N
N

N

HAL

open science

New bounds and estimates for porous media with rigid
perfectly plastic matrix

Nicolas Bilger, Francois Auslender, Michel Bornert, Renaud Masson

» To cite this version:

Nicolas Bilger, Frangois Auslender, Michel Bornert, Renaud Masson. New bounds and estimates for porous
media with rigid perfectly plastic matrix. Comptes rendus de ’Académie des sciences. Série IIb, Mécanique,

2002, 330, pp.127-132. {10.1016/S1631-0721(02)01438-9). <hal-00111344)

HAL Id: hal-00111344
https://hal.science/hal-00111344v1

Submitted on 15 Aug 2019

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-00111344v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

New bounds and estimates for porous media
with rigid perfectly plastic matrix

Nicolas Bilger P, Francois Auslender 2, Michel Bornert 2, Renaud Masson P

@ |_aboratoire de mécanique des solides, Ecole polytechnique, CNRS, 91128 Palaiseau cedex, France
b Electricité de France, site des Renar diéres, route de Sens, Ecuelles, 77818 Moret sur Loing, France

Abstract We derive new rigorous bounds and self-consistentestimatesfor the effective yield
surfaceof porousmediawith arigid perfectly plasticmatrix anda microstructuresimilar
to Hashin’s compositespheresassemblageTheseresults arise from a homogenisation
techniquethat combinesa pattern-basednodelling for linear compositematerialsand a
variational formulation for nonlinearmedia.
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Nouvelles bornes et estimations pour les milieux poreux a matrice
rigide parfaitement plastique

Résumé On présentede nouvellesbornesrigoureuse®t estimationsautocohérentepour la surface
de plasticitémacroscopiquée milieux poreuxa matricerigide parfaitemenplastiquedont
la microstructures’apparentei 'assemblagalessphéressompositesie Hashin.Elles sont
déduited’'une techniqued’homogénéisatioqui combineuneapprochepar motifs pourles
compositedinéaireset uneformulationvariationrelle pourles milieux nonlinéaires.
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Version francaise abrégée

De nouvelles bornes et estimations autocohérentes pour la surface de plasticité de milieux poreux dont
la microstructure peut étre décrite par un assemblage de sphéres composites de Hashin sont obtenues par
I'association d’'un principe variationnel pour 'homogénéisation des comportements non linéaires [5,10]
et d'une méthode d’homogénéisation linéaire reposant sur la notion de motif morphologique représentatif
[11,12], qui permet une description améliorée des interactions dans I'environnement immédiat d’un pore.
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La démarche est la suivante. Les équations du probléme local non linéaire sont traitées selon les
principes de la méthode sécante modifiée [10], qui rejoint I'approche variationnelle de Ponte Castafieda
[5]. Contrairement aux mises en ceuvre usuelles de ces principes, on fait ici appel, comme dans [13],
a un composite linéaire de comparaison multiphasé, avec plusieurs modules sécants dans la matrice, et
non pas un seul module constant. Plus précisément, la microstructure est classiquement [2,3] supposée
s’apparenter a I'assemblage des spheres composites de Hashin [4], formées d’'un pore sphérique entouré
d’une gaine de matrice, de taille variable mais de fraction volumique égale a la porosité globale et réparties
aléatoirement dans un volume élémentaire représentatif de facon a couvrir tout I'espace (Fig. 1a). Dans
le but de mieux représenter I'hétérogénéité radiale des champs mécaniques induite par la plasticité, les
couronnes de matrice sont discrétiséed/ezouches concentriques (Fig. 1b) et I'on affecte & chaque couche
r un module sécant différent,. Le milieu linéaire de comparaison ainsi obtenu admet une description
par motifs morphologiques représentatifs [11], les motifs étant les sphéres composites multicouches
ainsi définies. Lhomogénéisation de son comportement peut étre abordée analytiquement au travers de
I'approche variationnelle présentée dans [11,12], qui conduit, sous I'hnypothése réaliste que les motifs sont
répartis de maniére isotrope, au probléme d’une d’inclusion composite multicouche noyée dans un milieu
de référence homogéne sous chargement homogéne a l'infini (Fig. 1c), dont la solution analytique est
connue [15]. Suivant le choix du milieux de référence, une borne supérieure [11,12] ou une estimation
autocohérente [13,14] des propriétés du composite linéaire, et par suite de la surface de plasticité du milieu
poreux, sont obtenues. Les équations a traiter sont résumées par le systemes(3@sbla contrainte
d’écoulement de von Mises de la matri@ele taux de triaxialité macroscopique (rapport entre contrainte
moyenneXy, et équivalenteeq) et la fonctionF fait référence a I'homogénéisation du milieu linéaire de
comparaison. Les dérivées partielles de cette derniére donnent accés au moment d’order%;qﬁede la
déformation dans les couches selon (2) et sont calculées numériqguement.

La résolution de (3) par une méthode de point fixe pour plusieurs valeufsgi¥met de construire
la fonction seuil point par point. Les résultats pour une poraggitée 1 % et 5 % sont donnés en Fig. 2.

Avec un nombre de couches suffisamment gravid=(10) et pour un chargement purement hydrostatique,

on converge vers la solution exacte (Fig. 2b), également donnée par le critere de Gurson. Avec une seule
couche, on retrouve pour toflitla borne de Hashin et Shtrikman non linéaiHS+). Sous chargement
purement déviatorique, la discrétisation n’a qu’un faible effet (Fig. 2a), mais elle permet d’améliorer les
bornes et estimations existantes (Fig. 2c) dont en particulier celles a caractére analytique @agsice6

Suquet [3,8]. Le gain est plus net pour des triaxialités intermédiaires. L'estimation autocohérente est tres
proche de la borne supérieure, mais s'en écarterait pour une porosité plus élevée.

1. Introduction

During the last 25 years, noticeable progress has been made in the modelling of nonlinear porous media.
Gurson, in his pioneering work on a hollow rigid plastic sphere [1], exhibited a macroscopic yield function
which involves, besides classical parameters such as the equivalent von MiseZsiresgl the yield
stressog, the porosityf and the hydrostatic stre3&y:
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This criterion has the noticeable property to be an upper bound [2,3] for the particular class of
microstructures described by Hashin’s [4] composite spheres assemblage (CSA), made up of spherical
pores surrounded by concentric shells of matrix, in different sizes but with the same volume fraction, and
distributed in such a way that they fill the whole space (Fig. 1a). Moreover, for purely hydrostatic loads, it
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Figure 1. Composite spheres assemblage (a); discretisation into layers (b); multilayered inclusion (c).
Figure 1. Assemblage de sphéres compod#gs discrétisation en couchd®) ; inclusion multicouchéc).

gives the exact solution. Another rigorous upper bound for the macroscopic plastic yield surface has been
proposed later on by Ponte Castafieda [5] and Michel and Suquet [6]; it is based on an extension to nonlinear
behaviour of the linear Hashin and Shtrikman upper bound and applies to any microstructure in which the
spatial distribution of the pores is isotropic. It will be referred toNlyHS+. When the triaxiality factor

T = ¥m/Xeq goes to zero, this new bound improves on Gurson’s criterion. However, for infinite triaxiality,
Gurson'’s criterion keeps predominance. More recentBraféu [3] has derived another analytical upper
bound that applies to Hashin’s assemblage, using more refined admissible strain fields in the composite
spheres than according to Gurson’s analysis. His criterion is very similar to (1), except that the first term
has to be multiplied by some complex coefficiefy). Sincer (f) < 1, his result, referred to &8SH+ in

the following, improves on Gurson’s criterion for non purely hydrostatic loads and gives the exact result for
T = oco. However, it lies slightly abovBILHS+ for T = 0. Several authors [7,8] have suggested to replace
t(f) by 1+ %f; the obtained estimatés§S in the following) of the yield function coincides then with
NLHS+ for T = 0 and with (1) forT = oo, but there is no proof that such a relation yields an upper bound.

In the present paper, new bounds and estimates for the yield function of porous media with a microstructure
similar to Hashin’sCSA are derived; they are consistent with the above mentioned best bouridsfor

andT = +oo and improve on them for any other triaxiality.

We consider a representative volume elem@ndf a such a porous medium. The homogeneous and
isotropic matrix is rigid and perfectly plastic, follows the von Mises criterion, with yield stressnd obeys
the normality rule. Under these assumptions and wf2eés submitted to macrohomogeneous boundary
conditions, an effective behaviour of the porous material can be defined; it is rigid perfectly plastic and
obeys the normality rule [9] as well. When, in addition, the spatial distribution of the pores is isotropic, the
overall yield criterion depends only on the three invariants of the overall ske3$e proposed models,
alike those mentioned above, are neither sensitive to the third invariant nor to the sign of the pressure, so that
the overall yield function depends only Girxq and|Xm|. To construct it, we determine, for any imposed
value of the triaxialityl’, the overall stress that leads to some non vanishing overall diraiith arbitrary
magnitude. The full yield function in théXm|, Xeq) plane is then obtained whdhvaries from 0 to+-oco.

We make use of the “modified secant procedure” proposed by Suquet [10] which is equivalent to Ponte
Castafieda’s variational procedure [5]. But unlike these authors, we are dealing with a “linear comparison
composite” (LCC), in the sense of Ponte Castafieda, with a piecewise constant but non uniform distribution
of shear moduli in the matrix. This enriched formulation of the comparison medium leads to a better
description of the plastic flow in the nonlinear medium and is the key of the obtained improvements.
The multiphase LCC is handled by an extension of the linear Hashin and Shtrikman procedure to
microstructures described by means of morphologically representative patterns [11,12], which leads to an
(almost) analytical solution of the linear problem. The detail of the procedure is given in the next section
and the results are commented and compared to above mentioned earlier models in the third one.



2. Nonlinear variational procedure based on multilayered composite spheres

2.1 Modified secant approach- If we assume for simplicity that the local deviatoric stress evolves in
a proportional and monotonic way, the deformation theory of plasticity applies. The matrix being isotropic
and incompressible, its local behaviour may be described by a secant constitutive law involving a local
secant shear modulygseq) which depends at each pombf 2 on the local equivalent straieq(x). The
nonlinear problem can be simplified by replacing this distribution of local moduli by a piecewise uniform
one, the secant moduli being equalite in the sub-domair2, of the matrix. This defines the so-called
LCC, which is anN + 1 phase composite made up of the pores and\treib-phases2,, r € [1, N], in
the matrix, with volume fractions,.. According to the modified secant approach, the moduishould be
related, through the local secant constitutive law of the matrix, to some reference strain equal to the second-

order moment of the local strain field in the LCC over the domfajn feq = ./(séq), where(a), is the

volume average af over phase. With such a choice, the effective properties of the LCC lead to an upper
bound for the nonlinear composite [5], in terms of overall potentials. In the present case, one gets an outer
bound for the yield surface. When the overall properties of the LCC are isotropic,:{#th andx"°™ the
effective shear und bulk moduli, when an overall triaxialitys prescribed and when an overall equivalent
strain Eeq is imposed, the general relation for the second order moments given in [10] specialises into:

<8r§q>r =

E2 [g,hom
ﬁ{ K 2)

Mhom ) 2 8khom}
Cr oy

+ 3<T khom o’

The nonlinear set of equations to determine the overall plastic limit is then given by (3), Whemvides
the linear isotropic effective properties of the multiphase LCC. This system has to be solvediintthe
for instance, an iterative procedure such as the classical fixed point method,

o0 .
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2.2, Multilayered composite spheres assemblagd.he full implementation of this algorithm requires
the computation of the functio’, which depends on the phase distribution. Alike other approaches
mentioned above, we assume that the microstructure of the porous medium belongs to the class of composite
spheres assemblages (Fig. 1a), made up of hollow spheres with a pore volume fraction equal to the
macroscopic porosity, but different radii so that the whole dortagan be filled with such spheres. When
this microstructure is submitted to plastic deformation, strong deformation gradients may appear near the
pores. Under hydrostatic pressure, these gradients are mostly along the radii of the composite spheres.
This observation suggests that, in order to describe more accurately the local plastic flow around the pores,
it makes sense to discretise the matrix into concentric shells, as suggested in (Fig. 1b). As in [13], the
multiphase LCC the present approach relies on is made of multilayered composite spheres, consisting of
a pore surrounded by concentric layers. For simplicity, we assume that the geometry of the composite
spheres of different sizes are homothetic. Thusrtiephasey € [1, N], of our multiphase LCC, with
uniform shear modulug.,., will be the union of allrth layers of the composite spheres. Such a phase
distribution can be described by means of “morphologically representative patterns” [11], a pattern being,
in the present case, a multilayered sphere of a given size. The derivations presented in [11,12], based on the
Hashin and Shtrikman variational formulation, allow us to construct bounds and generalised self-consistent
estimates [13,14] for the effective properties of such composites. It is shown that, under the assumption
of an isotropic distribution of the centres of the patterns, the effective properties can be deduced from the



local fields that arise in such a multilayered inclusion embedded in an infinite linear isotropic reference
medium (Fig. 1c), when it is submitted to homogeneous strain or stress conditions at infinity. Estimates of
the effective shear (resp. bulk) modulus are obtained from the ratio between the average deviatoric (resp.
hydrostatic) stress and the average deviatoric strain (resp. dilatation) in the composite inclusion. When the
infinite medium has the properties of the stiffest layer, these estimates are indeed upper boufief8 for
(resp.k"°M) whereas when it has the estimated effective properties, so-called generalised self-consistent
estimates are generated.

The multilayered composite inclusion problem can be solved analytically. The relations given in [15]
provide exact and easy to implement expressions for the local and average stresses and strains in the layers,
which can be extended to incompressible phases or to voids, as required for the present application. The
combination of this solution and the system (3) finally leads to an outer bound and a self-consistent estimate
for the effective yield surface of the nonlinear porous material. Note first that the derivatives in (2) are
computed numerically because the analytical relations available from [15] are too complex. Second, the
initial assumption of proportional loading does not restrict the generality of the results, since the obtained
local and overall stresses do not depend on the magnitude of the arbitrarily small overall strain. This
property could also be justified more rigorously within a formalism using dissipation potentials [9], not
to be addressed here.

3. Results

The new boundN¢+) obtained for 1% porosity withN = 1, 2, 5 and 20 layers of same thickness as well
as the new self-consistent estimate obtained with 20 lagékssc) are compared on Fig. 2 (a and b) to the
Gurson model and the Hashin and Shtrikman upper bdliiidiS+. The fact thalg+ andNLHS+ coincide
clearly results from the fact that the linear upper bound involved by both approaches are identical. With
more layers, the new bound always improvedNirHS+. For a purely hydrostatic loadNg+) converges
to the Gurson model wheN is increased. With 10 layers the discrepancy is for instance lower than 1%.
This result can easily be predicted from theoretical arguments since the local fieldsO8Ahare known
exactly for a purely hydrostatic load: within any composite sphere, the displacement fluctuation is radial
so that the stress and strain components in a local spherical coordinate system depend only on the distance
r to the centre of the corresponding pore. For an incompressible matrix, the displacement fluctuation in
the matrix varies like 1r2, the local equivalent strain like/t3 and the local secant modulus liker3.
Such a distribution can be approached exactly by the LCC when the discretisation is refined, so that the
fields in the nonlinear composite can be described exactly within the secant approach. One can check that

4
(b). 107p ©

L./

0.98 - — Gurson

-- NLHS+

GO 2. -

— Gurson-GSH+
" +—= Gurson-GS
0 - — Gurson-20¢+
_&—a Gurson-20¢sc

0.96 -

L

0.94 0 /4 /2

o
N
W
E =Y
o
[
~
o

Figure 2. (b) Yield surfaces forf = 1%. (a) zoom for small'. (c) Deviation of yield surfaces with respect to
Gurson’s criterion forf =5% in (o, ) polar coordinates of theXm, Xeq) plane.

Figure 2. (b) Surfaces seuils pouf = 1 %. (a) zoom pourT' petit. (c) Ecarts entre surfaces seuils et critére de
Gurson pourf =5 % en coordonnées polairgp, 6) du plan(Zm, Zeq).



the numerical solution of (3) does indeed converge to this distribution of secant moduli. For intermediate
triaxialities, the new bound derived with 20 layers is always somewhat lower than Gurson’s criterion. For
a purely deviatoric load, the latter is definitively too stiff; the new bound is very clog¢LtdS+ and
seems to be independent of the discretisation. In fact, it is not: one can plot in this case the evolution of
s With respect to- and observe a non constant evolution which becomes more and more significant when
the porosity is increased. Thus the new bound is always softerNMh&ts+ even if the difference can be
neglected in practice for small porosity. As expected, the self-consistent estimate is always within the bound
for a similar discretisation, but very close to it for small porosity.

The plot on Fig. 2c¢ provides, for a porosity of 5%, a comparison between the new b2e) (and
estimate 20¢sc) calculated for 20 layers, and the best up to now available rigorous bdua8H <)
and estimateGS) mentioned in the introduction. In order to emphasise the improvements, it gives, as
a function of the polar anglé = arctar{7’) in the (|Zm|, Zeq) plane, the difference between the ‘radii’

p=1/35+ qu predicted by these models and that given by Gurson’s criterion. Except in a small zone

at a very large triaxiality where the number of layers is too small, we observe@ligat improves on

GSH+ and 20¢sc improves onGS. Moreover, it is worth noting that th20¢+ bound is tighter than

the GS estimate. When the triaxiality tends to infinity, we observe that the new bound and estimate tend
to the Gurson bound but are less accurate than the other models. This discrepancy can be reduced with
an increased discretisation, but at a significant numerical costGBhet+ remains the best fully analytical

bound valid for anfCSA. When the composite spheres are isotropically distribiNed is more restrictive.
However, in this case, the less accurate but fully analytical and very si@®leriterion seems to be a
reasonable model for more practical applications.
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