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On a new method of evaluation of the inelastic state due to 
moving contacts 

N. Maouche, M.H. Maitournam, K. Dang Van
Laboratoirt de Micanique des So/ides, CNRS URA ]/7, Ecole Polyrechnique, 9/ /28 Pa/ais,au Cedex, France 

The prediction of damage and wear of materials under repeated moving contacts requires first the determination of the limit response in 
terms of stress and strain. The simulation necessary to calculate the limit response could be performed with classical finite elements and an 
incremental treatment of the loading history. resulting in lengthy and repeated calculations. For steady-stale moving contacts, the 
stationary methods allow a quick evaluation of the stabilized state. These procedures cannot be used in the case of an arbitrary cyclic 
loading resulting, for example, from small oscillatory contacts. In this paper, a new finite element approach is developed for structures 
subjected to an arbitrary cyclic loading. It is based on an original integration scheme which allows direct determination of the stabilized 
state of stresses, strains and internal parameters. This asymptotic state could be either an elastic shakedown. a plastic shakedown or 
ratchetting for an elastic-plastic material. Elastic and plastic shakedown states are easily obtained with this method. Applications to 
fretting fatigue and w� in relation to material fatigue properties are presented. 
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1. Introduction 
Fretting is the surface damage induced by small amplitude 

oscillatory displacements between metal components in con
tact. Depending on the imposed forces or the displacement 
amplitude, damage can either be wear or crack nucleation. 
Many experimental results have been obtained in recent 
years. Vingsbo et al. [I) and Vincent et al. (2) have estab
lished a lest methodology based on fretting maps. These maps 
give the material response fretting map (MRFM) (no dam
age, crack nucleation or wear) according lo the running con
dition fretting map ( RCFM) ( partial slip and gross regime). 
They are very useful for qualitative understanding of damage 
phenomena. However, the results obtained cannot be applied 
to another set-up having different solid geometries and mate
rial properties. Thus, the use of an intrinsic methodology to 
predict fretting is essential. For this purpose, our approach is 
based on numerical calculations and a multiaxial fatigue cri
terion. It takes account of the geometries of solids in contact 
and material properties and can be applied 10 any kind of 
structure under fretting. The prediction of damage by numer
ical simulation requires one first to compute the mechanical 
quantities resulting from the cyclic contact loading due to 
fretting. The type of loading I 3-5] is either a moving contact 
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loading or a contact fixed in space but varying in time. The 
incremental method based on a step by step integration could 
be used to calculate the possible stabilil.Cd state resulting in 
lengthy calculations. A new method is proposed to avoid this 
inconvenience. The stabilil.Cd state is obtained directly by an 
original integration scheme taking advantage of the periodic
ity of the loading path. This method is applied for the two 
cases of loading discussed above to simulate a fretting-fatigue 
set-up. The stabilil.Cd mechanical state is detennined. It is 
shown that plastic shakedown is associated with wear ( gross 
slip regime) while elastic shakedown leads to crack nuclea
tion. The Dang Van criterion is used to predict this nucleation. 

2. Description of the loading 

Let us consider two bodies in contact under a nonnal con
stant compressive force P and subjected to a repeated alter
nating tangential force T(t). In order to calculate the 
�lastoplastic limit response of the material in fretting, we 
describe first the loading cycle. Although the aim of the 
numerical method is to evaluate the inelastic state, the nonnal 
pressure and the shear tractions are assumed to be given 
respectively by the elastic theory of Hertz and the theory of 
Mindlin. This approximation is valid when the stabilil.Cdstate 
is elastic (elastic shakedown). In the case of plastic shake-
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Fig. l. Model of calculations. 

down, the contact pressures are in fact modified during the 
cycles but the hypothesis of elastic contact pressures is 
maintained. 

The contact width is assumed to be sufficiently small in 
comparison with the dimensions of the two bodies. Body 1 
is represented as a half space (Fig. I). The constant normal 
pressure p(x) and the contact area are assumed to be given 
by Hertz L'1eory: 

where Po is the maximum normal pressure and a is the contact 
half-width. The tangential force T( I) describes an alternate 
loading cycle of amplitude 2T ..... Two cases are studied. T .... < µP. No full slip occurs during the loading cycle if 
T ma, is less than µP, where µ, is the friction coefficient. The 
distribution of the sh-::ar traction is given by Mindlin theory 
[ 6 J. The contact zone is divided into a central sticking zone 
of width c bordered by slipping zones which vary with the 
tangential force T(t). The loading cycle is represented by the 
shear traction distributions shown in Fig. 2. In the configu
rations A and B, the tangential force T(t) decreases from T max 
to O in C, still decreases in the configuration D and reaches -T max in E. At the instant E, T(t) increases from -T"""' to 
0 in the configuration G and reaches T max in H. The shear 
traction distributions are provided by the following equations: 

where c,... is given by 

c";=Jt-7;;: 
and c is a function of T: 

;=JI_T
"i',i

; T 

Tm .. = µP. Full slip arises during the loading cycle ifT,... 
is equal to µP [ 7]. The shear traction distributions are shown 
in Fig. 3. In the configurations A, Band C illustrated in Fig. 3, 
the contact loading is fixed in space but the tangential force 
increases from O to T max• When T"""' is reached, the contact 
loading slides in the direction of positive x with a displace
ment. In th{; configurations D. E and F shown also in Fig. 3, 
the tangential force decreases from -T"""' to T"""' and the 
loading is fixed in space. When -T mu is reached, the contact 
loading moves with a distance 8 in the direction of negative 
x. Finally, m configurations G and H, T(t) increases from 
- T"""' to 0. Shear tractions are then given by the following 
equations: 

{q(x)=-µp•R c�lxl�a 
q(x) = -µp{R-2�R] lxl<c 

TlllgllUlloa'f(I) ·•V�•• •a-c�•a 

line! 

@ 

I © © 
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Fig. 2. Loading cycle without full sliding and the com:sponding shear traction distribut;ons. 
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T.1t1genualforcrT{IJ Fig. 3. Loadin� cycle with full slidine :111,j the corretp-�ndir:g shear traction distributions. where c is still function of T as: 
�=J1_T7;/ The cycles of loadingjust described are pm�ribed as external forces for the detennination of the stabilized state with the new numerical method which is now presented 3. Numerical method The stabilized mechanical response of body I is either a shakedown or a ratchetting since the loading is periodic. Knowledge of the evolution is only of limited interest. The cyclic direct method allows the detennination of the asymptotic response of the structure without following the loading step by step. The material considered is elastoplastic with kinematic hardening. Fd(t) denotes (tE [0,T]) the external loading path of period T corresponding to either fixed or moving contact as described above. Tne interval [ 0,T] is discretized inn intervals0<t1 < ... <t. = T. In the incremental method, for each loading increment !:,,,Fd, the incremental quantities !:,,,er, l:,,,e, t:,,,.,• are evaluated such as to satisfy static and kinematic admissibility conditions. The loading path is followed until the limit response is reached. following ideas of Ladeveze [ 8,9) and Akel and Nguyen [ IO], we seek directl> tl,e asymptotic response. The approach used is iterative. For each iterationj, at time t;, we first seek the stress tensor u{", which i� statically admissible with the loading Fd( t;) and the strain tensor e{, which is kinematically admissible with the prescribed displacements if(t;) corre- sponding to the instant t;, These two conditions are equivalent to the resolution of equilibrium equations: 

KU/=Q,+Q�,-• in which Q;, Qr'-' and K represent the nodal external forces corresponding to Fd(r;), the vector of the loads due to plastic strain ff;'-' (assumed known) and the stiffness matrix of the linear elastic structure respectively. In a second stage, we detennine the stress tensor u1: 1 plastically admissible. At each time, the plastic strain El'� 1 is obtained by projecting the strain increment E{ + 1 - E{ on the elastic convex domain defined by the initial state ( u{',ej,Ef') attimet; which is known. u{':. 1 is then calculated from the constitutive law written in incremental form: E{+, -E'.=K{u{:, -u{'> + (Ef� 1-Ef;) The stabilized state is obtained when the plastic strain Ef' at the beginning of the cycle is the same as that ... the end of the cycle e�'- Otherwise, the same steps are performed in iteration j + I by initializing .,y,· I to er and the process is repeated until elastic or plastic shakedown is achieved. Ratchetting is revealed by the non-convergence of the procedure. 4. Comparison between the numerical results obtained with the cyclic direct method and the incremental method The applicability of the method is illustrated with twodimensional examples. The numerical results and the times of computation obtained by the cyclic direct method are compared with those obtained by the classical incremental method in the case of a sticking regime loading cycle and full sliding 
3
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Fig. 4. Comparison or the residual stresses at the surface in the case of full sliding 
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of elastoplastic Von Mises material with linear kinematic hardening. Tite material parameters are indicated below. Young's modulus E 201 0Pa Poisson's coefficient v 0.3 Shear re�istancek 159.118 MPa Hardening modulus C 30 GPa The computation with the gross slip loading is performed with the parameters given below leading to plastic shakedown. Ratio of nonnal pressure p0/ k 2 Coefficient of friction µ. 0.6 
Fig. 5. Comparison of the residual stresses in the depth in the case or full 
sliding. 

Amplitude of displacement I',/ a 0.2 loading cycle. Computations are done on an HP 700 work station. A mesh of 4539 nodes is used to represent the halfspace. The smallest element size is 0.05a. The body is made The stabilized state (plastic shakedown) is obtained with the incremental method after 30 h of CPU time (74 cycles) while it requires only a CPU time of 3 h with the cyclic direct method. The new method runs in this case 10 times faster 
6 • 6.53 E•4 

7 • 7.83 E·4 

8•9.10E·4 

Fig. 6. Contours of equivalents plastic strain In the case of full sliding. 
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Fig. 7. Comparison of ;tress-plastic strain cycles in the case or run sliding. 
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Fig. 8. Comparison of the residual stresses at the surf a;;,, in the sticking regime. 

than the incremental method. The components of the residual 
stress obtained by the incremental method •md the cyclic 
direct method at the surface and in the depth are comi)ared in 
Fig. 4 and Fig. 5. A good agreement between the numerical 
results is found. The contours of equivalent plastic strain are 
shown in Fig. 6, illustrating a surface flow under the contact 
zone. In Fig. 7, the stabilized cycles of stress vs. plastic strain 
of an element at the edge of the contact surface obtained with 
the two methods are plotted. A good a�eement is also found. 
The loading corresponding to the stick-slip regime is ana
lyzed with the parameters given below. 

Ratio of normal pressure p0/k 3.5 
Coefficient of friction µ 0.3 
Tangential force T m.,JP 0.25 

The stabilized state l elastic shakedown) is obtained with 
the incremental method in SO min CPU time and in 23 min 
by the cyclic direct method. The components of the residual 
stresses obtained with the two methods are nlottPd at the 
surface in Fig. 8 and as a function of depth in Fig. 9, showing 
good agr�ment. The contours of equivalent plastic strain are 

-15.0 
0.0 .--�--�------<--=:,:-�---. 

-2.5 '-----------L...�--....... --.J 
Fig. 9. Comparison or the residual stres<.'S in lhe depth in the slickine regime. 
shown in Fig. 10. The maximum plastic strain is reached in 
the subsurface at a depth of 0.5a under the contact zone. For 
this depth, the stress vs. plastic shear strain and the stress vs. 
shear strain cycles computed by the two methods are plotted 
in Fig. 1 1  illustrating a satisfying concordance. 
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Fig. 10. Contours of equivalent plastic strain in the sticking regime. ·'-�1'-., --_, .... _s --., ..... , --.,_ .... s --_,f .... ' -�,J---J1.1 
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Fig. 1 1 .  Comparison of stress-strain cycles in the sticking regime. 
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Fig. 12. Shakedown map. 

For displacement amplitudes of 8 = 0.2a and 6= O.Sa, the variation of shakedown limit with the ratio of the normal pressure and the friction coefficient is shown in Fig. 12. It is noticed that, for a low friction coefficient, the shakedown limit is reached for high normal pressures ( (Ok). Indeed, although the normal pressure is high, the stress amplitude is low because of the small displacement amplitude and the low friction coefficient. As is usually recognized, it is the amplitude of stresses which governs effectively the shakedown. Notice also, that for high coefficients of friction. the shakedown limits for 6 = 0.2a and 6 = O.Sa are the same and are nearly equal to the elastic limit. 
S. Application to fretting fatigue The experimental set-up is presented in [ 1 1 ] .  Two cylindrical fretting pads (diameter 10 mm) are clamped agains1 

6



SU) 
I P contactforce SU) ei�mallatiguesu,ss,,, 

S(I) Fig. 13. Fretting-fatigue set-up. the two surfaces of a Hat uniaxial fatigue specimen tested under constant amplitude loading at a frequency of 20 Hz as shown in Fig. 1 3. The pads are made of 100C6 steel and the fatigue specimen is made of 3Cr-Mo V steel. The mechanical properties are given below. 3Cr-MoV IOOC6 Yield strength (MPa) 980 1700 Tensile strength (MPa) 1 140 2000 Young's modulus (GPa) 215 210 Hardness (HV) 
360 
62 The prescribed oscillatory displacement between the pads is linked to the vrescribed oscillatory fatigue stress S(t) in the specimen. For a maximum stress S.,.. = 500 MPa, the amplitude of displacement is 0.55 µ.m. The Hexible beams arc:, equipped with strain gauges in order ti, measure the clamping force P between pads and specimen and the friction force related to the accommodation displacements. 'The variations of the tangential force T( t) are recorded for each fatigue cycle and plotted as a function of fretting fatigue stress S(t) ( fretting fatigue loops). By varying the operating parameters (P, S ..... ), three regimes are established. • The sticking regime. Fretting fatigue loops keep a nonevolutive closed shape. The loops are quite linear during the test. The macroscopic displacement between the contacting surfaces is mainly accommodated by elastic deformation in the near surface of the two components. No damage ( wear or crack nucleation) appears during the 107 cycles of the test. • Mixed stick-slip regi::ne. The loops present an elliptical closed shape. There is partial slip and fatigue crack nucleation observed at the edges of the contact. /U 
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Fig. 14. Fretting fatigue map. • Gross slip regime. The loops present a trapezoidal shape. Full slip occurs between the two contacting surfaces. In this regime, particle detachment is observed. The different regimes are obtained for varying parameters (P, S.,..) summarized in the map shown in Fig. 14.6. Numerical analysis and prediction of wear and crack nucleation The prediction of damage mechanisms shown in the map, Fig. 14, requires first the calculation of the stress history in the stabilized state. Secondly, the Dang Van multiaxial fatigue criterion is applied if the stabilized state is elastic shakedown. Petiot et al. [ 1 1  ) used the incremental method to calculate the stresses. The finite element method described in Section 3 is used here to simulate the set-up and to calculate the stress history in the stabilized state. The specimen is modelled as a half-space subjected to a constant normal force and a varying tangential force T(t) and a fatigue stress S(t) varying linearly with T( t) .  The material is elastoplastic with kinematic hardening (hardening modulus C = 30 GPa) and with properties given in Section 5. Three simulations are performed corresponding to the three regimes established in the map (P ands ..... are the prescribed parameters and T "'"' is measured in the test): • sticking regime, P = 140 N, s .... = 350 MPa and T"""' = 53 N (no damage); • mixed stick-slip regime, P= 100 N, Smax = 600  MPa and 

T max = 80 N ( crack nucleation); • gross slip regime, P = 80 N, Smax = 500 MPa and r .... = 64 N (wear). In the case of loading in the gross slip regime, the nonlinear stress-plastic strain cycles for al! element located at the surface under the contact zone (x= -0.4a) are shown in Fig. 15, illustrating plastic shakedown. Wear is then associ-
7



lfH r--------------, llU ,------------� 

r7 
-ISIJl�, ..... -� .. -. -p,-.,,�t.·-s,,-.in-r-ui�2i10-··1,-�-----' -JHl�J.'::-., --:c----p-,'/:,--!1,-.n-,,�..,.�;:.-s,r:-'llil-�1i-.,(-IO�.)-' -�----' 

Fig. 15. Stress-plastic strain cycles in fretting fatigue (gross slip). 
ated with plastic shakedown and so with low cycle fatigue 
properties confirming the works of Kim and Ludema [ 12) 
and Johnson [ 13).  Owing to this numerical method, we 
obtain, better still, t.'ie plastic strain amplitude in the stabilized 
state. 

Since the response of the material is respectively purely 
elastic and elastic shakedown in the sticking regime and 
mixed stick-slip regime, high cycle fatigue is of concern. The 
stress cycle through the contact is multiaxial. Uniaxial empir
ical high cycle fatigue criteria are not applicable. As in [ 1 1  ] , 
the Dang Van multiaxial fatigue crack nucleation criterion is 
used to predict fatigue cracks. It involves comparing the load
ing path described by the microscopic shear -rand the pressure 
p with the fatigue properties of the material obtained by tor
sion t and bending/ fatigue tests (1= 380 MPa and/= 594 
MPa for 30NCD16 steel) .  More details about the Dang Van 
multiaxial fatigue crack nucleation criterion are given in Refs. 
[ 14, 15] .  The most critical point is located in the surface at 
the edge of the contact. The most critical loading path ( -r,p) 
for each regime resulting from the stress cycles in the stabi
lized state is plotted in Dang Van's fatigue diagram shown 
in Fig. 16. In the sticking regime, the loading path ( -r,p) is 
beneath the fatigue line material, so no damage occurs. In the 
mixed stick-slip regime, the loading path intersects the 
fatigue line material concluding with crack failure. The pre
diction of crack initiation is in good agreement with the exper
imental observations. 

7. Conclusion 

A new finite element method is developed to evaluate the 
inelastic state of structures subjected to cyclic loading. The 
stabilized state ( elastic or plastic shakedown) is obtained 
directly by an original scheme of integration. Application to 
fretting is presented with alternate moving contacts. Two 
kinds of cyclic loading encountered in fretting are considered: 
an alternate moving contact with small amplitude of displace
ment corresponding to the gross slip regime, and a fixed 

•�'-.----,-.-� .. �.--------'
l'rmwtp!MPal Fig. 16. Loading palh in Dang Van's �iagram in stick regime and mixed stick-slip regime. 

contact in space but varying in time corresponding to the 
sticking regime. This method avoids lengthy repeated cal
culations required by the classic incremental method. The 
calculations in the direct cyclic method can be IO times faster 
than the incremental method. The results obtained in the 
stabilized state with the two methods are compared and a 
good agreement is noted. 

Numerical analysis is performed with the direct cyclic 
numerical method to simulate a fretting fatigue set-up and 
evaluate the mec:hanical characteristics. It is found that wear 
in the gross slip regime is associated with plastic shakedown 
and therefore to low cycle fatigue properties. Calculations in 
sticking and mixed stick-slip regimes lead respectively to 
purely elastic and elastic shakedown. A multiaxial fatigue 
criterion is used to predict nucleation, and good agreement 
with experimental observations is found. The numerical 
direct cyclic method combined with Dang Van multiaxial 
fatigue crack nucleation allows the prediction of the fretting 
fatigue map in relation to material properties. Our approach, 
based on numerical calculations and a multiaxial fatigue cri
terion, takes account of solid geometries in the contact and 
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material properties and so it is a promising method for prediction of the damage of structures under fretting. 
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