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35131 Padova, Italy

~Received 22 April 2003; published 8 October 2003!

An explicit polynomial strain-energy function for tetragonal-orthorhombic-monoclinic zirconia (ZrO2), cali-
brated from the conventional hydrostaticp-T phase diagram, is used to study the effects of nonhydrostatic
loading on the phase equilibria in this material. Several representative sections of the phase diagram of ZrO2

in temperature and stress space, containing both triple and critical points, are computed. A new orthorhombic
structure of ZrO2 is predicted to be the most stable phase for a variety of experimentally accessible shear loads,
in a wide range of temperatures and pressures.

DOI: 10.1103/PhysRevB.68.134106 PACS number~s!: 61.50.Ks, 62.20.2x, 81.30.Kf

I. INTRODUCTION

The toughness of brittle ceramics can be increased by an
order of magnitude through the introduction of small trans-
forming inclusions that undergo irreversible phase changes
under severely nonhydrostatic and mostly tensile stresses,
near the tip of a propagating crack.1 One of the most impor-
tant toughening agents in such transformation-toughened ce-
ramics is zirconia (ZrO2),2,3 and the relevant domain of the
p-T phase diagram of this material, which includes the te-
tragonal, orthorhombic~ortho I!, and monoclinic phases, has
been investigated experimentally in Refs. 4–8. A compre-
hensive Landau strain-energy function providing a unified
thermodynamical description of these ZrO2 phases under hy-
drostatic conditions has been constructed in Refs. 9 and 10.
The hydrostatic phase diagram, however, is not sufficient for
the analysis of the behavior of the zirconia inclusions near
the tip of a crack, where the stresses exhibit strong shear
components. The transformation conditions allowing one to
compute the crack-shielding and toughness-increase effects
must instead be formulated as a ‘‘transformation criterion’’ in
stress space.11,12 The problem is then to determine the phase
equilibria of zirconia under nonhydrostatic loads. The overall
effect of the latter on the temperatures of the relevant phase
transitions is expected to be much stronger than the influence
of hydrostatic pressure since, for instance, the shear effect of
the well-known tetragonal-to-monoclinic phase transforma-
tion in ZrO2 is about four times larger than the correspond-
ing volumetric effect. Experimental measurements in
uniaxial and bending tests for this system are quite limited
and are available only for stabilized configurations of tetrag-
onal ZrO2.13–15 It has been observed, however, that the rela-
tively high plasticity limit in this material permits a purely
elastic analysis of its nonhydrostatic phase equilibria.16

To organize the existing data and focus future experimen-
tal research on nonhydrostatic equilibria, in this paper we
employ the phenomenological model of Ref. 10 to study the
effects of various shear loads on ZrO2 crystals. We compute
a number of experimentally relevant sections of the full
stress-temperature phase diagram and make predictions con-
cerning the stability domains of the zirconia phases for a

variety of nonhydrostatic conditions, demonstrating the
strong effect of the shear stresses on the phase equilibria
observed under hydrostatic conditions. We also show the
presence of new triple points in the temperature-stress phase
diagrams and of critical points where severely sheared
phases, which possess different symmetries under hydro-
static loads, become indistinguishable.17 The most interesting
prediction is that a new orthorhombic zirconia structure, al-
ready shown in Ref. 10 to have a small metastability range at
high temperatures and low pressures, is the most stable one
for a variety of shear loads, also at room conditions; this new
phase may potentially become dominant in the vicinity of a
crack tip. The new structure can only be partially character-
ized by our model, and requires the use of suitable crystal-
lographic~see Appendix B! andab initio methods for a com-
plete study. In addition to ZrO2, our approach and results
may prove useful also for a better understanding of the be-
havior of other oxides, such as hafnia HfO2.

This paper is organized as follows. After giving brief
crystallographic preliminaries and an introduction to our
strain energy function in Sec. II, we study in Sec. III the
behavior of zirconia crystals under hydrostatic or uniaxial,
compressive or tensile loads. The calculated phase diagrams
confirm that the nonisotropic loads have a marked effect on
the known phase equilibria of ZrO2, including the
tetragonal-to-monoclinic transformation. We also find that
the new orthorhombic phase mentioned above gains stablility
in hydrostatic tension, or uniaxial compression, over a wide
range of temperatures. In Sec. IV we study the behavior of
zirconia crystals under shear loads that may distort all the
ZrO2 structures considered here, converting the symmetry-
related variants of the low-symmetry configurations into in-
dependent phases. In this case we find that the monoclinic
phase is stabilized~versus the tetragonal one! at high tem-
peratures for low shears, while for higher shears and tem-
peratures the new orthorhombic structure again becomes the
most stable one. We also calculate a section of the shear-
temperature diagram at higher pressure, which exhibits, at
relatively small shears, symmetric critical points for the te-
tragonal and ortho I phases. In the Appendixes we provide
some additional details regarding our10 Landau energy for
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ZrO2, and briefly discuss some possibilities for the crystal-
lographic structure of the new orthorhombic phase that is
stable under nonhydrostatic loads.

II. TRANSFORMATION MECHANISM, ORDER
PARAMETERS, AND ENERGY FUNCTION

In the area of thep-T phase diagram not too far from
room conditions, zirconia exhibits the following three
phases: tetragonal (t), orthorhombic ‘‘ortho I’’ (o1), and
monoclinic (m), with a triple point located at about 840 K
and 1.8 GPa. References 4–8 and 18–21 give the space
groups and detailed crystallographic descriptions of these
and other zirconia polymorphs, and present the experimental
phase diagrams~see also Ref. 10 for some details!. If certain
atoms are disregarded~see Fig. 1!, the t-o1-m structures of
ZrO2 can all be described as originating from the distortion
of a primitive tetragonal ‘‘skeletal’’ Bravais lattice, spanned
by three mutually orthogonal basis vectorst1 ,t2, andt3.

In our simplified setting which only considers the skeletal
atoms, the symmetry of a phase is dictated by the point
group of the corresponding structure. The point groupT3 of
the t phase is

T35$1,R t1
p ,R t2

p ,R t3
p ,R t11t2

p ,R t12t2
p ,R t3

p/2 ,R t3
3p/2%, ~1!

whereRk
c denotes a rotation of anglec about the axisk, and

only the elements with positive determinant are listed. From
an analysis of the literature,2,6,18–25we conclude9,10 that the
o1 phase has point group

O1235$1,R t1
p ,R t2

p ,R t3
p %, ~2!

while ~since the fourfold axis of thet phase is parallel to the
twofold axis of them phase! the m phase has point group

M35$1,R t3
p %. ~3!

The orientation relationships given by Eqs.~1!–~3! are also
confirmed by Ref. 3. The~sub!groups in Eqs.~2! and ~3!
determine the form of the strains that produce, from the te-
tragonal skeletal lattice in Fig. 1, theo1 andm lattices with
point groups as above; see Refs. 9, 10, and 26 for details.

For each temperatureT, we consider as the reference state
the tetragonal equilibrium configuration at that temperature
~thermal-expansion data for thet phase can be found in Refs.
27 and 28!. Correspondingly, we denote bye I , I
51, . . . ,6, thecomponents of the finite strain tensor, in-
dexed as usual according to the Voigt convention~see Refs.
26, 29, and 30!. Due to the tetragonal symmetry of the parent
lattice, another set of strain coordinatesy I , I51, . . . ,6,
proves more convenient in the ensuing analysis:9,10

y15e11e21e3 , 6y25e11e222e3 ,

A2y35e12e2 , y45e4 , y55e5 , y65e6 . ~4!

The strain componentsy4 and y5 are not involved in the
transformation mechanism of the zirconia polymorphs dis-
cussed here, and will be considered as completely decoupled.
The componentsy1 andy2 describe the symmetry-preserving
stress-free thermal expansion of the tetragonal lattice in Fig.
1 and do not affect the symmetries of the phases under con-
sideration. The remaining strainsy3 and y6 are the order
parameters in our model~see Fig. 1!: conditionsy35y650
select thet phase~with point groupT3); conditionsy35” 0
andy650 give theo1 phase~with point groupO123); finally,
for y3 andy6 both nonzero we obtain them phase~with point
groupM3). The configurations withy65” 0 andy350 iden-
tify a second orthorhombic phase (o2) with point group

O162,35$1,R t3
p ,R t11t2

p ,R t12t2
p %. ~5!

The theory of Ref. 10 indicates that such ano2 phase, al-
though not reported in the experimental literature, has a
small metastability range for high temperatures and low
pressures. As we show below, under suitable nonhydrostatic
loadings this range is extended, makingo2 the most stable
structure for ZrO2 in a wide domain of pressures and
temperatures.31

We attribute to any homogeneous deformation of the ref-
erence configuration in Fig. 1 a tetragonally invariant free
energy densityf per unit reference volume, which depends
on y1 , . . . ,y6 andT. A suitable polynomial expansion forf
has been derived in Ref. 10 and is recalled in Appendix A. To
obtain the Gibbs free energy densityfG we add tof the
potential of a general nonhydrostatic load:

fG~y I ,s̄ I ,T !5f~y I ,T !2 (
J51

6

s̄Jy J ~6!

FIG. 1. The primitive-tetragonal reference cell withZ54 (Z
being the number of chemical units!, used to describe the deforma-
tions of the ZrO2 structures; Zr atoms are in gray, O atoms in white.
This cell is spanned by the basis vectorsta , a51,2,3, with the
fourfold axis alongt3; the dashed atoms of the zirconia crystal are
disregarded in this model. The order parametersy3 andy6 break the
equality of the lengths of the vectorst1 and t2 and their orthogo-
nality condition, respectively~see Appendix A!.
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(I51, . . . ,6), where the stress componentss̄ I , referred to
the same basis as the strainsy I , are related as follows to the
usual stress coordinatess I conjugate to the strainse I :

s̄152p52~s11s21s3!/3,

s̄25s11s222s3 , s̄35~s12s2!/A2, ~7!

s̄A5sA for A54,5,6.

The Landau potentialfL is then derived from Eq.~7!
through the adiabatic elimination of all deformational vari-
ables other than the order parametersy3 and y6, and since
the dependence off on y1 , y2 , y4, and y5 in Eq. ~6! is
assumed to be convex~quadratic!, there is a unique solution
of the equilibrium equations]fG /]yR50 for R51,2,4,5.

In this paper we limit our attention to loads withs̄450,
s̄550.32 Under these conditions, we obtain the function

fL~y3 ,y6 ,s̄1 ,s̄2 ,s̄3 ,s̄6 ,T !

5c~y3 ,y6 ,s̄1 ,s̄2 ,T !2s̄3y32s̄6y6 , ~8!

whose explicit form can be found in Eq.~A6! of Appendix A.
We notice that, asc is an even function ofy3 and y6, the
energyfL is invariant under the simultaneous reflection of
y3 and s̄3, or of y6 and s̄6.33 The critical points offL are
obtained by solving the equilibrium equations]fL /]yR50
for R53,6. The global phase diagram in the five-
dimensional space (s̄1 , s̄2 , s̄3 , s̄6 , T) will then distinguish
the domains with different structures of the global minima of
fL , as well as the metastability domains for each minimizer.
Sincep52s̄1, one obtains the standard Gibbs free energy
density g(p,T) for a given phase by settings̄25s̄35s̄6
50 in Eq. ~8!, and minimizing the resulting function with
respect to y3 and y6. The sets of minimizers
„y3(p,T),y6(p,T)… obtained in this way represent the differ-
ent stable phases under consideration, and give distinct en-
ergy functionsg(p,T) for the different phases. In the con-
ventional approach such functions are obtained separately
through direct modeling, rather than through the elimination
of internal parameters; this obscures the fact that each phase
is represented by a set of symmetry-related variants. Consid-
eration of such individual ‘‘twins,’’ however, is important
when the original symmetry relations among the variants are
destroyed by shear stresses, and the twins become indepen-
dent phases. The present approach, which unfolds the com-
plete energy landscape in the original strain variables, allows
one to take these effects into consideration and trace the
connections among all the energy wells.

III. LOADS CONJUGATE TO NON-ORDER-PARAMETERS

In this section we study how phase equilibria in zirconia
are affected by the loadsp52s̄1, representing hydrostatic
pressure or tension, ands3, which is responsible for uniaxial
tension or compression along the highest-symmetry axist3 in
Fig. 1. A more natural variable for this non-hydrostatic load
is

t52~2s̄11s̄2/3!5s31p, ~9!

which is negative for uniaxial compression and positive for
uniaxial tension~in excess of the isotropic loadp). As is the
case forp, the application oft may affect thec/a ratio of the
t phase and eventually activate the order parametersy3 and
y6, which produce the symmetry-breaking transformation.
However, as the strain variables conjugate top or t are or-
thogonal toy3 and y6 @see Eqs.~4!, ~7!, and ~9!#, p and t
may activate the order parameters only through the higher-
order coupling terms involvingy3 and y6 in Eq. ~6!; there-
fore these two types of loading do not change the symmetry
groups considered in Sec. II, as the equilibrium equations
and the corresponding solutions maintain their original in-
variance for allp and t ~also the variant structures for the
low-symmetry configurations are preserved!. We notice that
for this reason the corresponding phase diagrams are not
symmetric in tension or compression, i.e., under a change of
sign forp or t. In each diagram we use the strain energy~8!
to obtain quantitative information on the corresponding
phase relations~see Appendix A for the explicit energy func-
tion!. In addition to the standard equilibrium phase bound-
aries ~‘‘Maxwell lines,’’ indicated by thick lines in the fig-
ures!, in the computed phase diagrams hereafter we present
also the boundaries of the stability domains of the different
phases, which indicate the combinations of parameters where
the corresponding matrix of elastic moduli softens~dashed
lines!.

The role of compressive hydrostatic pressurep.0 is de-
scribed by the conventional thermodynamicp-T diagram,
which in Ref. 10 was calibrated from experimental data.
Here we extend our previous analysis by covering also the
domain of hydrostatic tensionp,0 ~see Fig. 2!, which is
relevant for the description of phase transformations near the
tip of a crack. The most interesting feature of this extended
diagram is the appearance, at high temperatures and high
tensile loads~important for transformation toughening!, of
the new orthorhombic phaseo2 with symmetry ofO162,3.34

For p520.16 GPa,T51560 K, we obtain a newt-o2-m
triple point, where the three Maxwell lines, numbered 1
(t-m), 3 (t-o2), and 4 (m-o2) meet. This triple point must
be distinguished from the well-known triple point with coex-
isting t, o1, andm phases, studied in Ref. 10.35 We observe
that around each triple point there is an extended domain
where three metastable phases coexist. Since such domains
do not overlap, the possibility of four coexisting metastable
phases, although theoretically allowed for a one-component
system, is ruled out by the numerical values of the Landau
coefficients suitable for ZrO2 ~see Table I!.

Notice that the equilibrium phase boundaries in Fig. 2
separating the domain of absolute stability of the phaseo2
have negative slopes. This is a result of the negative volu-
metric effect of the transitionsm-o2 (DV/V520.19% from
m to o2) and o2-t (DV/V524.67% from o2 to t). We
remark that the conventional orthorhombic phaseo1 has al-
most the same density as thet phase, withDV/V521.5%.2
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Such a low volumetric effect, which makes the correspond-
ing phase boundary almost parallel to the pressure axis,
probably contributed to the early confusion, in the experi-
mental literature, between thet ando1 zirconia phases.

In Fig. 3 we show thet-T section forp50 of the global
three-dimensionalt-p-T phase diagram. Here thet, o2, and
m phases are the absolute minimizers in their respective do-
mains, with the standardo1 configuration present only as a
metastable phase~relative minimizer!, below line 8. The
three equilibrium Maxwell lines, numbered 1 (t-m), 3
(t-o2), and 4 (m-o2), meet at at-o2-m triple point, located
at about 1400 K and285 MPa. The fact that the nonisotro-
pic load t preserves the structure of the symmetry-related
phase variants, which all maintain equal energy, is illustrated
by the energy profile in the lower part of Fig. 3. We observe
that the effect of uniaxial tension (t.0) is to raise thet-m
transformation temperature, enlarging the stability domain of
the m phase; we obtain for the derivativedT/dt along the
t-m phase boundary an average value of 1010 K GPa21.

For uniaxial compressiont,0, on the other hand, the
stability domain of thet phase is at first enlarged, but at
higher compressions the newo2 structure becomes the most
stable one. This gives in principle a way to detect experimen-
tally such ano2 phase, as uniaxial compression at room

FIG. 2. Calculated phase diagram of zirconia in the (p,T) plane.
The t-m, t-o1, t-o2, m-o2, andm-o1 Maxwell lines~boundaries
of absolute phase stability! are the thick solid lines numbered 1 to 5,
respectively. The limits of stability for thet, m, o1, ando2 phases,
marked by dashed lines, are, respectively, within lines 6, below line
7, within lines 8, and within lines 9. Thet-o1-m andt-o2-m triple
points are marked by circles~only the former lies in the half-plane
p.0 that is usually considered!.

TABLE I. Numerical values of the coefficients in Eqs.~A1!–~A6!, calibrated from experimental data in
Ref. 10. All quantities are in GPa, except forA3 andA6 ~in GPa K21), andT0 ~in K!.

A3 3.8831021 A6 2.8231023 B6 1.183101

T0 8.323102 H3 25.93103 H6 21.943105

C̄133 233103 C̄233 8.173103 C̄166 26.133102

C̄266 5.91 C̄344 5.613101 C̄456 8.423101

D̃3 29.663104 L̃ 21.083104 D̃6 22.453103

K3 6.663108 K6 7.293104

C11 307 C33 320 C44 100
C66 16 C12 48 C13 209

FIG. 3. Calculated phase diagram of zirconia at room pressure
in the (t, T) plane witht5s31p. The Maxwell lines~thick solid
lines! numbered 1, 3, and 4 meet at at-o2-m triple point, marked
by a circle. Indicated are also the partially overlapping stability
domains for each of thet, m, o1, ando2 phases~marked by dashed
lines!, which are above line 6, below line 7, below line 8, and above
line 9, respectively. The level sets and minimizers of the Landau
energy surface at conditions near the triple point are also shown.
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temperature and pressure should produce am-o2 transforma-
tion in ZrO2 at aboutt520.7 GPa.

In Fig. 4 we present another important section of the
t-p-T phase diagram, representing thet-p plane at room
temperatureT5293 K. This is a natural choice from the
experimental point of view, and some of thet-p phase rela-
tions for zirconia have indeed been reported in Refs. 13 and
14 for CeO2-stabilized sintered powder samples. Again, also
on this plane, we find that all the four structurest, o1, o2,
andm can be absolute minimizers, with both thet-o1-m and
the t-o2-m triple points. Most of the slopes of the equilib-
rium phase boundaries here are positive, from which we de-
duce, for instance, that the transition fromm to t leads not
only to the reduction of volume but also to the contraction
along the tetragonal axis. The corresponding experimental
observation on stabilized powders14 shows that thet-m trans-
formation pressure indeed increases with uniaxial tension;
the slope of the equilibrium phase boundary was experimen-
tally found to be~in our variables! dt/dp51.31. Our com-
putations give an average slope of 0.43, which, while correct
in order of magnitude, is in disagreement with the experi-
mental value possibly due to the random orientations of the
grains in the experiments on powders, which make the ap-
plied uniaxial load not aligned with any particular axis in the
crystal.

We remark that a common approach of phenomenological
continuum mechanics, which often treats phase transitions as
a form of ‘‘plastic’’ deformation,13,14 would be to use the
result of a uniaxial test to fit parameters within a standard
hypothesis for the transformation ‘‘yield surface,’’ satisfying
general conditions of material symmetry. For instance, the
‘‘flow’’ surface of the Mohr-Coulomb type was constructed
in Ref. 13 based on a tensile test, and applied subsequently
for the interpretation of a bending test. In contrast, in our
approach we are not constrained by anya priori structure of
the transformation surface or ‘‘flow rule’’; moreover, we can
distinguish between the equilibrium~Maxwell! phase bound-
aries and the stability boundaries, indicating the limits of
ultimate strength of the corresponding phases. Despite this

flexibility, the issue of finding a unifying ansatz for the Max-
well surfaces of ZrO2, representing them in an approximate
but simple way in global stress space, remains an interesting
challenge.

IV. LOADS CONJUGATE TO ORDER PARAMETERS

In this section we consider nonhydrostatic loads conjugate
to the order parametersy3 and y6. These shear loads, with
componentss̄3 and s̄65s6, disrupt the structure of the
symmetry-related variants because their potential produces a
‘‘tilt’’ of the original energy surface and the equilibrium
equations no longer have parity iny3 or y6. This turns the
variants of the orthorhombic and monoclinic structures into
independent phases, which are no longer grouped into orbits
of equienergetic wells.

Consider first thes6 loading. In this case parity iny6 is
lost, so that the fourm solutions with monoclinic point group
M3 ~which for s650 only differ by the four possible per-
mutations of signs ofy3 and y6, but are otherwise equiva-
lent! are now split into two independent pairs of variants:m1

for y6.0, andm2 for y6,0 ~their point group is always
M3), and analogously for the twoo21 ando22 orthorhom-
bic wells ~which both have point groupO162,3). We remark
that while theo2 and m energy minimizers preserve their
symmetry under the loads6, the t minimizer does not main-
tain its T3 point group, and immediately becomes a ‘‘dis-
torted tetragonal’’ phase~still called t) with point group
O162,3.

The computeds6-T phase diagram at room pressure,
which is necessarily symmetric with respect to the reflection
about theT axis, is shown in Fig. 5. The two new monoclinic
‘‘phases,’’ represented by the two pairs of wellsm6, main-
tain the same energy along line 10 in the diagram~i.e., for
s650), which may therefore be viewed as an equilibrium
~Maxwell! boundary; the same is true for the other two new
o26 phases~see the energy plot in the lower part of Fig. 5!.

We observe that the overall effect of thes6 shear loading
on the t-m phase change at room pressure is to raise fairly
steeply the transformation temperature for small loads, with
a stabilization of the low-symmetrym phase~variantsm1) to
above 1550 K. It is instructive to compare this effect with the
corresponding effect of hydrostatic pressure, studied in the
preceding section. Our computation here givesdT/ds6
51660, which should be compared todT/dp52370 ~all
figures in K GPa21); the large numerical value of the slope
of the t-m phase boundary in thes6-T plane and the associ-
ated drastic promotion of them phase achieved through the
application of thes6 shear load can be attributed to the large
transformation shear strain~17%!, compared to the volumet-
ric effect ~5%!, in this phase change. Notice also that, con-
trary to the case of classical plasticity, the ‘‘yield stress’’ for
transformation plasticity in tetragonal zirconia increases with
temperature, rather than decreases. In Fig. 5 we further no-
tice that at higher shear stresses and temperatures, them
phase, initially promoted by thes6 load, again gives way to
the new orthorhombic phaseo2 ~variant o21). The phase
diagram in Fig. 5 thus exhibits three triple points:

FIG. 4. Calculated phase diagram of zirconia in the (t,p) plane
at room temperature. Same legend as in Fig. 2.
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t-o11-m1, t-o12-m2, and t-m1-m2. Two of these triple
points correspond to conventionalt-o2-m three-phase equi-
libria, while the third one corresponds to the coexistence of
the t andm structures, them phase being represented by two
sets ofm2 andm1 twins. The latter are crystallographically
and energetically equivalent ats650, but become distinct as
the energy landscape gets tilted for any nonzero value ofs6.

One can speculate that for higherT and higher~positive or
negative! s6 the t-o11 and t-o12 phase boundaries may
terminate at critical points where the difference between the
corresponding phases disappears. We did not extend to such
conditions the computations reported in Fig. 5, because the

presence of the cubic energy well of ZrO2, not taken into
account in our model, would considerably affect the high-
temperature part of thes6-T diagram.

To illustrate nonetheless the notion of such shear-induced
critical points~see also Refs. 11 and 36! we consider the load
s̄3, which is conjugate to the strainy3, related to thet-o1
phase transition. Figure 6 presents a portion of the computed
s̄3-T phase diagram forp54 GPa. Here the only stable
phases aret and o1, whose two variants, according to the
sign of y3, are denotedo11 ando12; the latter are equiva-
lent symmetry-related twins fors̄350, and become inde-
pendent phases under nonzeros̄3 loads. The triple point in
Fig. 6 refers to the conditions producing the equal depth of
such t, o11, ando12 energy wells. The application of the
shear load again significantly extends the stability domain of
the low-symmetry phaseo1, as it strongly affects the tem-
perature of thet-o1 phase change: the slope of the corre-
sponding phase boundary isdT/ds̄35420 K GPa21. The
diagram in Fig. 6 also indicates that the application of this
shear load produces a significant reduction of the otherwise
larget-o1 transformation hysteresis. This leads eventually to
the appearance of the critical points where thet-o11 and
t-o12 equilibrium~Maxwell! lines terminate, as the width of
the hysteresis becomes equal to zero. In the area of the dia-
gram adjacent to such critical points thet ando11, and the
t and o12 phases, respectively, can no longer be distin-
guished.

FIG. 5. Calculated phase diagram of zirconia in the (s6 , T)
plane at room pressure. For clarity only the portion forT
.1400 K is shown. The Maxwell lines are the thick solid lines
numbered 16 (t-m6), 36 (t-o26), 46 (o26-m6), and 10
(m1-m2); the latter is the equilibrium line between the two pairs of
monoclinic variantsm6. The partially overlapping stability do-
mains for m6 are, respectively, below dashed lines 76, and, for
o26, they are above dashed lines 96. The triple points are marked
by circles; the two upper triple points refer to the equal value of the
Landau potential of the distorted-tetragonalt, theo26, and the two
m6 energy wells~all taken with the same1 or 2 sign!. The lower
triple point refers to the equal depth of thet, m1, andm2 wells for
s650. The level sets and minimizers of the ‘‘tilted’’ Landau poten-
tial for conditions near thet-o21-m1 triple point are shown below
the phase diagram; notice the absence of the variantsm2, which at
these conditions~above line 72) are unstable.

FIG. 6. Calculated phase diagram of zirconia in the (s̄3 ,T)
space, forp54 GPa. The Maxwell lines are the thick solid lines
numbered 26 (t-o16), and 11 (o11-o12), where the two indepen-
dent variants of theo1 phase~with orthorhombicO123 symmetry!
are denoted byo11 and o12 according to the sign ofy3 ~the
undistortedt phase with symmetryT3 only exists fors̄350, while
for s̄3Þ0 it hasO123 symmetry!. The stability domain is above the
dashed lines number 6 for the~distorted! t phase, and below the
dashed lines 86 for o16 phases. The triple point marked by the
larger circle refers to the equal depth of thet-o11-o12 energy
wells. The critical points are marked by smaller circles. The sym-
bols t/o16 indicate that only one distorted structure is stable in the
domain outside the ‘‘spikes’’ ending at the two critical points.
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The critical points encountered here are similar to the
classical thermodynamic singularities known for the gas/
liquid systems, except that in the present case one encounters
a ‘‘merging’’ of crystal structures that originally~i.e., for
s̄350) had distinctT3 andO123 symmetries. The shear loads
play the same role as imperfections in the theory of buckling
for structures~or for any bifurcating system!: if sufficiently
large, they may completely smooth the transition. In the
present case, atp54 GPa and up tos̄350.025 GPa, one
should still observe thet-o1 transformation by cyclingT in a
range between 800 and 900 K; for highers̄3 this transfor-
mation should no longer take place, as only one stable phase
exists in this region of the diagram~indicated, respectively,
by the symbolst/o16 in Fig. 6!.37

V. CONCLUSIONS

While all nonhydrostatic phase equilibria for crystals at
finite temperature are fundamentally unstable due to the
eventual development of plastic deformation or thermally ac-
tivated creep, crystalline configurations loaded by shear
stresses exist in practice for long times. In these cases of
suppressed or strongly delayed relaxation the methods of
equilibrium thermodynamics are appropriate, and one can
introduce the shear loads as control parameters besides the
usual pressure and temperature. This enlargement of the pa-
rameter space strongly affects the conventional phase dia-
grams of materials, and generates a variety of interesting
effects, notably the uncoupling of symmetry-related ‘‘twin’’
phases, and the smoothing of symmetry discontinuities
around critical points.

In this paper we have studied some of these effects in the
case of zirconia, by using the energetic model in Ref. 10. We
have explicitly computed several sections of the global non-
hydrostatic phase diagram, in which we show both the equi-
librium phase boundaries and the coexistence domains for
metastable structures. New features emerging as a conse-
quence of the introduction of the shear loads are a number of
triple points in the diagrams and critical points, indicating
the limits where crystal phases with different symmetries be-
come indistinguishable. Our main result is the prediction that
a new orthorhombic phase of ZrO2 ~see Appendix B! should
be the most stable one for experimentally accessible nonhy-
drostatic loads in a wide range of temperatures and pressures.
The experimental study of zirconia crystals in the suggested
domains of shear loads and the parallelab initio modeling of
the new phase should provide proof of the consistency of our
approach.38
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APPENDIX A

As explained in detail in Ref. 10, the ‘‘minimal’’ polyno-
mial expansion suitable for the free-energy densityf in Eq.
~6! is

f5

1

2
@C̄11y1

2
12C̄12y1y21C̄22y2

2
1~C112C12!y3

2

1C44~y4
2
1y5

2!1C66y6
2#1

1

2
@~C̄133y11C̄233y2!y3

2

1~C̄166y11C̄266y2!y6
2
1C̄344y3~y4

2
2y5

2!#1C̄456y4y5y6

1

1

4
~D3y3

4
12Ly3

2y6
2
1D6y6

4!1

1

6
~K3y3

6
1K6y6

6!. ~A1!

In Eq. ~A1!, ~i! C11,C12, . . . ,C66, denote the six elastic
moduli appearing in the standard tetragonal elastic
tensor,29,30 and

C̄115
1

9
@2~C111C12!14C131C33#,

C̄125
2

3
@C111C122C132C33#, ~A2!

C̄2252@C111C1224C1312C33#.

~ii ! C̄ IJK , for I,J,K51, . . . ,6,give, in the strain coordinates
y I , the third-order tetragonal elastic constants39,40considered
in the energy function~A1!; see Ref. 10 for details.~iii ! the
moduli C112C12 and C66 ~which are related to the order
parametersy3 andy6) depend on the temperature as follows:

C112C125A3~T2T0!, C665A6T1B6 , ~A3!

with A3.0 andA6>0, so that at low pressures the tetrago-
nal phase is stable at high temperatures.

As a result of minimizing the Gibbs free energy function
fG in Eq. ~6! with respect to the non-order-parameter strains,
we obtainy45y550 and~recall that2p5s̄1)

y15

1

D
F2C̄22p2C̄12s̄22

1

2
~H3y3

2
1H6y6

2!G ,

y25

1

D
F C̄11s̄21C̄12p2

1

2
~H38y3

2
1H68y6

2!G , ~A4!

where

D5C̄11C̄222C̄12
2 ,

H35C̄22C̄1332C̄12C̄233, H65C̄22C̄1662C̄12C̄266,
~A5!

H385C̄11C̄2332C̄12C̄133, H685C̄11C̄2662C̄12C̄166.

This gives the Landau energyfL5c(y3 ,y6 ,s̄1 ,s̄2 ,T)
2s̄3y32s̄6y6 as in Eq.~8!, with
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c5

1

2
~G3y3

2
1G6y6

2!1

1

4
~D̃3y3

4
12L̃y3

2y6
2
1D̃6y6

4!

1

1

6
~K3y3

6
1K6y6

6!. ~A6!

The renormalized coefficients can be written:

G35~C112C12!2

1

D
~2H3p1H38s̄2!,

G65C662
1

D
~2H6p1H68s̄2!,

D̃35D32

1

2D
~C̄22C̄133

2
22C̄12C̄133C̄2331C̄11C̄233

2 !,

L̃5L2

1

2D
~C̄22C̄133C̄166

2C̄12~C̄133C̄2661C̄166C̄233!1C̄11C̄233C̄266!,

D̃65D62

1

2D
~C̄22C̄166

2
22C̄12C̄166C̄2661C̄11C̄266

2 !,

~A7!

with s̄3 and s̄6 given in Eq. ~7!. The numerical values
of the coefficients, taken from Ref. 10, are reported in
Table I.

APPENDIX B

Details about the atomic positions within thet, o1, and
m zirconia cells are given in the literature mentioned
at the beginning of Sec. II~see Ref. 10 for an illustration!.
Our approximate model, in which a number of atoms of
the zirconia crystal are disregarded~see Fig. 1!, can
only indicate, for the newo2 phase, the point group~5! and
the corresponding skeletal deformation. The configuration
of the atoms inside theo2 skeletal cell may then be
estimated by some natural criteria that help to identify likely
candidate structures:41 ~i! The space group~SG! of the

o2 structure should be a subgroup of the SGP42 /nmc
of the t structure, and a supergroup of the SGP21 /c
of the m structure~this forces theo2 SG to have the ortho-
rhombic holohedrymmm as point group!. ~ii ! There are
at most 8 ZrO2 chemical units within theo2 skeletal cell,
i.e., we takeZ52, 4, or 8, for theo2 structure.~iii ! The
o2 structure is obtained from thet structure through a
single normal mode originating from a wave vector on
the boundary of the Brillouin zone. Finally,~iv! the strain
in the skeletal cell must produce the point groupO162,3,
i.e., it must be such that two of the orthorhombic axes
be along diagonals of the basal square of the skeletal
lattice in Fig. 1 ~the third one being along the tetragonal
axis!.

By using the standard methods,42–44 and the program
ISOTROPY,45 we obtain from criteria~i!–~iv! above the three
structures listed in Table II~none of which hasZ58). The
simplest such candidate, which originates from modeG2

1 , is
illustrated in Fig. 7; it hasZ52 and its unit basisva coin-
cides with the basis

v15

1

2
~ t12t2!, v25

1

2
~ t11t2!, v35t3 , ~B1!

of the unit cell of the primitive tetragonal structure of ZrO2,
which also hasZ52 ~we recall that our skeletal tetragonal
cell in Fig. 1 hasZ54, i.e., twice the volume of such unit
cell!.

We notice that some possible orthorhombic structures for
zirconia have been investigated for instance in Refs. 20 and
48 using density-functional theory, with the aim of assessing

TABLE II. Candidate structures for the orthorhombic phaseo2
of zirconia, satisfying criteria~i!–~iv! in the text.Z gives the num-
ber of chemical formulas ZrO2 per unit cell. IR is the irreducible
representation of thet-phase space groupP42 /nmc, giving the
transformation mechanism;G2

1 corresponds to the zero wave vector
~Fig. 7 shows the structure arising in this way!, while Z i correspond

to the wave vector (0,0,1
2 ) ~Refs. 42 and 46!. Origin choice number

2 ~i.e., at the inversion center, see Ref. 47! was selected forPmmn.
The last two columns give the Wyckoff positions~Ref. 47! for the
Zr and O atoms; for instance, 4c(32) means that two sets of
Wyckoff positions 4c are occupied. The structure with space group
Pnma arises from both theZ3 andZ4 IRs.

Space Group Z ir Zr O

Pmmn 2 G2
1 2a 2b(32)

Pmmn 4 Z1 2a(32) 2b(34)
Pnma 4 Z3 ,Z4 4c 4c(32)

FIG. 7. Representation of a possible candidate structure for the
orthorhombico2 phase of zirconia~originating from modeG2

1 ; see
Table II!. A skeletal cell as in Fig. 1, withZ54, is shown; Zr atoms
are marked in gray, O atoms in white~the skeletal Zr atoms are
highlighted!. The actual unit cell hasZ52; the coordination num-
ber for the Zr atoms is 8. In the basal planeABCDE of this o2
configuration, the polygonABCD is a rhombus centered inE. The
vectorsEB, EC, and FE are the three mutually orthogonal ortho-
rhombic axes of this lattice.
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their relative stability against other tetragonal or cubic con-
figurations adopted by ZrO2 or other oxides or halides. None
of these structures, however, are in the list of Table II; estab-
lishing the actual nature of theo2 zirconia phase and con-

firming its stability at higher pressures, temperatures, and
possibly nonhydrostatic loads, needs further careful first-
principles investigation that is beyond the scope of the
present study.
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6J.M. Léger, P.E. Tomaszewski, A. Atouf, and A.S. Pereira, Phys.

Rev. B 47, 14075~1993!.
7P. Bouvier, E. Djurado, G. Lucazeau, and T. Le Bihan, Phys. Rev.

B 62, 8731~2000!.
8O. Ohtaka, H. Fukui, T. Kunisada, T. Fujisawa, K. Funakoshi, W.

Utsumi, T. Irifune, K. Kuroda, and T. Kikegawa, Phys. Rev. B
63, 174108~2001!.

9L. Truskinovsky and G. Zanzotto, J. Mech. Phys. Solids50, 189
~2002!.

10G. Fadda, L. Truskinovsky, and G. Zanzotto, Phys. Rev. B66,
174107~2002!.

11B. Budiansky and L. Truskinovsky, J. Mech. Phys. Solids41,
1445 ~1993!.

12N. Simha and L. Truskinovsky, Acta Mater.42, 3827~1994!.
13I.-W. Chen, J. Am. Ceram. Soc.74, 2564~1991!.
14P.E. Reyes-Morel and I.-W. Chen, J. Am. Ceram. Soc.71, 343

~1988!.
15W.P. Rogers and S. Nemat-Nasser, J. Am. Ceram. Soc.73, 136

~1990!.
16D. Baither, M. Bartsch, B. Baufeld, A. Tikhonovsky, A. Foitzik,

M. Rühle, and U. Messerschmidt, J. Am. Ceram. Soc.84, 1755
~2001!.

17We remark that some of the nonhydrostatic effects described here
may be obscured by the onset of plastic flow in zirconia crystals,
whose yield stress is estimated to be about 0.8 GPa~see Ref.
16!.

18E.H. Kisi, C.J. Howard, and R.J. Hill, J. Am. Ceram. Soc.72,
1757 ~1989!.

19C.J. Howard, E.H. Kisi, R.B. Roberts, and R.J. Hill, J. Am. Ce-
ram. Soc.73, 2828~1990!.

20J.K. Dewhurst and J.E. Lowther, Phys. Rev. B57, 741
~1998!.

21S. Fabris, A.T. Paxton, and M.W. Finnis, Phys. Rev. B61, 6617
~2000!.

22R.N. Patil and E.C. Subbarao, Acta Crystallogr., Sect. A: Cryst.
Phys., Diffr., Theor. Gen. Crystallogr.26, 535 ~1970!.

23E.C. Subbarao, H.S. Maiti, and K.K. Srivastava, Phys. Status So-
lidi A 21, 9 ~1974!.

24G.K. Bansal and A.H. Heuer, Acta Metall.22, 409 ~1974!.
25H. Boysen, F. Frey, and T. Vogt, Acta Crystallogr., Sect. B: Struct.

Sci. 47, 881 ~1991!.

26M. Pitteri and G. Zanzotto,Continuum Models for Phase Transi-
tions and Twinning in Crystals ~Chapman and Hall, London,
2002!.

27S.M. Lang, J. Am. Ceram. Soc.47, 641 ~1964!.
28R.N. Patil and E.C. Subbarao, J. Appl. Crystallogr.2, 281~1969!.
29L. D. Landau and E. M. Lifshits,Theory of Elasticity ~Pergamon

Press, Oxford, New York, 1986!.
30M. E. Gurtin, An Introduction to Continuum Mechanics ~Aca-

demic Press, New York, 1981!.
31As in our model we disregard a number of atoms in the zirconia

crystal~see Fig. 1!, here we can only indicate the skeletal defor-
mation and the point group of the newo2 phase of ZrO2. The
exact configuration of the disregarded atoms, which would, for
instance, allow for anab initio testing of the stability of such
structure, can at this stage only be the object of speculation~see
Appendix B!.

32In this way the loads do not fully distort the crystal, which main-
tains at least theM3-monoclinic symmetry~see also Sec. IV!. If
states withs45” 0 or s55” 0 are considered, the resulting Landau
potential formally coincides with the one in Eq.~A6!, but its
coefficients would depend also ons4 and s5, besidess15

2p ands2.
33For this reason the phase diagrams involving the stress variables

s̄3 or s̄6 are symmetric with respect to the reflection across the
T axis.

34At high temperatures the metastability domain for theo2 phase
reaches into the half planep.0 ~see the domain between lines 3
and 9 in Fig. 2!, as was already noticed in Ref. 10.

35The topological possibility of ap-T diagram with two triple
points as in Figs. 2 and 4 was mentioned by P. Toledano and V.
Dmitriev, Reconstructive Phase Transitions in Crystals and
Quasicrystals ~World Scientific, Singapore, 1996!. The rel-
evance of this particular pattern for zirconia was shown in Ref.
9.

36N. Simha and L. Truskinovsky, inContemporary Research on the
Mechanics and Mathematics of Materials, edited by R. C. Batra
and M. F. Beatty~CIMNE, Barcelona, 1996!.

37We remark that under generic nonhydrostatic loads the symmetry
groups of any coexisting structures become immediately indis-
tinguishable. Such different metastable phases still coexist until
the shear loads reach critical values~at the critical points! be-
yond which only one structure is present, any bifurcation being
eliminated.

38We recall, however, that small amounts of dopants and sample
size may strongly affect the stability of the zirconia structures
and the phase diagrams; any experimental work should appro-
priately consider these and other effects that can cloud the pre-
dictions of this paper.

39J.K. Liakos and G.A. Saunders, Philos. Mag. A46, 217
~1982!.

40Elastic, Piezoelectric, and Related Constants of Crystals, edited
by R. F. S. Hearmon, Vol. 11 of Landolt-Bo¨rnstein, New Series,
Group III ~Springer–Verlag, Berlin, 1984!.

NONHYDROSTATIC STABILIZATION OF AN . . . PHYSICAL REVIEW B 68, 134106 ~2003!

134106-9



41These conditions lead to the simplestt-o2 transformation mecha-
nisms, restricting considerably the number of possibilities for
the o2 structure. However, we remark that neither the orthoI
(o1) nor them structures of ZrO2 can be obtained in this way
from thet phase.@Y. Ishibashi and V. Dvorˇak, J. Phys. Soc. Jpn.
58, 4211~1989!; K. Negita and H. Takao, J. Phys. Chem. Solids
50, 325 ~1989!#.

42S. C. Miller and W. F. Love,Tables of Irreducible Representations
of Space Groups and co-Representations of Magnetic Space
Groups ~Pruett Press, Boulder, CO, 1967!.

43I. A. Izyumov and V. N. Syromyatnikov,Phase Transitions and
Crystal Symmetry ~Kluwer Academic, Dordrecht, 1990!.

44J.-C. Toledano and P. Toledano,The Landau Theory of Phase
Transitions ~World Scientific, Singapore, 1987!.

45H. T. Stokes and D. M. Hatch, Isotropy~1999!, http://

www.physics.byu.edu/˜stokesh/isotropy.html.
46C. J. Bradley and A. P. Cracknell,The Mathematical Theory of

Symmetry in Solids; Representation Theory for Point Groups
and Space Groups ~Clarendon Press, Oxford, 1972!.

47International Tables for Crystallography, edited by T. Hahn
~Reidel, Dordrecht, Boston, 1996!, Vol. A.

48J.E. Lowther, J.K. Dewhurst, J.M. Le´ger, and J. Haines, Phys.
Rev. B 60, 14485~1999!.

FADDA, TRUSKINOVSKY, AND ZANZOTTO PHYSICAL REVIEW B 68, 134106 ~2003!

134106-10


