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Quasi-static evolution of delaminated structures: analysis
of stability and bifurcation

Rachel-Marie Pradeilles Duval
Laboratoire de Mécanique des Solides, Département de Mécanique, Ecole Polytechnique, 91128 Palaiseau Cedex, France
Within the framework of dissipative systems with time-independent behavior, the study of the evolution of dela-

minated structures modeled by frames of plates is considered via a global energetic analysis. Assuming the current

equilibrium state is known, the governing rate problem for the instantaneous delamination is formulated as either a

system of local equations or as a global variational inequality.

This global formulation enables to study stability and non-bifurcation of the evolution of a delaminated structure

under quasi-static loading, corresponding to the statement of existence and uniqueness criteria for the rate solution.

Two analytical applications to simple structures are presented.

Keywords: Delamination; Plates; Kirchhoff–Love theory; Stability; Bifurcation; Propagation
1. Introduction

The study of fracture in composite structures has been widely investigated. The main issues are the
nucleation of the damage and its evolution (Moon et al., 2002; La Saponara et al., 2002; Bruno and Greco,

2001; Zou et al., 2002). In the latter category, numerous papers deal with the modeling of delaminated

structures where various viewpoints are considered. The delamination can be represented as an imperfect

interface whose total damage represents the delamination (Perret et al., 1998; Borg et al., 2002; Greco et al.,

2002; Qiu et al., 2001). This assumption is especially efficient to define the start of fracture. Another line of

investigation considers the delamination as the propagation of a crack parallel to a plate or a shell which

corresponds to the delaminated structure (Storakers and Anderson, 1988; Larson, 1991; Cochelin and

Potier-Ferry, 1991; Pradeilles-Duval, 2001; Ousset, 1999). Analytical or numerical examples of propagation
of delamination in such composite structures use various propagation criteria mainly based on energy

criteria. Extended Griffith formulations, sometimes with decomposition into fracture modes, have been

used as well (Hutchinson et al., 2000; Nilsson et al., 2001).
E-mail address: rachel@lms.polytechnique.fr (R.-M. Pradeilles Duval). 
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This paper is devoted to the evolution of delaminated structures represented by a frame of plates. The

goal is the introduction of a global formulation for the rate problem, when the propagation is governed by a

Griffith criterion. This new formulation enables to analyze the existence and the uniqueness of the solution

of this problem. In other words, the present global formulation allows the study of the stability and the
bifurcation in the propagation of the delamination in the modeled delaminated plates, which, to our

knowledge, has not been reported in the literature. The approach followed here is an extension of previous

work on irreversible phase transformation in three-dimensional bodies (Pradeilles-Duval and Stolz, 1995).

In Section 2, given the kinematic theory chosen in each plate, the kinematic junctions between the plates

along the delamination front is defined. Using a classical thermodynamic framework for time-independent

behavior of structures (Nguyen, 1993), we derive the equations for the equilibrium problem without

propagation (i.e. the delamination front given). Then the value of the total dissipation when the front

propagates is obtained. This gives rise to the energy release rate associated to the propagation of the
delamination front.

In Section 3, in order to define the quasi-static evolution of the system, one has to set the rate

boundary value problem. Having chosen an extended Griffith�s law as criterion of delamination and a

normality rule as evolution law, the solution, in term of velocity and propagation of the front, is to be

governed by either a system of local equations or a global formulation in the form of a variational in-

equality, based on a potential on the rate mechanical quantities. For a given delamination propagation,

the rate boundary value problem corresponds to a non-classical elastic boundary value problem with

internal pre-stresses.
In Section 4, it is shown that the evolution of the system (i.e. propagation of front), assuming a classical

criterion for the evolution of the front, is governed by a variational inequality. This formulation gives some

conclusions on stability and bifurcation of the current state, without the need to actually determine the new

geometry obtained by propagation.

Extensions of the above formulation given for Kirchhoff–Love plates are obtained for plates usually

attributed to von Karman (i.e. when large transverse displacements and large deformations are considered)

in Section 5.

Finally, analytical applications of these formulations to simple structures are proposed in Section 6.
A numerical procedure based on finite element method is outlined in Appendix A.
2. Problem settings

2.1. Geometry

Using classical modeling of delaminated structures (Cochelin, 1988; Larson, 1991; Storakers, 1991), the

system, denoted by Xt, is considered as three assembled plates, one of which represents the undamaged part

(X0
t ) and the two other plates correspond to the plates above (X

1
t ) and below (X2

t ) the delamination (see Fig.
1). Consequently, Xt ¼ X0

t [ X1
t [ X2

t . The front of delamination along which the three plates are linked, is

denoted by Ct. The external boundary of Xt is oX.
The subscript t emphasizes the fact that the geometry is time-dependent during the evolution of the

structure, the sub-domains X0
t , X

1
t and X2

t as well as the delamination front Ct are expected to change due to

the propagation of the delamination. On the other hand, the external boundary oX is assumed to be un-

changed.

The plates are parallel to the Cartesian orthonormal frame ðe1; e2Þ. Letting e3 ¼ e1 ^ e2 denote the

transverse direction, normal to the initial (undeformed) configuration of the plates, the following notation
are introduced:
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Fig. 1. Delamination modeled by plates frame: (a) top view, (b) transverse view.
• hi, the vertical position of the plate i compared with the mean plane of the undamaged plate (X0
t ),

• n, the unit normal vector to oX, external to Xt and t ¼ e3 ^ n the tangent vector to oX,
• m and s, the unit normal and tangent vectors to Ct, with m ^ s ¼ e3 and m external to the undamaged part

X0
t .

In addition, a summation convention is used, with a summation range of either 0–2 (Latin superscripts)

or 1–2 (Greek subscripts). Latin superscripts refer to the plate X0
t , X1

t , X2
t , supporting the corresponding

quantity.
X2
a¼1

xa fa ¼ xa fa ¼ x1 f1 þ x2 f2 and
X2
i¼0

f igi ¼ f igi ¼ f 0g0 þ f 1g1 þ f 2g2:
Moreover, the plates X0
t , X1

t and X2
t are parallel but not in the same plane. In the following, they are

considered through their projection on the mean plane of X0
t . So, a point is defined by its horizontal

position ðx1; x2Þ and by the plane it bellows which indicates its vertical position (x3 ¼ hi). One should note

that, as shown in Fig. 1, a position ðx1; x2Þ corresponds to two points, one in X1
t and another in X2

t .

Consequently, Ct corresponds to the curve in the mean plane of X0
t .

In the following,rf defines the gradient of f , in the plane ðe1; e2Þ. Two different kinds of jumps across Ct

are defined: s f t ¼ f 0 � f 1 � f 2 and s f ti ¼ f 0 � f i. The gradient of quantity f in the direction b is denoted

by f;b ¼ rf 	 eb. If s denotes the curvilinear coordinate along Ct, associated to s, then, for instance,

f;m ¼ rf 	 m and f;s ¼ rf 	 s.

2.2. Kinematic description

The motion in the plate i is classically defined by

• the in-plane displacement, uiðx1; x2Þ ¼ uiaðx1; x2Þea,

• the transverse displacement of the mean plane, wiðx1; x2Þe3,
• the rotation of a small segment initially normal to the plate, in other words, the flexural rotation,

hiðx1; x2Þ ¼ hiaðx1; x2Þea.

So, the displacement ni of the particle whose initial coordinates are ðx1; x2; x3Þ is:
niðx1; x2; x3Þ ¼ uiðx1; x2Þ þ wiðx1; x2Þe3 � x3h
iðx1; x2Þ:
3



The global strain tensor associated to this motion within the framework of small perturbations is given by:
eiðniÞ ¼ eiðuiÞ þ 1

2
½e3 � ciðwi; hiÞ þ ciðwi; hiÞ � e3� � x3jiðhiÞ;
with
eðuÞ ¼ 1

2
ðruþ TruÞ; jðhÞ ¼ 1

2
ðrh þ TrhÞ; cðw; hÞ ¼ rw� h: ð1Þ
e, j and c are respectively the plane strain of the mean plane, the gradient of the rotation of the normal and
the distortion of the plate.

Along the delamination front, the motions of the three plates are linked. One can choose among several

sets of conditions to formulate this link and this choice can strongly influence the predicted behavior of the

whole structure (Anquez et al., 1990; Pradeilles-Duval, 1992; Roudolff and Ousset, 2002). In this paper, the

continuity of plane displacement, of transverse displacement and of rotation along Ct are enforced through

the following conditions:
suti � hih0 ¼ u0 � hih0 � ui ¼ 0

swti ¼ w0 � wi ¼ 0

shti ¼ h0 � hi ¼ 0

9=; 8i 2 f1; 2g: ð2Þ
These conditions imply the following relations concerning the tangential derivative of the displacement:
sruti 	 s � hirh0 	 s ¼ 0
srwti 	 s ¼ 0

srhti 	 s ¼ 0

9=; 8i 2 f1; 2g:
2.3. Constitutive relations

Each plate is assumed to be elastic and the elastic energy is denoted by W , which is a function of eðuÞ,
jðhÞ, cðw; hÞ.

So, in the following, the generalized stresses are the in-plane stress tensor, N , the bending stress tensor,

M, and the shear force, T . They are obtained in each plate through the constitutive relations:
N ¼ oW
oe

; M ¼ oW
oj

; T ¼ oW
oc

: ð3Þ
2.4. Equilibrium

The system of plates is loaded by prescribed displacements and forces. Classically, the latter are rep-

resented by vector densities over the external boundary, assuming that no surface force is applied. Then, if

the motion of the structure is defined by the generalized velocities ðu�;w�; h�Þ, the virtual power of external
forces is reduced to:
Peðu�;w�; h�Þ ¼
Z
oX
½F 	 ðu� þ w�e3Þ þ C 	 h��ds:
In the previous equation, F denotes the external distributed force and C the external distributed moment on

oX.
Similarly, according to the previous definition of constitutive relations, the virtual power of internal

forces is:
4



Piðu�;w�; h�Þ ¼ �
Z

Xt

½N : eðu�Þ þM : jðh�Þ þ T 	 cðw�; h�Þ�dx:
By virtue of the virtual power principle, a state of equilibrium is governed by Piðu�;w�; h�Þ þ
Peðu�;w�; h�Þ ¼ 0, for all fields ðu�;w�; h�Þ which satisfy the continuity relations (2). This leads to the

classical local equilibrium equations:
divN ¼ 0

divM þ T ¼ 0
divT ¼ 0

9=; in Xi
t; with i 2 f0; 1; 2g; ð4Þ
and the relations between generalized stresses and distributed forces on the boundary oX are
N 	 n ¼ Fbeb; T 	 n ¼ F3; M 	 n ¼ C:
Moreover, the continuity relations (2) along Ct induce static junctions:
sNt 	 m ¼ 0; sT t 	 m ¼ 0; sMt 	 m þ hiN i 	 m ¼ 0:
2.5. Equations for Kirchhoff–Love plates

The main results of this article are established for Kirchhoff–Love plates (Timoshenko and Woinwsky-

Krieger, 1959). Their extension to von Karman plates (Timoshenko and Woinwsky-Krieger, 1959, Chapter

13; Love, 1944) is then addressed in Section 5.
In the framework of Kirchhoff–Love plates, one has rw ¼ h, which corresponds to cðw; hÞ ¼ 0 and

j ¼ rrw. The equilibrium equations (4) reduce to:
divN ¼ 0
div divM ¼ 0

�
in Xi

t; with i 2 f0; 1; 2g: ð5Þ
Thanks to relations between w and h along oX and Ct, the boundary conditions on oX become:
N 	 n ¼ Fbeb;

� divM 	 n� o

os
n 	M 	 tð Þ ¼ F3 �

oCs

os
;

n 	M 	 n ¼ Cn

ð6Þ
and the continuity conditions on Ct become:
sNt 	 m ¼ 0;

sdivMt 	 m þ o

os
m 	 fsMt
�

þ hiN ig 	 s
�
¼ 0;

m 	 sMt 	 m þ him 	N i 	 m ¼ 0:

ð7Þ
Define the following notations on any line in Xt (m is a normal vector to this line):

• eMMi ¼ M i 	 m � hiN i 	 m, the moment on the line,

• Qi ¼ T i 	 m � o
os ð eMMi 	 tÞ, the transverse force on the line.

Then, the boundary conditions on oX and the continuity relations on Ct are rewritten as:

• on oX,
N
 	 n ¼ Fbeb; Q ¼ F3 �
oCs

os
; eMM 	 n ¼ Cn; ð8Þ
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• on Ct,
sN

8b

w

r

t 	 m ¼ 0; sQt ¼ 0; s eMM t 	 m ¼ 0: ð9Þ
2.6. Prescribed loading and displacement

The virtual work associated to given external forces (resp. prescribed displacements) is denoted by

kPextðu;wÞ (resp. kPkinðN ;MÞ) and is written as
Pextðu;wÞ ¼
X3
k¼1

Z
oXFk

F d
k ½ek 	 ðuþ we3Þ�dsþ

Z
oXC

Cdðn 	 rwÞds ð10Þ
and
PkinðN ;MÞ ¼
X2
b¼1

Z
oXub

udb½eb 	 ðN 	 nÞ�ds�
Z
oXw

divM 	 n



þ o

os
	 n 	M 	 tð Þ

�
wd dsþ

Z
oXh

ðn 	 eMM Þhd ds;

ð11Þ

where oXf denotes the part of the total external boundary oX where the quantity f is prescribed.

In the previous formula, k represents the loading parameter (i.e. the prescribed data on the boundary

at time t are kðtÞF d
k ðx1; x2Þ on oXFk , kðtÞCdðx1; x2Þ on oXC, kðtÞudbðx1; x2Þ on oXub

, kðtÞwdðx1; x2Þ on

oXw, kðtÞhdðx1; x2Þ on oXh). The evolution of the structure is studied when this parameter increases.

Prescribed loading and generalized displacements are given so that the problem is ‘‘well-posed’’:

• oX ¼ oXub
[ oXFb

and oXub
\ oXFb

¼ ; 8b 2 f1; 2g (complementarity of the prescribed in-plane displace-
ment and the associated in-plane force),

• oX ¼ oXw [ oXF3 and oXw \ oXF3 ¼ ; (complementarity of the transverse displacement and the shear

force),

• oX ¼ oXh [ oXC and oXh \ oXC ¼ ; (complementarity of the flexural rotation and the normal bending

moment).

2.7. Equilibrium equations

The total potential energy of the system is
Epotðu;w;Ct; kÞ ¼
Z

Xt

W ðu;wÞdx � kPextðu;wÞ:
Using standard Lagrangian method, with the kinematic constraints defined by (2), the following system

governs equilibrium for a given front Ct:

• boundary conditions with prescribed displacement:
2 f1; 2g; ub ¼ kudb on oXub
;

¼ kwd on oXw;

w 	 n ¼ khdn on oXhn ;

ð12Þ
• compatibility relations (1) on the plates,

• compatibility relations (2) along the delamination front Ct through kinematic junction,

• constitutive law (3) on each plate,
6



• classical local equilibrium equations (5) on generalized stresses,

• equilibrium equations (7) or (9) due to the junction along Ct,

• boundary conditions with given external loading:
8b

QeMM

2 f1; 2g; eb 	N 	 n ¼ kF d

b on oXFb
;

¼ kF d
3 on oXF3 ;

	 n ¼ kCd on oXC:

ð13Þ
The displacement, solution of this boundary value problem, ðuðk;CtÞ;wðk;CtÞÞ is also characterized as the

kinematically admissible minimizer of the potential energy. The equilibrium value of Epot will play an

important role in the analysis to follow and will be denoted by P , i.e. P ðk;CtÞ ¼ Epotðuðk;CtÞ;wðk;CtÞ; kÞ.
2.8. Propagation of the delamination: associated derivative

When the loading parameter increases, the delamination is expected to propagate. Let �/m denote

the normal velocity of the front Ct in the mean plane of plate X0
t , with /ðsÞP 0, 8s 2 Ct. So that, if x on Ct,

then x� /mdt is on Ctþdt.

For any quantity f defined along Ct, the time derivative D/ðf Þ associated to the propagation is defined

as:
D/ð f ÞðxÞ ¼ lim
dt!0

f ðx� /mdt; t þ dtÞ � f ðx; tÞ
dt

; ð14Þ
where x is a point on Ct. In particular, one finds that:
D/m ¼ o/
os

s ¼ /;ss and D/s ¼ � o/
os

m ¼ �/;sm:
For a function f defined over Xt, one gets for the value of f on Ct,
D/ð f Þ ¼ _ff � /rf 	 m;
where _ff is the partial time derivative of f , i.e. of
ot . Besides, the time derivative of a generic integral over Xt

is given by:
d

dt

Z
Xt

f dx ¼
Z

Xt

_ff dx �
Z

Ct

s f t/ds:
During any quasi-static evolution of Ct with velocity /, the relations (2) must be hold at any time. So,

Hadamard jump relations on displacement are verified:
D/ðsuti � hirw0Þ ¼ s _uuti � hir _ww0 � / sruti � hirrw0
� 

	 m ¼ 0

D/ðswtiÞ ¼ s _wwti ¼ 0

i i i

9>>>>=>>>>; 8i 2 f1; 2g: ð15Þ
D/ðsrwt Þ ¼ sr _wwt � /srrwt 	 m ¼ 0
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Likewise, enforcement of the static continuity relations (7) at any time implies:
s _NNt 	 m ¼ � o

os
ð/sNt 	 sÞ;

sdiv _MMt 	 m þ o

os
m 	 ðs _MMt
n

þ hi _NN iÞ 	 s
o
¼ � o

os
s 	 o

os
/ðsMt
��

þ hiN iÞ

	 s
�
;

m 	 ðs _MMtþ hi _NN iÞ 	 m ¼ /½m 	 frðsMtþ hiN iÞ 	 mg 	 m� � ðsMtþ hiN iÞ : ðs � m þ m � sÞ o/
os

;

ð16Þ
or
s _NNt 	 m ¼ � o

os
ð/sNt 	 sÞ;

s _QQt ¼ � o

os
s 	 o

os
f/ðsMt

�
þ hiN iÞg 	 s

�
;

s
_eMMeMM t 	 m ¼ /½m 	 frðsMtþ hiN iÞ 	 mg 	 m� � o/

os
ðs eMM t 	 sÞ:
2.9. Total dissipation

When the loading parameter k increases or the delamination front Ct propagates, the evolution along the

equilibrium path of the potential energy at equilibrium P is given by:
dP
dt

¼ d

dt
½EpotðuðCt; kÞ;wðCt; kÞ;Ct; kÞ� ¼

d

dt

Z
Xt

W ðuðCt; kÞ;wðCt; kÞÞdx



� kPextðuðCt; kÞ;wðCt; kÞÞ

�
¼ Epot

;u

d

dt
uþ Epot

;w

d

dt
wþ Epot

;Ct

d

dt
Ct þ Epot

;k
_kk:
Thanks to the behavior relation (3), to the continuity equation on Ct (7) and to virtual power principle,
Z
Xt

N : rduþM : rrdwda

¼
Z
oX

du 	 ðN 	 nÞ
�

� divM 	 n



þ o

os
ðn 	M 	 tÞ

�
dwþ ðn 	M 	 nÞðrdw 	 nÞ

�
ds

�
Z

Ct

fm 	N i 	 ðsduti � hidrw0Þ þ m 	M i 	 srdwti � ðdivM i 	 mÞsdwtigds ð17Þ
thus, using the Hadamard jump relations (15), ones obtains:
Epot
;u

d

dt
uðCt; kÞ þ Epot

;w

d

dt
wðCt; kÞ ¼

Z
Xt

N : r _uuþM : rr _wwda� kPextð _uu; _wwÞ

¼ _kkPkinðN ;MÞ

þ
Z

Ct

fm 	N i 	 ðsruti � hirrw0Þ þ m 	M i 	 srrwtig 	 m/ds: ð18Þ
The total time derivative of the potential energy at equilibrium is thus found to be given by:
dP
dt

¼ _kkPkinðN ;MÞ � _kkPextðu;wÞ �
Z

Ct

sW t/dsþ
Z

Ct

fm 	N i 	 ðsruti � hirrw0Þ þ m 	M i 	 srrwtig 	 m/ds:

ð19Þ
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The total dissipated power of the systemD is given by the difference between the power of external forces

and the rate of total free energy of the system, i.e. by:
D ¼
Z
oX
½F 	 ð _uuþ _wwe3Þ þ Cr _ww 	 n�ds� d

dt

Z
Xt

W ðu;wÞdx ¼ � dP
dt

� _kkPextðu;wÞ þ _kkPkinðN ;MÞ

¼ �P;Ct

dCt

dt
: ð20Þ
The total dissipated power is thus found, by virtue of (19), to be of the form:
D ¼
Z

Ct

GðsÞ/ðsÞds; ð21Þ
where the energy release rate GðsÞ is given by:
G ¼ sW t� m 	N i 	 ðsruti � hirrw0Þ 	 m � m 	M i 	 srrwti 	 m: ð22Þ
3. Quasi-static evolution

In this section, the quasi-static evolution is presented. It includes the definition of the criterion which

governs the propagation of the delamination, then the local equations as well as the global formulation of

the rate boundary value problem are presented.

3.1. Propagation criterion

Taking into account the form of the dissipation, the governing law for the evolution of Ct is introduced

according to the framework of the generalized standard materials (Nguyen, 1987, 1993).

Accordingly, the existence of a convex threshold function gðGÞ is postulated, so that the propagation of
the delamination front is subject to the following law:

• if gðGðsÞÞ < 0, then /ðsÞ ¼ 0, i.e. no propagation at point s,
• if gðGðsÞÞ ¼ 0, then /ðsÞP 0, i.e. the propagation of Ct at point s is possible,

which is equivalent to
/ðsÞ ¼ cðsÞ og
oG

with cðsÞgðGðsÞÞ ¼ 0 ðconsistency relationÞand cðsÞP 0: ð23Þ
A generalized Griffith criterion can be considered by introducing a threshold energy to be reached for

propagation of the delamination front to occur. In this case, one would have gðGÞ ¼ G� GC.

In the following, Crupt
t is the subset of the front Ct where the criterion is reached and the propagation

is possible.
Crupt
t ¼ fs 2 Ct such that gðGðsÞÞ ¼ 0g:
3.2. Consistency condition and evolution law

When the front is moving, Eq. (23) implies that, during the actual propagation of Crupt
t , gðGðsÞÞ ¼ 0 must

be maintained, leading to the consistency equation:
9



if c > 0 on Crupt
t ; D/ðgðGÞÞ ¼

og
oG

D/ðGÞ ¼ 0:
In the present formulation,
D/ðGÞ ¼ eGGð _NN ; _MMÞ þ bGGð _uu; _wwÞ þ /G�; ð24Þ
where
 eGGð _NN ; _MMÞ ¼ �ðm 	 _NNiÞ 	 ðsruti � hij0Þ 	 m � ðm 	 _MMiÞ 	 ðsjti 	 mÞ;bGGð _uu; _wwÞ ¼ �sNt 	 	 	 r _uu0 þ ðsMtþ hiN iÞ 	 	 	 ð _jj0Þ;
G� ¼ �sM 	 	 	 rruþM 	 	 	 rrrwt 	 m þ ðm 	 rN i 	 mÞ 	 ðsruti � hij0Þ 	 m

þ ðm 	 rM i 	 mÞ 	 sjti 	 m þ s 	N i 	 ½ðsrruti � hirj0Þ 	 m� 	 s þ s 	M i 	 ðsrjt
i 	 mÞ 	 s:
Finally, the evolution law of the delamination front is:
c 2 V =8c0 2 V ; D/ðGÞðc0 � cÞ og
oG

6 0 ð25Þ
with
V ¼ fcðsÞ with cP 0 on Crupt
t and c ¼ 0 on Ct n Crupt

t g: ð26Þ
3.3. Local equations of the rate problem

The evolution law for Ct being chosen, the instantaneous evolution of the global system induced by a

loading evolution with velocity given by _kk is now investigated. This evolution turns out to be governed by

the following rate problem for the rates of fields variables ð _uu; _wwÞ:

• boundary conditions with prescribed displacements:
8b

_ww

r

_eei

NN

MM

"

d

2 f1; 2g; _uub ¼ _kkudb on oXub
;

¼ _kkwd on oXw;

_ww 	 n ¼ _kkhdn on oXhn ;

ð27Þ
• compatibility:

� in each plate Xi
t:
¼ 1

2
ðr _uui þ Tr _uuiÞ; _jji ¼ rr _wwi; ð28Þ
� on Ct verification of the Hadamard relations (15),

• constitutive relations:
_ i

_ i

#
¼

o2W i

oe2
o2W i

oe oj

o2W i

oj oe
o2W i

oj2

0@ 1A _eei

_jji

" #
¼ W i00

_eei

_jji

" #
in Xi

t; with i 2 f0; 1; 2g; ð29Þ
• local equilibrium equations for the generalized stresses:
div _NN ¼ 0

iv div _MM ¼ 0

�
in Xi

t; with i 2 f0; 1; 2g; ð30Þ
10



• boundary conditions with prescribed forces:
8b

_QQ

_CC
2 f1; 2g; eb 	 _NN 	 n ¼ _kkF d
b on oXFb

;

¼ �div _MM 	 n� o

os
ðn 	 _MM 	 tÞ ¼ _kkF d

3 on oXF3 ;

	 n ¼ n 	 _MM 	 n ¼ _kkCd on oXC;

ð31Þ
• equilibrium conditions in rate form (16) along the moving delamination front Ct,
• evolution law of Ct given by (25).

The rate boundary value problem (15), (16) and (27)–(31) on _uu and _ww is similar to the original equilibrium

system (1)–(3), (5), (7), (12) and (13), but, here the right-hand sides of equations depend on a prescribed

evolution of the delamination front. The rate boundary value problem with a prescribed evolution of Ct (i.e.

/ or c given) is similar to a problem of elasticity with non-classical conditions (15) and (16) localized on Ct.

3.4. Global formulation of the rate value boundary problem

In order to have a formulation better suited to the study of stability and bifurcation, a global functional

is defined:
F ð _uu; _ww; c; _kkÞ ¼
X2
i¼0

Z
Xi
t

1

2
½_ee; _jj�W i00 _ee

_jj


 �
dx � _kkPextð _uu; _wwÞ �

Z
Ct

bGGð _uu; _wwÞc og
oG

ds� 1

2

Z
Ct

G�c2
og
oG

� �2

ds;

ð32Þ

where _ee and _jj are defined by (28).

Theorem 1. ð _uu; _ww; cÞ is the solution of the system of local equations (15), (16), (25), (27), (30), (31) with the

compatibility relations (28) and the constitutive equations (29) if and only if
ð _uu; _ww; cÞ 2 K
oF
o _uu

ð~uu
���� � _uuÞ þ oF

o _ww
ð~ww� _wwÞ þ oF

oc
ð~cc� cÞP 0; 8ð~uu; ~ww;~ccÞ 2 K; ð33Þ
where K is the convex set of admissible fields with given boundary conditions and evolution criterion on del-

amination front and is defined by:
K ¼ ð _uu; _ww; cÞj

_uu; _ww;r _wwC0ðXi
tÞ;C1

mðX
i
tÞ i 2 f1; 2g

_uub ¼ _kkudb on oXub
; b 2 f1; 2g

_ww ¼ _kkwd on oXw

r _ww 	 n ¼ _kkhdn on oXhn

s _uuti � hir _ww0 ¼ c og
oG ðsruti � hirrw0Þ 	 m i 2 f1; 2g

s _wwti ¼ 0 on Ct

s _rrwti ¼ c og
oG sjt

i 	 m i 2 f1; 2g
cP 0 on Crupt

t

c ¼ 0 on Ct n Crupt
t

0BBBBBBBBBBBBBBBBBB@

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>;

:

Proof. In the following, êe ¼ eðûuÞ ¼ eð~uu� _uuÞ, ĵj ¼ rrŵw ¼ rrð~ww� _wwÞ, /̂/ ¼ ĉc og
oG ¼ ð~cc� cÞ og

oG.
Because ð _uu; _ww; cÞ 2 K, one gets relations (15) and (27), if / ¼ c og

oG.
11



Consider the inequality
oF
o _uu

ûuþ oF
o _ww

ŵwþ oF
oc

ĉcP 0;
with ð _uu; _ww; cÞ 2 K and for any ðûu; ŵw; ĉcÞ, admissible with vanishing displacement on the external boundary

(where displacement are prescribed) then, by virtue of the notations due to the compatibility relations (28)
and the constitutive equations (29),
06
X2
i¼0

Z
Xi
t

½ _NN : êe þ _MM : ĵj�da� _kkPextðûu; ŵwÞ �
Z

Ct

frûu0 : sNtþ ĵj0 : ðsMtþ hiN iÞg/ds

�
Z

Ct

bGGð _uu; _wwÞ/̂/ds�
Z

Ct

G�//̂/ds:
Using the divergence theorem and the properties of admissible fields ðûu; ŵwÞ on the external boundary,
06
X2
i¼0

Z
Xi
t

½�div _NN þ div div _MMe3� 	 ðûuþ ŵwe3Þdaþ
Z
oXFb

½eb 	 _NN 	 n� _kkF d
b �v̂vb ds

þ
Z
oXF3

"
� div _MM 	 n� on 	 _MM 	 t

os
� _kkF d

3

#
ŵwdsþ

Z
oXC

½n 	 _MM 	 n� _kkCd �ðn 	 rŵwÞds

�
Z

C
fm 	 s _NN 	 ûutþ m 	 s _MM 	 rŵwt� m 	 sdiv _MMtŵwþrûu0 : sNt/ þ ĵj0 : ðsMtþ hiN iÞ/gds:
At this step, this inequality must be satisfied for any admissible field ðûu; ŵw; ĉcÞ. Consequently, the first four
terms, in the previous inequality imply that the rate solution must satisfy Eqs. (30) and (31). The inequality

is thus reduced to:
06 �
Z

Ct

m 	 s _NNt 	 ûu0
n

þ m 	 s _MMt 	 rŵw0 � m 	 sdiv _MMtŵw0

o
ds

�
Z

Ct

s 	 rûu0 	 sNt 	 s/
n

þ ĵj0 : ðsMtþ hiN iÞ/
o
ds

�
Z

Ct

m 	 _NNi 	 sûuti
n

þ m 	 _MMi 	 srŵwti þ bGGð _uu; _wwÞ/̂/ þ G�//̂/
o
ds:
Finally, using the compatibility of the velocities ðûu; ŵwÞ with the front velocity /̂/ ¼ ĉc og
oG on Ct (because

ð _uu; _ww; cÞ and ð~uu; ~ww;~ccÞ are elements of K), one obtains
06 �
Z

C
m 	 s _NNt

�
þ o

os
ð/sNt 	 sÞ

�
	 ûu0 ds

þ
Z

C
m 	 s _MMt 	 m
n

þ him 	 _NNi 	 m � /m 	 ðsrMtþ hirN iÞ 	 m
o
½rŵw0 	 m�ds

þ
Z

C

o/
os

½ðsMt

�
þ hiN iÞ : ðs � m þ m � sÞ�

�
½rŵw0 	 m�ds

�
Z

C
sdiv _MMt 	 m
�

þ o

os

n
m 	 ðs _MMt� him 	 _NNiÞ 	 s

o
þ o

os
s 	 o

os
½/ðsMt

�
þ hiN iÞ� 	 s

��
ŵw0 ds

�
Z

C
D/ðGÞ/̂/ds:
This inequality must hold for any admissible ðûu; ŵw; ĉcÞ, which implies that local equilibrium equations in rate

form on Ct (16) are fulfilled as well the evolution law (25).
12



To summarize, the variational inequality (33) has been shown to imply the rate boundary problem ((15),

(16), (25), (27), (30) and (31)) assuming the compatibility relations (28) and the constitutive equations (29).

The converse implication is straightforward and Theorem 1 follows. h

Rewriting of the rate problem: The set K of admissible fields with the kinematic boundary conditions, the

Hadamard jump relations (15) and the evolution law of Ct is convex.

In the following paragraphs, for given _kk, / (i.e. for given c), if ð _uu; _wwÞ is solution to Eqs. (15), (16), (27),

(30), (31), with (28) and (29) then, let
Hðc; _kkÞ ¼ F ð _uuðc; _kkÞ; _wwðc; _kkÞ; c; _kkÞ

denote the value of F for the solution of the rate problem, when the front velocity and the loading evolution
are prescribed via c and _kk. The evolution of the delamination front is governed by
oH
oc

½c; _kk�ð~cc� cÞP 0; 8 ~cc admissible with evolution law ð23Þ and criterion ð25Þ:
In the sequel, we denote by eHH the second-order derivative of functional H with respect to c. Because the
functional H is a quadratic function of ðc; _kkÞ,
oH
oc

½c; _kk� ¼ o2H
oc2

cþ o2H

oco _kk
_kk
and the evolution inequality can be written as:

find c 2 V admissible with (23) and (25) such as
ð~cc� cÞ eHHc
�

þ o2H

oco _kk
_kk

�
P 0; 8~cc admissible with ð23Þ and ð25Þ: ð34Þ
The functional eHH is defined on the current configuration. It is a function of the displacement and of the

position of delamination front at time t. So, the instantaneous evolution of the structure from its configu-

ration at time t depends solely on the current geometry and the state of equilibrium at time t.
4. Characterization of the current state

In this section, we investigate whether there exists one or more admissible solutions to the quasi-static

instantaneous evolution, when the loading parameter increases. To achieve this goal, general results from

Duvaut and Lions (1976) and the same framework as in Nguyen (1993) are used.

In what follows, ‘‘stability’’ refers to the existence of a solution to the rate problem and ‘‘non-bifur-

cation’’ to the uniqueness of the solution of the same problem. More precisely, ‘‘non-bifurcation’’ means

that the solution to the system of local equations (15), (16) and (25)–(31) is unique. This definition of non-

bifurcation thus does not consider bifurcations of higher order in time.

4.1. Stability of the evolution

Theorem 2. The evolution of the delaminated structure from a state, characterized by a displacement ðu;wÞ and
a delamination front Ct, is stable ðhas at least one solutionÞ if and only if
c eHHc > 0; 8c 2 V � f0g;

where V is the set of admissible fields with evolution laws, defined by (26).

Proof. The evolution of the system is associated to the solution c 2 V of Eq. (34). Taking into account

different admissible fields c0, it leads to:
13



c 2 V and eHHcþ o2H

oco _kk
_kk ¼ 0: ð35Þ
Then, to solve (35) for a prescribed load increase _kk, one has to invert eHH . If eHH is positive definite on V , then
(35) can be solved for any given _kk. Obviously, if one is able to find c associated to any _kk by Eq. (35), then the
function c ! eHHc is surjective on V .

Moreover, let the dead load be defined as the first value of the loading parameter that enables delam-

ination propagation without a loading parameter evolution i.e. such that there exists c 2 V � f0g such aseHHc ¼ 0. Consequently, the dead load indicates the possibility of an unstable evolution where a delamin-

ation propagation may occur without a load increase. h
4.2. Non-bifurcation of evolution

Theorem 3. There is no bifurcation ðat most one solutionÞ in the evolution of the delaminated structure if and
only if
c eHHc > 0 8c 2 spanðV Þ � f0g;
where spanðV Þ is the vector space generated by V .

Proof. Consider two different solutions c1 and c2 to (34). Then, we get:
ðc1 � c2Þ
o2H

oco _kk
_kk P ðc2 � c1Þ eHHc2 and ðc2 � c1Þ

o2H

oco _kk
_kkP ðc1 � c2Þ eHHc1: ð36Þ
Consequently, it gives: ðc1 � c2Þ eHH ðc1 � c2Þ ¼ 0, where ðc1 � c2Þ belongs to spanðV Þ. If eHH is definite positive

on spanðV Þ, then the previous equation implies c1 ¼ c2, which contradicts the hypothesis of two distinct

solutions.

Otherwise, ðc1 � c2Þ belongs to Kerð eHH Þ, subset of spanðV Þ where eHH is not definite. h
5. Application to von Karman plate theory

Application to von Karman plates (with large transverse displacement and large deformation) (Love,

1944; Timoshenko and Woinwsky-Krieger, 1959) is important because it allows coupling between del-

amination and buckling. The approach used in Sections 3 and 4 for Kirchhoff–Love plates can be extended

to von Karman plates in a straightforward way. The difference between the Kirchhoff–Love and von

Karman theories is mainly due to the non-linearity of the plane strain with respect to the transverse dis-
placement in von Karman plates:
eðu;wÞ ¼ 1

2
ðruþ Truþrw�rwÞ; jðhÞ ¼ rrw: ð37Þ
This enables to take buckling into account in von Karman theory.
Upon following the same steps as in Sections 3 and 4, one obtains the corresponding evolution for-

mulation for von Karman plates, whose most important aspects are summarized in this section.
14



5.1. Study of the equilibrium state

5.1.1. Equilibrium equations

Stationarity of the Lagrangian with kinematic constraints described by (2) on Ct gives, in addition to the
kinematic relations on oX (12), the compatibility relations in Xt (37) and the constitutive relation (3), the

following equilibrium equations:

• in Xi
t with i 2 f0; 1; 2g,
di

di

sN

sd

m 	

eb

�

n 	

_eei ¼

di

di
vN ¼ 0;

v divM � divðN 	 rwÞ ¼ 0;
ð38Þ
• along Ct,
t 	 m ¼ 0;

ivMt 	 m þ o

os
m 	 sMt
��

þ hiN i

	 s
�
¼ 0;

ðsMtþ hiN iÞ 	 m ¼ 0;

ð39Þ
• on the external boundary,
	N 	 n ¼ kF d
b on oXFb

; 8b 2 f1; 2g;

divM 	 n� o

os
ðn 	M 	 tÞ ¼ kF d

3 on oXF3 ;

M 	 n ¼ kCd on oXC:

ð40Þ
5.1.2. Energy release rate

Analyzing the total dissipation of the system, we get:
G ¼ sW t� m 	 ðN i 	 sruti þM i 	 srrwti � hiN i 	 rrw0Þ 	 m: ð41Þ
5.2. Evolution of delamination front

5.2.1. Rate boundary value problem

The evolution problem for the instantaneous delamination induced by a load increment _kk is defined

again by (15), (16), (23), (25), (27), (28), (29), (30), (31), except for the following differences:

• in plate i, (28) is changed in
1

2
ðr _uui þ Tr _uui þrwi �r _wwi þr _wwi �rwiÞ; _jji ¼ rr _wwi; ð42Þ
• in plate i, (30) is replaced by
v _NN ¼ 0;

v div _MM � divð _NN 	 rwþN 	 r _wwÞ ¼ 0;
ð43Þ
• on Ct, the equilibrium conditions in rate form (16) along the moving delamination front Ct

become
15



s _NN

sd

m 	
t 	 m ¼ � o

os
f/sNt 	 sg;

iv _MMt 	 m þ o

os
fm 	 ðs _MMtþ hi _NN iÞ 	 sg ¼ � o

os
s 	 o

os
ð/½sMt

�
þ hiN i�Þ 	 s

�
þ /sN : rrwt;

ðs _MMtþ hi _NN iÞ 	 m ¼ /½m 	 rðsMtþ hiN iÞ 	 m� � fsMtþ hiN ig : ðs � m þ m � sÞ o/
os

:

ð44Þ
During the propagation of the delamination front, the criterion gðGÞ ¼ 0 has to be maintained. So,
og
oGD/ðGÞ ¼ 0 where
D/ðGÞ ¼ eGGð _NN ; _MMÞ þ bGGð _uu; _wwÞ þ /G�
with now
eGGð _NN ; _MMÞ ¼ �m 	 _NN 	 ðsruti � hirrw0Þ 	 m � m 	 _MM 	 srrwti 	 m;
bGGð _uu; _wwÞ ¼ sNt : ðr _uu0 þrw0 �r _ww0Þ þ ðsMtþ hiN iÞ : rr _ww0;
G� ¼ �sN : ðrruþrw�rrwÞ þM : rrrwt 	 m þ m 	 rN i 	 m 	 ðsuti � hirrw0Þ 	 m
þ m 	 rM i 	 m 	 srrwti 	 m þN i : ðsrruti � hirrrw0Þ þM i : srrrwti:
5.2.2. Global formulation

As in the Kirchhoff–Love case, the local equations of the rate problem are equivalent to a variational
inequality of the form (33), with the functional F now given by:
F ð _uu; _ww; c; _kkÞ ¼
X2
i¼0

Z
Xi
t

1

2
½_ee; _jj�W i00 _ee

_jj


 �
dx � _kkPextð _uu; _wwÞ �

Z
Ct

bGGð _uu; _wwÞc og
oG

dsþ 1

2

Z
Ct

G�c2
og
oG

� �2

ds;
where _ee and _jj are given by (42).
6. Applications

Two analytical applications are presented in this section.

The first one (Section 6.1) corresponds to the bending of a delaminated plate. This structure is an ex-
tension of the double cantilever beam considered in Roudolff and Ousset (2002), La Saponara et al. (2002),

Greco et al. (2002). Here, analytical results concerning the energy release rate are given as well as some

conclusions on the stability of the evolution.

The second example (Section 6.2) is a delaminated structure under compression. It uses the non-linear

von Karman plate theory and we study the propagation of delamination on a frame of plates after buckling

of the plates below and above the fracture. This phenomenon induces coupling between delamination and

buckling as shown in Moon et al. (2002), Nilsson et al. (2001) and Storakers and Nilsson (1993). In what

follows, we first obtain an analytical form of the energy release rate with or without buckling. Then, due to
the global functional introduced to this end in the previous section, the linear propagation of the delam-

ination front is discussed in terms of stability and bifurcation.
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6.1. Propagation of delamination in a double cantilever beam

6.1.1. Definition of the structure

The structure considered is a rectangular plate (thickness 2e) with a fracture in its median plane. The
constitutive material is assumed to be homogeneous, isotropic and elastic with characteristics denoted by E,
the Young modulus, m, the Poisson ratio.

The rectangular plate Xt is defined by:
Fig. 2.

with p
Xt ¼ ðx1; x2Þjx1 2 ½0; L�; x2 2

�
� b
2
;
b
2

��
:

It is delaminated throughout the whole axis e2. The delamination front is located on the line defined by
x1 ¼ a, x2 2 ½� b

2
; b
2
� ða < LÞ. aini denotes the initial location of the delamination front.

Let X1
t (respectively X2

t Þ denote the plate above (resp. below) the delamination and X0
t the undamaged

plate.

The loading of the structure is the following (see Fig. 2):

• the edge x1 ¼ L is clamped (displacements prescribed to zero),

• on x2 ¼ � b
2
, the normal and shear stresses vanish and the rotation is given equal to 0, i.e.
N

F d
1

Do

rop
	 e2 ¼ 0; divM 	 e2 þ ðe1 	M 	 e2Þ;1 ¼ 0; w;2 ¼ 0;
• on the remaining boundary (x1 ¼ 0), if 2wd denotes the crack opening displacement for the delaminated

structure,
¼ F d
2 ¼ 0; Cd ¼ 0; w2 ¼ �wd and w1 ¼ wd:
6.1.2. Equilibrium

The displacement vector and the stress tensor are easily found to be independent on the x2 coordinate.
The configuration is symmetrical with respect to the x1 axis. So, we get for the solution:
uble cantilever beam and loading: (a) initial and undeformed configuration, (b) deformation of the structure under loading

agation of the delamination front.
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Fig
u1ðx1; x2Þ ¼ u2ðx1; x2Þ ¼ 0;

w1ðx1; x2Þ ¼ w2ðx1; x2Þ ¼ wd 1



� 3x1

2a
þ x31
2a3

�
;

u0ðx1; x2Þ ¼ 0;

w0ðx1; x2Þ ¼ 0
and
N0 ¼ N1 ¼ N2 ¼ 0;

M0 ¼ 0;

M1 ¼ �M2 ¼ 3Dwdx1
a3

ðe1 � e1 þ me2 � e2Þ with D ¼ Ee3

12ð1� m2Þ :
The potential energy at a state of equilibrium is P ðwd; aÞ ¼
3bDw2

d

a3 .

6.1.3. Energy release rate and linear propagation

The energy release rate associated to a delamination whose current length is denoted by a is:
G ¼ 9Dw2
d

a4
:

If a Griffith-like criterion is adopted, such as /ðG� GCÞ ¼ 0 with / P 0 and G6GC on Ct, the critical

loading is reached for wd ¼ wCðaÞ ¼
ffiffiffiffiffiffiffiffi
GCa4

9D

q
.

Considering only uniform propagations of delamination, which means that the normal velocity of

propagation is constant along Ctð/ðsÞ ¼ /ðx2Þ ¼ _aaÞ, the analysis of evolution consists in studying G as a

function of a. Then, the normal velocity of delamination front is given by D/ðGÞ ¼ 0, which is equivalent to
oG
owd

_wwd þ oG
oa / ¼ 0. This leads to _aa

a ¼ 1
2

_wwd
wd
.

Consequently, the evolution with uniform propagation is always stable, when the loading is driven by

displacement, as shown on Figs. 3, 4 and 5.
0 a_ini/L 1
0

1

a/L

w
d /

w m
ax

evolution of structure
G=GC

without propagation 

with linear propagation 

. 3. Evolution of the delamination length with loading in DCB experiment (aini denotes initial length of the delamination).

18



0
0

wd

F

without propagation 

with linear propagation 

Fmax

w
C

(a
ini

) w
max

Fig. 4. Load/deflection curve with linearly propagating delamination (DCB experiment).

0 aini /L 1
0

a/L

F

without propagation 

with linear propagation 

Fmax

Fig. 5. Resistance curves: transverse force versus delamination length (case of linear propagation) (DCB experiment).
This result could have been established from the global functional H which here takes the following

form:
Hð _wwd; _aaÞ ¼
3bDð _wwdÞ2

a3
þ 18bD

ðwdÞ2

a3
_aa
a

"
� _wwd

wd

#
_aa
a
:
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6.1.4. Analysis of evolution and general propagation

Let now consider general evolutions of the delamination front when the propagation criterion is reached.

Any normal velocity is then sought in the form:
/ðsÞ ¼ /ðx2Þ ¼ a0 þ
X1
n¼1

an cos 2np
x2
b

" #
þ
X1
n¼1

bn sin 2np
x2
b

" #

and the uniqueness of the ðan; bnÞ coefficients is investigated.

Analysis of the rate boundary value problem ((15), (16), (27)–(31)) implies that the propagation velocity

necessarily takes the form /ðsÞ ¼ /ðx2Þ ¼
P1

n¼0 an cosð2np x2
b Þ.

Then, we get the following displacement rate:
_uu1 ¼ _uu2 ¼ 0 and _uu0 ¼ 0;

_ww0 ¼ 0;

_ww1 ¼ � _ww2 ¼ _wwd 1� 3x1
2a



þ x31
2a3

�
þ 3a0wd

2a
x1
a



� x21
a2

�

þ 3wd

a2
X1
n¼1

an
a sinh 2npx1

b

% &
cosh 2npa

b

% &
� x1 cosh

2npx1
b

% &
sinh 2npa

b

% &h i
cosh 2npa

b

% &
sinh 2npa

b

% &
� 2np a

b

cos
2npx2
b

� �
:

As introduced in Section 4, stability and non-bifurcation are characterized by positive definiteness of the

functional H over the set V of admissible delamination front normal velocities or over the vector space

spanðV Þ, respectively.
Here, H corresponds to:
Hð/; _wwdÞ ¼ Hða0; a1; . . . ; an; . . . ; _wwdÞ

¼ 3bD _ww2
d

a3
� 18bDwd _wwd

a4
þ 18

bDw2
da

2
0

a5
þ 9bDw2

d

a5
X1
n¼1

a2n 1

"
þ 2

2npa
b sinh2 2npa

b

% &
sinh 2npa

b

% &
cosh 2npa

b

% &
� 2npa

b

#
:

Consequently, the second derivative of H with respect to / is positive definite for all aspect ratios a=b and
there is no bifurcation in the evolution of the delamination front.
6.1.5. Discussion

The foregoing analysis of the Double Cantilever Beam gives results similar to experimental observations

in La Saponara et al. (2002) and Roudolff and Ousset (2002). One should note that this modeling cannot

deal with either the start of delamination (a � L) or the case a � L, i.e. when the delamination front reaches
the clamped edge, because edge effects are not taken into account.
6.2. Delaminated plate under compression

6.2.1. Definition of the structure

A rectangular plate
Xt ¼ ðx1; x2Þ with x1 2 ½
�

� L; L�; x2 2


� b
2
;
b
2

��
;

assumed to be homogeneous, isotropic and elastic ðE; mÞ, is considered in this example.
It is delaminated throughout the whole axis e2. The delamination is in the middle of the plate. Its front

is initially located on the lines defined by
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Fig. 6.

with p
x1 ¼ a1; x2 2


� b
2
;
b
2

�

and
x1 ¼ a2; x2 2


� b
2
;
b
2

�
ðjaij < L and a1 > a2Þ:
Let 2l denote to the length of the delaminated part (i.e. a1 � a2 ¼ 2l) (see Fig. 6).
The loading of the structure is as follows (see Fig. 6):

• on the transverse boundary (i.e.. x2: ¼ � b
2
), N 	 e2 ¼ 0, divM 	 e2 þ ðe1 	Me2Þ;1 ¼ 0, w;2 ¼ 0,

• along the edges x1 ¼ �L the boundary conditions are:
u
u

uð

N

P ð

De

rop
	 e1 ¼ �ud; F d
2 ¼ F d

3 ¼ 0; Cd ¼ 0 on x1 ¼ L;
	 e1 ¼ ud; F d

2 ¼ F d
3 ¼ 0; Cd ¼ 0 on x1 ¼ �L for x2 2



� b
2
;
b
2

�
; ð45Þ
• there is no surface force.

In order to take buckling into account, the von Karman plate theory is used and the evolution problem

is therefore formulated based on the results of Section 5.

Let C and D denote the classical ratios Ee
ð1�m2Þ and

Ee3

12ð1�m2Þ, where e is the thickness of the plates above

and below the delamination.

6.2.2. Equilibrium

Using the local equations given in paragraph 5.1.1, two possibilities arise:

• If ud 6 uB with uB ¼ Lp2D
l2Cð1�m2Þ ¼ Le2p2

12l2ð1�m2Þ, then the displacement and the stresses are:
x1; x2Þ ¼
ud
L
ðx1e1 � mx2e2Þ; w ¼ 0;

¼ Ee
ud
L
e1 � e1; M ¼ 0:
The potential energy at equilibrium is in this case independent of l:
ud; lÞ ¼ 2CLbð1� m2Þ ud
L

" #2
:

laminated plate under axial compression: (a) initial and undeformed configuration, (b) post-buckling of the loaded structure

agation of the delamination front.
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Consequently, and this is well known (Storakers and Anderson, 1988; Storakers and Nilsson, 1993),

no propagation of the delamination can occur without buckling of the structure.

• As soon as ud P uB, buckling of the plates above and below delamination occurs. Then, the equilibrium

solution becomes:
u0

u0

u1

w0

w1
¼ ud
h

� uB
L
ðx1 þ LÞ

i
e1 þ m

uB
L
x2e2 if x1 6 a2;
¼
h
� ud �

uB
L
ðx1 � LÞ

i
e1 þ m

uB
L
x2e2 if x1 P a1;
¼
"
� ud

l
~xx1 �

uB
L

x1

�
� L
l
~xx1

�
þ ðud � uBÞ

2p
sin 2p

~xx1
l

 !#
e1 þ m

uB
L
x2e2 ¼ u2 if a2 6 x1 6 a1;
¼ 0 if x1 62 ½a2; a1�;
¼ �w2 ¼ 2l
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ud � uB

l

r
cos

p
l
~xx1

" #h
þ 1
i

if a2 6 x1 6 a1
with ~xx1 ¼ x1 � a1þa2
2
.

The generalized stresses are given by:
N0 ¼ 2N1 ¼ 2N2 ¼ 2Ee
uB
L
e1 � e1 ¼ 2Cð1� m2Þ uB

L
e1 � e1;

M0 ¼ 0;

M1 ¼ �M2 ¼ D
2p
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ud � uB

l

r
cos

p
l
~xx1

" #
½e1 � e1 þ me2 � e2�:
The potential energy at equilibrium is equal to:
P ðud; lÞ ¼ 2CLbð1� m2Þ uB
L

" #2
þDb

4p2

l2
ðud � uBÞ:
It should be emphasized that only local buckling is considered. Global buckling could occur but is not

taken into account here. Influence of this phenomenon on delamination is studied in Qiu et al. (2001),
Nilsson et al. (2001) and Hutchinson et al. (2000).

6.2.3. Energy release rate and linear propagation

When the loading parameter (ud) is larger than its buckling value uB, the energy release rate is:
Gða1Þ ¼ Gða2Þ ¼ D
4p2ðud � uBÞ

l3
:

Consequently, the onset of propagation (governed by the Griffith criterion) corresponds to

ud ¼ uC ¼ uB þ GC
l3

4Dp2.

If only uniform propagation is considered (which corresponds to _aaiðsÞ ¼ _aai), then it is sufficient to study

the first-order derivative of G with respect to ai.
In this case, the evolution of delamination is stable if lP lstab, with lstab ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ee5p4L

54GCð1�m2Þ2
5

q
, and unstable

otherwise (see Fig. 7). These results are confirmed by a global analysis using the functional H , here given
by:
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L
0

ud evolution during loading
G=GC

lini lstab l

uC (lstab)
uC (lini)

uC (L)

Fig. 7. Loading ud versus delamination length l for the delaminated structure under compression.
Hð _uud; _aa1; _aa2Þ ¼
Dbp2

l3
½� _uudð _aa1 � _aa2Þ þ ð3ud � 5uBÞð _aa1 � _aa2Þ2�:
The fact that H depends on _aa1 � _aa2 clearly indicates that the evolution is not unique because the energy
release rate depends only on the total length of delamination whose velocity is _ll ¼ _aa1 � _aa2.

Considering the case of the symmetric uniform propagation where a1 ¼ �a2 and _aa1 ¼ � _aa2, the propa-
gation associated to the evolution of the loading parameter gives the structure deformation shown in Fig. 8,

where lini represents the initial length of the delamination with lini < lstab. This result is similar to that

of Petitniot and Fabis (1989), for a pre-delaminated plate with an initial penny-shape crack, under
_1 _0.8 _0.6 _0.4 _0.2 0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

T
ra

ns
ve

rs
e 

di
sp

la
ce

m
en

t

Global position during loading with linear propagation

uC (lini)
uB (lini)

Fig. 8. Evolution of the delaminated structure under compression.
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0
ud

w
 (

x 
=

 0
)

uB(lini) uC (L)

buckling
without propagation 

unstable propagation 

stable propagation 

uC (lini)

Fig. 9. Out-of-plane displacement in the center of the delamination versus load (displacement ud) for the delaminated structure under

compression.
compression: after buckling from ud ¼ uBðliniÞ to ud ¼ uCðliniÞ, an unstable propagation occurs at

ud ¼ uCðliniÞ, then a stable propagation takes place until the whole structure is delaminated (l ¼ L).
Moreover, the variation of out-of plane displacement with respect to the load, as depicted in Fig. 9, is

qualitatively identical to that obtained by Nilsson et al. (2001) from numerical or experimental results.
7. Conclusions

The global formulation introduced in this paper enables to study stability and non-bifurcation of the

evolution of a delaminated structure under quasi-static loading.
Thanks to the expression on the current configuration, the update configuration is not needed. More-

over, the symmetric form of the global functional F facilitates the implementation of this approach in

numerical schemes such as the FEM. The analysis of the existence and the uniqueness of the solution to the

rate boundary value problem would be associated to the study of eigenvalues (positiveness) of the second

derivative of the functional H restricted to admissible fields or to the vector set generated by them. Some

elements about the FEM implementation are given in Appendix A.

The analytical examples discussed in this article give good qualitative results compared to experiments

even if only very simple models were considered with or without buckling.
Introduction of other kinematic relations can be considered (Anquez et al., 1990). It would introduce

different equilibrium relations, and lead to another form of the energy release rate. Consequently, the global

functional would have to be modified accordingly as well.

As previously shown with three-dimensional structures with irreversible mechanical transformation

governed by energetic criterion, this framework can be generalized to elastic interface (Borg et al., 2002)

as was also considered in Pradeilles-Duval (1992).

If a three-dimensional body including planar cracks is considered as in Nguyen et al. (1990) or Bonnet

(1999), an extension of this framework can be given if the domains above and below the crack or the un-
damaged domain can be considered as plates at least in the neighborhood of the crack front. Then, even if a
24



more general than Kirchhoff–Love or von Karmann plates behavior has to be considered and if the

propagation in the plane of the crack is assumed, then the approach used in Sections 3 and 4 can be ex-

tended.

Moreover, the present formulation can easily be generalized to plates with inelastic constitutive be-
havior, together with a free surface energy. In this case, one obtains an additional relation on Ct arising due

to the possibility of simultaneous evolution of internal variables and propagation of the delamination front

as has been discussed in Pradeilles-Duval and Stolz (1995). Consequently, either the front would propagate,

or the internal variables rates would change in each plate on both sides.
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Appendix A. Numerical implementation

In this section, a numerical solution procedure is presented. It includes remarks on the delamination

front representation and the interpolation of the normal velocity on the front. Discretized equations are

given for the rate boundary value problem. After comments on the stability and non-bifurcation criteria,

the computation of the actual extension velocity is considered.
A.1. Representation of the delamination front and its normal velocity

Implementations have already been proposed in Nguyen et al. (1990) (based on 2-D FEM with plane

strain or plane stress), in Bonnet (1999) (based on 3-D symmetric Galerkin BEM) for the study of the

instantaneous propagation of cracks in elastic domains. In those papers as well as in this work, the crack

front is planar.

In the present formulation, it is natural to discretize the undamaged zone and the delaminated domain
using triangular or quadrilateral shell elements and ne shape functions.

As underlined in Bonnet (1999) or Ghoussoub and Leroy (2001), one should notice that the elements

adjacent to the delamination front need C1 continuity along the interface between undamaged and dam-

aged domains; so that the interpolated unit tangent s and the normal m are continuous along Ct. Conse-

quently, specific elements such as those proposed in Ghoussoub and Leroy (2001) are required.

Let the nodes on Ct be numbered such that x1; x2; . . . ; xnf are the nf interpolation nodes along Crupt
t � Ct.

Normal velocity is supposed to be continuous versus the curvilinear coordinate along Ct. So, an admissible

interpolation of / may be denoted:
/ðsÞ ¼
Xi¼nf
i¼1

NiðnCÞ/ðiÞ;
where

• s ¼ sðnCÞ on the side of element De neighboring the front Crupt
t ,

• the functions NiðnCÞ are constructed so that a C1 interpolation of the delamination front can be defined

when using this form of normal velocity. This requirement is necessary in order to evaluate the actual

evolution of the front due to the increment of the loading parameter with the same set of functions

and thus obtain a regularized front.
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Admissible propagation velocity vectors are obtained by enforcing /ðsÞP 0 on Crupt
t , which translates

into inequality constraints on the normal velocity degrees of freedom f/g ¼ f/ðiÞgi2f1;...;nf g.

A.2. Discretized equations for the rate boundary value problem

The global functional F introduced in Theorem 1 is written as:
F ðfV g; f/g; _kkÞ ¼ 1

2
TfV g½K�fV g � _kkTfV gfF g � Tf/g½C�fV g � 1

2
Tf/g½G��f/g;
where

• fV g is the discretized displacement velocity vector (ne � 1),

• f/g is the discretized normal velocity on the delamination front (nf � 1),

• ½K� is the ne � ne symmetric tangent stiffness matrix of the structure defined as
1

2
T

Tf

1

2
f

fV g½K�fV g ¼
X2
i¼0

Z
Xi
t

1

2
½_ee; _jj�W i00 _ee

_jj


 �
dx;
• ½C� is the coupling (nf � ne)-matrix given by
/g½C�fV g ¼
Z

Ct

bGGð _uu; _wwÞc og
oG

ds;
with c og
oG ¼

Pi¼nf
i¼1 NiðnCÞ/ðiÞ;

• ½G�� is the nf � nf symmetric matrix
/g½G��f/g ¼ 1

2

Z
Ct

G�c2
og
oG

� �2

ds;
• fF g corresponds to the discretization of the loading (generalized forces). It is assumed that this (ne � 1)-

vector is constant (if the mesh is unchanged) due to hypothesis of proportional loading (Section 2.6).

Consequently, the rate boundary value problem is written
½K�fV g � T½C�f/g ¼ _kkfF g:

The consistency relation implies that:
½C�fV g þ ½G��f/g ¼ 0:
Given a normal velocity vector f/g and a loading parameter rate _kk, the velocity is obtained through:
fV g ¼ ½K��1fT½C�f/g þ _kkfF gg:
In this work, the rate boundary value problem on fV g is similar to the original equilibrium system which

governs the displacement associated to a given loading parameter with Ct fixed. Then, the rate problem is

rewritten as:

find f/g admissible with propagation criterion such that
½ eHH �f/g þ _kkfHc�kg ¼ 0;
where ½ eHH � is a nf � nf symmetric matrix and fHc�kg a nf � 1 vector defined by
½ eHH � ¼ f½C�½K��1T½C� þ ½G��g and fHc�kg ¼ ½C�½K��1fF g:
26



A.3. Comments

The existence and the uniqueness of the actual normal velocity defined by f/g is determined by the

properties of the matrix ½ eHH �.

• If ½ eHH � is positive definite, then the uniqueness criterion is satisfied and the actual velocity is obtained, if

it exists, by:
f/
g ¼ _kk½ eHH ��1fHc�kg:
• If ½ eHH � is not positive definite, the uniqueness criterion is violated.

To test the existence of a solution to the quasi-static instantaneous evolution, one has to investigate the

properties of the quadratic function 1
2
Tf/�g½ eHH �f/�g on admissible normal velocities.

• If it is definite positive, there exists a solution given by the previous equation.

• If it is not definite positive, then the existence or stability criterion is not fulfilled.

• If there exists a non-zero admissible velocity f/�g such that ½ eHH �f/�g ¼ 0, the present loading parameter
is a dead load.
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