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Spectral element discretization
of the vorticity, velocity and pressure formulation

of the Stokes problem

by Karima Amoura', Christine Bernardi? and Nejmeddine Chorfi?

Abstract: We consider the Stokes problem provided with non standard boundary con-
ditions which involve the normal component of the velocity and the tangential components
of the vorticity. We write a variational formulation of this problem with three independent
unknowns: the vorticity, the velocity and the pressure. Next we propose a discretization
by spectral element methods which relies on this formulation. A detailed numerical anal-
ysis leads to optimal error estimates for the three unknowns and numerical experiments
confirm the interest of the discretization.

Résumé: Nous considérons les équations de Stokes munies de conditions aux limites
non usuelles portant sur la composante normale de la vitesse et la ou les composantes tan-
gentielles du tourbillon. Nous écrivons une formulation variationnelle de ce probleme qui
comporte trois inconnues indépendantes: le tourbillon, la vitesse et la pression. Nous pro-
posons une discrétisation par une méthode d’éléments spectraux construite a partir de cette
formulation. Une analyse numérique détaillée permet d’établir des majorations d’erreur
optimales pour les trois inconnues et des expériences numériques confirment 'intérét de la
discrétisation.
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1. Introduction.

We are interested in the spectral element discretization of the Stokes problem in a
two- or three-dimensional bounded domain, when provided with boundary conditions on
the normal component of the velocity and the vorticity in dimension 2, on the normal
component of the velocity and the tangential components of the vorticity in dimension
3. The formulation that we consider, first proposed in [13] and [18] (see also [14] and [1])
involves three unknowns, the vorticity, the velocity and the pressure. Even if the number of
unknowns makes its discretization expensive, it seems to be the best adapted formulation
for handling this type of boundary conditions. The first analysis of the corresponding
variational problem is performed in [13] and [18] in the two-dimensional case. We refer to
[4, §2] for the extension to three-dimensional simply-connected domains and to [6, §2.5]
for the treatment of multiply-connected domains. We only recall the main results proved
in these works, in view of their discrete analogues.

The numerical analysis of discretizations of the Stokes problem relying on this for-
mulation has first been performed for finite element methods, see [18] and the references
therein. It has recently been extended to the case of spectral methods in [4], where the
spaces of polynomials are the spectral analogues of the finite element spaces introduced
in [16]. We propose a discretization of this problem that relies on the spectral element
method. We consider a partition of the domain into rectangles in dimension 2 or rectangu-
lar parallelepipeds in dimension 3 which is conforming and without overlap. The discrete
spaces are constructed from tensorized spaces of polynomials of the same high degree on
each subdomain as in [4], and some matching conditions are enforced on the interfaces
between subdomains, in order to work with a conforming discretization. The discrete
problem is then obtained by the Galerkin method with numerical integration.

We perform the numerical analysis of this discretization. This study combines the
arguments introduced in [4] with some standard or less standard ideas of the spectral
element method. We thus prove optimal error estimates for the three unknowns. It can be
noted that this is a special property of the formulation that we use, since the approximation
of the pressure for other formulations of the Stokes problem is most often non optimal (see
[7, §24-26]). We present some numerical experiments which confirm the optimality of the
discretization.

Acknowledgement: The first author is very grateful toward Professor Fatma Zohra
Nouri for her help concerning this work. The second and third authors wish to thank her
for her invitation to the Université Badji-Mokhar at Annaba. They are also deeply grateful
toward Pascal Joly for his help concerning the numerical experiments.

An outline of the paper is as follows.
e In Section 2, we write the variational formulation of the problem in the case of homo-
geneous boundary conditions.
e Section 3 is devoted to the description of the spectral element discrete problem. We
also prove its well-posedness.
e Optimal error estimates are derived in Section 4.
e In Section 5, we present some numerical experiments which turn out to be in good
agreement with the analysis.



2. The velocity, vorticity and pressure formulation.

Let © be a bounded connected domain in R%, d = 2 or 3, with a Lipschitz—continuous
boundary 0€2. The generic point in € is denoted by * = (z,y) or * = (z,y, z) according
to the dimension d. We introduce the unit outward normal vector n to Q on 92 and we
consider the Stokes problem

(—vAu+gradp=f in Q,
divu =0 in €,
(2.1)
u-n=>0 on 0f),
( 7¢(curlu) =0 on €.

To make precise the sense of the operator v, we recall that

e in dimension d = 2, for any vector field v with components v, and v,, curlv stands for
the scalar function d,v, — dyv,, so that the operator 7, is the trace operator on 012,

e in dimension d = 3, for any vector field v with components v,, v, and v., curlv stands
for the vector field with components 9yv. — 0,vy, 0,v, — 0,v, and O,v, — Oyv,, and the
operator ~; is the tangential trace operator on 0f2, defined by: v;(w) = w x n.

Of course, the operator ~; is only defined on smooth enough functions as will be made
precise later on.

In system (2.1), the unknowns are the velocity w and the pressure p, while the data
f represent a density of body forces. The viscosity v is a positive constant. To go further,
we introduce the vorticity w = curlu and observe that system (2.1) is fully equivalent to

(veurlw +gradp = f in Q,
divu =0 in €,
w = curlu in Q, (2.2)
u-n=>0 on 0f),

 Ye(w) =0 on 9.

Note that the operator curl in the first line of this system coincides with the previous one
in dimension d = 3 while, in dimension d = 2, it is applied to scalar functions ¢: curlp
here denotes the vector field with components d,¢ and —0,¢.

However, as noted in [6, §2.2], the boundary conditions both in problems (2.1) and
(2.2) are not sufficient to enforce the uniqueness of the solution in the case of multiply-
connected domains. To make precise the further conditions that are needed for this unique-
ness, we introduce some notation.

Notation 2.1. Let ¥;, 1 < j < J, be connected open curves or surfaces, called “cuts”,
such that:



i) Each ¥; is an open part of a smooth manifold with dimension d — 1,
ii) Each ¥;, 1 < j < J, is contained in € and 03; is contained in 02,
iii) The intersection of ¥; and ¥/, 1 <j < j' < J, is empty,

iv) The open set Q° = Q\ U}‘]:1Ej is simply-connected.

(
(
(
(

The existence of such Y; is clear. We make the further assumption that the domain
Q° is pseudo—Lipschitz, in the sense that, for each point @ of 0€2°, the intersection of 2°
with a smooth neighbourhood of  has one or two connected components and each of them
has a Lipschitz—continuous boundary (we refer to [2, §3.a] for a more precise definition).
Then, the further conditions read

(u-n,1)s, =0, 1<j <, (2.3)
where (-,-)x; stands for the duality pairing between H™3(%;) and H= ().
We introduce the domain H (div, ) of the divergence operator, namely
H(div, Q) = {v € L*(Q)% divw € L*(Q)}. (2.4)

Since the normal trace operator: v — v - n can be defined from H(div, Q) into H 2 (892),
see [15, Chap. I, Thm 2.5], we also consider its kernel

Hy(div,Q) = {v € H(div,Q); v - n =0 on 0Q}. (2.5)

Similarly, we introduce the domain of the curl operator

d(d—1)

H(curl, Q) = {9 € L*(Q)~ 2z ; curl¥ € L*(Q)%}. (2.6)

The operator -y, is also defined on H(curl, Q) with values in Hz(9€) in dimension d = 2
orin H™ 2 (0€2)? in dimension d = 3, see [15, Chap. I, Thm 2.11]. So, we define the kernel

Hy(curl, Q) = {9 € H(curl,Q); (9) = 0 on 00Q}. (2.7)
It must be noted that the spaces H(curl,Q?) and Hy(curl, Q) coincide with the spaces
H'(Q) and H{(Q) in dimension d = 2, but this is no longer true in dimension d = 3.
Finally, let L3(Q2) stand for the space of functions in L?(2) with a null integral on Q.
In view of conditions (2.3) and according to [6, §2.5], we introduce the space
D(Q) = {v € Ho(div,Q); (v - n,1)5, =0,1 < j < J}. (2.8)
We now consider the variational problem

Find (w,w, p) in Hy(curl, Q) x D(Q) x LZ(Q), such that

Yo e D(Q), a(w,u;v)+ b(v,p) = (f,v),
Vg e L3(Q), blu,q) =0, (2.9)
Vo € Ho(curl,Q2), c(w,u;¢p) =0,
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where (-, -) denotes the duality pairing between Hy(div, 2) and its dual space. The bilinear
forms a(-,-;-), b(-,-) and ¢(-, -;-) are defined by

a(w,u;v) =v [ (curlw)(xz) - v(x)dx, bv,q)=— [ (divv)(z)q(x)dz,
I I oo

c(w,u;p) = /Qw(m) - p(x) da:—/gu(m) - (curlp)(x) de.

A direct consequence of the density of the space of infinitely differentiable functions
with a compact support in  in Hy(div, Q) and Hy(curl, ), see [15, Chap. I, §2], is the
following statement. It involves the solutions qg, 1 < j < J, of the problem (see [2, Prop.
3.14] for more details on these functions)

(—Ag; =0 in Q°,
g =0 on 99,
[(Jﬂj, = constant, 1<5 < J, (2.11)
[Ong5],, =0, 1<) <,

( (Ona;, s, =655, 1<) <,

where [];; denotes the jump through ¥; (making its sign precise is not needed in what

follows). Note that each grad q} belongs to Hy(div, ), where g;\a/d stands for the gradient
defined in the distribution sense on §2°, and that Hy(div, 2) is the direct sum of D(2) and

of the space spanned by the gfr\a/d q§< , 1 <5< J.
Proposition 2.2. For any data f in the dual space of Hy(div,2) satisfying

(f.gradq!) =0, 1<;j<J (2.12)
problems (2.2) — (2.3) and (2.9) are equivalent, in the sense that any triple (w,w,p) in
H(curl,Q) x H(div,Q) x LZ(2) is a solution of problem (2.2) — (2.3) if and only if it is a
solution of problem (2.9).

We briefly recall from [18], [4, §2] and [6, §2.5] the main arguments for proving the
well-posedness of problem (2.9). It is readily checked that the kernel

V = {v eD(Q); Vq € L), b(v,q) =0}, (2.13)
coincides with the space of divergence-free functions in ID(2). Similarly, the kernel
W = {(9,w) € Hy(curl,Q) x V; Vo € Hy(curl, Q), c(9,w; ) =0}, (2.14)

coincides with the space of pairs (¥, w) in Hy(curl, Q) x V such that 9 is equal to curl w
in the distribution sense. We observe that, for any solution (w,u, p) of problem (2.9), the
pair (w,u) is a solution of the following reduced problem

Find (w,w) in W, such that
YoeV, a(w,u;v)=(f,v). (2.15)
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We recall from [4, Lemma 2.3] and [6, Prop. 2.5.3 & 2.5.4] the following properties
(note that they require the further conditions on the ¥; which are enforced in the definition
of D(€2)): There exists a positive constant « such that

Vo € V'\ {0}, sup  a(w,u;v) >0,
(w,u)eEW

_ (2.16)
V(w,u) €W, sup alw, u;v)

> o ||w||H curl,Q +||u|| 2 dj.
vev [|v]lL2(0) ( (curl, ) LA )

When combining these properties with [15, Chap. I, Lemma 4.1], we derive that problem

(2.15) has a unique solution (w,u) in W.

We also recall the standard inf-sup condition on the form b(-,-): There exists a positive
constant 3 such that

b(v,q
voe @),  swp D5 s,
veHo(div,) |1Vl E(div,0)

When applying this result with 2 replaced by €2°, we easily derive that

b
Vq € L(Z)(Q), sup ﬂ
veD(Q) ”’U”H(dlv,ﬂ)

> B llallz2)- (2.17)
Combining this with (2.16) yields the well-posedness of problem (2.9).

Theorem 2.3. For any data f in the dual space of Hy(div, ), problem (2.9) has a unique
solution (w,u,p) in Ho(curl, Q) x D(Q) x L2(£2). Moreover this solution satisfies

(@l #(curt,0) + 1wl miv.0) + 1Pl 22@) < ¢l Fll Ho(aiv,0) - (2.18)

We conclude with some regularity properties of the solution of problem (2.9) which
can easily be derived from [2, §2], [11] and [12]: The mapping: f — (w,u,p), where
(w,u,p) is the solution of problem (2.9) with data f, is continuous from H™ax{0:s=1}(()d
into H*(Q)“T x H*(Q)? x H*(Q), for
(i) all s < % in the general case,

(ii) all s <1 when € is convex,
(iii) all s < 7 in dimension d = 2 when € is a polygon with largest angle equal to a.
Moreover, when the data f belongs to L?(0)?, the pressure p belongs to H'(2), together

with the vorticity w in dimension d = 2.



3. The spectral element discrete problem.

From now on, we assume that ) admits a partition without overlap into a finite
number of subdomains

Q=UF 9 and QN =0, 1<k<k <K, (3.1)

which satisfy the further conditions:

(i) Each Q, 1 <k < K, is a rectangle in dimension d = 2 or a rectangular parallelepiped
in dimension d = 3,

(ii) The intersection of two subdomains Q) and Qp, 1 < k < k' < K, if not empty, is
either a vertex or a whole edge or a whole face of both ; and 2/,

(iii) The X;, 1 < j < J, introduced in Notation 2.1, are the union of whole edges (d = 2)
or faces (d = 3) of some Q.

The discrete spaces are constructed from the finite elements proposed by Nédélec on
cubic three-dimensional meshes, see [16, §2]|. In order to describe them and for any triple
(¢, m,n) of nonnegative integers, we introduce
e in dimension d = 2, the space Py, (£2;) of restrictions to €2 of polynomials with degree
< ¢ with respect to x and < m with respect to y,

e in dimension d = 3, the space Py ,, (€21 ) of restrictions to €, of polynomials with degree
< ¢ with respect to x, < m with respect to y and < n with respect to z.

When ¢ and m are equal to n, these spaces are simply denoted by P, (). Relying on
these definitions, we introduce the local spaces, for an integer N > 2,

Dk _ {PN,N—1<QI€) x P15 (%) if d =2,
N Py n_1,N—1(%) X Pyo1 v ov—1(2%) X Pyog vo1 v () if d=3,
ok _ JEN () ifd=2, (3.2
N Prvo1,nn(Q) X Py v—1,v (%) X Py v v—1(Q)  if d=3,

MEY =Pn_1(Q).

The space Dy which approximates Hy(div, 2) is then defined by
Dy = {vn € D(Q); vn|o, € Dy, 1<k <K} (3.3)
The space Cx which approximates Hy(curl, Q) is defined by
Cn = {en € Ho(curl,Q); onlo, € CF, 1 <k < K}. (3.4)
Finally, for the approximation of L3(Q), we consider the space
My = {qn € L§(Q); qnla, € MY, 1<k < K}. (3.5)
It can be noted that the functions in Dy have continuous normal traces through the
interfaces €2 N g, while the functions in Cy have continuous traces in dimension d = 2,
continuous tangential traces in dimension d = 3. Thanks to the previous choice, the

discretization that we propose is perfectly conforming.
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Setting {o = —1 and {x = 1, we introduce the N — 1 nodes ;, 1 < j < N —1, and
the N + 1 weights p;, 0 < j < N, of the Gauss-Lobatto quadrature formula on [—1,1].
Denoting by P,,(—1,1) the space of restrictions to [—1, 1] of polynomials with degree < n,
we recall that the following equality holds

VB Py (-L), [ @)= 8(E) s (3.6)

-1 =0

We also recall [7, form. (13.20)] the following property, which is useful in what follows

N
Yon € Pn(=1,1), llonlZainy <D en(€)ps < 3llenlie1a)- (3.7)
§=0

Denoting by F} the affine mapping that sends ] — 1, 1[¢ onto €, we introduce the
local discrete products, defined on continuous functions u and v on {2 by

(u, v)k = meas(e) S, Z;V:o u o Fy(&,&5)v 0 Fi(&i: &5) pipy if d =2,
) - meas(Q N N N .
e ) S S o w0 Fi(&i & Ep)v 0 Fi(éi, 65, €p) pipjpp  if d = 3.
(3.8)

The global product is then defined on continuous functions u and v on Q by

U|Qk7U|Qk (39)

Mw

k=1

The discrete problem is now constructed from (2.9) by using the Galerkin method
combined with numerical integration. It reads

Find (wN,uN,pN) in CN X ]D)N X MN, such that

Voy € Dy, an(wn,un;vn) +bn(vn,pn) = ((f, vn))N,
Vgn € My, by(un,qn) =0, (3.10)
VQON GCN, cN(wN,uN;goN):O,

where the bilinear forms an(-,-;-), bn(+,-) and ey (-, ;) are defined by

ay(wn,un;vy) = v((curlwy,vn))n, by(vn,qn) = —((divon,qn))N

3.11
en(on . unign) = (yaon)y — (x,curlgy)y. Y
It follows from (3.7) combined with Cauchy—Schwarz inequalities that the forms ay(-,-; "),
by (-, ) and ey (-, -; -) are continuous on ((CN X ]D)N) XDy, Dy x My and ((CN X ]D)N) x Cny,
respectively, with norms bounded independently of N. Moreover, as a consequence of the
exactness property (3.6), the forms b(+,-) and by (+,-) coincide on Dy x My.
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In order to perform the numerical analysis of problem (3.10), we first recall from the
finite element analogous result [16] that the range of Dy by the divergence operator is
contained in M. So, if Vy denotes the kernel

Vy = {vn € Dy; Vgn € My, by (vn,qn) =0}, (3.12)

it is readily checked by taking gx equal to div vy in the previous line that Vi is the space
of divergence-free functions in Dy, i.e. coincides with Dy NV

We now investigate some properties of the curl operator. It follows from [16] (see also
[10, Thm 2.1]) that the range of Cy by the curl operator is contained in Dy. We also have
the following result, which requires some further notation.

Notation 3.1. Let I';, 0 <14 < I, be the connected components of 92 such that T’y is the
boundary of the only unbounded connected component of R3 \ Q.

We can now define the space

H!(Q) = {pe H'(Q); p=0o0nTgand y = constant onT;, 1 < i < I}.

Lemma 3.2. The kernel of the curl operator in Cy is reduced to {0} in dimension d = 2,
equal to the range of the space Gy by the gradient operator in dimension d = 3, where
Gy denotes the space

Gy = {,uN EH&(Q); /j,N|Q,C EPN(Qk), 1§k§K} (313)

Proof: In dimension d = 2, a curl-free function ¢ in Cy is constant on €. Since it
vanishes on 0€2, it is zero. In dimension d = 3, let ¢ be a curl-free function in Cy. Then
using [15, Chap. I, Thm 2.9] yields that, since the domain Q° introduced in Notation 2.1
is simply connected, ¢ is equal on Q° to the gradient of a function p in H*(2°), which is
defined up to an additive constant. The identity ¢on = grad p on Qy, yields that each plq,
belongs to Py (€2). Finally, it follows from the fact that (¢ ) vanishes on 0%, that u
has a zero tangential gradient on 0¢2, hence is constant on each I';. It also follows from the
fact that v:(¢n) is continuous through each ¥; that the tangential gradient of the jump
of p through each X; is zero, so that the jump of u is constant. Since p is constant on
each I';, the jump of p though each ij NI is zero, hence the jump of u through each X; is
zero. Thus, p belongs to H(Q). Finally, subtracting to p its value on I'y yields that ¢y
is the gradient of a function in Gy. Conversely, it is readily checked that the gradients of
all functions in Gy belong to Cy and are curl-free.

We are now in a position to state and prove the key result of this section.
Proposition 3.3. There exists an operator Ay from Vx into Cy
(i) which satisfies
Yoy € Vv, curl Ay(vy) = vn; (3.14)
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(ii) such that, in dimension d = 3,
Vun € Gy, ((An(vn), grad puy))n = 0; (3.15)

(iii) which satisfies, for a constant ¢ independent of N,

Von € Vv, | AN(vn) [l H(curr,0) < cllon|lp2(q)e- (3.16)

Note from Lemma 3.2 that this operator is uniquely defined by (3.14) and the further
condition (3.15) in dimension d = 3. The proof of this proposition is rather technical, so
that we prefer to give it separetely in dimensions d = 2 and d = 3.

Proof: Case of dimension d = 2

Let vy be any polynomial in V. We assume that €2 is contained in a rectangle Q* =
la,a’[x]b, V[, and we denote by Dy the extension of vy by zero to Q*. So, Uy is still
divergence-free on €2*. Denoting its components by ¥y, and vy, we consider the function

defined on Q* by
y
wnle) = [ Tnlen)dn (3.17)

It is readily checked that each ¥ x|, belongs to Px(£2x). The continuity of ¥y through
each horizontal edge shared by two subdomains € (where horizontal edge means an edge
contained in a line y = yp) follows from its definition. Moreover, since Uy, = Oy - n is
continuous through all vertical edges shared by two subdomains {2, the same property
holds for ¥ . So it belongs to H(curl, 2). On the other hand, we observe that, since Uy
is divergence—free,

Yy

(0utn) e () = /  (@uTa) () d = — / OBy (@, 1) din = —Txy ().

This equation yields that curliy is equal to vy on 2. Finally, since

e 0,vy vanishes on the horizontal edges of € and on Q* \ Q,

e 0,1y vanishes on the vertical edges of  and also on Q* \ €,

e and @y is zero at (a,b),

it is zero on I'y and equal to a constant ¢; on each I';, 1 < ¢ < I. Then, it follows
from the condition (vy - m,1)s, = 0 that all these constants are equal to zero. So, ¥y
belongs to Cn and satisfies curl®y = vy on ). From Lemma 3.2, the restriction of this
Py to Q thus coincides with Ay (vy). Moreover estimate (3.16) follows from a simple
Poincaré-Friedrichs inequality applied to (3.17).

Proof: Case of dimension d = 3

The construction of a function vy is now performed in four steps.

1) Like in dimension d = 2, we assume that {2 is contained in a rectangular parallelepiped
O =Ja, d'[x]b, b'[x]e, [, and we denote by Uy the extension of vy by zero to 2*. Denoting
its components by Uy, Uny and Uy, we first define a function 1#?\] = (lﬂ?\]x, d’?\/y: ¢§Vz) by

w?Vw(’r?y?Z):/ ENy<x7y7C)dC7
‘ (3.18)

Wy (o0.2) = = [ ol O v =0

9



The first two components of Q/J]ﬁvmk belong to Pn_1,n,~ (k) and Py ny—1 n (), respec-
tively, so that ¢§V|Qk belongs to CX;. This function is such that the first two components of

its curl are equal to vy, and vy,. Moreover, since vy belongs to Vi, Uy is divergencefree.
This yields

— [ @mn w5, 0dC = v, 2).

So, curl ’I,b]ﬁv is equal to vy on each €. Moreover the continuity of ¢§Vw through each
face of two (2 contained in a plane y = yg and z = 2 follows from its definition and the
property of vy. Simillarly, w?\/y is continuous through each face of two ) contained in

a plane x = x¢ and z = zp, so that ¢§V belongs to H(curl, §2). Moreover the following
inequality is easily derived from (3.18)

"wjﬁV"H(curl,Q) < c|lvn|lr2)s- (3.19)

2) Noting that 0f2 is contained in the union of a finite number of planes, we denote by ~,,
1 < ¢ < L, the connected components of the intersections of 92 with these planes. For
each yy, according as 7, is contained in a plane x = x( or in a plane y = yg or in a plane
Z = 2p9, We set

gf\/'y<y7 Z) = _/ ENw(x(),y,C) dg, gf\fz(ywz) =0,
or gf\fx(xwz) :/ ENy<x7y07<) dC? gf\]z(xwz) =0
or gf\fx(x7y> = / ENy(xaya C) dC7 gf\fy(x7y> = _/ ENx(xaya C) dC

We observe that the vector g4 with these components is tangential to v, and that its
restriction to each intersection v, N 02 which has a positive measure in ~, belongs to
Pn_1.n(7eNO) X Py nv—1(7e N O), with obvious notation for these new spaces. More-
over, the two-dimensional curl of these functions g% is equal to zero on each 7, (indeed,
8ng\,y vanishes on the faces contained in a plane x = zg, 9,g%, vanishes on the faces

contained in a plane y = yo and ((9$gfvy —9,9%.)(,y) = vN. (7,9, 20) also vanishes on the

faces contained in a plane z = zy) and the tangential components of g% and gf\/] on each
edge shared by 7, and 7, are equal. Since 02 \ Ué\]:l@Ej is simply-connected, it follows
from [9, Prop. 3.1] that there exists a function ky in H'(9Q\ U},0%;), vanishing at a
corner of I'g, such that the tangential gradient of the restriction of kx to each v, is equal to
g% . Moreover the following estimate can be derived from [9, Prop. 4.7] (a more complete
proof of it would involve rather complex notation, so that we have rather avoid it and refer
to [9] for the details)

x|

[l (3.20)

<
H3 (00\UN_,0%,) = cllv H™3(09Q)

Note that the restriction of ky to each v, N Q;, which has a positive measure in -y, belongs
to Pn(ye N €2) and that the jump of ky through each 0%; is constant.
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3) We recall from [5, Chap. II, Thm 4.1] that, if v denotes a face of € that is contained
in 09, there exists a lifting operator £} from Py (7y) into Py (£2) such that, for any ¢y in
Py (), the trace of L] ¢y is equal

e to pn on 7,

e to zero on the opposite face to 7,

e and, when ¢y is zero on an edge of v, to zero on the face that shares this edge with ~.
We use iteratively this operator on the Q, k = 1,..., K, and on the faces v of €23 which
are contained in 02 and, at each step, we subtract from kx the trace of the new function
to the other Qs , k' > k, that share a face or an edge with Q (we refer to [5, Chap. II]
for details on this procedure). Thus we derive the existence of a px in H'(Q°) such that

1,b§v — g;'\a/d pn belongs to Cy (we recall that gfr\a/d denotes the gradient on Q2°). Moreover,
it follows from [5, Chap. II, Thm 4.1] that this function satisfies

lgrad pinllzz(@)s < ellbnll 4 oo\0n o5,y
h

whence, thanks to (3.19) and (3.20),

lgrad pin || L2y < ¢ [on L2 (3.21)

4) Finally, the Lax—Milgram lemma combined with (3.7) and a generalized Poincaré—
Friedrichs inequality yields that there exists a unique iy in Gy such that

Von € Gy, ((gradjiy,gradpy))n = (¥ — grad uy. grad py))n-
Moreover this function satisfies
. 3 —
lgrad fix 2o < 3% ([0 2y + lgrad fvlls ). (3.22)

The choice of iy yields that the function ¥y = @b?\, — g;\a/d un — grad iy is equal to
An(vn), so that the desired estimate follows from (3.19), (3.21) and (3.22).

In analogy with the continuous case, we now introduce the discrete kernel
Wy = {('z‘}N,'wN) € CN X VN; VQDN € CN, cN(ﬂN,wN; QON) = 0}, (3.23)

and observe that, for any solution (wy,un,py) of problem (3.10), the pair (wy,uy) is a
solution of the reduced problem

Find (wy,uy) in Wy, such that
\V/’UN < VN, CLN(UJN,’U,N;’UN) = ((f,’UN))N. (324)

Thanks to Proposition 3.3, we are now in a position to prove the well-posedness of this
problem.

Lemma 3.4. The form ay(-,-;-) satisfies the posivity property

Yoy € Vi \ {0}, sup an(wn,un;vN) > 0. (3.25)
(wn,uN)EWN

11



Proof: Let vy be a polynomial in Viy such that ay(wx,un;vy) vanishes for all pairs
(wn,un) in Wy. We set 9y = Ay (vy) and we consider the equation

Find zy in Vi, such that

\V/’lUN c VN, ((ZN,U)N>)N :((ﬁN,AN(wN)))N. (326)

Since the norms || - || g(aiv,0) and || - |[z2()s are equal on Vi, it follows from (3.7) that
the bilinear form in the left-hand side is elliptic on Vi, so that this problem has a unique
solution zx. Moreover, this function satisfies for any ¢ in Cy

((zn,curlpy))n :((ﬂN,AN(curlcpN)))N.

Note that Ax(curley) is equal to ¢y in dimension d = 2, to the sum of ¢y and of the
gradient of a function py in Gy in dimension d = 3. Then, it follows from the choice of
I, see (3.15), that

((zn,curloy))y = ((In, en))N-
So the pair (95, zx) belongs to Wy and taking (wy,uy) equal to (9y, zy) yields thanks
to (3.7) that vy = curldy is zero, which concludes the proof.

Lemma 3.5. There exists a positive constant o, independent of N such that the form
an(+, ;) satisfies the inf-sup condition
V(wN,uN) € Wn,

aN(wN, Uun; ’UN)
sup
vNEVN ||’UN||L2(Q)‘1

(3.27)

> O (HWN”H(curl,Q) + H’u’N”LQ(Q)d)'

Proof: For any (wy,uy) in Wy, we set vy = uy +curlwy and observe that it belongs
to V. Next, we have

an(wn,un;vN) = v ((curlwy,un))ny + v ((curlwy, curlwy)) N
Thanks to the definition of Wy, we have
((curlwy,un))ny = (W, wN))N-
Combining this with (3.7) leads to
an(Wn, uN;vN) >V ||wN||%1(curl,Q)'
On the other hand, using once more the definition of Wy and (3.7), we write

HuNH%Q(Q)d g((uN,curlAN(uN)))N:((wN,AN(uN)))N

< 3¢ _ L
<3 HwNHL?(Q) d(d2 1) ||AN(U/N>||L2(Q)d(d2 1)

12



So, we derive from (3.16) that

lunlz2(0)e < 3%¢c ||wN||L2(Q)d(d2—1) ,

whence
an(w ; > 7 : / 7
N(wN,un;vN) > 5 HwN”H(curl,Q) t+cv HuN”L2(Q)d‘

We also have L
lonliz2@yr < V2 (lonlFearo) + lunlZzop) -

Combining the last two inequalities gives the desired inf-sup condition.

The following result is a direct consequence of Lemmas 3.4 and 3.5, see [15, Chap. I,
Lemma 4.1]. Let Z% denote the Lagrange interpolation operator at the nodes Fy(;, §;) in
dimension d = 2 and Fj(§;,&;,&p) in dimension d = 3, with values in Px(£2;) and Zn the
global interpolation operator, defined on continuous functions f by (Zn f)la, = Z% fla.,
1 < k < K. The following property is then easily derived from (3.7): For any vy in Dy,

(£, om)n = (InfFron))n <3N InfllLz(@yallon ] L2 (e

Corollary 3.6. For any data f continuous on Q, problem (3.24) has a unique solution
(wn,un) in Wy. Moreover this solution satisfies for a constant ¢ independent of N

|wn | z(curt,) + lunllz2)e < eIZn fllz2@)a- (3.28)

In order to go further, we now establish an inf-sup condition on the form by (-,-). It
relies on the Boland and Nicolaides argument [8] and requires a standard finite element
result, which involves the Nédélec operator [16, §2] but is much simpler here since the
constant can depend on the size of the € (but requires that the 3; are the union of faces
of the subdomains). We refer to [17] for the first proof of this result.

Lemma 3.7. There exists a positive constant (4 such that the form b(-,-;-) satisfies the
inf-sup condition

b
\V/q e Ml, sup &

> By llall 2@ (3:29)
vedy 0l = @

Lemma 3.8. There exists a positive constant 3, independent of N such that the form
by (-, ;) satisfies the inf-sup condition

by (v,
Vgv € My,  sup (o, av). > B, lan || 22 (- (3.30)
wneby ||UN || H(div,Q)

Proof: We recall that the forms b(-,-) and by (-, -) coincide on Dy x My, so that we work
with the form b(-, ). Any gy in My admits the expansion

1

p— 7 qa , .th qa =
gN [\ + qn Wi QN|Qk meaS(Qk)

/ (@) dz, 1<k<K.
Qp
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Then, each Gy|q, belongs to M% N L3(£). So, using an appropriate mapping that sends
the reference domain | — 1, 1[? onto €y, it follows from [4, Lemma 3.9] that there exists a
function v, in D%, N Hy(div, Q) such that

divol = —dnlo, and  [[o% | r@iv.en < Br " ldviirzo), (3.31)

for a constant Jx only depending on ;. We thus define the function vy such that each
On|q, is equal to v%;, 1 < k < K, and observe that, since the Y, are the union of faces of
some )i, Un - n vanishes on ¥;, so that v belongs to Dy. On the other hand, since gy
belongs to L3(€) and is constant on each Qj, hence to belongs to M;, Lemma 3.7 yields
the existence of a function © in ID; such that

dive = —gylo, and B g@iv.e) <5 " anllez@)- (3.32)
The argument of Boland and Nicolaides consists now in taking vy = vy + A, for a
positive integer A\. Indeed, it can be checked by integration by parts on each (1; that
b(vn,qy) is equal to zero, so that, thanks to the choice of vy and v,
b(on,an) = llanlZ2 () + AMan1220) = ATl raiv0) a2 )
This yields
b(vn, qn) > w1 Z72q) + Man 172 — A5 v ez @) lanllcz

1 - 2 A — 2
> §HQNHL2(Q) +A(1 - ﬁ) [anll220)-
We now take A equal to ﬁﬁQ, so that

r . . _
blon,an) 2 5 min{1, 57} ([lan 122 () + [an 1 220))-
We also have
1 ~ _
N || (aiv,0) < (12}%)(}(5’“ Jan 2oy + Bs llan |z ) -
The two previous inequalities, when combined with the orthogonality property
lan 172y = lanlZz(o) + l@nlI720)

lead to the desired inf-sup condition.

The proof of the final theorem is now completely standard, see [15, Chap. I, Lemma
4.1] for instance.

Theorem 3.9. For any data f continuous on ), problem (3.10) has a unique solution
(wn,un,pn) In Cny x Dy x My. Moreover this solution satisfies for a constant c inde-

pendent of N

lwn | (curt,0) + un |l z@iv.0) + IPN]22) < c|Zn fllz2@)e- (3.33)
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4. Error estimates.

We now wish to derive the error estimates between the solution (w,u,p) of problem
(2.9) and the solution (wy,un,pn) of problem (3.10). The arguments are very similar to
their analogues in the case of one element, see [4, §4], and require several lemmas. In all
that follows, ¢ stands for a generic constant which can vary from one line to the next one
but is always independent of V.

Lemma 4.1. The following estimate holds for the error between the solution (w,w,p) of
problem (2.9) and the solution (wx,un,pn) of problem (3.10):

|w — wn || F(curL,o) U — un || Fdiv,0)

= inf ( -0 cur — 9
= (onwn)eWn lw = O [l z(eurto) + lu — wi|[L2(0) (4.1)

-+ E}:{ + EX[('19N7 'wN)>,
where the quantities E]{, and E$,(Vn,wy) are defined by

E]{[ — sup <f7vN> - (fv'UN)N
vy EDN ”UN”L2(Q)d

Y

(4.2)

_ 19 .
EY (PN, wn) = sup (@ = an)®w, wyion)
vy EDN ”UN”L2(Q)d

Proof: Let (9n,wy) be an approximation of (w,u) in Wy. It follows from (3.24) that,
for all vy in Vi,

an(wy =N, un —wn;on) = ((F,on))y — an(On, wy; vN).
Then, using problem (2.9) (we recall that Vi is contained in V') leads to

aN(wN — 19N,UN — ’lUN;’UN) = ((f,’l)]\]))N — <f,’UN>+CL(w — 19N,u — ’lUN;’UN)

+ (CL — aN)('ﬁN, Wy, ’UN).
When using the inf-sup condition (3.27), we derive
HwN—ﬂNHH(CurLQ)—l—HuN—’wNHLz(Q)d <c (chrl (w—’l?N)HL2(Q)d —I—E]]:[ +EKI(Q9N7'wN))~

We conclude thanks to a triangle inequality, by noting that both w and wy are exactly
divergence-free.

Lemma 4.2. The following estimate holds for the error between the solution (w,w,p) of
problem (2.9) and the solution (wx,un,pn) of problem (3.10):

— 9 < inf B .

Ip — pnllp2@) <c q;gMN 1P — anllz2@)
. f ( - "9 cur -

e (19N:’U£2)€WN Hw NHH( 1,Q) + Hu wN||L2(Q)d (43)

+ EL + B (9N, 'wN)),
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where the quantities EY, and E%(9x,wy) are defined in (4.2).

Proof: It follows from problems (2.9) and (3.10) (note also that b(-,-) and by (-, -) coincide
on Dy x My) that, for any vy in Dy and ¢n in My,

bN(vN7pN _QN) = ((f,'UN))N - <f7UN> +CL((—U—WN,’U,—’U,N;’UN)
+ (o —an)(Wn, un;vN) + b(vn,p — gn)-

Moreover, we use the identity
(a —an)(wn,un;vN) = (@ —an)(On, wNn;vN) + (a — an)(wy — IN, uny — wWN;VN).

So, the inf-sup condition (3.30) combined with Lemma 4.1 and the fact that the norm of
an (-, ;) is bounded independently of N leads to the desired estimate.

In order to evaluate the distance of (w,u) to Wy, we now prove an inf-sup condition
on the form cy (-, ;).

Lemma 4.3. There exists a positive constant v, independent of N such that the form
en (-, -5 -) satisfies the inf-sup condition

Veon € Ch, sup en(wn, un; @n)

Z Y ||‘PN||H curl,Q)- (44)
(wn,un)eCx x Vi |WN | H(curl,Q) + lunz2(q) ( )

Proof: For any ¢y in Cy, we take (wy,un) equal to (¢n,—curlpy) and recall that
it belongs to Cy x V (see for instance [2, form. (3.15)]). Next, we derive from (3.7) that

en (Wi, un; en) = (e, on)) v + ((curl oy, curlon)) v > N 7 eurto)-
On the other hand, we have
lwn | (eurt,0) + [un L2 @) < V2 [@n | Heuro),
which leads to the desired inf-sup condition.

Corollary 4.4. The following estimate holds

inf ( w—1 cur + |lu — w )
(In,wN)EWN H NHH( 1) ” N||L2(Q)d (4 5)
S inf (w_ cur + |lu— =z 2 + ES ,Z )7
=€ (Cxr2n)ECN XV lww = Cvllzz curt,) + 1l Nllz2)e + EX(Cn, 2N)
where the quantity ES ({n, zn) is defined by
EN(CN,2N) = sup (€~ en)(Cn: 2N; ) (4.6)

eNECN len ”H(curl,Q)
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Proof: For any ({y,zn) on Cy x Vi, we derive from the inf-sup condition (4.4) the
existence of a pair ({n, 2y) also in C x Vi which satisfies for all ¢y in Cy,

CN(&'N7 zn;en) = en(Cn, 2N ON ),

and moreover

y - _ cn(CN, 2N oN)
1< | (eurt0) + 128 2@)e <72 ' sup )
enECN HQONHH(curl,Q)

We also note that

en(Cnvsznion) = —c(w —¢n,u — 25 0n) — (e —en) (KN, 2N @n)-

Since the pair (9y,wy) with 9y = (n — &'N and wy = zy — zZy belongs to Wy, the
desired estimate is easily derived from the two previous lines.

By combining Lemmas 4.1 and 4.2 and Corollary 4.4, we observe that the full error

|w — wnll#Eurro) + v —unlla@iv,0) + P — PNz

is bounded by the sum of the three terms of approximation error

il lw = Cwllmearo), inf [lu—znl2@)9,

Jof N P — anllz2(),

inf
gN EM

plus the three quantities E]{,, E$(On,wy) and ES (Cn, zy) which are issued from numer-
ical integration.

In order to estimate these last ones, we introduce the orthogonal projection operator
1% | from L?(Q) onto Py_1(€%) and we denote by Z% the Lagrange interpolation op-
erator at the nodes Fj(&;, ;) in dimension d = 2, at the nodes F(&;,&;,&,) in dimension
d = 3, with values in Py (). Indeed, using (3.6) leads to, for any vy in Dy,

(®) - v (2) dz — (f,on)N
Qp

- /Q (F ~ T (@) - on(@)de — (T4 £ — T, fLox)h,

so that, owing to (3.7),

K
B < e 3 (IF = s fllzzane + 1F = T Fllzue )- (4.7)
k=1

Similarly, we have for any vy in Dy

N

— anN N,2ZN,UN) =V cur N— ?V—l curliw ) - ZN\(X)ax
(a—ax)(0 )= ([ feurt oI (curlen) o) - 2v(a)

—v (curl Iy — 1% (curlw), ZN)I;V>,
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so that

K

E%4(On, wy) < ¢ (chrl (w=9N)llz2()e + Y lleurlw — H?V_l(curlw)HLz(Qk)d). (4.8)
k=1

Similar arguments also lead to

K
c k
B (G 2n) < e (I = Gl g e 3o =Tl

2 2

(4.9)
K
+lu =zl + ) Ju- H?V—luHP(Qk)d)'
k=1

We recall from [7, Thms 7.1 & 14.2] the approximation properties of the operators
1% | and Z%: For any function g in H*(Q), s > 0,

lg = TX_ 19l L2(0) < e N7 lgllas 1) (4.10)
and, for any function g in H*(), s > %,
lg = ZX gl L2) < e N> llgllse (- (4.11)

These estimates make complete the evaluation of E]{, and reduce the evaluation of both
quantities ES (9n, wn) and ES (N, 2n) to a bound for the approximation errors.

The approximation error for the pressure can also be estimated from (4.10). Indeed,
since each IT%, | preserves the integral on €, for each function p in L2(2), the function
equal to H’fv_lp on each € belongs to My.

Lemma 4.5. For any function p in L%(Q) such that each plq,, 1 < k < K, belongs to
H?*(Q), s > 0, the following estimate holds

K
By 1P~ L (- 4.12
Lt lp—anll2@ <c ; 9] 22+ (20 (4.12)

Estimating the other approximation error terms requires some further local properties
that we now state.
e In dimension d = 2, the interpolation operator Z¥ satisfies [7, Thm 14.2], for any
function g in H*(,), s > 3,

lg = ZXgll @) < N7 llgllae - (4.13)

e In dimension d = 3, a spectral analogue R%, of the Nédélec operator [16, §2] has been
constructed in [3, §4]. It maps smooth functions in H(curl, ;) onto the space C% defined
in (3.2) and satisfies, for all functions ¢ in H®(2)3, s > 2,

o — REplzan < eN7* el (4.14)
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and, for all functions ¢ in H(curl, ;) such that curl belongs to H*(€)3, s > 2,
||curl (¢ — R];Vs0)||L2(Qk)3 < cN77|lcurl @[ gs(q,)3- (4.15)

Morevoer these operators satisfy the following properties on the boundary of 9€x: The
trace of Z% g on each edge of Q) in dimension d = 2 only depends on the trace of g on this
edge, the tangential trace of R% ¢ on each face of Oy, in dimension d = 3, only depends on
the tangential trace of ¢ on this face.

This leads to the next result in an obvious way. Indeed, for any function w in
Hy(curl, Q), taking {y such that each {xlq, is equal to Z¥w in dimension d = 2, Rk w
in dimension d = 3 and using the previous properties yield that {n belongs to Cx. The
following statement requires the space, for s > 0,

d(d—1)

H¥(curl, Q) = {p € H*(Qy)” 7 ; curlp € H*(Q)%}. (4.16)
Note that this space coincides with H*T1(£2;) in dimension d = 2.

Lemma 4.6. For any function w in Hy(curl, Q) such that each w|q,, 1 < k < K, belongs
to H*(curl, Qy), s > %, the following estimate holds

K

inf — carl) < eNT® e 417
nf e = G lean) < ¢ ];Hw”m L) (4.17)

Finally, we recall [2, Thm 3.17] that any function w in V is equal to curle, for a
function 4 in Hy(curl, 2). Moreover, only in dimension d = 2, if u|g, belongs to H*(y),
¥|q, belongs to H51(Qy). So, an approximation ¥y of ¥ in Cy can be defined as equal
to Zkap (d = 2) or to R4 (d = 3) on each Q. It can also be noted that,

e in dimension d = 2, the quantity (curlyy - n,1)s;, is equal to the difference of values
of ¥n, hence of 1, between two I';, so it is zero,

e in dimension d = 3, the integral of curl R%;4) on each face of €, is equal to the integral
of curl (see [3, §4]),

so that the nullity of the (curl - m, 1)x; is preserved by this approximation. So, curly
belongs to Vi, and the following estimate follows from (4.13) and (4.15).

Lemma 4.7. For any function w in V such that each u|q, , 1 < k < K, belongs to H*()),
s>d— %, the following estimate holds

K

Jnf w2y < e N7 ;; 6| zrs (curl 0 - (4.18)

Theorem 4.8. Assume that the data f belong to H°()? for a real number o > 4 and
also that the solution (w,u, p) of problem (2.9) belongs to H*(curl, ) x H*(Q)% x H*()
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for a real number s > d—‘gl. Then, the following error estimate holds between this solution

and the solution (wn,un,pn) of problem (3.10)

|w — wnl#Eurr) + v —unlE@iv,0) + P — PNz

W » (4.19)
< e (XN (Iwllmteuntan) + lullis@us + Ielon) + N7 | s @,)e).
k=1

Estimate (4.19) is fully optimal. Note that this optimality is not obtained for the
pressure in most spectral discretizations of the Stokes problem. However, the regularity
which is required for this estimate (s > %) does not seem reasonable in the general case.

Let II, denote the orthogonal projection operator from Hy(curl,€2) onto Cy. By
combining estimate (4.17) with an interpolation argument, we easily obtain, for all s > 0,

K

— I3 < oF -1 . .
lw =TTy @l feuro) < ¢ N ;Hwnmﬂmd% ) (4.20)

d(d—1)

Note that the replacement of H®(curl, Q) by HST1(Q)~ 2 is due to the fact that
no interpolation result seems to be known concerning the interpolation of the spaces
H?(curl, Q). A similar projection operator can be used for the approximation of functions
in V', which leads to the next corollary.

Corollary 4.9. Assume that the data f belong to H°(Q)? for a real number o > % and

also that the solution (w, u, p) of problem (2.9) belongs to H**1(Q) L < H (Q)Ix H*(Q)
for a real number s > 0. Then, the following error estimate holds between this solution
and the solution (wn,un,pn) of problem (3.10)

|w — wnl#Eur0) + v —unlE@iv,0) + P — PNz

K
< ¢ (SN (19l s gy stamn + sl g + Dol i) + N7 1 @i )
k=1

(4.21)

In view of the regularity results stated in Section 2, the assumptions of Corollary 4.9
are now reasonable except in dimension d = 3 and in the case of a nonconvex polyhedron
Q). However, in this case, it follows from [11] and [12] that w admits the expansion

w = w, + grad Sg;, (4.22)

where the regularity of w, only depends on that of f while Sé is a linear combination
of the singular functions associated with the Laplace operator with Dirichlet boundary
conditions in €2, the coefficients of this combination only depending on f. Since grad ng;
is curl-free, using a separate approximation of the two terms in this expansion leads to
the following estimate which is now valid without assumptions on the regularity of the
solution.
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Corollary 4.10. Assume that the data f belong to H°(Q)? for a real number o > £.
Then, the following error estimate holds between the solution (w,u,p) of problem (2.9)
and the solution (wn,uyn,pn) of problem (3.10)

|w = wN[lHEeurr,) + v —unllE@iv,0) + P — PNz

—min{o,o (423)
<cN {o.00} 1l o )4

where o is a real number > 1 only depending on ).
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5. Some numerical experiments.

Before presenting the numerical experiments, we briefly describe how problem (3.10) is
implemented. We only treat the case of dimension d = 2 for simplicity. Let ¢;,0 < j < N,
denote the Lagrange polynomials in Px(—1,1) associated with the nodes §;. We fix an
integer j* between 1 and N — 1 (usually equal to the integer part of %), define J* as the
set {0,...,N}\ {j*} and set

& — &+

= 53’ jeJr. (5.1)

©;(C) = v ()

We now describe the vectors of unknowns, in dimension d = 2 for simplicity. The
vector 2° of unknowns coresponding to wy is made of
e the values of wy inside each €2, more precisely of wx at the nodes Fj,(§;,&;), 1 <14,j <
N —1,
e the values of wy at the nodes Fj(£1,¢;) or Fj(&,£1), 1 <i,j < N —1, on each edge
of € which is not contained in 02 (so that the node is shared by two subdomains),
e and also the values of wy at the vertices of the 2, one value for each vertex which is
not contained in 0f). B
Note however that multiplying the vector Q° by a matrix @, leads to a vector 2° = Q,°
made of K blocks €7: The coefficients w Zj of Qf, correspond to the expansion of wy on
Q. If ¢ and 7, denote the components of Fk , it reads

wn |, (T, y) ZZ%J @i © Ck(@,y)pj o ni(, y) (5.2)

1=0 j5=0

where all the values of wy at the nodes which belong to 02 are equal to zero.

Similarly, the vector U of unknowns corresponding to uy is made of
o the values of uy, at the nodes Fy(&;,&), 1 <i < N —1, j € J% and of un, at the
nodes Fi(&;,&5),1€ J*, 1 <j< N -1,
e the values of uy, at the nodes Fj(§;,£1), 1 < i < N — 1, of edges of Q) which are
parallel to the z-axis and the values of uy, at the nodes Fj(£1,§;), 1 <j < N —1, of
edges of €, which are parallel to the y-axis,
e the values of uy, at the nodes of each edge which are parallel to the y-axis and shared
by two subdomains and the values of uy, at the nodes of each edge which are parallel to
the z-axis and shared by two subdomains,
e and also the appropriate values of uy at the vertices of the Q (the continuity of uy - n
implies that the values of un|q, at a vertex a are the same for all Q0 such that a is a
vertex of ),
e minus J values, one per ¥, in order to enforce the conditions (2.3).
There also, multiplying the Vector U by a matrix @), leads to a vector U = .U made of
K blocks Uy: The coefficients uf " of Uy, correspond to the expansion of uy on €2, which
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reads

N
unaloy (@, y) =D > Ul iiwi 0 G, )¢ o (e, y),

i=0 jeT*

unylo, (2, y) = Zzuym%ockxy) o (2, ),

ieJ* 7=0

where all the values of uy - n at the nodes which belong to 02 are equal to zero.

Finally, the vector P of unknowns corresponding to py is made of K blocks, each
of them made of the coefficients of a pseudo-pressure py at the nodes Fj(&;,§;), i € T,
JjeJr,
Pnlon(@,y) = D > pi¢f o Gl )¢ o m(x,y), (5.4)
eJ* jeg

where the value of py at one arbitrary node of one of the (2 is taken equal to zero. The
function py vanishes at this node but does no longer belong to LZ(£2), however the real
pressure py can easily be recovered in a post-processing step, thanks to the formula

_ 1 .
pn(7,y) =pn(T,Y) — meas() ((Bn,1))N- (5.5)

Problem (3.10) can thus be written equivalently as the square linear system

Qu AQu 0 Q. B Q° Qu F
0 BT Q, 0 ul=( o |, (5.6)
QL CLQw QLC,Qu 0 P 0

where, for each matrix M, M7T denotes the transposed matrix of M. The global matrix

T
is not symmetric, even if the sub-blocks (BTOQ Q%B) and QL C,, Q., are. Note that,

up to the multiplicative constant —v~!, the matrix C,, coincides with A”.

The choice of system (5.6), which relies on the multiplication by the Q-type matrices, is
that now the matrices A, B, C,, and C,, are fully block-diagonal, each block corresponding
to one subdomain (.

In what follows, system (5.6) is solved via the GMRES method, so that it has not to
be assembled. We also use local preconditioners: Each block which appears in the global
matrix in (5.6) is preconditioned by the matrix issued from its incomplete LU factorization.
Note finally that, as standard in spectral methods, the tensorization properties of the
polynomial spaces yield that each product of one of these blocks, corresponding to the
subdomain Qj, by a vector is realized with ¢ N%t! operations, which highly reduces the
cost of the inversion.

We first check the convergence of the discretization. We work with the L-shaped
domain Q =] — 1, 1[?\[0, 1[?, divied into three square subdomains

Q=] —1,0[x]0, 1], Qs =] —1,0[%, Q3 =]0,1[x] — 1,0], (5.7)
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as illustrated in Figure 1. We consider the solution (w,u,p) of problem (2.2) given by
w = curlu, u = curly, with

Y(x,y) = sin(rz) sin(ry), plr,y) =zy + % (5.8)

Figure 2 presents the curves of the errors
|w = wn|HEeurLo): v —un|a@iv,.0), PPNz,
in logarithmic scale, as a function of N, for N varying from 5 to 30. As can be expected

from Theorem 4.8, the convergence is exponential for this solution, and the slope for the
error on the pressure is exactly the same as for the two other unknowns.
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Figure 1: The L-shaped domain and its decomposition
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Figure 2: The error curves for the solution obtained from (5.8)
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We now present two numerical experiments, again in dimension d = 2 and in the more
realistic case where the data f = (f;, fy) is given by f, =y, f, = 0, but the homogeneous
boundary condition in the fourth line of (2.2) is replaced by

u-n=g onodl, (5.9)

where g belongs to L?(99) and has a null integral on 2. We refer to [4, §5] for the rather
simple extension of the previous analysis to the new boundary condition (5.9). For both
experiments, we work with a Poiseuille type flow and in the case where g is equal to zero
when n = (0, £1) is parallel to the y-axis.

The first numerical experiment still deals with the L-shaped domain Q =]—1, 1[?\ [0, 1[?
and its decomposition (5.7), as drawn in Figure 1. The datum g is given by

g(—Ly)=y* -1, -1 <y <1, and  g(l,y) = -8y(l+y), 1<y <0. (5.10)

Note that, even if the function g is very smooth, the corresonding solution is not since the
domain (2 is not convex. Figure 3 presents, from left to right and from top to bottom, the
values of the vorticity, the two components of the velocity and the pressure for the discrete
solution obtained with N = 35.

0.03
0.02

0.01

-0.01

-0.02

-0.03
1

e
KR
ZSRRLKY
RIRA
SRX

X
(XXX
X

3555
25855555

8
%

%
(KX
K

S SRR
S OSSCSSSSINY
SRS
et ulsetette
SIS

S SN SIS S

4900%
s

S

Figure 3: The values of the discrete solution issued from (5.10)
The second numerical experiment deals with the multiply-connected domain
Q:] _2,2[2\[_171]27 (511)
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divided in an obvious way into four equal squares and four equal rectangles, as illustrated
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The datum ¢ is now given by

2
g( 2,3/)—{07 1< lyl<2, g(£1,y) =0, -1 <y <1, -~
—8(14+y)2+y), —-2<y<-—1, '
and g<2’y):{0 e —1<z<2.

Figure 5 presents, from left to right and from top to bottom, the values of the vorticity,

the two components of the velocity and the pressure for the discrete solution obtained with
N = 35.

27



References

M. Amara, D. Capatina-Papaghiuc, E. Chacén-Vera, D. Trujillo — Vorticity—velocity—pressure
formulation for Navier—Stokes equations, Comput. Vis. Sci. 6 (2004), 47-52.

C. Amrouche, C. Bernardi, M. Dauge, V. Girault — Vector potentials in three-dimensional
nonsmooth domains, Math. Meth. in the Applied Sciences 21 (1998), 823-864.

F. Ben Belgacem, C. Bernardi — Spectral element discretization of the Maxwell equations,
Math. Comput. 68 (1999), 1497-1520.

C. Bernardi, N. Chorfi — Spectral discretization of the vorticity, velocity and pressure formu-
lation of the Stokes problem, to appear in SIAM J. Numer. Anal.

C. Bernardi, M. Dauge, Y. Maday — Polynomials in the Sobolev world, Internal Report,
Laboratoire Jacques-Louis Lions, Université Pierre et Marie Curie (2003).

C. Bernardi, V. Girault, P.-A. Raviart — Incompressible Viscous Fluids and their Finite Ele-
ment Discretizations, in preparation.

C. Bernardi, Y. Maday — Spectral Methods, in the Handbook of Numerical Analysis V,
P.G. Ciarlet & J.-L. Lions eds., North-Holland (1997), 209-485.

J. Boland, R. Nicolaides — Stability of finite elements under divergence constraints, STAM J.
Numer. Anal. 20 (1983), 722-731.

A. Buffa, P. Ciarlet, Jr. — On traces for functional spaces related to Maxwell’s equations.
Part II: Hodge decompositions on the boundary of Lipschitz polyhedra and applications, Math.
Meth. in the Applied Sciences 24 (2001), 31-48.

A. Buffa, M. Costabel, M. Dauge — Algebraic convergence for anisotropic edge elements in
polyhedral domains, to appear in Numer. Math.

M. Costabel, M. Dauge — Espaces fonctionnels Maxwell: Les gentils, les méchants et les
singularités, Web publication (1998), http://perso.univ-rennesl.fr/monique.dauge.

M. Costabel, M. Dauge — Computation of resonance frequencies for Maxwell equations in non
smooth domains, in Topics in Computational Wave Propagation, M. Ainsworth, P. Davies,
D. Duncan, P. Martin and B. Rynne eds., Springer (2004), 125-161.

F. Dubois — Vorticity—velocity—pressure formulation for the Stokes problem, Math. Meth. in
the Applied Sciences 25 (2002), 1091-1119.

F. Dubois, M. Salaiin, S. Salmon — Vorticity—velocity—pressure and stream function-vorticity
formulations for the Stokes problem, J. Math. Pures Appl. 82 (2003), 1395-1451.

V. Girault, P.-A. Raviart — Finite Element Methods for Navier—Stokes Equations, Theory and
Algorithms, Springer—Verlag (1986).

J.-C. Nédélec — Mixed finite elements in R3, Numer. Math. 35 (1980), 315-341.

P.-A. Raviart, J.-M. Thomas — A mixed finite element method for second order elliptic prob-
lems, in Mathematical Aspects of Finite Element Methods, 1. Galligani & E. Magenes eds.,
Lecture Notes in Mathematics 606, Springer-Verlag (1977), 292-315.

S. Salmon — Développement numérique de la formulation tourbillon—vitesse—pression pour le
probleme de Stokes, Thesis, Université Pierre et Marie Curie, Paris (1999).

28



