x)] dVx
[lP-[le , [}e , 

+ €�j,£(x){ cij ab 1 uik(x, x)nj(x) dSx -1 E!b(x, x) dVx}r. n.
+ [ {E!b,Ax,x)ua(x)nb(x) - ui�£(x,x)t i(x)} dSxlan 
+ €�b(x)Cij a b [ ui�l(x, x)nj(x) dSxlr. The factor of c:j,£(x) vanishes identically as a consequence of Eq. (10). As a result, the regular­ized integral representation formula for the displacement gradient at an interior point x reads 

Uk,£(x) = 1 E!b e(x, x)c�b(x) dVx + €�b(x)Cij ab r ui\(x, x)nj(x) dSx
[]P_[]e , J I'e , 

+ [ { E!b,£(x, x)ua(x)nb(x) - Ui�£(x, x)t i(x)} dSxlan
+ 1 E!b,e(x, x)[c�b(x) - €�b(x)] dVx (13) n. Note that the boundary integrals in Eq. (13) are nonsingular if x E flP is chosen inside fl. In particular, they are always nonsingular if flP n 8fl = 0, i.e., when the potentially plastic region
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does not reach the external boundary. If [!" n {J[l =/- 0, it may be necessary or useful to invoke the integral representation of strain at collocation points x E 8D. This gives rise to hypersingular boundary integrals, whose treatment by either the direct approach or indirect regularizations, a very well documented subject (see e.g. Bonnet and Bui, 1993; Tanaka et al., 1994; Guiggiani, 1998), is not addressed here. The specific issue of indirect regularization of Eq. (13) is addressed in e.g. Bonnet et al. (1998b) and Poon et al. (1998b). Equations (7) and (13) are the two basic integral equations upon which BEM techniques for materially nonlinear problems are built. In fact, since domain integrals over the potentially plastic region are involved in the formulation, as well as collocation at internal points, the ensuing dis­cretization technique is referred to as the domain-boundary element method (D/BEM) rather than the BEM. In order to exploit them, one still has to invoke the nonlinear part of the constitutive property, which has been left unspecified up to this point. 
3 D/BEM Treatment Of Small-Strain Elastoplasticity Since the early paper by Swedlow and Cruse (1971), D/BEM treatments of quasi-static elasto­plasticity have been investigated by Telles and Brebbia ( 1981 a), Banerjee and Raveendra ( 1986), Mukherjee and Chandra (1987), Banerjee et al. (1989), Telles and Carrer (1991), Comi and Maier (1992), Maier et al. (1993), Telles and Carrer (1994) and Huber et al. (1996), among others. Elastic-plastic constitutive behaviour gives rise to history-dependent evolution problems. Quasi-static situations are characterized by the absence of a physical time scale: the evolution is then described by a kinematical parameter t ( e.g. a proportionality factor of the loading), called 'time' for simplicity. Elastic-plastic analyses generally consist of prescribing loading increments and finding the corresponding increments of mechanical variables ( displacements, strains, stresses ... ). Many solution strategies exist in the literature. They are often formulated in terms of rates (i.e. 'time' derivatives) of mechanical variables. However, during the last fifteen to twenty years, implicit algorithms, based on the concept of consistent tangent operator (CTO) and formulated in terms of finite increments instead of rates, have been proposed in the finite element framework (see Nguyen, 1977 and Simo and Taylor, 1985). Using this approach, the Newton iterative method used for each load step con­verges quadratically, allowing for a reduction of the number of iterations as well as for larger load steps. Implicit CTO-based constitutive integration techniques are now widely used in the FEM community (see Simo and Hugues, 1998 for a comprehensive exposition). Implicit constitutive integration techniques have been first adapted to D/BEMs rather recently (Bonnet and Mukherjee, 1996), where the robustness of CTO-based algorithms was also demon­strated. The latter conclusion is supported by a recently published comparative study (Paulino and Liu, 1999), where the CTO is seen to lead to more robust algorithms, entail fewer itera­tions and provide better accuracy than the continuous tangent operator. For these reasons, the D/BEM treatment of small-strain elastoplasticity presented in this section is based on an implicit constitutive integration algorithm. 
3.1 Incremental Formulation Basically, the boundary element approach to elastic-plastic analysis is based on the integral equation (7) and the integral representation (13) of strain. These equations are discretized using 
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boundary elements for the boundary unknowns u, t and integration cells for the domain integralscontaining ep. Since the plastic region, i.e. the geometrical support of eP , is not known a priori, a potentially plastic subset flP of fl, outside of which no plastic strain is expected, must be defined a priori. Interpolation functions for the plastic strain eP or the total strain e are defined on the cells. The resulting matrix equations associated to (7) and (13) have the form [B] {u} - [A]{t} = [Q]{C:ep}{e} = [A'] {t}- [B'] {u} + [Q'] {C:eP} (14) (15) or, after separation of known and unknown degrees of freedom in { u}, { t} ( the former being gathered into the vector {y}) and appropriate column-switching in the matrices [A], [BJ and [A'] , [ B'] , the form 
(K]{y} = {/} + [Q]{C:ep}{e} = {/'} - [K'] {y} + [Q'] {C:eP} (16) (17) where {/}, {!'} incorporate the boundary data. Note that Eqs. (14), (15) or (16), (17) may also be viewed as a symbolic form of the continuous integral equations with [A] etc. denoting infinite-dimensional integral operators. Solving Eq. (16) for {y} and substituting the result into Eq. (17), one obtains (18) with 

Thus { eL} is the total strain under the given loading and in the purely elastic case, i.e. assuming that no plastic strain is present.2 To take into account the incremental nature of the problem, the evolution between the time instants tn and tn+l = tn + Llt is considered. Writing Eq. (18) forboth instants and taking the difference of the two resulting relations gives (19) using the notation Ll()n = On+l - On • The variables (un,tn) on {)fl and (en,O'n,e�) areassumed to be known. In particular, initial conditions must be provided at the starting time t0. Solving the n-th increment of the time-discretized elastic-plastic problem then consists in finding all mechanical variables at t = tn+1, or, equivalently, in finding all the increments .den etc.The plastic part of the constitutive behaviour still remains to be accounted for. Following the approach of Simo and Taylor (1985), the radial return algorithm (RRA), symbolically de­noted by ii, outputs the stress u n+l given a strain increment .den and the mechanical variables (en, O'n, e�) at t = tn as un+l = ii(en,un,e�,Llen) where ep denotes the cumulative plastic equivalent strain 
ep = 1t ./j(d!':d!')1/2 dr

(20) 

2 This should not be mistaken for the elastic strain eE in the additive decomposition of the total strain e.
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In view of(2), the new plastic strain e�+l = gP(en , <Tn , e�, Llen ) follows at once through

(21) 

Since the RRA is directly formulated in terms of finite time and strain increments, a rate 
formulation of the evolution problem is not necessary. After substituting the RRA, in the form of 
Eq. (20), into Eq. (19), one obtains a nonlinear system of equations 

whose primary unknown is { Llen }, the strain increment compatible with both the elastic equilib­
rium and the plastic constitutive behaviour (left unspecified at this point). Equation (22) is then 
solved by means of an iterative procedure. For example, using the Newton method, the additive 
correction c5e� = ,1g�+1 - Lle� to Lle� solves the linear system of equations

(22) 

where 
(23) 

C�+1 is the local consistent tangent operator (local CTO) and ([S][D�+l] - [I]) is the global 
CTO. The iterative procedure is carried out until convergence, and the value of {Llen } thus 
obtained is used to update the mechanical variables: 

It is interesting to note that the Newton step (22) involves the difference [C-C�+l] between 
the elastic tensor and the local CTO, rather than the local CTO itself; this is entirely consistent 
with the fact that Eq. (19) accounts for equilibrium as well as the elastic constitutive law. 

Observe that at those material points where the incremental deformation is purely elastic 
(i.e. trial stress lies within the yield surface), the local CTO coincides with C. The implication 
is that the block-diagonal matrix [C - C�+il can have zero blocks on the diagonal, leading to 
corresponding zero block columns in the matrix [Sl[D�+il• Hence, the Newton step (22) admits 
the following block decomposition 

([Sl[D�+il - [l])pp{8e�}P = {G(Lle�)}p (24) 

{c5e�}E = ([Sl[D�+i])Ep{c5e�}P - {G(Lle�)}E (25)

where the subscripts E, P indicate partitionings based on currently elastic (E) or plastic (P) 
nodes. Also, use is made of the conglomeration of zero block columns 

In effect, (24) says that the size of the linear system ties in with the size of the plastically deform­
ing zone, representing significant savings in computer time. 
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For completeness, the RRA is now explicitly given for a specific constitutive behaviour, namely isotropic elasticity, a von Mises yield criterion an an associative flow rule. The elastic domain lE in the stress space is thus defined by lE = {ulf(u) :S O} (26) where s = u - ½ Tr( u) is the deviatoric stress, o: is the center oflE, i.e. the kinematical hardeningvariable, and the threshold function ii(e') is given. Incompressibility of plastic strain is assumed. The constitutive equations are then the elastic stress-strain Eq. (2), the evolution equations 
. 2 H'(-') · P o: = - e e 3 (where n = of/au = e/ le i and the hardening function H(e') is known) and the complemen­tarity Kuhn-Tucker conditions f(u ; e',o:) :S o 'Yf(u; e',o:) = OThe plastic multiplier 'Y is found from enforcing the consistency condition 'Yi(u; e',o:) = o First, the (elastic) trial stress o-';;+ 1 is defined by s;+ 1 = Sn + 2µLlen e';;+l = en + 2µLlen u';;+l = O'n + KLlen: (1 ® 1) + 2µLlen (e: deviatoric strain). If f(u;+ l ; e�, o:n) :S 0, i.e. u;+l is in the elastic domain, one has 

- T 
O' = O'n+l

(27) 

On the other hand, if f ( u'f:+ 1 ; e�, O:n) > 0, ii is given by the following equations, which consti­tute the RRA (Simo and Taylor, 1985): n = e';;+i / l e';;+1 I
-P -P + /2 A ten+l = en V 3'Y"-' O:n+l = O:n + ji.1Hnn 

ii = Ken+l: (1 ® 1) + Bn+i 
(28) 

where K = 2µ( 1 + v) / ( 3 - 611) is the compressibility modulus and with LlH n = Hn+ 1 - Hn ,Hn = H(e�), the function H being given. The scalar "(Llt solves a nonlinear equation expressingthat the yield criterion is verified at t = tn+l , i.e., (29)
9



Finally, the local CTO is given in this case by (Simo and Taylor, 1985) 
Cn+l = C - 2µ [(/3 - 6)n 0 n + (1 - /3)(1 - � 1 0 1)]where 1 is the second-order identity tensor, 2Iab cd = 6ac6bd + 6ad6b c and

/3 = 
-1 ; 1 y"i(iJ.Hn + i'i:n+l )�n+l and Dn+ I defined by (23) is thus given by Dn+l = (/3 - 6)n 0 n + (1- /3)(1 - � 1 0 1)

(30) 

(31) In the common special case of linear kinematic hardening, for which there are two constant moduli H and h such that . 2 H . pa =  - e 3 (32) the scalar consistency equation (29) becomes linear in 11J.t and thus solvable in closed form:
1e 1 - /f (ao + he�)2µ"}'iJ.t = 1 + (H + h)/(3µ)An extension of this constitutive integration scheme to anisotropic plasticity is proposed by De Borst and Feenstra (1990). The following pseudo-code outlines the overall solution procedure, from initial time t0 ( cho­sen so as to correspond to the first yield load) to final time t Nr . For O :S n  '.S (NT - 1):  

1.  - Compute { L\e:� } (purely elastic internal strain)
2. - Initialize { L\e:�} (e.g. to the elastic value)

i = O
Iterative solution of (22):

(a) i = 0 
(b) Compute the residual { G(L\e:� ) }  from (22) 

(this requires iterative solution of I L\t from the RRA) 
(c) Convergence test: if { G(L\e:� ) }  ::; EPS, GOTO 3 .  
(d) i := i + 1 
(e) Compute the local CTOs C�+ 1 at all nodes; 

classify into currently elastic (E) and plastic (P) sets. 
(f) Set up and factor the global CTO [ S ( C - C�+ 1 ) - J] pp,

set up [S(C - C�+1 ) - I] EP, 
(g) Solve (24)for {8e:� }P and compute {8e:� }E  using (25). 
(h) Update: { L\e:� }  := { L\e:� } + { 8e:� }-
(i) GOTO (b) (start new iteration). 

3. - Update: {inn+l = {r}n t /f bL1t},{o-n+i } = {o- (L\en+1 h, 
{en+1 } = {en } + {L\e:n } 

End for 

10



Discussion. The BEM matrices in Eqs (14), (15) are to be computed only once. However, asalways in BEMs, this may entail a significant computational effort, especially for the domain cell integrations in 3D problems. Likewise, the algorithm previously presented and summarized is based on a matrix operator [S] , defined by Eq. (18), which has to be computed only once. This is because the constitutive integration algorithm, and in particular the CTO, is applied only at the domain cell nodes (in other words, e and ep defined inside a cell by interpolation of the corresponding nodal values in general do not satisfy exactly the constitutive equations). It is interesting to consider alternative possibilities for defining the iterative algorithm used to solve each load increment. For instance, putting Eqs (16), (17) in incremental form without first solving for the boundary variables yields Gu( {Llyn }, {Lien }) = [K]{Llyn } - [Q]{C: Lie� }  - {Llf n } = {O} G6 ( { Llyn }, {Lien }) = {Lien } + [ K'] { Llyn } - [Q'] {  C: Lie� }  - { Llf� } = {O} Then, using again (21) and (23), the above set of equations can be solved for {Llyn }, { e} by means of the Newton iteration: [Kl{ 6y�} - [Q]{ D�+l: 6e� }  = - Gu( { Llyn }, {Lien }) 
[ K'] { c5y� }  + ([I] - [Q'] [D�+l l )  { 6e� }  = - Ge( { Llyn }, {Lien })These Newton iterations can be set up in two ways, depending on how the previous derivation is interpreted: 1. If the above equations are matrix equations, i.e. if the D/BEM discretization is introduced be­fore formulated the Newton step, the constitutive integration algorithm is again applied onlyat nodes, the [D�+ i l are block-diagonal matrices in the strain DOF space and the D/BEMmatrices [Q] , [Q'] , etc. are computed only once.2. if, on the other hand, the above equations are to be understood as continuous equations, thenotation [Q]{ D�+l: 6e� } in fact symbolizes the integral operator

{ ui�(x, x)Dijab([en, CTn, e�; Lle�](x))6E�, ab(x) dVx lnp in which the tangent operator D�+l is space-dependent and must be evaluated at all points (i.e., in practice, at all quadrature points) of f2P. In this scenario, e and e:p do satisfy ex­actly the constitutive equations, but for that [Q]{ D�+l : 6e�} must be recomputed/or each iteration of each load increment. One sees that the more satisfactory (in principle) scenario 2 entails a very high, and in practice prohibitive, computational effort. 
3.2 Numerical Integration Over Domain CellsBoth the local and the global time-stepping schemes have been developed in Sec. 3 .1. The setting up of the BEM matrix Eqs (14) and (15) remains to be discussed. 
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The matrices [A] , [B] in (14) and [A'] , [B'] in (15) are the usual elastostatic displacement BEM and gradient BEM matrices. Their numerical calculation is well documented and does not pertain specifically to the D/BEM techniques for nonlinear problems discussed in this chapter. The matrices [ Q] , [ Q'] are obtained from domain integral over QP and are specific to D/BEM. Both result from weakly singular domain integrals when the collocation point x belongs to the domain cell, respectively of the form 
Iu(x) = L E!b(x, x)c�b(x) dVx (33) 
Ic(x) = L E!b, e(x,x)[c�b(x) - €�b(x)] dVx (34) 

(the first one without any regularization and the second one after regularization), where D de­notes any such domain cell. Usually, the domain cell D and the unknown plastic strain distribu­tion ep it supports are defined by means of a FEM-type interpolation technique. For definiteness, let us consider the common case where D and ep are defined by means of the isoparametric interpolation 
m m ep = L Nq(e)eP,q

q= l where V = {- 1 :::; �1 , 6 , 6 :::; 1} is the unit cube in the parameter e-space, N1(e), . . .  , Nm(e)are polynomial interpolation functions in e = ( 6 , �2 , 6), x1 , . . .  , xm are the interpolation nodesand gP, 1 , . . .  , gP,m are the unknown nodal plastic strains. When integrals (33) and (34) are nonsingular, the above interpolation is directly substituted into them and Gaussian quadrature formulas in �-space may be applied. Although it is customary to use three-fold Cartesian products of one-dimensional Gaussian rules, other Gaussian rules designed for multidimensional cubes (here, 3-cubes), corresponding to the same degree of exact polynomial integration, require less quadrature points and thus are faster. For instance, the 27-point and 125-point product Gaussian rules might be replaced by a 13-point rule and a 34-point rule for the 3-cube (provided in Stroud, 1971), respectively. When integrals (33) and (34) are (weakly) singular, specific techniques must be used. For instance, coordinate transformations in the parameter �-space designed so that their Jacobian absorbs the weak singularity can be applied in several ways, including introduction of spherical coordinates and Duffy-type coordinates. In all cases, the cube V needs to be cut into up to six pyramid-shaped subregions, such as the one sketched in Fig. 1, emanating from the singular point x. Since Duffy-type coordinates are quite simple to implement, their use is now going tobe presented for the pyramid P joining e to the upper face (ABCD) of V defined by { - 1 :::;
6 , 6 :::; 1,6 = l} (Fig. 1).Let e denote the image of x in V, and put ~ V1 - 6 1 + w 6 = 6 + -- --2 2 

~ v2 - 6 l + w6 = 6 + -- --2 2 6 = (3 + 1 - 6 1 + w (35) 2 2 where - 1  :::; v1 , v2, w :::; 1. The Jacobian of this transformation is found to be 
(36)
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D C 

A 

Figure 1. Pyramid-shaped subregion emanating at singular point x in integration cell. 
On the other hand, consider the position vector 

r = x - x = L [Nq({) - Nq(t) ] ]xq 
q= l A first-order Taylor expansion of r shows that 

where the last step results from inserting the coordinate transformation (35). The new vector function r (  v1 , v2 , w; �) defined by the above expansion is easily shown to verify 
Hence, the transformation (35) yields 
and thus allows to recast the integrals (33), (34) into nonsingular form in the ( v1 , v2 , w )-space. The numerical integration can then, at this stage, be performed by means of Gaussian quadrature. The five other pyramid-shaped subregions are dealt with in a similar manner, using suitably adapted modifications of the transformation (35). 
3.3 Examples The foregoing developments are now illustrated by an example (taken from Poon et al., 1998a): the internal pressure loading of an elastoplastic hollow cylinder, in plane-strain conditions. Even 
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Figure 2. D/BEM mesh (with integration cells) and FEM meshes used for the hollow cylinder example (from Poon et al. , 1 998a). 
though the physics of this problem is really one-dimensional, a general 2D implementation of the present implicit formulation is employed here. Despite the apparent physical simplicity of the problem at hand, closed-form solutions, describing the evolution of mechanical variables as the plastic front moves outward, are not available for the von Mises yield function case (note, however, that the related three-dimensionql problem of a pressurized spherical cavity has an exact solution). Here, the commercial finite-element code ABAQUS provides a reference solution. The same example is also used in Paulino and Liu ( 1 999). The hollow cylinder has inner radius 1 and outer radius 2. The elastic constants are: µ = 1,
11 = 0.3. The material deforms plastically according to the classical h theory, with isotropicstrain-hardening (i.e. o: = 0) defined by the Mises threshold (see Eq. (26)) (37) where m will take on values of either 1 (i.e. linear hardening) or 0.2. The usual practice of non­dimensionalization ( e.g. dividing stresses by the shear modulus, radial distances by the inner radius, etc.) becomes unnecessary with the current choice of material parameters. The D/BEM implementation uses 3-noded boundary elements and 6-noded, triangular inter­nal cells. The FEM setup ( ABAQUS) employs 8-noded quadrilateral elements. To exploit symme­try, only one quarter of the body is modelled in the D/BEM implementation (meshes are shown in Fig. 2). 
Case 1 :  linear hardening. This example traces the loading history of the elastoplastic cylinder under increasing internal pressure loading. Linear hardening is considered here (i.e. m = 1in (37)). The pressure at first yield is Py � 8.7 x 10-4 • The maximum pressure applied here,14 x 10-4 , is such that a significant amount of plastic flow has occurred, yet the plastic frontremains inside the body. The total load is divided into 7 equal increments, the first 4 of which are 
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Figure 4. Pressurized hollow cylinder: radial (top) and hoop (bottom) stress (nonlinear hardening), com­parison ofD/BEM and FEM results (from Poon et al. ,  1998a). 
elastic. Figure 3 shows the evolution of radial and hoop stress profiles. The agreement between D/BEM and FEM results is excellent. 
Case 2: nonlinear hardening. Now, (37) is taken for m = 0.2. The internal pressure of 19 x10-4 is chosen so that a good portion (but not all) of the cylinder has yielded. This time, onlyone increment is used (re-analysis using multiple increments confinns the validity of this choice). The focus here is on the oscillatory behaviour exhibited by the D/BEM results in the absence of averaging. Figure 4 shows the radial and hoop stress. The circles, which mark the D/BEM results without averaging (along a radial edge in the quarter hollow cylinder), follow a visible pattern of small oscillations around the solid line (ABAQUS reference solution). The oscillation is largely 
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reduced upon averaging (see the crosses), implying a higher level of accuracy globally than on the boundary. The origin of the oscillation appears to be the use of traction and tangential derivatives of displacements to evaluate stresses. As a matter of fact, Guiggiani (1994) reported the same situation in linear elasticity and showed that evaluating the hypersingular representation formula (in his case using the direct approach) provides much better results. 
3.4 Elastic-Plastic Analysis Based On Symmetric Galerkin D/BEMThe foregoing exposition is based on (regularized forms of the) traditional collocation integral identities. However, it is also possible to develop elastic-plastic analyses based on the symmetric Galerkin BEM (SGBEM); see e.g. Maier and Polizzotto (1987), Polizzotto (1988), Maier et al. (1995), Frangi and Maier (1999), Burgardt (1999) Burgardt and Bonnet (2001). The SGBEM is addressed in detail in the chapter of A. Frangi and G. Maier, and this section aims only at bringing up the specific, and hopefully complementary, issue of incorporating an implicit constitutive integration algorithm of the sort discussed above into the SGBEM equations in such a way that the linear system of equations in the Newton iteration, i.e. the counterpart of (22), is symmetric. For this purpose, one first needs to set up a symmetric set of governing SGBEM equations for the boundary unknowns u, t and the plastic strains ep . Basically, and in particular without discussing the manipulations needed to cast it in weakly singular form (see the present chapter by Maier and Frangi and the above references), this SGBEM system results from the following steps: 1. Multiply Eq. (7) by ik(x) (where t is a traction-type trial function) and integrate the result

for x E Su ;2. Multiply Eq. (13) by Cijk£Uk(x)n,(x) (where it is a displacement-type trial function) andintegrate the result for x E St ;3. Multiply Eq. (13) by Cij k£€k t (x) (where e is a strain-type trial function) and integrate theresult for x E [JP .having introduced a partition {)[} = St U Su , where {)[} = St and Su are the portions of {)[} supporting prescribed tractions and displacements, respectively. As a result, the set of continuous SGBEM equations has the structure (Bonnet et al., 1998a, Burgardt and Bonnet, 2001) Bu(t, t) + But(u, t) + Bc:t(e\ t) = Ft(t)Btu(t, it) + Buu(u, it) + Bc:u(e\ u) = Fu(u)Btc:(t, e) + Buc:(u, e) + Bc:c:(e\ e) = -A(e\ e) (38) 
where the bilinear operators B xy are such that Btt Buu Bc:c: are symmetric and But , Bue: , Btc:are transposes of Btu , Bc:u , Bc:t , respectively; the linear operators Ft and Fu incorporate the prescribed displacements and tractions, respectively; the bilinear operator A is defined by 

A(e\ e) = 1 ep : C : e dV
[lP 

(39) 
Upon introducing standard BE interpolations for (u, u) on St and (t, t) on Su , and standard (continuous) FE-type interpolations for (e\ e) on QP (and using the same interpolation bases 
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for the associated unknown and test functions, in keeping with the standard symmetric Galerkin approach), Eq. (38) takes the form 
(40) 

with obvious notations (Bu being the matrix block produced by the discretization of Bu(t, t), and so on) and noting that A is a stiffness-like matrix. Next, in preparation of the usual time-stepping process, Eq. ( 40) is written in the incremental form (noting that the time-dependent loading is contained in Ft and Fu : 
[Btt But Bet O l { itn } { LlFf }Btu Buu Bc:u O Ll:2 = LlF� BtE Bue Bee A A 0 £...J.E:n (41) 

The increments (Llun, Lltn) of boundary unknowns are then given, from the first two lines, by [Btt But ] { Lltn } = { LlF� } - [Bet ] { Lle:�}Btu Buu Llun LlF u Bc:u Substituting this result in the third equation yields a relationship between ( Lle;P, Lle) of the form (42) As before, the variables (Un, tn) on {)fl and (en, u n, e�) are assumed to be known (including initial conditions at time t0), and the increments Lltn, Llun, Llen are sought.The plastic part of the constitutive behaviour still remains to be accounted for. This is again done using the implicit algorithm based on the radial return algorithm, described in Sec. 3 .1, and with the same notations. Here, substituting definition (20) of i'i, i.e. u n+l = i'i ( Lle:n, Sn) ( where Sn collects all mechanical variables at time tn) into the elastic constitutive equation (2) written in incremental form yields (43) which allows to express Lle:� in terms of Llen and ci(Lle:n, Sn) . Doing so directly for the nodal unknowns in Eq. (42) and performing the subsequent Newton iteration is feasible but leads to unsymmetric tangent matrices for the Newton steps. In order to formulate a symmetric Newton step, Eq. ( 43) is multiplied (in the tensor inner­product sense) by a trial strain e and then integrated over flP, to obtain 
f ci(Lle:n,Sn):e dV- .A(Lle:n,e) + .A(Lle�,e) = f un :e dVlnp lnp Then, putting Lle�+1 = Lle� + 8e� and expanding the above equality to first order in c5e:� inanticipation of the Newton iteration to be implemented, one gets .A�+1 (8e�, e) - .A(8e�, e) + .A(8e�i , e) + 1t(Lle�) = o 1t(Llen) = r ci(Llen,Sn) : e dV- .A(Llen,e) + .A(Lle�,e)- r Un : €k, lw 
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where A�+ l is defined by Eq. (39) but using the local CTO C�+l (Llcn, Sn) instead of the elastic Hooke tensor C. In discretized form, this equation becomes (44) where Sn is the discretized Sn and H n incorporates the known stress field <T n · In combination with the linear equation ( 42) put in a similar iterative form, each correction { c5c�, c5c�/} is finally found to be governed by the following symmetric system of linear equations: 
(45) 

with 
This scheme has been implemented for three-dimensional problems in Burgardt (1999). It is worth mentioning that setting up the discretized bilinear operators of Eq. (40) involve numerical integrations in four dimensions (for Bu, But, Buu), five dimensions (for B1ot, Bw) and six dimensions (for B1o1o), including weakly singular integrations. In the latter case, various types of coordinate changes in the parameter space are available, so that these singular integrations do not raise serious conceptual difficulties. From a more practical viewpoint, the calculation of the operators B cc and, to a lesser extent, B ct, B w using Cartesian products of one-dimensionalGaussian rules was found to be extremely time-consuming. Outside of other possibilities for code optimization, which have not been explored as of now, much can be gained by employing well-chosen quadrature rules devised for the n-cube instead of n-fold Cartesian products of one­dimensional rules. A collection of such rules are given in Stroud (1971 ). For instance, the 6-fold product of3-point rule (i.e. 729 quadrature points in all) can be replaced by a 6-dimensional 125-point rule, among several possibilities. For now, this high computational cost means that only a moderate number of (20-noded brick-shaped) domain cells could be used in numerical examples. 

Numerical example: elastoplastic torsion of a cylindrical bar. As a test example, the elasto­plastic torsion problem for a cylindrical body (radius r = 100 mm, height h = 50 mm) is consid­ered. A displacement-controlled twisting motion is prescribed on the plane ends. Perfect plastic­ity is considered; the material properties are E = 200000 MPa, v = 0.3 and a0 = 240 MPa. The

(a) BE mesh (b) Domain cell meshFigure 5. Elastoplastic torsion: discretization of the cylinder.
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Figure 7. Elastoplastic torsion: simulation of 7 loading / unloading cycles, with isotropic hardening (left) 
or kinematic hardening (right), from Burgardt ( 1 999). 

numerical model is made of 8 27-noded hexaedral cells and 48 9-noded quadrilateral boundary elements (Fig. 5). The results are compared to the analytical solution and the load-displacement curve is plotted in Fig. 6. In addition, the simulation of seven successive loading / unloading cycles, with either isotropic or kinematic hardening, is presented in Fig. 7. 
Numerical example: rectangular strip including a hole. We consider a plate (L = 360 mm,£ = 200 mm, constant thickness h = 40 mm) with a hole (radius r = 50 mm), with reference toFig. 8c. The constitutive parameters (isotropic hardening) are E = 70000 MPa, v = 0.2, a0 = 243 MPa and h = 2240 MPa. The boundary-domain mesh, constituted of 8-noded quadrilateralboundary elements and 20-noded brick domain cells, is shown on Fig. 8a,b. A uniform tensile load T0 is applied as shown on Fig. 8c. The elastoplastic response at four points A, B, C, D is displayed on Fig. 9, where the dimensionless load parameter ,\ = To/ ao isplotted against ux/r (points A, B) or uy /r (points C, D). Results provided by both the symmetric 
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Figure 8. Plate with hole: geometry definition and discretization. 

Galerkin and the collocation D/BEM are compared with FEM results for the same domain mesh
as the D/BEM (labelled FEM 1) and for the finer mesh of Fig. 8d (labelled FEM2). It is seen that
the D/BEM results agree quite well with the FEM results for the finer mesh but deviate noticeably
from the FEM results obtained with the same domain mesh. Note, however, that this observation
must be compounded by the fact that the same domain meshes do not correspond to the same
interpolations of strains: they are interpolated directly in the D/BEM approach but obtained as
spatial derivatives of the displacement interpolation in the FEM. 

3.5 Elastic-Viscoplastic Analysis 
Algorithmically speaking, elastic-plastic and elastic-viscoplastic lead to very similar treatments;
in particular, implicit constitutive integration algorithms are also available (Simo and Hugues,
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Figure 9. Plate with hole: elastoplastic response (non-dimensional load factor plotted against the non­dimensional displacement) at points A (upper left), B (lower left), C (upper right) and D (lower right), from Burgardt ( 1999). 
1998). For instance, J2 viscoplasticity is defined by the same yield function as J2 plasticity, i.e. (for linear kinematic hardening), 

J(u; ev" , a) = �  - {i(ao + heVP )where again s = u - ½ Tr( u) and a defines the center of the elastic domain lE = { ul f ( u) ::::; 0}. Howerer, elastic-viscoplastic stress states such that f ( u) > 0 are permissible; this is the maindifference with elastoplasticity. The constitutive equations for h viscoplasticity are the elastic stress-strain relationship 
and the evolution equations u = C : (g - gvp )

. 2 H · VPa = - c 3 
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where 'T/ is a new material constitutive parameter called.fluidity of the model, (x) := (x + lxl)/2is the positive part of x and, again, ft = e/ l e i .  Elasto-viscoplasticity can be viewed as  a regular­ization pf elasto-plasticity where 1 / 'T/ is a penalty parameter (Simo and Hugues, 1998).The constitutive integration algorithm proposed in Simo and Hugues (1998) is as follows. First, an elastic trial stress u-;;_+ 1 is defined by s�+l = Sn + 2µLlene�+l = en + 2µLlen U�+l = Un +  KLlen: (1 0 1) + 2µLlen(e: deviatoric strain). Define fJ+1 by f!+1 = f(u�+l ; e':::,an)If fJ+1 � 0, i.e. u-;;_+ 1 is in the elastic domain, one has - T U = Un+l On the other hand, if JJ+l > 0, ii is given by the following equations:nn+l = e�+i 1 1 e+1 ILlt = fJ+1 'Y 2µ + 2(H + h)/3 + ry/Llte':::+1 = e'::: + y1ibLlt]e':::+1 = e: + ['YLlt]nOn+i = On +  �H['YLlt]n  Un+l = ii = Un +  Ken+l: (1 0 1) + S�+ l - 2µ["/Llt]i,,Finally, the local consistent tangent operator Cn+ l is given by 
with <5 = 2µ 2µ + 2(H + h)/3 + ry/Llt
3.6 Dynamic Elastic-Plastic Analysis By D/BEM 

(46) 

(47) 

Up to now, only quasistatic problems have been considered in this chapter. However, the D/BEM can also be used for solving dynamical problems (i.e. cases where inertia effects are taken into ac­count). Basically, two approaches have been pursued in the literature, based on the time-domain D/BEM formulation (using dynamical fundamental solutions) and the static D/BEM formulation (incorporating inertia effects as body forces to be determined). 
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Using time-domain fundamental solutions Representative references for this approach include Ahmad and Banerjee (1990), Israil and Banerjee (1992), Telles et al. (1999). The basic integral identities used are the dynamical counterparts ofEqs (7) and (13). The first one reads 
�ui(x, t) r {Tik[x, t, xlui(x, t) ] - Tik(x, x)ui(x, t) } dSxlan 

- { Uf [x , t, x l t i(x, t) ] dSx = { E!b[x, t, x lc:b(x, t)] dVx (49)lan lnp where (following the notation of Eringen and Suhubi, 1 975) Uik[x, t, x l f(t)] denotes the i-th component of the time-domain fundamental displacement at point x and time t generated in an infinite elastic medium by a point force applied along the k-direction at point x and with a given time-dependent magnitude f(t); E!b[x, t, xlf(t)] and Tik[x, t, xlf(t)] are then the correspond­ing elastic stress tensor and traction vector. The function J(t) is assumed to be twice continu­ously differentiable and null for t < 0 (which implies the initial conditions f(0) = j(O) = 0).In particular, the fundamental solution thus defined solves the field equation 
k . . k -Eij, j - pUi + 8(x - x)8i kf(t) = 0Detailed expressions for Uf [x, t, xl f(t)] , etc. can be found e.g. in Eringen and Suhubi (1975).The notations Tik(x, x), etc. are still used for the corresponding (i.e. Kelvin) static solution. Using similar notations and definitions, the regularized representation formula for the dis­placement gradient at an interior point x reads U k ,t(X, t) = r { E! b , e [X, t, x lc:b(x, t) ] - E! b,z(x, x)c:b(x, t) } dVxlne 

+ c:b(x, t)Cija b J, uikz(x, x)nj(X) dSx
I'e 

, 

+ lan { E!b,l[x, t, xlua(x, t)]nb(x) - u;,l[x, t, xlt a(x, t)]} dSx
+ 1 E! b l[x, t, x lc:b(x, t) ] dVx (50) 

f]P-f]e 
, Then, a time-stepping scheme is set up. Usually, the space-time interpolations are of the form 

M N u(x, t) = L L  Nk(e)cti(t)u�k=l /3=1 (51) 
where Nk(e) and ¢!3(t) are interpolation functions associated to the node x k (1 :::; k :::;  M) and time instant t13 = {311t (1 :::; {3 :::; N), and u� = u(x k, t13) (and similarly for the tractions and plastic strains). Without discussing here the details of numerical implementation (see e.g. Kara­balis, 1991, Schanz and Antes, 1997 and the review papers Beskos, 1987a, 1997), the dynamical counterparts of Eqs. (14), (15) are obtained by collocating Eqs. (49) and (50) at suitably chosen points and at a time instant tb (1 :::; b :::; N) and have the form [Bo ]{ub }  - [Ao ]{tb }  b- 1= [Q0] {C : et }  - L { [Bb-13 ] {u13 } - [Ab-13] {t13} - [Qb-/3] {C : e� } }/3=1 
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and {e:b} + [B�] {ub }  - [A�] {tb }  
b-1  = [Q�] {C:e:D - L { [B�_13] {u13} - [A�_13] {t13}- [Q�_13] {C:e:�}}
/3=1 where the discrete time convolution structure results from invariance properties under transla­tions in time and the use of a constant time step L1t. After separation of known and unknown degrees of freedom in { u}, { t} ( the latter being gathered into the vector { y}) and appropriate column-switching in the matrices [A] , [ B] and [A'] , [ B'] , and upon recasting the resulting matrix equations in incremental form, one obtains [Ko]{L1yb} = {.1/b} + [Q0 ] {C:L1e:D - {L1hb} (52) {L1eb} = {.1/�} - [K�]{L1yb } + [Q�] {C:L1e:i,} - {L1h�} (53) having used that {y0} = { eo} = { e:fi} = {O} and with 

b-1  {L1hb} = L { [Bb-13l{L1u13} - [Ab-13] {L1t13} - [Qb_13] {C:L1e:�}}
/3=1 
b- 1 {L1ha = L { [B�-13l{L1u13} - [A�_13] {L1t13} - [Q�_13] {C:L1e�}}
/3=1 As usual, solving the time step b consists of finding the variables {Yb }, {e:D assuming thatall variables defined at prior times are known. Here, similarly to the treatment of the quasi-static case of Sec. 3.1, Eq. (52) is solved for {L1yb } (note that, as usual in the time-domain BEM, the governing matrix [Ko] does not depend on the time step) and the result is substituted into Eq. (53), leading to: 

with 
{L1eL} = {/�} - {h�} - [K�] [Kot 1 ({fa - {h�})[So] = [Q�] - [K�] [Kot 1 [Q0 ] 

(54) 

As in Sec. 3.1, the constitutive integration can be introduced at this point. In particular, the implicit algorithms presented in Secs. 3.1 (elastoplasticity) and 3.5 (elasto-viscoplasticity) can be used again without modification, and are therefore not repeated. 
Using static fundamental solutions. Implementing time-domain D/BEM formulations is quite involved, irrespective of whether domain-type nonlinearities such as plasticity are present; also, difficulties related to the stability of the time-marching have also been raised and investigated 
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( see e.g. Frangi and Novati, 1999, Peirce and Siebrits, 1997). For this reason, some investigators, e.g. Providakis et al. (1994), introduced another approach to time-domain D/BEM formulationswhich consists of using static fundamental solutions. In other words, dynamical problems aretreated using the static field equations where inertia terms pu appear as (unknown) body forces.Following this appproach for D/BEM treatment of nonlinear problems, the counterparts of Eqs. (7) and (13) are 

and 
�uk(x, t) + r {Tik(x, x)[ui(x, t) -U i(x, t) ]  - uf (x, X )t i(x, t) } dSxlan 

= f E!b(x, x)c�b(x, t) dVx -p f Vik(x, x)ui(x, t) dVx (55) lnp ln 
Uk,t(x, t) = f E!b,z(x, x) [c�b (x, t) -c�b(x, t)] dVx la. 

+ c�b(x, t )Cij ab r u: e(x, x)nj(x) dSx lre 
+ f { E!b t(x, x)ua(x, t)nb(x, t) - u: t(x, x)ta(x, t) } dSxlan ' ' 
+ f E!b z(x,x)c�b(x,t) dVx- P  f Ui\(x,x)ui(x,t) dVx (56) 1�-� · la · The price for using the simpler static fundamental solution is the introduction of a new un­known, namely the acceleration pu, whose support is the entire domain Q and not just the po­tentially plastic region QP .These new domain integrals can be recast into boundary integrals by defining an auxiliary field w such that 

This is always possible in principle (under some mild regularity assumptions on pu ): indeed, one has for example 
but this choice of course does not solve the problem of removing domain integrations. Assuming that such a w  is available, one finds that (with q = o-(w) .n)

The approach which is generally preferred, called 'dual reciprocity approach' (see e.g. Par­tridge et al., 1992, Kontoni and Beskos, 1992) consists in approximating the body forces (here the inertia -pu) with global shape functions fm ( x) (i.e. extending over the whole domain fl) 
m 
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The fields w and q are thus expected to have the form 
m m The global shape functions fm(x) must be chosen such that 'l/Jf](x) and 770(x) can be estab­lished analytically. For instance, using radial basis functions fm(x) = Rm = Ix - xm l, onefinds 

'l/Jf'1· = ( 
- l ) [(3 - 10v/3)8i j - Ri Rm

3
, ]R3 

30 1 - v µ , , 'Tlij = 15(�� v) [(4 - 5v)R'.Jn i - (1 - 5v)R1Jnj - [(4 - 5v)8i j - R1J R'..J]R:;np] R3 

Frangi and Maier (1999) have recently proposed a symmetric Galerkin D/BEM version of this approach based on a set of four independent variational equations, obtained by weighing thedisplacement and traction DBIEs (for collocation points on 8fl) and the internal displacement and strain integral representation formulas by appropriate trial fields. 
3. 7 Sensitivity AnalysisSensitivity analysis of nonlinear (material and/or geometrical) problems in solid mechanics is an active research area at present (see e.g. the book by Kleiber, 1997). In this context, design sen­sitivity coefficients (DSCs) are rates of change of response quantities, e.g. stresses or displace­ments, with respect to design variables. These design variables could be shape parameters, sizing parameters, boundary conditions, material parameters etc. DSCs are useful in diverse applica­tions, a very important one being optimal design using gradient based optimization algorithms. Such analyses can be applied, for example, to optimal design of certain manufacturing processes. Currently, the direct differentiation approach or the adjoint structure approach are popular for accurate sensitivity analysis. Either of these can be applied in conjunction with general purpose numerical methods such as the FEM or the BEM. In particular, Mukherjee and his co-workers have been active in solving nonlinear (both material and geometric) sensitivity problems by the BEM, see Mukherjee and Chandra (1991), Zhang et al. (1992a), Zhang et al. (1992b), Leu and Mukherjee (1993), Wei et al. (1994) and the book by Chandra and Mukherjee (1997). The accuracy of sensitivity calculation has been found to be strongly enhanced when based on implicit integration techniques for the underlying nonlinear analysis. In particular, the CTO (see section 3.1) has been found to be the correct tangent operator for the linear sensitivity problem. Bonnet and Mukherjee (1996) investigated for the first time D/BEM-based sensitivity analyses using an implicit formulation together with the CTO. This work was furthered in Poon et al. (1998a). In this section, the D/BEM implicit approach to sensitivity is briefly presented and illustrated with a numerical example. The precise details as well as the algebraic complexity of the derivation ( of sensitivity equa­tions) depend on the specific choice of the design parameter b. Geometric design parameters, for instance, result in much more tedious algebra than other ( e.g. material) parameters do. In order to illustrate the process of sensitivity derivation without excessive algebra, we choose a (material) 
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parameter that characterizes (isotropic) strain hardening. More specifically, with reference to the von Mises yield criterion (26) with a: = 0, lett£ = t£(e\ b) = O"o + kWr = t£W,  b)where b designates the parameter to be varied and can be any one of a-0 , k1 , or m.Recall the incremental form of the usual problem (22) {G(.1en)} = [S]{u(en,Un,e�,.1en) - Un - C : .1en} - {.1e�} + {.1en} = {O}Differentiating w.r.t. b yields (a o above a variable denotes a derivative with respect to b) 
* * * * * * [S]{u - Un - C:.1en} - {.1e�} + {.1en} + [S]{a- - Un - C:.1en} = {0}where use has been made of the fact that C is independent of b. The present choice of b im-* * plies that both {.1e�} (purely elastic strain) and [S] (which encapsulates, among other things, geometrical information) vanish. We are left with (57) 

* At this point, it is necessary to differentiate the RRA algorithm in order to formulate if. This task, performed in Bonnet and Mukherjee (1996) and Poon et al. (1998a), is not repeated here and brings the following result (using the notations introduced in Sec 3.1, with (using the notations introduced in Sec 3.1 and with a: = 0):* * * 1 * a- = Cn+l :.den + K(l @  1) :en + [/3(1 - 3 1 @  1) - (/3 - o)n @ n] :Un 

+ 0(1 - o)s'f:+1 �� + (1 - o)/i�; n (58)where Cn+I is the converged value of the local CTO (30). * Finally, substitution of (58) into (57) gives a linear equation for { .den} of the form 
* ([Sl [Dn+1 J  - [l] ){.1en} + {F} = 0where Dn+l is defined by (23) and the load vector { F} is given by 

{F} = [SJ { K(l @  1) : en + [/3(1 - � 1 @  1) - (/3 - 8)n @ n] : �n 

(59) 

+ 0 ( 1 - o)s',;;+1 �� + ( 1 - o)ji�� n}
* The matrix multiplying Lien is the converged value of the global consistent tangent matrix (see Eq. (22). Thus: 1. The local CTO and the global consistent tangent matrix appear to define the correct tangentoperator for solving the (linear) governing problem for the sensitivity increment;2. The global consistent tangent matrix is computed and factored at the end of the Newtoniteration (22), and therefore is readily available for solving the sensitivity problem. Indeed,under these conditions, solving (59) only requires, for each parameter b considered, settingup the load vector { F} and performing a backsubstitution.
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Table 1. Sensitivity of equivalent plastic strain w.r.t. k2 : comparison of BEM results (with or without aver­
aging along a hoop) to exact solution (from Poon et al., 1 998a). 

without averaging with averaging 
r value % error value % error 
1.000 -5.8908e-04 0.292 -5.9070e-04 0.0 169 
1.125 -5.8882e-04 0.336 -5.90 19e-04 0.104 
1.250 -5.9 1 54e-04 0.124 -5.9054e-04 0.0445 
1.375 -5.8927e-04 0.260 -5.9029e-04 0.0860 
1.500 -5.9 176e-04 0.1 61  -5.9058e-04 0.0369 
1.625 -5.892 1 e-04 0.270 -5.9037e-04 0.0736 
1.750 -5.9069e-04 0.0 197 -5.9048e-04 0.0552 
1.875 -5.8988e-04 0.1 56 -5.9055e-04 0.0420 
2.000 -5.8902e-04 0.302 -5.9075e-04 0.00834 

Numerical example. Let us consider a stress state of the form 
generated by a uniform pressure p = -2µqn applied on the boundary of a body of arbitraryshape under plane strain conditions. Putting the Mises yield stress ,-,, in the form 
one can obtain after some algebra the following analytical solution for e and ep , having usedb = k2 for this particular example: 

-P 
( 1 - 2v)q - k1 e = ------k2 + l + v iP = {)e,P 

= k1 - ( 1  - 2v)q8k2 (k2 + 1 + v)2 
* The sensitivity ep has been computed using the implicit D/BEM and the method outlined in this section, for a hollow cylinder loaded with the same pressure on both its faces (inner radius * 1 m, outer radius 2 m). The sensitivity eP computed at various radii 1 ::; r ::; 2 is compared in table 1 to the analytical value. A good accuracy is reached in all cases, and is enhanced when the results are averaged over a hoop. The values k1 = 10-3, q = 5 10-3 and v were used.

3.8 Finite Strains Extensions of D/BEM to problems with both geometrical and material nonlinearities are also proposed by Mukherjee and Chandra (1991), Zhang et al. (1992b), Leu and Mukherjee (1993), Foerster and Kuhn (1994), among others, and in the book by Chandra and Mukherjee (1997). When geometrical nonlinearities, in the form of finite strains, are present, the governing equa­tions must be formulated in rate form. A detailed presentation of this subject is not attempted 
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here (the reader is referred to the above-mentioned references). However, some insight on how D/BEM formulations are developed for this class of problems can be obtained by looking at the governing displacement DBIE (or, more appropriately here, the velocity DBIE) 
ii;vk(x) + { {Tik(x, x)[vi(x) - v i(x)] - Uik(x, x)tf {x)} dSxlan 

= { Et(x, x)d:/x) dVx + { Ui\(x, x)gii(x) dVx (60)ln ln ' where v is the velocity field, d = (Vv + VvT)/2 is the total strain rate, dp is the inelastic strainrate, g is defined by the formula g = u.w + d.u - (Tr(d))u(where w = (Vv - VvT)/2 is the antisymmetric part of the velocity gradient), ts is the scaledLagrange traction rate defined by ts = n. (& + O'.W - W.O' - g)The stress-strain rate relationship is of the form 
which defines the inelastic strain rate dP. Regularized strain rate representation formulas can be established from (60) following the same general approach as in Sec. 2. Then, incremental and iterative solution algorithms are im­plemented. Contrary to small-strain plasticity, which in some cases may affect only a small part of the domain fl under consideration, geometric nonlinearities are expected to spread over the entire region, thus entailing a significant computational burden in terms of numerical integration and solution procedures, since fully populated matrices over domain unknowns arise in the process. 
4 Steady-State Elastoplastic Calculations For Moving Loads This section is devoted to a D/BEM treatment for a particular class of elastic-plastic analysis, namely steady-state rolling / sliding contact problems. These problems involve loads that are moving at uniform speed on bodies which are translationally invariant (and in particular infi­nite) along the direction of the moving load. To avoid the high computational costs incurred by traditional time-stepping schemes formulated in a fixed frame, for which incrementally moving loads must be considered (see e.g. Bhargava et al., 1985a, 1985b), Dang Van and Maitournam (1993) proposed an efficient and reliable FEM-based steady-state algorithm for the calculation of stresses and strains in the half-space with perfect plastic or linear kinematic hardening ma­terials. In this approach, the equations are formulated in a frame moving with the load, with a considerable computational gain over procedures solving the evolution problem in a fixed frame. However, although the underlying steady-state assumptions imply that the computational do­main is in principle unbounded in the direction of the moving load, finite element-based ap­proches require bounded meshes in practice. This is a significant shortcoming, especially in view 
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of the fact that plastic strains are expected to develop up to infinity. The characteristic length of the computational region must thus be much larger than that of the contact area, and the boundary conditions to apply at infinity are not clear. On the other hand, boundary element method (D/BEM) is very well suited to unbounded domains. Besides, the plastic regions develop near the surface. Hence, D/BEM is expected to provide an efficient tool for the analysis of the stresses and strains in half space under (possibly repeated) moving loads. The application of D/BEM to steady-state elastoplastic rolling contact problems was first proposed in Lederer et al. (1998), where a regularized integral equation for­mulation for contact problems on homogeneous elastoplastic bodies was used, together with an implicit elastoplastic constitutive integration algorithm. The presence and effect of a coating, of­ten used to extend the fatigue life of various components, was not considered. This approach has been extended to loads moving on a coated half-space in Dong and Bonnet (2001 ). This section is largely based on these investigations. 
4.1 Geometry And Basic Governing Equations The generic configuration considered (Fig. 10) is a coated half-space fl = {x 1 � 0}: a coating
nc of constant thickness h and made of possibly anisotropic material lies on top of a substratum 
ns = fl - nc made of isotropic material. A given loading is applied on a bounded subset I'a of the boundary I' = { x 1 = O} while the complementary boundary I' - I'a is traction-free. Perfect bonding is assumed along the interface I'; between the coating and the substratum. An elastic­plastic constitutive behavior is considered for the substratum, whereas the coating is assumed to remain purely elastic. The stresses ac in nc and a in ns solve the equilibrium equation without body forces, i.e., 

div a = 0 in ,nc , ,nstogether with the boundary conditions (n: outer unit normal to I') on I'a on I' - I'a 

Figure 10. A coated half-space (6 1 )  
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and perfect bonding conditions along the interface I'i between the coating and the substratum (uc and u: displacement in nc and r28 ), i.e., on I'i (62) The strains e, stresses u and plastic strains gP are related through the constitutive equation (2) in the substratum, and (63) in the coating. Isotropic elasticity, together with rate-independent J2 associative plasticity, is assumed in the substratum, so that the corresponding elasticity tensor C has the form (3). On the other hand, the elastic properties of the coating are possibly anisotropic, and the corresponding elasticity tensor is expressed as cc = C - L1C, where L1C denotes the (possibly anisotropic)contrast of elastic properties between the coating and the substratum. Following the approach of Dang Van and Maitournam (1993), a frame moving along with the load is introduced, i.e. a new coordinate i:2 = x2 - Vt is defined so that all physical quantitiesare time-independent in the ( x1, i:2) coordinates. Letting X denote one such quantity, its particle time derivative is thus given by (64) Steady-state problems entail considering domains that are infinite in the x2-direction, due to the underlying requirement of translational invariance. Infinite media are well handled by integral equation formulations: decaying conditions at infinity are built in these formulations, and other conditions at infinity can be considered as well without giving rise to divergent integrals. On the other hand, FEM for steady-state calculations requires a bounded computational domain, because nonzero (but asymptotically constant) plastic strains are expected at infinity, which prevents one to use infinite elements ( divergent integrals at infinity do arise in that case). 
4.2 Integral Representation of Displacement and Strain in a Coated Half-Space The equilibrium of the coated half-space is formulated in terms of boundary-domain integral equations. Their derivation follows the same lines as in section 2, but must be modified to take into account the presence of the contrast of elastic moduli in the coating. In addition, it is advan­tageous to use a fundamental solution which is traction-free on I', i .e. the Mindlin solution (for the three-dimensional case) or the Melan solution (for the plane-strain case), see e.g. Telles and Brebbia (1981b). The integral representation formula for the displacement at any point x in [2 or on I' is found to be 

Uk(x) = 1 uik(x, x)fi(x) dSx
I'a 

+ { (Cfjmec!'.ne(x) + L1Cijmecme(x))Et(x, x) dVx + { Et(x, x)c�j(x) dVx (65)lnc ln• having put 
(66)
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and x = v/(l + v) (in three dimensions) or x = v (in plane strain). Assuming that the loadingon I'a is prescribed, the only unknowns in Eq. (65) are the plastic strains in DP and the total strains in ,nc. Note that ( 65) is written in terms of the fundamental solutions for a half-space with homogeneous and isotropic elastic moduli. It involves domain integrals over the whole coating (in practice very thin) and over the potentially plastic part of the substratum. It is then, again, necessary to establish integral representation formulas for the strain. By adapting the derivation presented in sec. 2 and without going through the details, one finds that for an observation point x lying in the substratum region ,ns the strain tensor is given by Eke(x) = 1 Ekfij(x, x)c:�j(x) dVx + 1 Ekfij(x, x)[c�j(x) - C�j(x)] dVx
fl8 - fle n. 

+ c::b(x )Cijab J, nj(X )Ukfi(x, X) dSx + J, u:fi(x, x)ti(X) dSxr. I'a 

+ 1 .:1Cijab Ekfij(x, x)Eab(x) dVx (67) 
nc whereas if x is located in the coating region ,nc one has instead 

Ckf(x) = 1 .:1Cijab Ekfij(x, x)[cab(x) - Cab(x)] dVx + 1 Ekfij(x, xMj(x) dVx
n. ns 

having put 

.r: 

X 
(a) 

+ c::b(x)Cfjab J, nj(x)Ukfi(x, x) dSx + J, ukfi(x, x)fi(x) dSx
I', I'a 

+ 1 .:1Cijab Ekfij(x, x)Eab(x) dVx (68) 
nc -n. 

l 

u;fi(x, x) = �(Ui�l(x, x) + ufk(x, x))Ekfij(x, x) = �(Et,e(x, x) + Efj,k(x, x))Ekfij(x, x) = �(Et, e(x, x) + E£ij,k(x, x))
y 

.J: 

X 

(b) 

Figure 11 .  Plastic inclusions in the half-space y 
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Figure 12. Stresses produced by the inclusion of Fig. l l a  (left) and Fig. 1 1  b (right): comparison of analyt­
ical and numerical values 

The expressions for Uik , Eijk , UkRi and E"kRij are available in Telles and Brebbia (1981b) (for 
plane-strain problems) or in Balas et al. ( 1989) ( for three-dimensional problems). Those for E"kRij 
follow by virtue of (66). 

In Eqs (67) and (68), all integrals except those over De are nonsingular, again assuming that 
gP and e have c0 ,cx smoothness at x = x. Equations (65), (67) and (68) can be applied to either 
three-dimensional or two-dimensional situations, using the adequate fundamental solutions and 
ranges of indices. 

The correctness of Eqs. (67) and (68) can be checked against closed-form expressions of 
the stress field produced in a linear isotropic elastic half-space under plane-strain conditions by 
a rectangular inclusion with constant plastic strain, established by Ballard and Constantinescu 
( 1 994). Material constants are E = 210 GPa and v = 0 .3 .  Figure 1 2  shows that stresses obtained
using Eqs. ( 67) and ( 68) agree well with the corresponding analytical values, for the inclusions 
described by Fig. 11 (a) and (b), respectively, with E�x = l . ,  E�y = -0.5,  and E�y = 0. and 
using E = 2 10 GPa and v = 0.3.

4.3 Discretization Of The Boundary-Domain Integral Equations

The loading boundary I'a is discretized into straight quadratic boundary elements. The coating 
De and the potentially plastic region of the substratum D: , which is assumed to have a finite 
depth, are both modelled by rectangular cells, each cell supporting constant strains. In order to 
take into account the nonzero strains arising at infinity due to the fact that the loads are moving, 
both sets of cells include infinite cells, which support the (unknown) limiting strain values at in­
finity in the horizontal direction. Eqs ( 67) and ( 68) are collocated at the centers of all rectangular 
bounded cells; one collocation point is also chosen in each infinite cell. For each collocation point 
x, the region De around x is taken as the cell containing P; this together with the piecewise­
constant strain interpolation implies that all integrals over De in Eqs (67) and (68) vanish. 
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For the numerical evaluation of integrals on cells which extend horizontally to infinity ( or on their boundary), the following mapping is used for the horizontal coordinate x2 :
(69) 

where the infinite element is such that either r0 ::; x2 ::; +oo or -oo ::; x2 ::; -r0 , the ± signbeing adjusted accordingly. In particular, this mapping is such that 
Since all kernels in the domain cell integrations are O( [:v - a: [ 2 ) ,  all integrals over infinite cellsare thus converted into nonsingular integrals over a bounded region in the parameter space and thus can be evaluated using ordinary Gaussian quadrature. This discretization process transforms Eqs. (67) and (68) into the matrix equations {O} = [.Bcs ]{eP} + [Bcc] {ec} + {Jc}{O} = [Bss ]{eP} + [Bsc] {ec} + {es} + Us} (70) (71) (where subscripts c and s refer to the coating and the substratum, respectively), or equivalently, in incremental form {O} = [.Bcs ]{L\eP} + [Bcc] {L\ec} + {L\f c}{O} = [.Bss ] {eP} + [Bsc] {Llec } + {Lles } + {Ll/ 8 } 

4.4 Elastoplastic Steady-State Algorithm 

(72) (73) 
The elastoplastic solution algorithm follows closely the approach of Sec. 3.1 proposed in Bonnet and Mukherjee (1996): Eqs (72) and (73) are solved for the unknown increments of total and plastic strains, using the consistent tangent operator. In the steady-state case, the computational domain is horizontally infinite, and the infinite cells are used. Collocation points are numbered using two indices a, b which range in the verticaland horizontal subdivisions of the rectangular mesh, respectively. The index b takes increasing consecutive values in the direction opposite to the motion (Fig. 13), and in particular the right­most infinite cells are labelled by b = O; this arrangement is similar to that made in Dang Van and Maitournam (1993) in the context offinite element method (and without using infinite cells). The horizontal width L\x2 of the cells is related to the time step through 
and in particular must be constant over the mesh. As a consequence, the strain increment L\ea b becomes a difference between this cell and its left horizontal neighbour, i.e., 
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Ia=m I . p  Ia=m+1 
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X1 !  

Figure 13. Discretization into integration cells
(where the 'vector' {eh gathers the values of ea,b for a fixed index b) and similarly for the increments of plastic strains. Also, the initial distribution of plastic strain { ep } 1 is prescribedthrough {eph=o = {ep}J To solve globally for the plastic and total strain increments, the Newton method is applied to the system (72)-(73). The additive corrections Je�i t = .de�iil ) - Lle�it thus solve the linearsystem of equations ' ' ' 

[.Bes l [D] {Jes , i } + [Bee] {Jee, i } = -[.Bes ] {ileP} - [Bcc ] {ilec} - {Llf J([.Bss l [D] + [Jl ) {Jes, i } + [Bsc ] {Jec, i } = -[.Bss ] {eP} - [Bsc] {.dec}- {.des} - {Llf s}and the iterates {Jes, i , Jge, i } are computed until the system (72)-(73) is satisfied within sometolerance. The local tangent operator D is again defined by (23) and (3 1 ). 
4.5 Numerical Example: Elastic-Plastic Response Of A Coated Half-Space Under A Moving Hertz Load The effect of a moving Hertz load on a coated elastoplastic half-space is considered, with con­stitutive and loading parameters as follows: Young modulus Es = 207 GPa, Poisson ratio Vs = Ve = 0.3, shear yield limit ks = 159.1 18 MPa, hardening modulus Ef = 69 GPa,maximum Hertz contact pressure P = 5.0ks . Various values are considered for the Young mod­uli in the coating and the friction coefficient between the roller and the coating. Two meshes, labelled mesh 1 and mesh 2, are initially considered. Both are rectangular arrays of cells of size 0.2£ x 0.2£ (£ = 0.5mm is the contact half-width), such that 1 ::::; a ::; 19 and 0 ::::; a ::; 100 (mesh1)  or 0 ::::; a ::; 40 (mesh 2), with the notation of Fig. 13. The columns b = 0 and b = 100 (resp. b = 40) are made of infinite cells. The coating thickness is h = 0.2£, unless where indicatedotherwise. The special case of a homogeneous half-space (i.e. Es = Ee) allows comparisons. Figure 14displays the plastic stress cr22 against x1 and under the load area. The results obtained using the 
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Figure 14. Stress a22 along the x1 -axis: comparison with other published results obtained with FEM. 

present approach are larger than those of Bhargava et al. (1988) and Dang Van and Maitour­
nam (1993) obtained using the finite element method. Meshes 1 and 2 lead to nearly identical 
results, and the coarser mesh 2 will be used in the sequel. Next, Fig. 15 depicts the distribution 
of equivalent plastic strain for the first loading pass and when a stabilized state is reached (after 
several passes) . In the latter case, the plastic strains are equal at x 1 = ±oo but their distribu­
tion is not uniform along the x 1 -direction. In addition, the results obtained for elastic shakedown 
(x1 = 1 . 15a, x2 = 0.0) and plastic shakedown (x1 = 0 .85a, y = 0.0) are shown in Fig. 16 . 

_., ..... _,. 20 .. 00 -«I """° -20 "' "' .. 
Figure 15. lsovalues of eP for first load passage (left) and in stabilized regime (right), from Lederer et al. 
( 1998). 
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Figure 16. Stress-strain loops produced by successive passes under the load (x2 = 0.0) for P / ks 5.0 
and f = 0.0, at depth x1  = 1.15€ (left) and x1  = 0.85€ (right)
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Figure 18. Plastic shear strain versus depth for x2 = 0.0: influence of coating stiffness (left) and of friction coefficient (right). 
In an attempt to explain the observed discrepancy between FEM and D/BEM, the stress 0'22 

generated along the x1 -axis by constant initial strains (c1 1 = 1 . ,  c22 = -0.5,  c12 = 0.0) on two
symmetrical infinite inclusions defined by d :::; x 1 :::; 2d and rd :::; l x2 1 :::; +oo (see Fig. 17,
where d = l) have been calculated. The results for 0"22(x1 , x2 = 0) shown in Fig. 17 for
various values of r show that the stress created by constant plastic inclusions going to infinity is 
significant unless r is quite large, i .e. the inclusions are quite remote. The introduction of infinite 
cells allow to account properly for the possibility of nonzero (and asymptotically constant) plastic strain at infinity, which is seen here to have a significant impact on the overall results, whereas 
this is not the case in Bhargava et al. (1988) and Dang Van and Maitoumam (1993) . 

Figure 18 indicates that plastic shear strains decrease as the coating stiffness Ee increases, 
and increase with the friction coefficient (for Ee = 50E8 , i .e. a very hard coating).

5 A BEM Treatment Of Abrasive Wear Simulation 

Wear occurs due to friction, possibly coupled with corrosion. Due to its adverse effect on struc­
tural integrity, it is important to take such phenomena into account for design or lifetime predic­
tion purposes. 

To simulate abrasive wear, information about the frictional and wear behaviour of the two 
antagonist materials is needed, usually in the form of a friction law (e.g. the Coulomb law) and a 
wear law, which relates the local rate of wear to the local the contact stresses and relative velocity 
of the antagonists. In particular, since neither the functional form nor the parameters defining a 
wear law are well known in advance, abrasive wear simulation is expected to provide a valuable 
tool for inferring the wear law characteristics from wear experiments by an inverse technique. 

Besides, both the friction law and the wear law lead to non-linear equations of a superficial 
nature, i .e. acting only on variables defined on the boundary (unless of course constitutive or geo­
metrically non-linear behaviour is also assumed inside the antagonist materials) .  Thus, like more 
classical problems of contact mechanics, BEM techniques appear to be well suited to abrasive 
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wear simulation. Besides, the evolution of Sc(t) induced by wear is much easier to monitor with the BEM than with a domain-based technique such as the finite element method. As a first step towards computing mechanical wear by BEM, procedures for relatively simple situations have been recently developed. They are oriented towards predicting the macroscopic behaviour of the mechanical system. Accordingly, the antagonist materials are assumed to have isotropic and homogeneous constitutive properties. Our approach leaves out both the third body and the motion of wear debris in the contact zone. Non-mechanical (e.g. electrochemical) can conceivably be accounted for to a limited extent, through the values of the friction coefficient and wear law parameters. Steady-state sliding is considered, in a quasi-static fashion; the entire actual contact area is assumed to be in slip mode. The usual field equations of elastic equilibrium are thus assumed to hold inside each antag­onist il1 and il2 , formulated in a frame moving with it. Equivalently, the boundary variables ( u, t) are constrained by the usual displacement BIE: 
(74) 

Besides, the boundary conditions away from the contact area are assumed of the usual form (on 8ilj) (75) having introduced partitions ailJ = 8ilj U ailJ U Sc , where Sc is the contact area and 8ilj andailJ are the portions of ailJ supporting prescribed tractions and displacements, respectively. The contact profile g, the stresses and the displacements on the contact area are assumed to be subject to the conditions (in which f is the friction coefficient, assuming a Coulomb friction law) 2 1 ann = annu2 _ ul > 91 _ 92 n n -

2 1 ant = ant ann ::; 0 l a;t l = f l a;n l ann (u� + g2 - u� - g1) = 0where t is the (known) slip direction and n the normal direction to Sc , 
(on Sc) (76) For each antagonist material, the local rate of wear at x E Sc , i.e. the evolution g(x, t) of the contact profile at time t and in the direction n, is related to the contact pressure p(x , t) through a wear law, which is here assumed of the form (x E Sc , J = l, 2) (77) where V ( x) is the relative velocity at x between the antagonists and p� is a contact pressure threshold below which no wear occurs at x. This law basically states that the local rate of wear is proportional to the local dissipated power density, with a factor k. The parameters kJ , p� and f may depend on the mechanical (and other, e;g. electrochemical) variables. Each antagonist shape is thus a function of time, i.e. il J = il J ( t). Since the rate of wear depends on the contact pressure through (77) and the contact pressure in turn depends on the contact profile, which of course evolves due to wear, the contact and wear phenomena are a priori coupled. To formulate properly the wear evolution problem in rate form, one would need to apply the domain derivative technique (see e.g. Bonnet, 1995a) to the integral equation (74), in order to obtain a linear relation between gw (i, t) and the rates (u, t),

39



supplemented with the boundary conditions (75) and (76) in rate form and the wear law (77). This would result in a rate problem in which contact and wear are coupled. In fact, the evolution of the contact profile JJ induced by wear is expected to be very slow, so that uncoupling the numerical treatment of contact and wear is a legitimate approximation, adopted here, whereby in particular the domain differentiation of (74) is avoided. In practice, a time-stepping approach is adopted, with a time step Llt. The total number of time steps (for a given Llt) is to be determined from either the total duration of the experiment or the cumulative slip distance. For solving each time increment, i .e. for finding the (new) mechan­ical fields and contact profile at time tn+l = (n + l)Llt from the (current) known ones at timetn = nLlt, two operations are performed in succession: (i) The new mechanical fields are found by solving the contact problem for the current profilegJ (x, tn)- In order to do so, the (BEM-discretized) integral equation (74) and the bound­ary and contact conditions, Eqs (75) and (76) are all considered for the domains WJ(tn) butthe variables { u, t}(-, tn+1). On solving the resulting nonlinear problem governing the vari­ables remaining unknown after incorporation of the boundary conditions into (74), the new distributions { u, t}(-, tn+1) over the contact area Sc are found.(ii) the new contact profile is obtained by invoking the wear law (77) in finite-difference formg2(x, tn+1) = g2(x, tn) + g!(x, tn+1)Llt g1(x, tn+1) = g1(x, tn) - gL(x, tn+1)Llt (78)

where the local rates of wear gL, g! are assumed to take positive values along the directions -ez and ez , respectively.
5.1 Numerical Example: Ring-on-Disc Configuration This example stems from the experimental study of coupled mechanical / electrochemical wear Serre (2000). The system under study, conceived as the idealization of an industrial component used at sea for watertightness purposes, consisted of two coaxial rings on top of one another and in contact, with the lower ring kept fixed and the upper ring rotating about its axis of revolution (Fig. 19). The experimentally recorded contact pressures were usually less than 10 MPa, making it legitimate to assume linearly elastic constitutive properties for both antagonists. Let (0, r, 0, z) denote a cylindrical coordinate system. Both the lower disc (or ring) and theupper ring, having rotational symmetry about Oz, occupy domains fl1 and fl2 that are generated by the rotation of domains w1 and w2 about Oz, with w1 = {20 mm � r � 40 mm, 0 � z �20 mm} and w2 = {28,5 mm � r � 3 1 ,5 mm, 20 mm � z � 40 mm}. In addition, the compo­nents relative to the frame (er, e0, ez) of all mechanical variables are functions of (r, z) only; the same symmetry assumption is made for the wear profile. Therefore, the underlying mathematical problem to be (numerically) solved is essentially two-dimenstional (in the ( r, z )-plane), althoughnot axisymmetric due to the presence of nonzero (but 0-independent) orthoradial components .  The computation is thus based on elastostatic integral equations formulated in the r, z-plane, i .e .  whose geometrical support are the curves ow1 , ow2 ; they are obtained by performing the angularintegration analytically in Eq. (74). Zero displacements are prescribed on the base of ring 1 ,  while a uniform vertical displace­ment (relative to the rotating frame) is imposed on the top surface of ring 2. Outside the contact 
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Figure 19. Wear simulation for a ring-on-disc configuration: geometrical configuration in the (r, z) -plane
(top), computed evolution of the contact surface (on ring 1) due to wear, with P? = 40 MPa (bottom), from
Serre et al. (200 l ) .  

area, the remaining portions of w1 and w2 are assumed traction-free. The constitutive parameters 
used are E1 = 10  GPa and E2 = 100 GPa (Young moduli), 111 = 112 = 0 .3 (Poisson ratios),
f = O . l  (Coulomb friction coefficient), k1 = 10- 7 MPa- 1 and p� = 0 or 40 MPa (wear law
parameters for ring 1). Besides, wear is assumed to occur in ring 1 only, i.e. k2 = 0. 

The computed wear (here, the evolution of the contact surface of ring 1) is depicted on
Fig. 19. The wear law form used (77) is such that wear is initiated under the two edges of ring 
2, where the contact pressure is, as expected, highest. This feature of the computed wear is in 
agreement with experimental results from ring-on-disc tribocorrosion experiments Serre (2000). 
Results for later time steps (n = 150 or 200) exhibit slightly oscillatory wear profile shapes,
which are likely to be caused by some kind of numerical instability in the time-stepping scheme. 

5.2 Numerical Example: Sliding Cylinder (Steady-State) 
As another illustration, taken from the doctoral dissertation of Lederer ( 1998) ,  consider the fric­
tion generated by a cylinder infinitely long along the direction X3 which slides along the direction 
x2 at uniform speed on a elastic half-space (x1 being the direction normal to the free surface) ,  
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with the following parameters: cylinder radius 0.2 m, Young modulus E = 207000 MPa andPoisson ratio v = 0.3 for both the cylinder and the semi-infinite body, k = I 10-7 MPa- 1 , p0 = 0 or 200 MPa. Plane strain conditions in the (x1, x2) are assumed. For simplicity, wear isassumed to occur for the cylinder only, although more general situations could be treated as well. Here, a steady-state solution is sought by introducing a frame moving with the cylinder, i.e. introducing like in Sec. 4 a new coordinate x2 = x2 - X(t) with X(t) = Vt; X(t) is thus thetotal sliding distance. Let g(x2 ,  t) define the cylinder profile at any time t in the fixed frame. Then: . ( ) v o[J � a9 v a J 9 x2,t = ax + x2 ax2 � axhaving assumed that i:2 «: V and defined g, the cylinder profile in the moving frame, by
g(x2, t) = g(x2, X). The wear law (77) becomes 

(79) 
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Figure 20. Computed evolution of the contact half-width (top) and the penetration depth (bottom) against the sliding distance: influence of the integration step Llx and the number of boundary elements used on I'a (from Lederer, 1998). 
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Figure 21. Computed contact pressure distribution (top) and contact profile (bottom) for several values of the friction distance (from Lederer, 1 998). 
Like in the steady-state formulation discussed in Sec. 4, time derivatives translate into X -derivatives, and the time-stepping scheme with constant time step Llt leads to finite differences in X with a step LlX = V Llt. The wear law (79) in explicit finite difference form becomes 

(80) The influence of the integration step Llt and of the number of boundary elements used to discretize the potential contact area I'a = { -5 mm ::::; x ::; 5 mm} on the computed evolutionsof actual contact half-width and penetration depth, for sliding distances up to 0.5 m, is shown on Fig. 20. The results appear to be rather insensitive to the the number of boundary elements (100 or 200) and LlX (1 mm or 10 mm). The actual contact area Sc is updated by addition of new boundary elements, which explains the staircase look of the first graph in Fig. 20. Figure 21 presents the computed contact pressure distributions and contact profiles for fric­tion distances of 0 m, 1 m, 2 m and 3 m. The final profile is found to be similar to that proposed in Hills et al. (1993) for a uniform contact pressure distribution of resultant F, namely (for an­tagonists having identical elastic moduli): 2( 1- v2)F { x2 X2 }g(x2)  = ---'-----'-- (a + x2) ln( l + -) + (a - x2) ln( l - -) aE a a 
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5 6 Figure 22. Influence of the threshold contact pressure p0 on the penetration depth (from Lederer, 1 998). 
Finally, the influence of the threshold p0 on wear is considered in Fig. 22, where both p0 = 0and p0 = 200 MPa were used. In the case p0 = 200 MPa, lower values of wear are obtained as expected, but wear is also seen to reach a stabilized value, in contrast to the case p0 = 0.

6 Fracture Mechanics and Energy Methods 

Consider a body n containing a (possibly multiple) crack S. Many fracture analyses can beperformed using energy considerations. In particular, the first-order derivative of the potential energy at equilibrium W with respect to perturbations of the crack front I' defines the energy release rate G ( s) as l G(s)0v(s) ds+ W= 0 VO E 8 (8 1 )  where 8 denotes the set of all transformation velocities 0 describing a crack front advance in the otherwise unperturbed body. G characterizes the potential or actual energy dissipation in a virtual or real crack advance. In elasticity, G is linked to the stress intensity factors by Irwin's formula: 1 + V [ 2 2( ] 1 G(s) = 2µ K1 (s) + Ku s) + 2µ Km(s) (82) Then, analysis of actual crack propagation (computation of the crack front velocity distribution, investigation of the uniqueness of this solution and of the stability of the crack front perturbation) in the framework of a Griffith-type criterion g( G) :S 0 involve the perturbation of G, and hencethe second-order domain derivative of W. 6.1 Energy Approach in Fracture Mechanics Early formulations of the energy approach, like the so-called virtual crack extension method (Hellen, 1975), consisted in evaluating approximate values of the first-order derivative of W incrack extensions using finite element models and numerical differentiation, i.e. invoking small 
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but finite crack extensions. In two-dimensional situations, the crack tip is advanced by a length .1£, and the approximate value of G is 
such a numerical differentiation technique is an ill-posed mathematical operation, whose accu­racy is sensitive to the choice of .1£. It is thus conceptually better (and also more economical from a computational viewpoint) to differentiate W analytically and discretize the resulting formulation. This viewpoint is at the heart of the so-called ' 0 method' (see Destuynder et al., 1983; Wadier and Malak, 1989; and also Delorenzi, 1982; Nguyen et al., 1990) whereby W (for linear elasticity and in the absence of body forces) is given by 

W = ! 1 u(u) : Vu dV - { t .u dS2 n ls, ( u being the displacement field solving the elastic equilibrium problem with boundary data u =0, t), is analytically differentiated in a domain transformation. The derivative W is found to be
W= l { � u(u):Vu div 0- u(u):(Vu.V0)} dV (83) 

and is seen to depend on the current elastic solution and the transformation velocity 0. As ex­pected from basic fracture mechanics considerations and like the J-integral, the domain deriva­tive :ti_ of the elastostatic state does not appear in the result (83). In fact, :ti_ has been eliminated by invoking the virtual work principle and the symmetry of the strain energy bilinear form. Equa­tions (83) and (81) are the basis of finite element implementations of the energy approach. 
6.2 The '0-Integral Method'. The '0-integral method' ,  which has been proposed in Bonnet and Xiao (1995) (based on collo­cation BEM) and Bonnet (1999b) (based on SGBEM) consists in transposing the ' 0 method' to integral equation formulations and boundary element techniques. Consider a linearly elastic body [l c �3 • Its external boundary is divided into two comple­mentary parts Su (supporting prescribed displacements: u = u) and St (supporting prescribedtractions: u.n = t). Besides, a crack (described by an open surface S across which the dis­placement is discontinuous: <.p = u+ - u- denoting the crack opening displacement (COD)) isembedded in fl. Assuming linear elasticity, infinitesimal strains and no body forces, W has the following boundary-only expression: 

W = - t .u dS - - t.u dS1 1  l 1 -2 Su 2 S, (84) 
In the sequel, we summarize a computational approach which (i) uses analytical expressions for the first- and second-order domain derivatives of W, with no recourse to finite-difference 
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evaluations, and (ii) is based on a Galerkin symmetric boundary integral equation (SGBIE) for­mulation of the elastic equilibrium (Nedelec, 1982; Bonnet et al. ,  1998a), in view of the major role played by geometry (the crack surface) and geometry perturbations in the problem. The latter governs the boundary unknowns ( t I Su. , u I St , cp Is) and has the general form
\i(u, t, cp) { Btt(t� t) + Btu(t, �) + Btcp(t, �) = .Ct(tl But(U, t) + Buu(u, u) + Bucp(u, cp) = .Cu(u)Bcpt('P, t) + Bcpu('P, u) + Bcpcp(cp, cp) = .Ccp(cp) (85) 

where the Bii are known in terms of double surface integrals (see Bonnet, 1995b or Li et al. ,  1998 for detailed expressions) and such that the above formulation is symmetric, and ii, t, cp are trial functions of support Su , St , S, respectively. After boundary element discretization, the above setof equations leads to a symmetric linear matrix equation for the unknown boundary DOFs. As a result, a boundary-only formulation, based solely on a boundary element discretisation (i.e. no part of the domain needs discretization) is obtained for the instantaneous crack pertur­bation problem. Our approach is in fact an adaptation of the so-called 0-method (Destuynder et al. ,  1983; Suo and Combescure, 1989), originally defined in the framework of weak formulations and implemented using finite elements, to boundary integral equation formulations. More specif­ically, Galerkin symmetric BIEs are used because their symmetry is allows (like in the FEM context) to formulate W,sw in terms of the elastic field variables and their first-order domain derivatives (i.e. no second-order field variable derivatives are needed). Also, like in the classical 0-method, Lagrangian-type domain differentiation formulas are used, in order not to increase thecrack front singular behaviour of the field variables through the differentiation process.
Energy formulation for the crack extension problem A quasistatic in-plane crack extension process, induced by a load increment, is considered. Using a small (non-physical) time t, a per­turbed configuration of S is described by S(t) = S + Ot, where S = S(O) is the initial cracksurface and 0, the "initial velocity" of extension, must satisfy the requirement 0 E 8 = {0 E c0(S) I 0n = 0 on s, 0,, = 0 on I'} (86)where v denotes the unit normal to I' which lies in the tangent plane to S and points outwardsto S. The variations of any field quantity induced by this domain perturbation are described ina Lagrangian manner, using S as the initial configuration. Denoting by f = f,t + Vf.0 thelagrangian derivative of a field quantity f, then the material derivative of a surface integral at t = 0 is given by

I(f, S; t) = { f dSls(t) 
* dl { * f I(!, S) = dt = ls f dS + ls fdivs0 dS (87)

where divs ( ·) = div ( ·) - n. V ( ·). n is the surface divergence of a vector field. Moreover, the crack front singularity of V cp equals that of V cp instead of increasing it; this is the main moti­vation for our choice of the lagrangian framework, reminiscent of the '0-method' (Destuynder et al. ,  1983, Suo and Combescure, 1989). 
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The energy release rate G(s) associated to (virtual) tangent crack extensions is defined by (81 ) ,  with W given by Eq. (84) and () denoting the lagrangian derivative with .fixed load. Then, under the Griffith propagation criterion, the actual crack extension velocity µ E e verifies at any point s of the crack front I' µ E ee = {µ E 8 I G(s) < Ge ⇒ µv(s) = 0 , G(s) = Ge ⇒ µv(s) 2:: O}Following Nguyen et al. ( 1989), Pradeilles-Duval ( 1992), define Q(8 , µ) =W + £ Ge0vµvK(s)ds (88) 
where ( � ) denotes the lagrangian derivative in the transfonnation velocity µ under fixed load;*V *V * W is the second-order domain derivative of W, i .e. W = (W) v ,  evaluated under the assumption8= 0;  K( s) is the algebraic curvature on G). Then the three following statements hold (Nguyen et al., 1989; Pradeilles-Duval, 1992) :  First, µ is governed by the variational inequality Find µ E ee , V0 E ee Q(8 - µ, µ)+ W ' 2: 0 (89) where ()' denotes the derivative with respect to load variations and with crack fixed. Second, a solution µ to (89) exists, i.e. the infinitesimal crack propagation is stable, if VB E 8e (8 # 0) ⇒ Q(8, 8) > 0 Third, the solution µ to (89) is unique if (non-bifurcation criterion) V(8 , µ) E 8 (8 # µ) ⇒ Q(8 - µ, 8 - µ) > 0

(90) 
(91)Our objective is to propose a treatment of the statements (89)-(91) based on boundary-only* *V * expressions of the energy derivatives W, W, W '.

First-order derivative of W. Define the Lagrangian LL = W + B(v , v) - .C(v) (92) where v, v, B, £ are compact notations for the set of unknowns, trial functions, bilinear fonnsand linear fonns appearing in Eq. (85). Upon Lagrangian differentiation with ( v )* = 0, thederivative £ takes the fonn 
£= ! { t.u dS - �  { t. �dS + B(v , v) + B1(v, v; 8) - £ 1(v ; 8) (93) 2 ls,, ls. where 81 , £ 1 , respectively the Lagrangian derivatives of B with v= 0 and of £ with fixed load, are linear expressions of 8. Now define the adjoint state vA as the solution to the variational equation: 

* * 1 1 - * 1 1 * (V v) B(v\ v) = 2 t. u dS2 . t.u dS
St S.,, 

(94) 
Then, using the symmetry of B, one can eliminate v between Eqs (93) and (94), thus obtaining * the following expression for W: 

* W= B1(v\ v; 8) - £ 1(v\ 8) (95)
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Second-order derivatives of W. First, one has
whereas the first-order domain derivative states are governed by 
upon choosing v =� A in (97 a) and v = � in (97b ), one then obtains an expression for the second­order domain derivative of W as 

* Next, the second-order mixed derivative W ' is given by:
* a W '  = B1(v\ v'; 0) + B1((vA)', v; 0) - a/,1(v\ 0)whereas the first-order load derivative states are governed by: 

B(v, v') = %/,(v) (Vv)
B(v, (vA)') = -21 f t .u' dS - ! f t'.u dS

lsu 2 ls, 

(98) 
(99) 

(100) 
(101) 

Special case: crack in an infinite body. For this particular configuration, assuming symmetricalloading of the crack faces (i.e. <T. n = ±t on s± ), the only nonzero terms in the formulation (85)are (see Nedelec (1982), and also Bui (1977) for plane cracks) 
B'P ,'P(ip, cp) = ls ls Bi kqs(X - x)Rq<p i(x)Rs'Pk(x) dSx dSxwith Raf =  eb canb !,c (a tangential differential operator) and 

C'P = ls t.ip dS
Bi kqs ( X - X) = - � ( OprOqs + Ops Oqr + l � V Opq Ors) e i epekgrT , egr = Ix - xi r, i  = (Yi - x i )/r r, i j = (8i j - r, i r, j)/rThis in turn leads to the following expressions: 

B1(ip,cp ; 0) = Isis  Bikqs(x,x)Rq<p i(x)Rs'Pk(x) dSx dSx (102) 
B2(ip,cp ; 0,µ) = Isis  B;kqs(x,x)Rq<p i(x)Rs'Pk(x)dSx dSx (103) 

C1(ip ;  0) = -ls t .Vcp .0 dS (104) 
C2(ip; 0) = ls [t.(V</>.V µ.0) + (Vt.µ +  (divsµ)t).Vcp.0] dS (105)
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with B 1(x, x) = [0m(Y) - 0m(x)] Bi kqs ,m(x - x)
+ Bi kqv(x - x)0v ,s(x) + Bi kvs(x - x)0v ,q(x)B2(x, x) = [0m(Y) - 0m(x)] [µn(Y) - µn(x)] Bi kqs ,mn(x - x)
+ [µn(Y) - µn(x)l { 0m, s(x)Bi kqm,n(X - x) + 0m,q(x)Bi kms ,n(X - x)}
+ [0n(Y) - 0n(x)] {µm,s(x)Bi kqm,n(x - x) + µm,q(x)Bi kms ,n(X - x)}
+ Bi kmn(x - x){µm,s(x)0n,q(x) + µm,q(X)0n,s(x)}

Numerical implementation. The present approach has been numerically implemented for planecracks of arbitrary shape and mixed-mode loading. The crack surface S and field variables r..p, cp , r..p' are discretized using 9-noded quadrilateral boundary elements. It is worth noting that the bilinear forms B, B1 , B2 are actually formulated in terms of tangential derivatives of boundary variables. Indeed, using a mapping (6 , 6) E ..1 ----. x(6 , 6) E S (where e.g . ..1 is a reference element) one can show that (106) This formula is also applied to the numerical evaluation of the element integrals which arise in the discretization process of B, B1 , B2 .Due to the present use of material-type differentiations, the known fact that ultimately the derivatives of W depend on the crack front velocities only through their normal component 0v l ar ,  µv l ar (Pradeilles-Duval, 1992) is not apparent in Eqs. (98,99). It is then necessary to construct the velocity fields 0 , µ such as to be entirely determined by 0v l ar ,  µv l ar ,  At the BE level, this is achieved by introducing interpolations of the form with x E E(8I') (107) where 0k (1 s k s NC) are the values at the NC crack front nodes Ak of the normal velocity0v , The local numbering of the elements adjacent to I' is made so that the line 6 = - 1 is on theapproximate crack front. The vector shape functions B k (1 s k s NC) ,  which must realize B k 1 6=1= 0 are given (in local numbering) by ( 1 08) 

BJ ({) = ½(1 - 6)SJ(6)([x,6 1 )-1:z: ,6 /\ n (j = 1 , 2 , 3) (109) with S1(�) = �(� - 1)/2, S2(�) = 1 - e. 83(�) = �(� + 1)/2.
Numerical example. A circular crack of radius a located in the (Oy1 y2) plane is loaded bytwo symmetrical point-forces ±Fe3 applied at points (0, 0 , ±h). This example has an analytical solution for G (Tada et al., 1973): 1 - v2 P2 a(1,; + a2 ) G = -- -- ....,-----,:-:--:-E (1rh) 3 (1 + a2)4 ( 1 1 0) 
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Three crack meshes M (8 ,  2 ) ,  M( 12 ,  3) and M (16 ,  5) have been used, with M ( n,  p) being made of p rings of n 9-noded quadrilateral elements each; hence the mesh M ( n, p) has are 2n nodes on the crack front, associ­ated to the same number of nodal normal velocities. Likewise, the discretized Q(O, µ) is associated with a2n x 2n symmetric matrix. First, Fig. 23 displays the relative error made on the values of G, computed by means of either extrapola­tion of <p or the discretized variational equation (8 1 -95), against h/a E [ 2 ,  2 . 5] ,  using the mesh M (12 ,  3 ) .  Next, an easy consequence of ( 1 10) i s  that 
dG da > 0 ( a > am) and -�-�-r

! I / h [ . .1 Y2 hi : -�;�· -1

2 ✓16v2 - 72v + 105 - 2v + 9with am = 2(2 _ v) ·- ------
Y1 thus the circular growth is stable for a > am and unstable otherwise. The critical value a = am corresponds to a loss of positive definiteness of the quadratic form Q(  0 ,  0) (88). The latter has been numerically computed for h/a = a- 1 E [2 . ,  2 . 5] with a 0 .005 step and for the mesh M (12 , 3 ) ;  we found a �  2 .27. Then, in order to refine the search, Q has been computed for a- 1 E [2 .26 ,  2 .28] with a 0 .0005 step and for the three meshes M (8 ,  2 ) ,  M( 12 ,  3) , M( 16 ,  5 ) .The numerical values so  obtained for am are given in table 2 As  can be  seen, they approximatevery closely the analytical am � 2 .27589 (with the present choice v = 0 .3) .  When a, > a,,.,.. , the
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Figure 23. Relative error on G using either the present approach or kinematic extrapolation of ¢3 • 
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Table 2. Numerical values obtained for a;:;-,1 Mesh Brackets for a relative error 
M (8,  2) 2 . 267 S a;:;;,1 S 2 . 2675 s 3 .910-0 M(12 ,  3) 2 . 268 S a;:;;,1 S 2 . 2685 S 3 .510-3 M ( 16 ,  5) 2 . 277 S a;:;;,1 S 2 .275 S 7.010-4 

Table 3. Relative errors on P, G, µ for a = 0.5 Mesh 11P/P I 11Gpresent I £2 I 11 G extrapolation I L 2 1 11µ 1 £2 
I G I L2 I G I L2 � 

M (8,  2) 2.905E-03 1 .975E-02 5 .463E-02 2.677E-02 M (12 , 3) 3.823E-05 7.897E-03 2.9 10E-02 1 .965E-02 M ( 16 , 5)  -7 . 176E-04 3.789E-03 2. 142E-02 4.466E-03 
radius increment da is given in terms of the load increment dF by 

da = 2 dF a ( l + a2)(h: + a2 ) F 3a4 + (7h: - 5)a2 - ,.. ( 1 1 1 ) 
The relative error between the computed extension velocity (using mesh M (16, 5)) and the exact solution defined by ( 1 1 1) are shown in Fig. 24. The deterioration of the error as h / a approaches the degeneracy value a;:;;, 1 , caused by progressive ill-conditioning of Q, is clearly visible.Finally, table 3 displays relative errors between computed and exact values (with a = 0.5) of W = W(a, F), eqn. (84); G(s) (extrapolation of r.p); G(s) (using the formulation (81); theextension velocity µ. 

0.15 

Cl'.J 0.10 

I 

2.30 

Figure 24. RMS error for the crack front extension velocity: mesh M ( 16 ,  5 ) ,  2 S h/ a S 2.3 .  
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Note that the axisymmetric character of this particular example is not taken into account by the actual computer implementation, but is very well reproduced by the nodal values of G, µ11 along aI' numerically obtained. 
6.3 Energy Approach for Elastic-Plastic ProblemsIt is possible to extend the ' 0  method' to elastic-plastic problems. To this end, under the as­sumption that the plasticity and fracture mechanisms are independent, the elastic-plastic energy release rate Gp is defined as 

l Gp (s)011 (s) ds+ Wp = 0 \/0 E 8 ( 1 12) 
where now the potential energy W p at equilibrium incorporates a plastic dissipation potential. For the usual J2 plasticity with linear isotropic hardening, one has at time t 

where the notations er, er, h, a-0 have the same meaning as in section 3.1.A FEM-based extension of the '0 method' to elastic-plastic problems based on Eqs ( 1 12) and ( 1 1 3) has been recently proposed by Lorentz et al. (2000). The extension of the BEM-based '0-integral method' to elastic-plastic problems has not yet been attempted to our best knowl­edge, but is certainly feasible, for exemple using elastic-plastic SGBEM formulation discussed in section 3.4. 
7 FEM-BEM Coupling Up to here, integral equation treatments have been described for several kinds of nonlinear anal­yses. However, leaving aside the purely FEM approach which is outside the scope of this chapter, coupled BEM-FEM methods can also be considered, and this last section is devoted to them. Coupling BEM with FEM for nonlinear analyses is indeed a natural thing to do. The previ­ous sections have highlighted the fact that any kind of constitutive or geometrical non-linearity leads to domain integrals in the integral formulation, so that in any case some sort of domain discretization must be carried out at least for that region which is, or may be, affected by non­linear effects. On the other hand, the treatment of complex constitutive laws and the associated algorithms for carrying out the constitutive integration in a time-stepping scheme have not only reached a high level of sophistication but is also already implemented in many FEM packages. The idea itself of coupling BEM and FEM is not new, and is particularly appealing in fluid-structure, soil-structure and soil-fluid-structure analyses. Coupling collocation BIE with the FEM, which is the most straightforward approach, breaks the symmetry of the resulting system of equations. Although this drawback is by no means fatal, it is better for many reasons (opti­mization of memory resources and of computing time, availability of powerful iterative solvers 
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for symmetric systems in the FEM packages) to formulate symmetric coupled formulations, as in Ben Mariem and Hamdi (1987) or Bielak et al. (1995) for fluid-structure interaction. In this section, a recently developed symmetric BEM-FEM coupling procedure based on the construction of the stiffness matrix of a 3D elastic domain without any body forces is summa­rized (see Mouhoubi, 2000 Mouhoubi et al., 2001). Starting from a regularized symmetric (vari­ational) Galerkin BEM (SGBEM) formulation ( Bonnet,1995b,1999a), the stiffness matrix of the subregion can be expressed in terms of nodal displacements on the boundary only. The present approach is designed so as to use the BEM stiffness computation as a 'slave' process which in effect computes the stiffness of a super-element. To put it another way, the proposed operation essentially corresponds to a condensation on the boundary of a 3D FEM stiffness, but with­out ever having to discretize the interior of that region. The method presented here was meant to be incorporated within a 'master' FEM package and in practice has been introduced in the CAST3M Castem 2000 (1999) FEM package. An illustrative example of elastoplastic analysis using this approach is given at the end of this section. 
7.1 Symmetric Galerkin FormulationsLet [} denote a three-dimensional homogeneous elastic body and I' its boundary so that I' =u0r0 (a = 1 ,  .. and each I'0 is a closed surface). In the absence of body forces, the elastic strainenergy associated with (u, t) can be expressed in boundary-only form (Clapeyron formula) as 

W = � fa u(x) : e(x) dil = � £ t(x) .u(x ) dS (114) 
Following Hsiao (1990), we will refer to the second term in the above equation as boundary 
energy. Since (u, t) are assumed to be compatible (i.e. to correspond to each other through the field equations of elastic equilibrium), the boundary energy is in fact a function of either u or t alone. In order to build a stiffness operator in the usual sense, the displacement u is taken as the primary variable and W = W(u) in Eq. (114). The explicit form of the mathematical linkbetween u and t on I' is either the displacement boundary integral equation (Somigliana identity)or, equivalently, the traction boundary integral equation. Here, both integral equations are invoked in Galerkin, i.e. weighted residual forms Bonnet; Burgardt (1999a; 1999). First consider the displacement u being induced by given t, so one considers the Dirichlet problem 
with Find t E {)r Bu(t, t) = But(u, t) + 'Dut(u, t) (115) 

Btt(t,t) = ll  tk(x) tk(x) Uik(x,x) dS x dSx (116) 
But(U, t) = L J, J, ik (x)[ui(x) - ui(x)]'I';�(x, x ) dSx dSx

a I'"' I'"' 

+ L !,

"' 

!,
& 

ik (x)ui(x)Ti�(x, x ) dSx dSx (117) 
af-a r r 

'Dut(u, t) = L ,,,a f, tk(x) uk(x) dSx (118) 
a I'"' 
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Then consider the traction t as being induced by given u, so one considers the Neumann problem
with Find u E ,{)u Buu(u, u) = Btu(t, u) + Vtu(t, u) ( 1 19) 

Buu(u, u) = ii (Ru)i q(x) Bi kqs(X - x) (Ru)ks(x) dSx dSx ( 120) 
Btu(t, u) = L r r tk(x)[ui(x) - Ui(x)]Ti�(x, x) dSx dSx

a lra lra 

+ L j j _ tk(x)ui(x)Ti�(x, x) dSx dSx ( 12 1) 
&.,/a I'<> I'<> 

Vtu(t, u) = L(iba - 1) f tk(x)uk(x) dSx ( 122) 
a lr" Vu and VT denote the spaces of admissible displacements and tractions on the boundary, and u and t are test functions. Also, Uik(x, x) and Thx, x) are the i-components of the Kelvinfundamental solution. The unit normal n is exterior to D. In Eqs. ( 1 18) and ( 1 22), one has either Iba = 0 (if n is exterior to I'a , e.g. when I'a is the external boundary of a bounded body) orIba = 1 (if n is interior to I'a , e.g. when I'a is the boundary of an unbounded medium or of acavity). The SGBIE formulations ( 1 15)-( 1 18) and ( 1 19)-( 122) are in weakly singular form, see e.g. Bonnet ( 1995b, 1999a) . In particular, the latter operation uses the surface curl operator, firstintroduced in Nedelec ( 1982) and defined (with ejfq: components of the permutation tensor) by( 123) and the fourth-order tensor Bikqs , given by 1 µ2 Bi kqs = -48qsF, i k + [48i kDqs - 4v8i sDkq - 2(1 - v)8i q8ks ] F,pp ( 1 24) 

F( _ ) r F ( _ ) 1 X - X = ---,-----,- X - X = ---,---lforµ(l - v) ' ,PP 8nµ(l - v)r F i k(X - x) = lB (ll ) (8i k - T i T k)' nµ - v r ' ' A key remark for the present purposes of constructing a stiffness operator in terms of boundary degrees of freedom is that the boundary energy ( 1 14) is, from ( 1 18) and ( 122), given by 2W(u) = Vut(u, t) - Vtu(t, u)
7.2 Construction of the Stiffness Matrix

( 125) 
Assume now that the SGBEM equations ( 1 1 5)-( 1 18) and ( 1 19)-( 122) have been discretized using boundary element interpolations of the surface I', the boundary fields ( u, t) and associatedtest functions (ii, t) . Further, let the latter be chosen specifically as ii = u and t = t. {t}T[Btt] {t} = {u}T([But ]  + [Dut ]){t}{u}T [Buu ] {u} = {t}T([Btu ] + [Dtu ] ){u} ( 126) ( 1 27) 
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The discretized version of the surface energy, Eq. (125) , is then obtained by subtracting the above two equations (taking advantage of the symmetry property [But? = [BtuD- Next, { t}is  expressed in terms of {u} by solving the discretized problem (119-122). As a result, thediscretized boundary energy is expressed in terms of { u} as1 T w = 2{u} [KME]{u}where the stiffness matrix KM E of the subdomain is given by (128) 
(129) Thus, the above equation provides the symmetric stiffness matrix for the subdomain D, which can be added to the stiffness matrix for the complementary subdomain, obtained e.g. by the FEM approach. It is however important to point out that Eqs. (126) and (127) are not both exactly sat­isfied by the same pair { u }, { t} due to discretization errors (in other words Eqs. (128-129) holdonly in an approximate sense for the discretized problem), although their continuous versions are exactly satisfied. 

7.3 Numerical Implementation The evaluation of all integrals calls for the integration of kernels having at most a 1 / r singularity, i.e. leading to simple surface integrations that are convergent in the usual sense; this is the mainadvantage of the analytical regularization. The present Galerkin procedure employs standardBEM modeling: the boundary I' of the subdomain [2 is divided into quadrilateral, eight-nodedisoparametric elements. In order to evaluate numerically the entries of the matrices [Buu] etc . ,the double surface integrals over all pairs of quadrilateral elements must be computed and threesituations arise as follows: disjoint elements, coincident elements and adjacent elements.In the disjoint case, the two elements do not have any common edge or vertex, so the double integration is nonsingular and is evaluated by using the standard Gaussian quadrature product rule with a variable order. When the two elements are coincident or adjacent (by edge or vertex), the four-dimensional integral is weakly singular. Then singular integration schemes, which pre­serve exact symmetry by treating the double integration as a whole and using relative intrinsic coordinates, are implemented Mouhoubi (2000) .  
7.4 Numerical Example: Spherical Cavity in an Elastic-Plastic Infinite Medium Let [2 be the infinite three-dimensional domain exterior to a spherical cavity (radius a = 1 mm).The material is elastic-plastic (isotropic hardening, Von Mises yield criterion) , with E = 1300MPa (Young modulus), v = 0.3 (Poisson ratio). A time-dependent uniform pressure p(t) = Pe(l + >..(t) )  is applied on the cavity surface, where >..(t) is a nondimensional load parameter andPe = i ao is the pressure for which the first yielding occurs (at r = a) . Due to the spherical sym­metry, the example is essentially one-dimensional and has an exact solution. The only nonzero mechanical variables, namely Ur , Err , E00 = Eq,q,, arr , a00 = aq,q, depend only on the radialcoordinate r. The Von Mises criterion reduces to 
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Figure 25, Displacements and accumulated plastic strains in plastified zone. 

with a0 = 2Gk0 and h = 2Gk1 (k0, k1 : non-dimensional material parameters) and where e/ 
denotes the cumulative plastic equivalent strain. The numerical results shown here have been 
obtained for a FEM-BEM interface (radius R = 2 mm) made of 24 eight-noded boundary ele­
ments, while the potentially plastic region (a ::; r ::; R) is made of 48 cubic twenty-node finite
elements. 

In Fig. 25, the numerical results in terms of displacements and accumulated plastic strains 
are found to be in good agreement with the corresponding analytical solutions for various load 
parameters A(t) = 1 . 2 1 ,  A(t) = 1 . 78 et A(t) = 2 . 1  (the corresponding plastic radius are:bf a = 1 .5,  b/a = 1 .75, bf a =  2) , despite the relative coarseness of the mesh. 
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