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Abstract. In this Note we prove an a priori estimate and the existenca sdlution for a class of
nonlinear elliptic problems whose modeHsiiv A(z) Du+ aou = v|Du|? + f(z), when
1< g<2andf € L™(Q) for some suitablen. The main interest of the result lies in the
a priori estimate, the complete proof of which is given in Nate. © XXXX Académie
des scienceBHitions scientifiqgues et médicales Elsevier SAS

Existence et estimation a priori pour des prarhes elliptiques avec des termes
sous quadratiques par rappport au gradient

Résumeé. Dans cette Note nous démontrons une estimation a prioriegtstence d’'une solution
pour une classe de problémes non linéaires dont le moektle div A(z)Du + aou =
= y|Du|? + f(z),0u1 < g < 2etouf € L™(Q) pour unm convenable. L'intérét
principal du résultat réside dans I'estimation a priodpnt la demonstration compléte est
donnée dans la Not€) XXXX Académie des sciencestiitions scientifiques et médicales
Elsevier SAS

Version francaise abr égée

Dans cette Note, nous démontrons I'existence d’'une swmiute
u € H} (), —div A(z)Du + a(x)u = H(z,u, Du) in D'(Q), 1)

guand(2 est un ouvert borné d&, N > 3, A une matrice bornée coercive une fonction bornée non
négative (voir les hypothéses (2), (3) de la version dsg)&@t quand? : Q xR xR — R est une fonction
de Carathéodory qui vérifie

2 N
H@ s, <l + fla) avee >0, 1+ £ <q<2 fel"@etm=" (@
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Un exemple modele de fonctidii qui vérifie (4) est donné pdi (x, u, Du) = c(x)Du + d(z)|Du|"+
+f(x), 0tc € LN(Q)N,0 <r < ¢ <2,de L*(Q) pouruns convenable ef € LP(Q) avecp > m = Z.

Le probleme (1) a fait I'objet de nombreux travaux quadfi@st a croissance quadratique ou linéaire par
rapport aDu. Quandg = 2, la condition (4) devienf € L%(Q) ; sous cette hypothese, I'existence d’'une
solution de (1) qui vérifie de plus la conditiefi’™! — 1 ¢ HJ(Q) a été demontrée dans [10]@) = 0
et dans [8] sy > 0 (voir aussi [4], [5] dans le cas o= 2 etm > %). Quant a lui, le cag = 1 est
classique, méme si I'opérateur est non coercif lorsgest grand ; cette difficulté a été résolue dans [7].
Mais a notre connaissance, le das. ¢ < 2 est resté ouvert jusqu’a maintenant, a I'exception dsitle
récent [9] (voir aussi [6]).

Dans cette Note, nous nous restreignons au cgseu + % En effet, dans ce cas; vérifiem = g >

zg—fz = (2*), etonadong € H~1(Q2), ce qui permet de chercher des solutions ddp&?). Dans notre
futur article [11], nous traiterons aussi le cas< ¢ < 1 + % par la méthode que nous utilisons ici; les
résultats obtenus sont similaires méme si les solutiguisne sont plus dan&; (2), doivent étre définies
au sens des solutions renormalisées (ou d’entropie).

THEOREME 1. — Supposons que I'on a, out(®), (3) et (4) 'une des deux hypoﬁﬂ;es suivantes :
ou bienag >0, oubienag =0 et ya |[f|Lm@) < Coar =g

ou Cy est une constante quégend seulement dé etgq.

Alors il existe au moins une solutiende (1) qui de plus @rifie

lul” € H}(Q) avec o = =21 (7)

2(2—9q)

De plus, toute solution d@) qui érifie la condition de &gularité (7) vérifie I'estimation a priori

Nl 2y + 1l 1722 ) < M, 8)
ou M depend seulement dé, q, ||, a, g, y €t f.

Quandag > 0, la constanté// qui apparait dans I'estimation a priori (8) dépend de fecfon f, non
seulement par l'intermédiaire de sa norfif| .~ ), mais aussi par I'intermédiaire du nombire défini
par (17). Cependant la constanté est bornée quand varie dans un ensemble de fonctions qui sont
bornées et équi-intégrables daiis ().

La relation entre les paramétrgstm imposée dans (4) est naturelle, car les conditions naicesgpour
I'existence d’'une solution de (1) démontrées dans [13] fbnduisent dans le cadre adopté iecha= %

De plus ces résultats montrent qu’'une condition sur ldetdiés données est nécessaire pour I'existence
d’une solution de (1) quand, = 0.

L'exposants défini par (7) vérifier > 1 quandg > 1 + %

Il existe des solutions de (1) qui ne vérifient pas la conditle régularité (7). Un exemple classique en
estu(z) = C, (|a:|_3%11 —1), qui, lorsquey > 1+ £, vérifie, pour un choix convenable dg, u € H}(Q2),
—Au = |Dul?in D'(By) et|u|? € H () pour toutp < o, mais ne vérifie pas:|” € Hg (). Par contre,
des résultats d’unicité pour les solutions de (1) quifignt (7) ont été recemment démontrés dans [2].

Dans notre futur article [11], nous donnerons un certain rende généralisations du Théoreme 1.
Comme nous l'avons déja dit, nous traiterons tout I'inédler1 < ¢ < 2. Nous étudierons aussi le cas
des conditions aux limites de Neumann et de Fourier, le ca®deerts non bornés, et celui de fonctions
f appartenant & des espaces de Lorentz ou a des espacetiy 8ébatifs. Tout cela sera présenté dans
le cadre d’opérateurs non linéaires pseudomonotonegae eray-Lions définis dans I'espaté!?(Q).
Nous considérerons plus tard I'analogue parabolique dhlpme (1).
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1. Introduction, main result and comments
In this Note we prove the existence of a solution of

u € Hy(Q), —div A(z)Du + a(x)u = H(x,u, Du) inD'(Q), 1)

when( is an open bounded set BfY (N > 3), A a bounded coercive matrix,a bounded nonnegative
function, i.e.,
Ac LQ)NN A>al, a>0, (2)

a€L®(Q), azay o =0, 3)
and whend : Q x R x RV — R is a Carathéodory function which satisfies

. 2 N
H(w.s. | e+ fx) with 720,14 & <g<2 fel"@andm= . (@
A model example of functio#? which satisfies (4) i$7 (z, u, Du) = c(x)Du + d(z)|Du|” + f(x) with

ce LN(QN,0<r < g<2de L*(Q) forasuitables and f € LP(Q) with p > m = .

There is a wide literature concerning problem (1) wii£has a quadratic or a linear growth with respect
to Du. Wheng = 2, condition (4) becomeg € LY (Q) ; in this case existence of a solution of (1) which
satisfies the further regularity’*! — 1 € HJ(Q) has been proved in [10] iy = 0 and in [8] if oy > 0
(previous references for the case where 2 andm > % are, e.g., [4], [5]). On the other hand, the case
q = 1is classical, but exhibits an important difficulty wherns large, due to the fact that the operator is
then non coercive; this problem has been solved in [7]. Aasaxe know, the case< ¢ < 2 has been left
open until now, except for the very recent paper [9] (see [@Bo

In the present Note, we restrict ourselves to the case wherd + % Indeed in this case: satisfies
m = % > ]3—12 = (2*)’, hencef € H~1(Q). This allows us to look for solutions which belonght} ().

In our forthcoming paper [11] we will also treat the cdse ¢ < 1 + % by the method used in the present
Note and obtain very similar results, except for the fact tha solution is no more i/ (2) and has to be
defined as a renormalized (or entropy) solution.

Theorem1l. — Assumg?), (3), (4), and one of the two following hypotheses:

either «g >0, (5)
or ap=0 and wlj lfllzm) < Co a7 T, (6)

whereCj is a constant which depends only dhandg.
Then there exists at least one solutioof (1) which further satisfies

- N-2)(g—1)
ul” € HY(Q) with =(—. 7
[ul” € H (@) o 7)
Moreover, every solution i) which satisfies the regularity requireme) satisfies the estimate

lwll o) + Il gy < M, (8)

where M depends only oV, q, ||, a, g, v and f.

Remark 2. — Whenay > 0, the constanfl/ which appears in the a priori estimate (8) depends on the
function f, not only through its norni| f|| = (), but also through the numbér defined by (17) below.
However, the constan/ is bounded whery varies in a set of functions which are bounded and equi-
integrable inL™(£2).
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Remark 3. — The link imposed in (4) between the parameteasdm is natural. Consider indeed the
model problemu € H} (), —Au 4+ u = v|Dul? + f(z) in D'(Q), with1 < ¢ < 2andf € L™(Q)
for somem. Sincef € L™(f2), one expects, in view of the/2? regularity result, thatt € W™ (Q),
which in turns implies, by reading the equation, thau|? € L™ (Q). Butw2™(Q) ¢ W™ (Q) implies
|Du| € L™ (Q). This leads taym = m*, namelym = & as required. On the other hand, the necessary
conditions obtained in [1], [12] for the existence of a smntof (1), when specialized to the present setting,
lead to the conditiom: = % Moreover, these papers show that a condition like (6) orsitteof the data
is necessary in order to have the existence of a solution)efligna, = 0.

Remark 4. — The exponent defined by (7) satisfies > 1 wheng > 1 + %

Remark 5. — There exist solutions of (1) which do not satisfy the tagty (7). A well-known ex-
ample is the function(z) = C, (|:z:|_<21%31 — 1), which, wheng > 1 + £, satisfies, for a suitable choice
of Cy, u € HJ(Q), —Au = |Du|?in D'(By) and|u|’ € Hj () for everyp < o, but does not satisfy
|u|” € H(£2). In contrast, uniqueness results for the solutions of (lirkvkatisfy the regularity require-
ment (7) have been recently proved in [2].

Remark 6. — In our forthcoming paper [11], we will present many esiens of Theorem 1. As said
before, we will consider, as far as the growthifx, u, Du) with respect td Du| is concerned, the full
rangel < ¢ < 2. We will also treat the case of Neumann’s and Robin’s boundanditions, the case
of unbounded domains and the case of functifms some Lorentz spaces and in some negative Sobolev
spaces. All of this will be done for general nonlinear pseaudnotone operators of Leray-Lions type
defined inW 7 (Q2). We will consider the parabolic analogue of problem (1)rate

2. Proof of Theorem 1

In this proof,Cy, C1, C3, C3 and the generic constaét will denote different positive constants which
depend only onV andg.

We first prove the second part of Theorem 1, namely the a m#bimnate (8).

Let u be any solution of (1) which satisfies the regularity requieat (7). In equation (1) we can take as
test function any function € H}(Q) N L>°(Q), but alsov = |u|?*~2u (recall thato > 1): to prove this
assertion, take = |T;,(u)|?* 2T, (u), whereT,, is the truncation at height, and pass to the limit using
(4) and (7). We actually use a slight modification of the latest function: giverk > 0, we choose as test
functionin (1)v = |Gk (u)[?* ~2G(u), whereGy(s) = s — Tx(s). We obtain

o (20— 1) / |Gk(u)|2"’2|DGk(u)|2d:v—|—a0/ fuf |G () 27 dr <
Q Q

9)
<3 [ DG G ()P o+ [ 111G (] da,
Q Q
The first term of the left-hand side of (9) is nothing but
a(20 —1) | |Gr(w)[* 2| DGy (u)]*dr = aC’/ ’D(|Gk(u)|‘7)’2d:c. (10)
Q Q

We then estimate the first term of the right-hand side of (8)ddr’s inequality and the same computation
asin (10) yield

20—-2

3 [ DG @GP e = [ D@1 Gulw) 7 Dds <
Q Q

g 1—
([ Gy
Q

<rc( [ 1pgewimfas)’

a
2
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(11)

q+(1—3)2

But (20 — 1 — (6 — 1) q) —— = ¢ 2*, and Sobolev’s embedding yields
L2(9)

(12)

95—
[ 1DGR G e < 2 € DGR ()P |
We finally estimate the second term of the right-hand sid®pby (note thafu| > k£ whenGy(u) # 0)
[FI1Gr(w)|*7~ da

G o+ [
{If1>aolul}
fllGa (e s

{1f1>a0k}

[ ifiGuwpetas = [
{IfI€aolul}
<ap [ |ul|Ge(u)]* tdx +

k(w)
J
The first term of the right-hand side of (12) is absorbed bystheond term of the left-hand side of (9)
<
. (13)

Using Holder’s inequality, and sind@o — 1) m’ = o 2*, we estimate the second term by
u
L/

/ [FIGK@)* e < || Fxqig1s ookt lzm @) HGE@)P7 | L
{IfI>aok}
Clfx151>aoktlLm@) || DIGr(w)|7) (|5

Vi = | D(Gk(wW)|7) [l 2@

Set
Using (10), (11), (12) and (13) in (9) yields, for two positigonstant§’; andCs
q+(
aC1Y? <y Y, +||fX{|f\>aok}||Lm Q)Y
Dividing by Ykm and usin@ — 2, = Z-(¢' — 2) andg + (1 — £)2* — 2, = Z2.(¢’ — ¢), we finally obtain
2% (ol _9 2*
Vk20, aC Y, ¥4 _yo v~ X 71> a0kt [ Lm(0) (14)
) —y O, y (@
(15)

Define the functior” : R* — R by
FY)=aC Y™
F(Yy) <[l Ixq 11500k Lm(0)
Sinceq < 2, F'is a concave function with a uniqgue maximizét and maximun¥™, whereZ* and F*
9

Then (14) is equivalent to
Yk > 0,
a1

and F*=F(Z%)=

are given by
=C SH R
3 ( 7)
Inequality (15) is non trivial only if its right-hand side $¢rictly smaller tharF™
Here we split the proof into two cases.
(i) If ap = 0, hypothesis (6) is nothing bytf|| .= ) < F*. Then equatio (Y') = || f||m ) has two
rootsZ, andZy,with 0 < Z; < Z* < Z;, and inequality (15) is equivalent to
Vk >0, either Y, <Z, or Y,>Z/ . (16)
5
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But since|u|” € H{(Q), the functionk — Yj = || D(|Gx(u)|?) ||12(0) is continuous and tends to zero
whenk tends to infinity. The alternative (16) then implies that< Z; for everyk; in particular, one has

Yo = [| D(Jul”) |2y < 2y < 27

(i) If ap > 0, we definek* as
E* =inf{k >0 : [|fX{f/>a0k}llLm@) < F*}. (17)

Forevery > 0, one has|fx{|f|>ao(k*+6)}|[2m () < F*,and equatiod' (V') = |[fX{|s|>ao(k*+6)} |27 (2)
has two rootsZ,. , s and Z,". , 5, With 0 < Z,. .5 < Z* < Z}. ;. Inequality (15) implies that for every
k> k* + 6, eitherYy, < Z._ ,, orY, > Z;. ;. Butthe functiont — Y}, is continuous and tends to zero
whenk tends to infinity. We conclude that for eveky> k* + 6, one hasy}, < Z,. 5, and in particular
thatYy- 15 = || D(|Gr=+6(u)|?) ||2(0) < Z4e s < Z*. We then let tend to zero.

In both cases, we have proved that

N
o\ 27—
1 DG (W] Nz < Z° = Cs (;) , (18)

wherek* = 0 whenag = 0, and where:* is defined by (17) wheny > 0. Whenk* = 0, inequality (18)
is nothing but the second part of the a priori estimate (8YeNuwat the constarft*, which plays here a role
similar to the constant/, depends only oV, ¢,  and~, but thatk* depends on the functiofitself.

We now prove the first part of the a priori estimate (8). Singe basDG: (u) = X{u:|u|>kr)}Du and
|D(|Gi=(w)|7)| = 0]|Gp= (u)|” | DGy (u)|, estimate (18) provides an estimate|[dG: (u)|
ki = k* + 1. We then use = T} (u) in (1) and we get

L2(Q) for

o [1DT;)Pds < [ (2 1Duft + )| T ()] do << 9k [ Dulods + K| <
Q Q Q
<oki [ DT (u)ftdn 9k [ 1DGu; (l7de + k1L,
Q Q

from which we deduce, using< 2 and the estimate gD G+ (u)|| 2 (), an estimate o DTy (u)|] 22 (q),
and thus the first part of the a priori estimate (8), with a tamswhich depends of*.

Finally combining the estimates QD Ty (u)||£2(q) and|| DGy (u)|| L2 (o) and estimate (18) completes
the proof of the second part of the a priori estimate (8). Tdrestant which appears in this estimate depends
onk*.

We now pass to the proof of the existence of a solution of (lirkvbkatisfies the regularity requirement
(7). This proofis classical. One considers the approxiomadif (1) by the problem in which the functidih
is replaced by the functiofl. = Té (H); this functionH, satisfies (4) for every > 0. This equation has
at least one solution. which, by the weak maximum principle, belongsHg (2) N L>°(£2). Thereforeu.
satisfies the regularity requirement (7), and the a pridirege (8) ensures that and|u.|” are bounded
in H1 (). In view of the growth condition (4)H (z, u., Du,) is then bounded i (). Letu € HL(Q)
be such that a subsequence (still denoted)by. weakly converges ta in H} (). The bound ofu. in
H} () implies that—div A(z) Du, is bounded both iff —*(2) and inLg(Q). These bounds imply (see,
e.g., [3]) that, extracting if necessary a new subsequebag,converges tdu almost everywhere if,
which in turn implies that?. (z, u., Du.) converges tdd (z, u, Du) strongly inL*(Q2) for everys < %
This result easily allows one to pass to the limit in the agpnate equation, which proves the existence of
a solution of (1) which satisfies (7).

6
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