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Intelligent modeling of materials

Joseph Zarka *+, Pirouz Navidi

Laboratoire de Mécanique des Solides, Ecole Polytechnique, F-91128 Palaiseau Cedex, France

Abstract

Over several decades, many contributions have been made to understand the physics and to develop models of aggregates
of metals and composites. Three books ‘ Modelling small deformations of polycrystals’ (eds. J. Gittus and J. Zarka) and
‘Modelling large deformations of solids' (eds. J. Gittus, J. Zarka and S. Nemat-Nasser) and ‘New approach of inelastic
andysis of structures’ (eds. J. Zarka et al.) gave already a general view of the state of the art. Nemat-Nasser, particularly in
his impressive book ‘Micromechanics: overall properties of heterogeneous materials’, improved and is still greatly
improving our knowledge in this fundamental area. In this paper, which is dedicated to his 60th anniversary, we want to give
again and for the last time, our own view of the problem based on (may be) not well known works and also some
unpublished theses of some students which were done between 1964 and now. In the first part, we shall underline what the
physical quantitative description of inelastic behavior of single crystals means for us by answering the following questions:
(1) are the various glides on each crystal slip plane, as introduced in the multiple plastic potential theory, potentia internal
variables? (no); (2) can we build areal physica model for the crystal in correlation with the observations of the evolution of
the crystalline defects, such as the dislocations, the vacancies, the precipitates ... and the thermally activated processes?
(yes); (3) can we define the physical hardening parameters (yes) and is the latent hardening higher than the self-hardening?
(no); (4) is it possible to reach a description which fits the experimenta results? (may be!). Then, in the second part,
assuming a given behavior for the crystals, for the global inelastic behavior of polycrystals, we shall try to answer the
questions: (5) how many different orientations of crystals are necessary to reach the description of an initialy isotropic
polycrystal? (three well selected ones!); (6) are the simplified models, such as the self-consistent model, sufficient to
represent the interactions between crystals? (yes); (7) are the actual numerical simulations based on rate-dependant or
rate-independent crystal plasticity, useful for the industrial applications? (no, unhappily!). Finaly, in the third part, we shall
give our new general framework of ‘intelligent’ modelling of aggregates where we take into account not only the local
behaviors of the crystals but also their size, their shape and their relative distribution. In this framework, it is needed: (i) To
build a data base i.e. to obtain some experimental, real or simulated, results where the experts identify all variables or
descriptors which may relevant to the given problem. This is, at first, done with some primitive descriptors x which are
usually in a limited number. Then, the data are transformed into intelligent descriptors XX in a larger number, using the
existing knowledge and theories which are still always insufficient. The descriptors may be numbers, boolean, a phanumeric,
name of files which gives access to data bases, or treatments of curves, signals and images. The results or conclusions may
be classes (good, not good, ...) or numbers (Y oung modulus, cost, weight, life time, ...). Usually, the data base may contain
roughly 30 to 150 examples with 10 to 1000 descriptors and 1 to 20 conclusions. (ii) To generate the rules with any
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automatic learning tool. The intelligent descriptors help these learning algorithms. Each conclusion is explained as function
or set of rules of some among the input intelligent descriptors with a known reliability or accuracy. If this reliability is too
low, it implies that either there is not enough data or there are bad, missing descriptors or the problem was not well
described. (iii) To optimize at two levels (inverse problems): (1) Considering the intelligent descriptors as independent; it is
possible to get the optimal solution satisfying the special required properties and allowing the discovery of new mechanisms;
(2) considering the intelligent descriptors linked to primitive descriptors, it is possible to obtain the optimal solution which is

technologically realizable. So, not only a practical optimal solution is obtained, but also the experts may learn the missing
parts, may build models or theories based only on the retained intelligent descriptors and guided by the structures of the rules
or relationships. We shall illustrate our framework by treating step by step the problem of the global elastic behavior of
concrete with a cement matrix and soft or hard inclusions. This problem has been the subject of several papers, providing
simplified models, simple bounds of the elastic moduli and sophisticated theories ... were produced. Our aim is to give the
results to the engineers in such a practical way that they could: (1) estimate the elastic properties within a few percent of

error for any concentration, any shape, or distribution of the inclusions;(2) select the preparation of the aggregate to reach any
pre-assigned elastic properties even at the lowest cost or weight).

1. Physical modeling of metallic single crystals
1.1. Theoretical model (Fig. 1)

It is well known that experiments have shown that:
(1) Irreversible plastic strains, in metallic single crystals, are induced by the motions of some structural
defects; for example, during the slip mode, which is the most important one, the crystal structure characterized
by a lattice, remains unchanged and the strains are delayed (viscous) and often very large.

(2) Reversible elastic strains are linked to the mean lattice; the strains are instantaneous and generally very
small.

(3) This fundamental fact has alowed to differentiate the elastic strains and plastic strains at any time by
introducing two families of triads, F} and €, which are defined with the following properties:

- k¢ are three macroscopic vectors which characterize the total transformation.

- &, are three microscopic vectors linked to the mean lattice which characterize the elastic deformation.
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Representafion of the various states of the crystal

Fig. 1. Different states of the crystal.



- At time t=0, chosen as an initial unloaded and natural state, relative to a fixed Cartesian frame of
reference @, and at the point M(X¥§%), the components of these vectors are F, (0) = §; g, and &,(0) = 8! @,
where 8, 8} and 8! stand for the Kronecker symboal.

- Atthe actual time t and at the point m(x'),thei |mage of M in the total deformation, the components of the
abovemen'uoned vectors are Fy = (ax'/9X*)g, and &, =X, G..
= (9x' /aX¥) is the classical deformation gradlent e=Q2¢g;=3§
total strain tensor which, similar to the total rotation, is generally large.
E =(x,,) gives the elastic deformation; € = (2€]; = §;; — §,, X*x) is the small elastic strain tensor.

- The dastic strains may be instantaneously recovered by a total unloading (the temperature being here
assumed constant) and with the help of a convenient rotation to reach an intermediate unloaded state in which
the vectors of the microscopic triad €, are equipotent to the initial €,(0) or @, but in which there is a new
distribution of defects relative to the initial state; let us define by {y} a family of interna parameters, which
describes this actual distribution of the defects.

- By the classical elastic theory, it may be possible to calculate the global stress tensor IT (I1*#) (referred
to the frame &) or the Cauchy stress tensor,

8¢ (AXK/ax)N(aX" /9x,)) is the

ij

1

= = iy [yaB

olo det(XL)X“XBH .
- When we impose € for the actua given defect distribution {y}, since in the presence of the defects, the

crystal is an inhomogeneous medium.

- The total deformation can not be characterized so easily, it is necessary to foIIow the crystal step by step
and to split the velocity gradlent uJ into the elastic part o; ' and the plastic part vi' UJI = u" + u”' which gives
ax /aXK = vlaxl /oX¥ and X, = v]'x].

1.2. Physical model

Indeed, it is necessary to build a physical model to get the elastic and plastic parts of the velocity gradient, u"
and z/" explicitly. Here we only recall how we obtain the plastic part:

. We know that for metallic single crystals, the plastic strains result from slips on some crystallographic
planes and along some crystallographic directions, these planes and directions being fully determined in the
frame €, which represents the mean lattice.

. We know that if we denote by h (h), the unit vector along the dlip di rection, by i (n;), the unit normal
vector to a dip plane which contains atoms, and by y the relative velocity along h between two planes which
are unit length apart, the velocity gradient is then given by:

//I hln ')’
and that when there are several such active slip systems (r), the velocity gradient is expressed by:

~' = Y hiOn(Dy ™,
(r)

+ During this transformation, the frame €, remains fixed and the frame l?K are transformed (strain and
rotation); the vector (Burgers vector) which links two atoms, will have constant components in the frame &,

ol ol

b=bg, =bx. g =h=—=hg,



the normal N to a plane which contains atoms, will have constant covariant components in the frame &2,

—>

(¢)7'g,  N=N&=Ng ==

+ But we need to know when a slip system (r) is active and what is the amplitude of the relative velocity
v (and here is the starting point of all the various proposals, each person claiming that he has the best model
as do the authors of this paper); usually, based on Schmid's law, symbolically, we introduce

O =hOn"g ;0 =70—gO({y}) =0

and in view of the fact that y‘" results from delayed motions of the defects, we assume y( = y(I(r®),
{yDY(f(") where Y is the Heaviside function; during these motions, some parameters among the {y} family
may evolve,

(3} = ZG(=, (y)V(F?).

(r)

1.3. Face-centered cubic single crystal

1.3.1. Smplified model for room temperature

In Zarka (1968), we proposed a model where we took into account the dislocation distribution based on a
schematic representation (Fig. 2) of the classical electron microscope images of the observed microscopic
physical phenomena.

At room temperature and for quasi-static loadings, an idealized model was proposed as follows: We defined a
mechanism (r) of dislocations by grouping the set of randomly distributed small segments of dislocations which
have the same Burgers vector b(") and parallel slip planes with unit normal i"; .#®, 1% are respectively the
mean number per unit volume of segments and their mean length (the product .# I is the total length of
such dislocations per unit volume which means a quantity which may be measured at any time).

Schematization of the distribution of dislocations (Steeds 1964)
Fig. 2. Crude schematization of the distribution of dislocations.



Then by using simple hypothesis (as initiated by Taylor, Stroh, Saada, Cambell, ...), we were able:
- To compute the interactions between mechanisms of dislocations as:

FO =g 0 +Mb(r>2ﬁ(”(/1/(k)l<k>)l/2
®

where w is the elastic shear modulus and B, () was explicitly obtained after very long calculations, to be

B =1/8, for self- hardening,

B — 1/16, for (r) # (k) but with parallel dlip plane,
“ 1/20, for (r) # (k) but with same Burgers vector,
1/12, for al other mechanisms (1) # (k).

(It was possible to provide a physical basis for this formula. The formula, however, may be taken as a
phenomenological extension of the Taylor's model.) The formula shows that (what we call) the self-hardening is
more important than the latent hardening i.e. it is easier, after the activation of the principa dip mechanism to
move a dislocation which belongs to another slip system. Note that experiments (Nowacki and Zarka, 1971),
seemed to confirm this point, although many other researchers have reported contrary results!

F(O = b7 =bOh"n"s ' is the applied force per unit length on the dislocation (Peach—Koelher
formula); F must be greater or equal # (" in order to move the dislocation, i.e., to activate the mechanism
(r).

- To compute some mean times of realization (such as, for example, the mean time to cross over another
dislocation) which were written in the form t,, =t ((F" —F ) F®O_ pt () (() being the Heaviside
function).

-+ To give the full incremental evolution of the crystal deformation using the following hypothesis during the
small increment of time dt,

(i) for each active mechanism (r), some (r) dislocations are sources and they emit d.#"” loops of
dislocations per unit volume; the loops with the mean length, 27, ), sweep the mean area me) by easy
glide before being stopped on the dislocations which pierce their dlip plane;

(i) with the aid of some probability laws, it was possible to evaluate 7.2, d.#*"” as functions of the
dislocation distribution and the applied forces F®:

YO dt=bdr VA2,

d(#OIO) =dr D20,

x(1 X1
7 F? = —
(r) (k) (r)’
dt
A0 = Wy
NGITOR

(f)

t(r) P
<|:(r) o_(f)> !

where p(r) = Z(k)rf( ) is the density per unit surface of all the dislocations which pierce the slip plane of (r),
x(" is the number of jogs on the new loop, and w(" is the fraction of dislocations which may be sources and
may be taken as constant (there is no cross-slip or climb in this approximation).



1.3.2. Viscoplastic Potential (Rice, 1970)
By examining the above formulae, we obtain for the glide velocity relative to each mechanism:
w0

MNe_ep— 1) _ g (1)
Y _bC(r) (r)<F 7,

which expresses that this velocity is, by the intermediacy of F(, onIy a function of the applied shear stress,
7 =h"n"" on the mechanism (r) (the mean pressure o;' does not take part when h and i are
orthogonal). Thus, as shown by Rice (1970), by putting for each (r)

w0

TO(a, y®,10) = (F( — g ()2

zc(()r )p(l’)
and for the crystal

T=YgO,

(r)
the plastic part of the velocity gradient can be written

. 0T a7 M A7 M\ [ gE®
o i -y ’/_ -y e F_ = Y hiOpDy®
UJ i r j Y .
o' - do" JF do "
(o {y}=const ) (o ) (o

()

(The virtua variations of the Cauchy stress tensor o are taken in R% and not in R®, although the real stresses
arein R® due to the symmetry o' = o)) .7 is the Rice's viscoplastic potential of the single crystal.

In the virtual generalized stress space (R®), the equipotential surfaces .7~ = const > 0 are regular (without
any singular point) and the surface 9~ = 0 corresponds to the elastic surface since we have F(" <.7 (V. In this
space, the vector u}" is always normal to the equipotential surface which is defined by the actual value of o
(Fig. 3.

1.3.3. Multiple plastic potential

When dl the ratios w"/C{” are very large and the strain rates are rather small, the differences
(F™ — M) for the active systems are thus always very small. This means that, at any time, the actual stress
state o is very near the elastic limit surface and that the viscosity may be neglected (classical platicity). For
each active system (r) between t and t + dt, we have: F((t) =.7 ((t) for any active (r) or F((t) <.7 ()(t)

s\
Viscoplastic potential for the crystal

Fig. 3. Schematization of the viscoplastic potential surfaces.



for all (r) then, at time t, F(") =7 ()(t) for potentially active (r) and F"(t + dt) <.7 ("(t + dt) for all (r)
with (A7) 1)) > 0.
This may be explicitly written in the form

i 1/2
FO = OO0 1 = by = 54 + pb? Y. D4 V1)

at al (k)

2N 1(h)) 2

by using (N(-’;Tl.("‘)) =2y® /bL™® we obtain

W= Y HOY®  (withy,, = 0).
at active (k)
So, indeed, we find that
) ar(®
al
vj’ = ) Py y = )y h(ik)n(jk)y(k)
at active (k) o at active (k)

and that the increase of the limit for any system (r) is a linear function of Y™ (y® > 0) of the active systems
(k).

But the classical interaction matrix: H) = uD{}) /(.7 ®1%)2LY as introduced by Taylor (1934), Koiter,
Mandel (1965) in the multiple plastic potential theory, and used thereafter by others, is here found explicitly. It
is clear that this matrix is not constant and is not symmetric. This is linked to the fact that large changes of the
dislocation distribution are occurring during the deformation.

It is evident that, although D{{) > D{i) for r # k, since L") > LY for r # k (the density of dislocations pr)
which pierce the actua principal dlip plane stays constant, while the other densities pvy have considerably
increased, we obtain H{) < H{{) (thisis called by most of the researchers, except the authors of this work, the
self- and latent hardening).

Then, there is the very important problem of how to determine the active systems (k) and to calculate y®
when we impose the objective stress rate, or 7(", on each system (r). By using as the new intermediate
variables

i = T

2Nt )

it is easy to show that, since the matrix D (D((li;) is symmetric and is strictly positive for any number of systems
lower than 8, we have a quadratic minimization problem with the linear constraints X" > 0 which has one
unique solution. This may then be solved easily with the help of many classical mathematical programming
algorithms.

1.3.4. Smulation of tensile experiments

Generally, only experiments with tension or compression are performed on single crystals. These experi-
ments are very difficult to realize and to interpret, chiefly owing to the large changes in the geometry.

During the test, usually, a constant ramp velocity is applied and only the applied force Q and the crystal
length D are measured, but the tensile curves are often given in the plane (7, I') where 7 is the applied shear
stress and I' is the glide on the principal slip system; thisis a strict mathematical fiction, except when there is
only one active sip mechanism.

We built two different programs: the first one was based on the direct explicit integration of the evolution
viscoplastic equations; the Treanor algorithm (which is similar to the order 4 Runge—Kutta) with an adaptive



Ll
Tensile test on'the crystal

Fig. 4. Geometrical representation of atensile test on the crystal.

time increment, was found to be very efficient; the second one was based on the multiple plastic potential and
then we used an implicit scheme of integration and the quadratic programming algorithms. We integrated for
various initial conditions of the tensile axes and the initial states. We were able to interpret not only the two
important stages of work-hardening which are stage | and stage 11, but also the transition stages (since here,
cross-dip and climb are neglected in this approximation, stage 111 is not reached). We were able to get the
dependence on the initial orientation of the tensile axes without adding any phenomenological constant, and to
understand what happens during the straining, explicitly. We compared the theoretical curves obtained based on
the model to the experimental results; the tendency was very well represented (Figs. 4 and 5).

Although we still consider our model as the only real physical model which truly preserves the rational 3D
hypothesis (and which differs from Havner (1972), Asaro (1983), ...), we think that its main interest is at the
fundamental level and it can not be directly used for engineering applications: it concerns the single crystal; too
many parameters have to be taken into account and moreover a better experimental fitting (less than a few
percents) needs to be reached.

@) 2 l

=

Fig. 5. Global tensile responses with the orientation of the crystal.



2. Physical modeling of metallic polycrystal

2.1. Averaging methods

A polycrystal which is considered as a continuum point, contains severa crystals at a microscopic scale.
According to the stress gradient and the rate of loading, different representative volume elements may be
introduced for which global behavior is defined based on the local behavior of the crystals and their relative
interactions.

In Nemat-Nasser and Hori (1993), the reader may find a perfect comprehensive review of the state-of-the-art
in the averaging homogenization techniques, bounds, theorems and simplified methods for the elastic or
inelastic behavior of the RVE which may contain cracks. This state results from all the works by severa
hundred authors.

Under some regularity hypotheses, particularly for homogeneous uniform boundary tractions or linear
boundary displacements, it was shown that the macroscopic or global stress, the global strain and the global
stress-work for the RVE, are direct volume averages of the respective microscopic quantity:

1 —
2=vaadv=<0'>=0',

E1 d (e)y=¢
—vae v=(g)=F¢,

SE={(0oe)=0F.

But, even for small deformations, if we split the local strain & into its elastic €' =Moo (or o=L¢) and
plastic £” =& — &' component, and we perform the decomposition for the global strain E=E'+ E” with
E'=MX (or 3=Le&), more complex formulae are found by defining the concentration tensors with o= A3
or € = BE, it may be shown that:

EE%K/&Adu, E’E%L&'Adu, E"E%/\/s”AdU.

The same concentration tensors allow us to express the global elastic tensors as
_ 1 _ 1
M=—[MAdU or Lz—/LBdu.

V/y Vi

One of the main problems for the global analysis of the polycrystal is the determination of the concentration
tensors. Several simplified models (Sachs, Voigt, 1889; Taylor, 1938; Lin, 1971) and particularly the
self-consistent model (Kroner, 1958; Budiansky and Wu, 1962) were proposed to solve it.

In the case of local elastic isotropy, when the shape of the crystals are approximated by a sphere, the
self-consistent model gives a simple formula to compute the interaction between crystals:

o=3+2u(l-B)(E"—¢&"

where B is a constant = 2(4 — 5v) /15(1 — v), u is the shear modulus and » is the Poisson ratio.
The model was extended to anisotropic €elasticity by various authors which drives to a modified interaction
formula (Bui, 1969)

o=A[Z+2u(1-B)(E' —¢")]



or to take into account the elastoviscoplastic stress relaxation:
o=3+2u(l1-B)(E"—€")AM( 3, E", P)
with explicited A and A(X, E”, P) (Zaoui, 1970).

2.2. Physically based model

Since many researchers are still working in this area, we only give here the results that we obtained for the
global behavior of FCC polycrystals for small deformation, based particularly on some unpublished work with
Compere (1973) and Engel (1975). In fact, we underline the use of the single crystal model, the relation in a
RVE with the self-consistent model, simplified methods, or the more sophisticated finite element method; we
underline also the use of the direct explicit time integration of the evolution viscoplastic equations (Treanor’
algorithm) or the implicit scheme of time integration of the plastic equations based on quadratic programming
algorithms.

2.2.1. Uniaxial tension

We consider a polycrystal RVE which has an infinite size and with an infinite number of crystals with initial
random orientation characterized by 3 orthogonal vectors X, Y, Z In afixed frame of reference (followi ng the
notations of Zaoui (1970)), X, Y, Z, with U being the axis along the intersection between the two planes (x, y)
and (X, Y), we define the angles ¥ = (X,U) rotation with Z axis 6 = (Z, Z) rotation with T axis and ¢ = (T, X)
rotation with Z axis.

To cover all the orientations, it is just sufficient to limit the variations of the 3 angles (¥, 6, ¢) to:

snesind >0, cosf<snesng, sin 6 cos ¢ > 0, cos6 >0, cosf <cosesnb

which define in the space (¢, cos 6, ¥') a cylinder parallel to ¥, bounded by the 2 planes ¥ =0 and ¥ = 2,
asindicated in Fig. 6. In atensile test, the angle ¥ is not taking part.

We have then addressed the following questions:

(1) How many different orientations of crystals are necessary to reach the description of an initially isotropic
polycrystal? We have used our fcc single crystal model for the local behavior. We have also used the simple

/2

Domain of variations for the Euler angles

Fig. 6. Limits on the angles for the isotropic polycrystal.
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Influence of number of orientations on the tensile curve

Fig. 7. Differences with the number of crystals for the global response.

self-consistent model. We have selected 3, 24, 36, 54, 117 orientations uniformly distributed in the plane (¢,
cosf).

We did not notice great differences between them (Fig. 7). Then, we concluded that 3 well selected
orientations were sufficient for the simulation.

(2) Are the simplified models, such as the self-consistent model, sufficient to represent the interactions
between crystals? We have taken the previous model of the polycrystal but in the same time, we performed the
finite element numerical analysis. At that time, it was necessary to develop a program for rate-dependent or
rate-independent crystal plasticity (the program was also written for large transformations).

We took a polycrystalline specimen containing 216 tetrahedral elements crystals with distributed orientation

asin Fig. 8.

¥/
TN\ 20 N\30 '\
2 N 1 N\ 20 N\ 29\
- 5 / 10 19 28\, o
X
N Iy 01 19| 28
6 5
> gl 3| 2|
8
|7
7 16 25 | M4
36 cubes 210 tetraedral elements
y80n0des

Repartition of the crystals within the volume

Fig. 8. Finite element meshes for the numerical simulation.
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4 £/
20 40 60 80 0
Differences between sclf-consistent model and finite element simulations
Fig. 9. Differences between local and global simulations.
Notation for the orientations of the crystals
A B C D E F
¢ 225° 375 375 525> 525 675,
0 825 825 675 825 675 825
1 2 3 4 5 6
¢ 0° 60° 120° 180° 240° 300°°
Repartition per layer of 9 cubes (A1l meaning ¢ = 22.5°, § = 82.5° and = 0)
Al E2 B3 Cé D1 A2 D3 C2 F1 F2 Bl E6
D6 C5 F4—(1t09), B5 F6 Cl1—(10to18), A4 E5 B6 —(13t027), El A6 D5 —(281t036).
F5 B4 E3 E4 A3 D2 C3 D4 A5 B2 F3 C4

We did not find great differences between the two kinds of analysis and we concluded that the simple
self-consistent model, without any other improvement, was sufficient for the analysis (Fig. 9).

(3) Isit necessary to modify the values of the coefficients of the interaction matrix D((Q between dlip systems
which were explicitly computed with the physical model of the crystals?

afoy

4
normal D matrix

2 D matrix /15
cvemmmmeememee——— .53 D matrix =0

€

2 0, . 0.6, . 8. 1%
Fictitious muﬁiﬁcatmns on the interaction m(ajtg'lx b v

Fig. 10. Influence of the absolute value of the interaction matrix.
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In Figs. 10 and 11, we have performed a number of different simulations using various assumed values for
the interaction coefficients (as from a phenomenological point of view, these coefficients may take different

o /o,

fictitious strong latent hagdening formal latent hardening

/—’mw.niﬂg

S

=)

.53 no hardening

02 0.4 0.6 0.8
Influence of the latent havdening on the tensile curve

Fig. 11. Influence of the relative value of the latent hardening.

values) and even that artificialy, the latent hardening could be more important than the self-hardening.

This may allow a greater flexibility to reach a better agreement with the experimental results (we were able

to represent rather well the tensile behavior of copper).

In Fig. 12, we have also smulated the case where the density of dislocations for any dlip system reaches a
limiting value following the idea that the mean distance D between 2 dislocations can not be smaller than a

critical value.

2.2.2. Multiaxial loadings
We have also analyzed the global behavior of the polycrystal during biaxial loading along the z and y axis,
particularly, when there is a viscoplastic potential (2 when the crystals admit viscoplastic potentials 7~ as

shown by Rice (1970),

(2=\—]}fv7dv.

We have simulated the evolution of the elastic yield surface, £2 = 0 and the potential surface, 2 =10"° of

o /o,

D,=1235A
+

D, = 2470 A

0.2 0.4 0.6 0.8 1%

Fictitious saturation on the densities of dislocations

Fig. 12. Phenomenological introduction of a saturation state.
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Evolution of the elastic yield surface with the axial deformation

Fig. 13. Elastic yield surface with the axial strain.
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Evolution of the equipotential with the strain (isotropic elasticity)
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Fig. 15. Viscoplastic potentia surface with the axial strain.
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the polycrystal, during a loading along the z-axis. When the initial yield surface looks like the Tresca criterium,
it quickly changes with its size is considerably reduced. On the other hand, when the viscoplastic surface
initially looks like the Mises criterium, its subsegquent evolution consists of a rotation, a trandation and a
distortion, which are functions of the amplitude of the actual axial strain Figs. 13 and 14.

Finally, in Fig. 15, we also examined the effect of the elastic anisotropy of the crystals and their plastic
rotation, using the modified self-consistent formula.

2.2.3. Final remark

We have shown that, to represent the global physical behavior of the polycrystal, it is sufficient to use only 3
orientations of the crystals for both rate-dependent or rate-independent crystal plasticity and the simple
self-consistent model. Although we have obtained a reasonable fit to the experimental data, we do not think that
the method can be used in industrial applications; the calculations require at least 72 parameters!

3. Quasi-physical modeling of aggregates

A more useful method was developed by retaining the main features of the microscopic approach, but using
simple and elementary analysis (inter and intra crystalline couplings and the construction of explicit relations).
This led to a new approach of analysis of modelling materials which ensures a much better fit to the tests and
chiefly drives to elementary analysis of structures where only elastic computations give practical bounds of its
response to many complex loadings. We refer the reader to this book for its complete description. Here, we shall
just underline the main points.

3.1. Hypothesis

Our aim is to consider the simplest model which is still able to represent the experimental results instead of
the exact physical model.

Based on some works by Mandel (1971) and Nguyen (1973) or Halphen and Nguyen (1975), we assume that,
at alocal scale, there are some inelastic elementary mechanisms which are the sources of producing

- instantaneous plastic strains with a threshold (as in the glide of a dislocation);

- viscous strains without a threshold (as in the thermally activated diffusion of a point defect or precipitate);

- visco-plastic strains with a threshold (as in the thermally activated crossing between two dislocations).

3.2. Basic equations

The basic equations associated with this quasi-physical modeling involve
- some internal parameters say,

which are linked to the local inelastic strains of each of the mechanisms, local sources of inelasticity.
+ The local stresses associated with on each of these mechanisms are expressed as

w a a
(T,y Ay :}\/
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where 3 isthe global applied stress tensor, o, o;, o,, aethe respective loca stresses, A,, Az, A, arethe
elastic stress localization tensors and y stand for the transformed internal parameters.
- These transformed internal parameters (similar to eigenstresses) are linked to the interna parameters by

o
=B| B|=Bx
Y

y=

2> T

where B is a non-negative symmetrical matrix with only the following two possible properties:

(i) B is dtrictly positive; there is then a one-to-one relation between the transformed internal parameters and
the internal parameters;

(ii) B is singular; the transformed internal parameters y must belong to a subspace of compatibility.

+ The evolution laws for each of these inelastic mechanisms are written as

(i) « € V(o) for the instantaneous irreversible strains with a threshold;

(i) B =f(ayp) for the viscous strains where f may be taken as a quadratic function;

(iii) y=00Q(oy)/doy for the delayed irreversible strains with a threshold and 2 is the viscoplastic
potential.

- The global inelastic strain rate is taken as

E'=AlLa+ALB+Aly=AT%
and the global elastic strain rate as

E=M3
3.3. Remark

We have shown that, using the above outlined modelling approach, it is possible to represent all the observed
experimental results during monotonic or cyclic multiaxial loadings with a very limited number of internal
parameters. Moreover, we have shown that, when using these relationships in numerical simulations of complex
structures, it is easy to obtain evaluation of the response with only a very limited number of linear elastic
analysis which may reduce the execution time of the computer by a factor of 20 to 1000.

However, in our view, this was not yet sufficient for real practical industrial applications.

4. Intelligent modeling of elastic aggregates
4.1. Principles

Recently, we have developed an approach based on automatic learning and optimization techniques, which
can use the entire body of the existing knowledge of the experts, the experimental results, computational
simulations, and produce practical results for engineering applications.

For this approach, it is necessary:

(i) To build a data base, i.e., to obtain some experimental, real or simulated results, where the experts of each
particular problem identify all variables or descriptors which they think should be essential for the solution of
the considered problem. This is, at first, done with some primitive descriptors x which are usualy limited in
number. Then, the experts transform the data into a (generally much larger) number of intelligent descriptors
XX. These descriptors represent the actual existing knowledge and all the relevant (but often insufficient)
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theories. Each descriptor may be a number, boolean, alphanumeric, name of files to provide access to data
bases, or curve, signal, or image. The results or conclusions may be classes (good, not good, ...), or numbers
(Young modulus, cost, weight, life time, ...). Usually, the data base may contain 20 to 50 examples with 10 to
1000 descriptors and 1 to 20 conclusions.

(ii) To generate the rules with any automatic learning tool. The intelligent descriptors help these learning
algorithms. Each conclusion is explained as a function or a set of rules of some among the input intelligent
descriptors with known reliability or accuracy. If this reliability is too low, it implies that there is insufficient
data or there are bad, missing descriptors, or that the problem was not well described.

(i) To optimize at two levels (inverse problems):

- Considering the intelligent descriptors as independent; it is possible to obtain the optimal solution
satisfying some specially required properties and allowing the discovery of new mechanisms.

- Considering the intelligent descriptors linked to primitive descriptors; it is possible to obtain the optimal
solution which is technologically feasible.

So, not only a practical optimal solution is obtained (since good interpolations and extrapolations for new
cases are made) but also the experts of the problem may learn the missing parts, may build models or theories
based only on the retained intelligent descriptors and guided by the structure of the rules or relationships.

4.2. Application to an elastic aggregate

We refer particularly to the chapter in the book by Nemat-Nasser and Hori (1993) on elastic solids with
inclusions. Several models for approximated values or bounds of the global elastic tensors were proposed.
Almost al these classical models are based on only the volume fraction v, = V; /V of the inclusions.

Here we consider a special RVE which contains randomly distributed aligned fibers with the same
rectangular section (plane strain problem). The fibers are along the z-direction. Since this RVE has a finite size
V, we have a special distribution which implies a general orthotropic material instead of a transversely isotropic
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Fig. 16. Inclusions/fibers in the representative volume element RVE: finite element mesh.
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one; see Fig. 16. We want to obtain the values of the effective moduli of a particular finite sized RVE, using
random distributions of the fibers. For each case, a special distribution needs to be defined. Some mathematical
morphological tools are available for this purpose.

Here, let us assume that this distribution may just be defined by the following parameters: v;, the volume
fraction; n;, the number per unit volume or cross-section; |;/h;, the relative aspect ratio of the cross-section of
fibers;, C,,, C,,, the relative coordinates of the center of inertia C; of the fibers; R, the radius of the circle
with center at C; which contains all the cross-sections of the fibers; d,,, the minimum distance between two
centers of cross-section; disl, the mean distance between two centers of cross-section; and dis2, the mean
distance between a center and the center of inertia C,.

4.2.1. Building the data base
Let us assume that we have a data base of examples where the distribution of the fibers, and the local and
global elastic properties are given. These global elastic coefficients may have been measured during tests or, as
a less interesting case, they may have been computed numerically using for example a finite element program.
Since our illustrative example has only a pedagogical interest here, we have created the data base numerically
in plane strain. We applied an homogeneous boundary displacement field:

u=ax+ by
U= v=Ccy
w=0

which implies the global strain tensor

E.x=a E,=b/2 0
=E= S E,=c O
S S 0

or equivaently the globa strain vector

E,=0
Es=2E,,=b

With any linear finite element program (Navidi and Azhdari used respectively CADSAP from Algor and
NIKE-2D from Laurence Livermore Laboratory), we compute the local stress field o and by directly
averaging, we define the global stress tensor

Z=%/;/0'du
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or equivalently its vector form

21 = Sx

3,=3,

= 3,=3,
27 s, - 5,=0
3,=3,=0

26 = ny

Then the effective global elastic coefficients are defined by

_L11 _L12 [13 0 0
S Ly Ly 0 0
. S S Ly O 0 O
S s s L, 0 o0
S S S S Lg O
S S S S S Lg

_ Indeed due to our hypothesis of plane strain, only 6 of these coefficients are identified: Ly;, Ly, Ly, Leg,
L1z, Los.

The description of each example contains:

(i) The classical primitive descriptors E,,, v, (elastic constants of matrix), E;, v, (elastic constants of
inclusion), v; (concentration of inclusions or volume fraction) from which we compute for the matrix: Lamé
coefficients A, = E v,/ (1 + v )1 - 21,), u = E, /21 + v,) and K, = E,,/3(1 — 2y,) and the same coef-
ficients for the inclusion: A;, u; and K;.

(ii) The intelligent descriptors of the inclusions distribution within the particular volume as described earlier:
n, li/h, Cy, C;, (C; coordinates), R, iy, disl, dis2.

(iii) The intelligent descriptors which represent, in principle, the best actual knowledge of the experts (for
simplification reasons, here, we only take the predicted values given by Behrens (1967) but one of the
Hashin—Shtrikman bounds or exact Nemat—Nasser’ s bounds or improved Willis bounds, could have been taken,
keeping in mind, however, that the simplest one is usually the best one; we do not want expensive descriptors
which may need cumbersome computations or complex testings).

The values are only given for the transversely isotropic medium and only for the concentration of inclusions
or volume fraction, with

2+ A ,
A= i+ A+ mp, B=ui+A—pn—An, C=ui— mm q:,u—’ A=+ A+,
m
Cu;

+ -
A—-By  A—-C(v)

[Tl = _LSZ = (Z,LLm + /\m)

(Ai - )\m)(Z,LLm + /\m) b;

[T3=_L§3=/\m+ A— Bo.
I
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(A — /\m)ZUi(l —v;)

[§3=2Mm+)‘m+(2/~Li+/\i_2/“Lm_)‘m)Ui_ A—B

Cuo;

2= |l ——
66 m m _C(Ui)l/ql

C

LD =2+ (21 + Ap) o, —
12 mt (21n m) Ui A— By, A'—C(Ui)q

The data base has then the following structure:

- 18 input descriptors; filename (only as reference), y_inc, p_inc, y_mat, p_mat, volfrac, nb_incl, aspect,
Cy, C.z, R, disl, dis2, dmin, and the 4 Berhens decriptors L11P, L31P, L12P, L66P.

+ 6 output descriptors or conclusions; L11, L22, L12, L66, L13, L23.

4.2.2. Learning (Fig. 17)

Using the numerical option of LES from LMS of X 2 we can learn each of the six conclusions.

This automatic learning when using all the input descriptors and special learning control parameters (then
taking the Berhens intelligent descriptors) may give for the first conclusion L11:@# L11=
4.715796561017032e — 01 *y_mat + 4.557336454329526e — 01+ L 11P — 7.575868226106983e — 03+ y_inc +
4.760595153407522e — 01+ L31P + 6.069191287762840e — 01 *y_inc* volfrac — 4.60048727220313% —
01+ volfrac*L11P + 1.262632291054333e — 06 p_inc* L12P* x 2 — 1.879706062534128e — 06+ y_mat * 2
xvolfrac + 4.151452553084349¢e — 07+ C.y * L12P* %2 — 1.219946907404129¢ — 17%L31P* % 2% L12P% %2
with the errors standard-deviation: 1.33 X 10°, skewness: 0.895992, kurtosis: 2.78957.

The direct automatic learning (without the introduction of the Berhens descriptors) gives for the same
conclusion: L11 = 3.88E — 01xy_mat — 9.21E + 03+ aspect + 3.12E — 06=*y_inc*y_mat — 7.82E —
01xy_incxp_mat + 1.76E + 00*Yy_inc*volfrac + 8.46E — Ol+p_inc*y_mat + 2.14E + 00*y_mat+p_mat —
1.41E + 00+y_mat = volfrac + 2.24E + 05+ p_mat * * 2 — 8.45E + 04 volfrac* * 2,
but the errors are much higher: standard-deviation: 9.85 x 108, skewness: 1.46374, kurtosis: 5.89781.

We can also use other automatic learning techniques particularly those which are based on neural networks
such as NEUROSHELL 3.

So, we can predict for any mixture and any distribution of inclusions the effective properties with a
reasonnable accuracy, i.e., we can conclude.

However, what is more important in our personal view, is that we may try to find the special mixture and
distribution which will satisfy a priori given requirements using for example, the functionality OPTIMIZE of
LES of X or the program GENEHUNTER of Ward Systems, which are both based on genetic algorithms. Here,
we may find the composite material with the lowest weight (the objective function), which will have however
some required bounds for its elastic moduli knowing that the materials for the matrix and the inclusions belong

2 The LES system was developed at the Laboratoire de Mécanique des Solides de I’ Ecole Polytechnique. The software is given to the
participants of the intensive workshop Intelligent Optimal Design of Materials and Structures organized regularly at Ecole Polytechnique
(France) and at University of California San Diego (USA). It is also distributed by CADLM, 9 Rue Raoul Dautry, 91190 Gif /Y vette,
France. Tel.: + 33-1-69072922; fax: + 1-33-1-69072809; e-mail: cadlm@wanadoo.fr. The system has a symbolic option (by Dr. M. Sebag
and M. Schonauer) and a numeric option (by Mr. M. Terrien).

® This system is developed and distributed by WARDS Systems Group, Inc., Executive Park West, 5 Hillcrest Drive, Frederick, MD
21703, USA. Tdl.: +1-301-6627950; fax: + 1-301-6625666; e-mail: wardsystems@msn.com.
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Fig. 17. Learning of the 6 conclusions and coupling with optimization within EXCEL.

to some classes with bounded elastic properties. But any new objective may be given and the results are
obtained instantaneously (Fig. 17).
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