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Stability of crack fronts under Griffith criterion: a computational
approach using integral equations and domain derivatives of
potential energy

Marc Bonnet*
Laboratoire de Mécanique des Solides (UMR CNRS 7649), Ecole Polytechnique, 91128 Palaiseau cedex, France

This paper deals with the numerical study of stability and instantaneous extension of cracks under Griffith criterion, within the classical
linear fracture mechanics framework. First- and second-order domain derivatives of the potential energy W in crack extensions play a central
role in the mathematical formulation of such situations. The proposed solution strategy (called the 8-integral method, by reference to the
FEM-based #-method) possesses the following main characteristics: (i) it is based on a symmetric Galerkin boundary integral formulations;
and (ii) explicit expressions for the domain derivatives of W are established using Lagrangian formulas (so that the derivations do not
increase crack front singularities). The numerical solution procedure for the extension velocity problem, including all domain derivative
evaluations, is entirely supported by the boundary element mesh of the current crack configuration; numerical differentiation is avoided.
Numerical examples for an isolated crack in a 3-D unbounded elastic body show that in practice an excellent accuracy can be achieved for
the energy release rate, the second-order domain derivatives of W and the prediction of stability or instability of crack growth.

1. Introduction

In the classical Griffith approach, crack propagation may occur at points of the crack front where the energy
release rate G reaches a critical value G.. For a quasi-static loading history and assuming infinitesimal
displacements and strains, the governing problem for the extension velocity of the crack front on the current
configuration has been formulated as a variational inequality [16,17]. Mathematically speaking, G is (minus) the
kemel associated with the domain derivative of the equilibrium value W of the potential energy. Then, the
variational inequality, and in particular the stability and non-bifurcation criteria, involves the second-order
domain derivative of W.

The consideration of perturbations of W under fictitious body changes associated to virtual crack extensions
provides a computational tool for fracture analysis. Finite difference approaches, using small finite crack
perturbations, have been proposed using either FEM [12,21] or BEM (8,7, pp. 50-55]. Then, the concept of
material differentiation (i.e. analytical differentiation using infinitesimal crack perturbations) has been applied to
W, starting from variational formulations of elasticity problems [9,10,14,18,20,25]. This approach, sometimes
known as the ‘@-method’ (6 refers to the notation used in [10,14] and herein for the transformation velocity), has
led to FEM implementations [27]. The present paper aims at formulating a BIE version of the #-method.

This paper aims at developing a solution strategy for the goveming variational inequality whose main
characteristics are: (i) a boundary integral equation (BIE) framework, reflecting the major role played by the
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crack surface and its perturbations; (ii) the recourse to explicit expressions for the domain derivatives of W,
avoiding any numerical differentiation. This approach, herein referred to as the #-integral method, is in fact a
transposition to boundary integral equation formulations of the #-method. More specifically, symmetric Galerkin
BIEs [6,15] are used here because, like in FEM, their symmetry allows one to formulate second-order
derivatives of W in terms of the elastic field variables and their first-order domain derivatives. The present
development, like the classical #-method, relies on Lagrangian-type domain differentiation formulas, in order to
avoid the appearance of non-integrable crack front singularities during the differentiation process. The resulting
solution procedure for the extension velocity problem is entirely supported by the boundary element
discressation (assuming linear elasticity). Numerical examples for an isolated crack in a 3-D unbounded elastic
body are presented in Section 7. They show that, in practice, an excellent accuracy can be achieved for G, the
second-order domain derivatives of W and the prediction of stability or instability of crack growth. Although the
Griffith criterion alone is insufficient for mixed-mode three-dimensional crack propagation simulation, our
approach could be combined with other techniques in more complex propagation criteria.

2. Lagrangian differentiation in crack perturbations

Let 2 denote a three-dimensional elastic solid. The boundary 342 of (2 is split into two components S,
(supporting prescribed displacements # =) and S, (supporting prescribed tractions o .n =t, see Fig. 1). A
crack, idealized by the surface I is embedded into §2. The unit normal n to I’ is oriented along the I’ —»TI" *
direction, where I'", I’ are the two crack faces (the outward normal to I"~ is thus ¥n).

The crack edge oI is a closed, generally nonplanar, curve; let 7(s) denote the unit tangent vector to a1 (s: arc
length along a1"). Then, let » = 7 An denote the outward unit normal to I lying in the tangent plane to I so
that (7, n, ») is an orthonormal right-handed frame. The components of a vector @ in (7, n, ») will be denoted
.,86,8,):

70 Vno

0=0r+6n+0v (@))]

Smooth crack perturbations (i.e. without kinking) are considered, so that the vector » defines the instantaneous
crack extension direction.

Crack extensions may be mathematically described using a pseudo-time ¢ =0 and a geometrical transforma-
tion @:

XxEN5x' =@, 1) E N (2)
which must satisfy

D)= 12 DU oI 3)

Fig. 1. Cracked elastic solid 2.



Here, instantaneous crack extensions are considered, so that the unperturbed crack configuration corresponds
conventionally to t =0, and all derivatives will be implicitly taken at t = 0.

Differentiation of field variables and integrals in a domain perturbation is a well-documented subject, see e.g.
[22,24]; a few basic facts are recalled now [4]. The initial transformation velocity @ is defined by

oP
00 =5

=0

*
The ‘Lagrangian’ derivative at ¢ =0 of a field quantity f(y, ¢) in a geometrical transformation, denoted by f, is
defined by

F=lim~ [fe' — fie, 0] =L+ vf.0 @
t~o f ot

The Lagrangian derivative of the gradient of a field quantity is then given by

(V)* =Vf V. V0 5)

where the symbol ‘.’ indicates the dot product of two vectors or tensors (e.g. Vf. VO = f.6, ;). Similarly, the
Lagrangian derivative of any surface integral of the form

I(£,S;0 =J;([)fd5

is given by the formula

* d/ *
I(ﬁS)=?=fde+ffdv50dS (6)
! s s
where the surface divergence of a vector field is defined by
divg( )=div( ) —n.V().n a

* *
Note that f and I are linear expressions in 6 if df/a9t = 0.
From formula (6), the Lagrangian derivative of a double surface integral is given by

d *
T jr jr fix,y)dS, dS, = Jr J; {fx, y) + fldivg O(x) + divs 6(y))}dS, ds, (8)

Finally, the Lagrangian derivative of a integral over a line C is given by

%jcfds=fc {?+f[%(0,)—xem]}ds )

(«: algebraic curvature of C; m: unit normal to C defined by the Frenet formula d7/ds = xm; 6, =6.m).
Splitting the gradient of f into tangent and normal parts with respect to C, i.e.

d
V=5 (W),

it is readily seen that identity (9) is equivalent, if the curve C is closed, to

%jcfdszfc{?~fkﬂm}ds a9

where the derivative f now implicitly assumes that 8. = 0. This simply reflects the fact that the closed curves
C +t6.7 and C are identical up to first order in ¢.

In this paper, Lagrangian derivatives are defined so as to reflect the effect of geometry (i.e. crack) variations
alone, with fixed load, on field variables; the prime ( )" reflects the effect of load variations with the geometry
kept fixed. The total derivative of (say) the displacement field under both load and geometry variations is thus
expressed as



The requirements (3) imply that @ must satisfy the following conditions:

6,=0 onI"” 60=0 ond\I' (1)
In addition, one can assume without loss of generality that

6.=0 onal (12)

since the closed curves dI" +t6.7 and 3l are identical up to first order in t. Let @ denote the set of all
transformation velocity fields verifying (11)-(12).

3. Formulation of the rate problem for crack extension

The equilibrium solution for the current load and crack configuration has a potential energy W= W(u, t. )
which, for the present context of linear elasticity and assuming the absence of body forces, is given by

_ - 1 -
W(u,t;]")=§f a:edv—f t.uds (13)
n 5y
Let (u,, €,, 0,) denote the equilibrium solution for the original boundary data (u, t) and in the absence of the
crack, and let (u,, £,, o) be the elastic state associated with given tractions on the crack faces:

tx“y=*o,.n (onI") (14)

and homogeneous boundary data on S, and S, so that u =u, +u,, € =¢€,+ €,, 0 = 0, + 0,. Then, one can
show that

W(E,E;F)=%(E,i)+%frf.¢ds (15)

where ¢ =u' —u” =u, —u; is the crack opening displacement (COD) on I, W,(u, t) is the potential energy
of the state (u,, £,, 0;,). Note that W(u, t; I') depends on the crack configuration both explicitly and implicitly
(through &), and that W, is left unchanged by any crack perturbation

ikvo(ﬁ, H=0 (16)

The energy release rate G(s) is mathematically defined as the kernel function associated with the domain
derivative of —W in any relevant domain transformation, i.e.

*
W+J’rc;0,ds=o (17)

The crack is assumed to grow according to the Griffith criterion, which stipulates that the actual crack extension
velocity g verify:

G<G. um,=0 (no extension)

rEO {G =G, pm,=0 (possible extension) (18)

Denote by @. € O the set of extension velocity fields which satisfy the above criterion at any point of the crack
edge 97" The rate problem for the current crack and load configuration consists of investigating a possible
infinitesimal crack extension dI" = u, d¢ induced by a load increment dr =t' dr applied during the ‘time’ interval
de.

The formulation adopted here for the rate problem is a direct adaptation of the work of Nguyen et al. [17,18].
Its main unknown is the actual crack extension velocity 6,, sought as a response to a given loading rate ¢'.
Introduce the part 1, of the crack edge 81" on which G = G... Denote by (©) the ‘material’ derivative associated
with the unknown velocity s and for fixed load.

The equality (17) must be maintained in the crack extension. Applying the Lagrangian derivative (<) thus
gives, using identity (10):



#O ok
voe @ f [ GK[Lm:IdS+W+W’=0 (19)

where W denotes the operation of applying the Lagrangian derivative (®) in the velocity g to the first-order
derivative W (which depends linearly on @) with the addtttonal provision that 0 0. The latter is acceptable

because @ acts as a test function in (17): the requirement 0 0 amounts to stating that the set of test functions
O, associated to the perturbed crack I” + 7 is obtained from the set @), for the initial crack I by transport in the
transformation (2).

The equality (19) holds for any @ € @, and is thus in particular true for @ replaced by @ — u with
(m, ) € O.. Introducing the bilinear form (6, p):

o

%
00, m=W -G, f M, 0,k ds (20
r
one obtains the following identity:

<o
Yoc o [rdd—?(ﬂy—p,y)dS—Lr(G—Gc)(e_,—,uy),u,mxds+Q(0—ﬂ, ﬂ)+(W—$V)'= 1)

Then, one notes that the Griffith criterion implies the inequality:

dG
Lrwwy—pﬁ,]dsSO Voe 6, (22)
which includes the cases:

. dG
m, =0 if Gs)=G, and ?—O

dG
um,=0 if G(s)<G,. or G(s)=GC,E-<O

and also that
Y u0€6) [G-G0—p)ds=0 23)

Then, substitution of inequality (22) and identity (23) into Eq. (21) yields the variational inequality:

< *
Find u € @, such that (VOE B.) QO —pu, )+ (W—W)' =0 24)

To investigate the stability of instantaneous crack extension (i.e. the existence of a solution s to the variational
inequality (24), ensuring its controllability by the loading evolution) and the possibility of multiple solutions for
M, the quadratic form Q defined by (20) plays a major role. It is shown in [1,16] that the instantaneous extension
is stable (i.e. a solution g exists) if

00,0)>0 Vo6, ,6,#0 (25)
and that the solution p to the variational inequality (24) is unique subject to the stronger condition:

Q8 —p.0—pw)>0 VOEO Vuc,6#pu, (26)

(2 4

Note that, since a given instantaneous crack propagation is characterized only by the normal extension velocity
M| - the uniqueness criterion refers only to the normal component w,.

The most important steps in the formulation of the rate problem are thus the governing equation (17) for G
and the variational inequality (24). They do not depend on the solution technique invoked for the initial elastic
equilibrium problem. The practical issue now is of course how to evaluate the first- and second-order derivatives
of W. The basic purpose of the present #-integral method is to provide boundary-only expressions of the energy
derivatives, thus allowing their computations in a boundary element framework.



4. General BIE-based formulation for potential energy derivatives

The symmetric Galerkin boundary integral equation (SGBIE) formulation for elastic solids with cracks
governs the boundary unknowns: traction ¢ on S,, displacement # on S, and COD ¢ on the crack surface I It
takes the following general form:

B (L t) + B, (F,u) + B, ,(F, ¢) = F(F)
V@, i, ¢) { Bdt)+ B, u)+ B, )= F,) 7
By D, 1)+ By (b, uw) + Boy( b, §) = F (D)

where the bilinear forms %,; and linear forms %, are expressed in terms of double surface integrals (see [5] or
[13] for detailed expressions). In particular, using again the decomposition # = u, + u ,, one can show that the
governing SGBIE for the state u,, is of the form:

B(E1,) + B () + ByE $)=0
B, (i, t)+ B, (i, u)) + B, i, $) =0

'%d>r(($’t1) + ‘%q{.u((ﬁ’ul) + ‘%.;bd,((ﬁ» ¢) = —JI‘ &Eds

Y (i@ f, §) (28)

The formulations (27), (28) are symmetric, and lead after BEM discretization to symmetric linear systems of
equations for the unknowns boundary DOFs. It has been shown in [5] that the SGBIE formulation (27) is
nothing else than the stationarity equation for the potential energy constrained by the Dirichlet boundary data,
restricted to trial functions (i.e. displacement variations) solving the homogeneous Navier (i.e. elastic
equilibrium) equation.

To formulate the derivatives of the potential energy W given by (15), it is advantageous to introduce the
Lagrangian .%:

— _ 1 - o
Lu,,u,u, 1")=W0(u)+5frt.¢d8+ .%(u,,ti)+f ¢ .tdS 29)
r
where u, @, u, B are compact notations for the set of unknowns, trial functions, external boundary data and

bilinear forms. The underlying idea, very commonly used in optimal control, is to treat formally the variables
(u,, I') as independent and incorporate the state equation (28) as a constraint term.

4.1. First-order domain derivatives of W

Consider the application of Lagrangian differentiation to (28), assuming that (i) (& )* = 0 (i.e. the space of
test functions is convected in the domain transformation) and (ii) the loading is kept constant, i.e.

¥
t=Vt.0 onl (30)
One first obtains (note that ;21 =u):
*
B, i) =BG, i)+ B'u,,i; 0) G1)

The above equalities define B' (which depends linearly on ). Besides, one has
d - * - -
~f ¢.tds= f ¢.tdS + f ¢.(Vt.0 +tdiv0)dS
dt r r r

=J;_;S.id5—fr (Ve .0).1 dS (32)

where the differentiation dJ dr is performed for constant loading (the latter equality results from an integration
by parts). The derivative £ then takes the form (using the fact that W, = 0):



5 =%L é.1dS + B, i) —%L (Vep.0).tdS — fr (V.0).tdS + B' (i, u,; 0) (33)
Now, one notices that the particular choice & =u, /2 for the multiplier # ensures that

%jr$.id5+ B, #)=0 (VEEV)
by virtue of the SGBIE formulation (28) and using the symmetry of the bilinear form % (thig selection of uisa

particular instance of the adjoint state concept). This results in the following expression for W, which is linear in
0.

* 1 . -
=E% @, u,;0)— r(V¢.0).tdS (34)
It can be shown that {'kV depends on @ only through the normal extension velocity on the crack front 0,|,r; in
other words, if 8", 8* are such that 0(,,” = 9‘,,2’, then W (¢, r.e® = Wr@, I').0'. Hence, the result (34) is

in practice applied to extension velocity fields @ defined as arbitrary extensions over I’ of given normal
extension velocities 6, over dI, see Section 6.

4.2. Second-order domain derivatives of W
The Lagrangian derivative of #' takes the form:
Ot ~ 1 * ~ 2 ~
B W, iu;0)=RB (u,i;0)+ B w,u;6, pn (33)
which defines %2, a bilinear form in (@, M). Moreover, from (5), (6), one has
d - < - - - -
afr (Vb .0).tsS = fr (Vep.0).t dS + fr {(Vep.0).(Vt.pu +t divg ) — (Vb .V .0) .t} dS (36)

where the Lagrangian differentiation d/dt is taken for constant loading and in the velocity field u. Then, one

can express the second-order derivative %V from (34) as
< & 1 & _
W= B'u,u;0) +5 RB*(u,u; 6, M)—j (Vep.0).t dS
r
- fr {(Vep.0).(Vt.p +tdivg u) — (Vb .V .0).t} dS (37)

*O &
To evaluate W, one thus needs the first-order derivatives # of the elastic state. A governing equation for i is
obtained by taking the Lagrangian derivative (*) of the SGBIE formulation (28), resulting in

Vi) %(a,ﬁ)=fr(v$.o).ids—%‘(ﬁ,u;o) (38)
<o
Choosing # = u in (38) and substituting the corresponding equation into (37) yields the result:
¥ 1 5 *x O - - -
w =3 B w,u; 0, p)— Bu,u)— . {(Ve.0).(Vt. u +t divg u) — (Vb .V .0) .t} dS 39)

4.3. Second-order mixed domain-load derivatives of W
Eq. (34) gives
* - -
W==3"w,u0) - fr{(V¢'.0).t + (V. 0).t'} dS (40)

Then, the differentiation in a load increment of (28) yields (with & = ;):



y X * -
Bui,u)=—| ¢.t'dS
,,
while substituting # = #| into the derivative SGBIE (38) gives
Bit, u!) =f (V' .0).tdS— B'(u,,u; 0)
r

Substituting the last two relations into (40) results in

* * -
W'=f (¢ —Ve.0).t'dS (41)
r

In the above result, ¢’ is evaluated from the derivative of the uncracked elastic state u,, in the load increment:

t'=owl)).n onTl

4.4. Formulation of the rate problem
* kO %
The foregoing development shows in general terms how the derivatives W, W, W' are set up from an initial
SGBIE formulation. To actually apply this strategy one must establish explicit expressions for B', %,
This task is carried out in the next section for cracks of arbitrary shape embedded in an infinite medium, for
which numerical examples will be presented later. Bounded elastic solids with cracks can be addressed the same
way, resulting in formulas that are longer but conceptually identical.

5. Derivatives of potential energy: cracks in unbounded media
3.1. Galerkin BIE formulation

The Galerkin BIE formulation for a (possibly non-planar) crack I" of arbitrary shape in an infinite isotropic
medium (2 = R® (Poisson ratio # shear modulus wm), formulated by Nedelec [15], is recalled in this section for
the reader’s convenience. The states defined by u, and u, here correspond to loadings applied respectively: (i)
at infinity; and (ii) symmetrically on the crack faces:

taH=+t, tx)=—t (42)

It is well known that any displacement field # solution to the field (Navier) equations for elastic equilibrium
admits an integral representation in terms of the crack opening displacement (COD) ¢(y)=u"(y) —u (y) (see
e.g. [3,7]):

ulz) = fl 2y —on e dS, @) (43)

where 3,, (1 <i,k, £ =<3) is the k¢-component of the fundamental Kelvin stress tensor, i.e. the elastic stress
state generated at the field point y by a unit point force applied at z along the i-direction.

One notices that the given tractions *f do not appear explicitly in the previous expression. It is thus necessary
to formulate an integral representation for the stress tensor o. The latter is associated with # through Hooke’s
law:

2v
0, = Cijabua,b Cijab = #(1_—_2—1; Bijaab + ‘siaajb + ajuaib) (44)
so that the integral representation formula for o reads
]
0,;(x) = Cjyp fl 5;; Sy =X y)d(y)dS, (45)

The Galerkin BIE formulation basically follows a weighted-residual approach, i.e. consists of taking the inner



product of (45) with ¢ (*)n;(x), where d)(x) is a test functlon and integrating the result over I” with respect to
the observation point x. However, due to the |y — z| hypersingular behavior of X", a regularization procedure
is needed. To this purpose, following Sirtori et al. [23], an auxiliary surface I close to, but not intersecting, I is
defined by means of a one-to-one correspondence, e.g.

xEl->z=x+mkx)E I for 7> 0 sufficiently small

The weighted residual approach is then sought as the limiting case when i — 0 in

- - 0
J’_ &,@n;@)o;@) dS, = C,,,, J J n,z) $(z) Ox. 1Y —DnA)) b (y) ds, ds, (46)
I rJr Xp
Introduce the fourth-order tensor B(y —z) defined by [15,19]
M 2 ] o°r
Bikqs(y - z) - G 6pq8rs + 6pr8qr + Spfaqr repekgr axe ayg (47)

B(y —z) has a weak r~' singularity and verifies

d
Ciar 3 24y —2) = eijelhsBikq.s.fh(y -z @#y) (48)

ijab ax

Thanks to this fundamental property, a double application (once with respect to each integration variable z and
y) of the Stokes formula:

f wcafy 05, = J fr. ds, (49)
allows to recast (46) into the following equivalent form:

jl., fr &i(l)ﬂ',-j(Z)n,»(Z) ds, = L jr R, d;,-(z)B,-,(q_r(y —2)R ¢, (y) dS, dS, (50)
The differential operator R, f, defined by

R.f=epmf. (51)

involves tangential derivatives of f only: its inner product by n, vanishes due to the well-known properties of the
permutation symbol e, .

Since B, (y —z) is weakly singular, the inner integral (w.r.t. y) is convergent and, as a function of z,
continuous everywhere (and in particular across I'). Hence, the limiting form of (50) for n—0, i.e.
z€l'->x €T, follows at once.

As a result, the Galerkin BIE formulation for the crack problem is [15]

fid pEV %(¢,J,)=—fr43.ids VPED) (52)

where the bilinear form B(¢, @) is given by

B(p, b) = fr fr R(,<2~3,-(X)B,-kq,-(y —X)R,¢(y)dS, dS, (53)
The function space 7" is
V={¢ : I'>R’ ¢|, =0, B(d, $) <} (54)

5.1.1. Other cases of applicability

In addition to the isolated crack configuration, the Galerkin BIE formulation (52) also covers the following
situations:

(1) Multiple cracks in an unbounded elastic medium (the surface I is not required to be connected);

(2) A bounded elastic body B with external B containing internal cracks and with tractions prescribed over



9B (formulation (52) for I'=9B U I'’, where I’ are the internal cracks). In this case, ¢ on 9B is the
density of a double-layer potential, not the displacement physically experienced by the body B.

5.2. Derivatives of potential energy

Explicit expressions for &', AB* are now established through two successive applications of Lagrangian
differentiation to the Galerkin BIE formulation (52), under the assumption (30), i.e for a fixed loading. It is
important to note again that the space ¥, of test functions associated to the perturbed crack I, = @(1, ¢) can be
put in one-to-one correspondence with the space ¥ of test functions associated to the original crack I" through:

PEV > ) = HPx,1)EY,
which is such that
d - ®
& DX),., =0 ie. Sx)=0 (55)

*
Hence, one can assume ¢ = 0 without loss of generality. In accordance with these provisions, the derivative of

the bilinear form (¢, (13) in a crack extension is given by
-~ * ~ ~
Bip, $)= B(b, )+ B'(¢, $:0) (56)

where the new bilinear form 3 ' (¢, tﬁ; 0) is expressed in terms of a new kemel function B,.',“Is(x, y; 0) which
depends linearly on 6:

B'(¢, $:0) = ]r fr R, B,(0)B ,,x, y; O)R,4,(y) dS, dS,
(57)

B x. y:0)=16,(y) = 6,(0]B,,. .(y = %)+ B, .(y =)0, (») + By, ,(y — 28, ,x)
The above result stems from an application of formula (8) to (53). Use has been made of the following identity:

R* =0, R f (58)
Next, applying formula (8) (with @ replaced by mu) to (57) yields the derivative of the quadratic form
B' (¢, P;0) in the extension velocity pe:

© 1 < 2

B\(b, ;6)=2RB (b, . 0) + B (D, &, 0, ) (59)
where the new bilinear form B (¢, d;; 6, p) is expressed in terms of a new kernel function Biqs(x, y; 0 )
which is bilinear in (6, p):

B (b, ¢:6. 1) = f fr R, G @R, G(0)B . 0x, y: 6. p) 5, o5, (0

(o)
where (using the fact that the set @ can be defined so as to have 6 =0)

Citgs®, Y56, ) = [6,(y) — 6,0 1,(¥) = 14, ®))B s ys (¥ — X)
+[,(») = K6, (DB s (¥ — %) + 6, ,(3)Biry, (¥ — %)}
+16,(9) = 6,0 Kit, () Biryas(Y = %) + Ky (1B 1 (¥ — X)}
+B,.,(y —0{n, (06, ,0) + 1, 06, (N}

Eqgs. (57) and (60), which express the terms RB', B* in boundary-only form, constitute the main results of this
section.

10



%O
5.2.1. Symmetry of W in (6, p)

*O
It is important to remark that W given by (39) is symmetric with respect to (6, ). This property follows
from the following identity, established in Appendix A.2 using repeated integrations by parts:

fr{(vd;.o).(vi.,u +t divg u) — (Vb .V .0).t}dS

= fr (VO : Vi + K(@. p) — divg 0 divg p)(.1) dS

+%fr{(v¢.0).(Vi.y,)+(V¢.ﬂ.).(Vi.0)}dS
+%fr¢.vi.(vo.,u +Vu.0— 0divg u— pdivg 0)dS (61)

- N * ©
Moreover, the symmetry of (¢, ¢) in (¢, ¢) implies that of B(¢, ) in (6, m). Finally, the symmetry of
B, ;6 p) in (6, M) is apparent in Eq. (60).

5.2.2. Formulation of the instantaneous crack extension problem
It is achieved by direct substitution of formulas (34) into (17), using expression (57) for ', and (39), (41)
into the variational inequality (24) and the definition (20), using expression (60) for B

5.3. Special case of a planar crack
The numerical examples to be presented in Section 7 concern planar cracks. Accordingly, Egs. (53), (57),

(60) are now given in a more explicit form for planar cracks. The surface I lies in the (e,, e,) coordinate plane,
the crack front 37" being a closed planar curve; the unit normal to I is taken as n = +e,.

5.3.1. Expression of B(¢, ¢)
One has, as shown in Appendix A.3:

N M - 1
'%(¢’ ¢) - 4,.‘1.(1 _ V) J'I' J;_ ¢3vh(x)¢3,h(y) r de dS\

L1 [4 Y3 ] 1
+o fr f, | @8, + 75 6.0 | dS, dS, (62)
(with i, h, k = 1,2). The above expression emphasizes the well-known uncoupling between mode I (opening, i.e.

(¢, ¢~:3 )) and modes II-III (sliding, i.e. (¢, qg,-), i =1,2). The governing Galerkin BIE formulation for the COD
in mode I thus reads

. . 1 .
Voev FI#—T) J; fr ¢,@)¢,(y) 7 dS, dS, = fr Hx)(x) dS, (63)

(with ¢ = ¢,, = &,, t =t,). For modes II-III, one has

14

- - - 1 .-
véer - fr fr [ 6,08, + T2 ¢ @b | as.ds, = fr (o)1, (x) dS, (64)

1—-v
5.3.2. Expression of B'(¢, d;; )

It stems from either a direct application of formula (6) to (63)—(64) or a specialization to planar cracks of Eq.
(57). As a result, one has
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B'(D F:0)= 4 x fr fr [(A@k ~ B,)6,, ) % + % [6,(3) = 6,00)) (%)h] ds, ds, (65)
where y =1/(1 — ») for mode I and y =1 for modes II-III, and
B, =4,0)$,(»)+ ¢,®)d,(y) (modeD)
= .08, + 6,08, + T (B @, () + B, ©,,(»)  (mode T-T)

A=B,

i

5.3.3. Expression of B (¢, é.6, 1)
It stems from either a direct application of formula (8) to (65) or a specialization to planar cracks of (60):

A 1
Bp, 4.0, 0) =1 x fr fr {2 16,00~ 6,0Nmm - w@l(1)
1
+ (A6, — Bik)(ei,k(x)[ﬂh(y) = ()] + #,;k(x)[ﬂ;.(y) - 0;,(-‘)])(7)‘,'
A
(580 Bt ) k) + 1 (98,8 + 6,6 + 6,9ty )

1
+ B, [0, , ), ((x) + 1, , 006, () + 6, , ) 1, (¥)] — Aeh.k(x)uk,h(x)_:l 7} ds, ds, (66)

6. Numerical implementation for planar cracks

The Galerkin BIE formulations (63), (64) and Egs. (65), (66) constitute the basis of the implementation
presented in this section.

6.1. Crack and COD representation

The (planar) surface I" is interpolated using n triangular or quadrilateral boundary elements. The eth
boundary element in physical space is mapped onto a parent element A, using n, shape functions N, and
interpolation nodes y*, according to

y= gl N(&, &)Y (£, &) EA, 67)
e, !
i6 5
i (&=1)
i £
_._-_‘;.8._-._.-.+2-_-_.._.-L §z'--
|
U Y
\

. (Front de fissure)

Fig. 2. Natural basis and local numbering of elements adjacent to the crack front; extension »(¢,, &) of the unit normal »(¢,) to oI
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Fig. 3. Geomerical construction used to define a C' interpolation of the crack front: Al = AB/2 then IC = IK/2.

In this work, 6-noded triangles and 9-noded quadrangles are used (in particular, elements adjacent to the crack
front are quarter-point 9-noded quadrangles). An isoparametric interpolation is used for the COD ¢:

d(y) = N(&,, &)™ where y=y(£,, &) through (67) (68)
k=1
6.2. Interpolation of the extension velocity
Let the global numbering of nodes be chosen such that y', ..., y" are the n. interpolation nodes located on

the crack front 47, and denote by E(dI") the set of (9-noded, quadrilateral) boundary elements adjacent to a1
The local numbering of nodes for any such element is conventionally defined so that nodes 1, 2, 3 lie on the

crack front, which is thus interpolated by the curvilinear segment (£, = —1) and using the usual one-
dimensional quadratic shape functions (see Fig. 2).
SENV=E(E D2 S (§)=1-€  S(§)=§(& + D12 (69)

Within this interpolation framework, a C ' (i.e. with continuous unit tangent 7 and normal ») interpolation of the
crack front can be defined, as shown in Fig. 3 (the midside node C is constructed as indicated given the
endpoints A, B and their tangents).

Now, a finite dimensional subspace @"C of the space @ of admissible transformation velocities @ is defined so
as to satisfy two requirements:

(1) The trace on I" of any 8 € @"C is zero outside E(3I") (Fig. 4);

Fig. 4. Geometrical support and nodal values for the interpolation on I” of extension velocities 8.
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(2) Any € @"C is a linear combination of the normal velocities 6, = 6,( yk) at the crack front nodes:
(70)

nc

0m=§8%m
=1
In order to do so, vector interpolation functions B* (1 <k=n,) are defined as follows, in terms of the

one-dimensional shape functions S, given by (69)
(71

: 1 —a,
J — — — —_
B'(§)=7( §2)Sk(§l)( | ’\ea)
where the natural basis a,(¢,, ;) (@ =1,2) on a given boundary element is defined by (Fig. 2)
(72)

e

0
ug@=¥wa@=gg%*mlm
(73)

It is readily seen that the B* have the following properties:

B‘(y=6,,ny") B'e, =0

B, , =0
The function B? is depicted in Fig. 5.

6.3. Comments
Other definitions of the generating family {B*(y), 1 <k <n_} of the finite-dimensional subspace @"C of @
satisfying (73) could be proposed. The present one is relatively easy to implement, thanks to the fact that its

geometrical support is reduced to the ring of boundary elements adjacent to the crack front.
Definition (71) implies that the (tangential) gradients of ¢, ¢ in the vicinity of the crack front are involved in

the computation of the various integrals containing extension velocities.
It is also important to note that the trace on the crack front of any velocity 6 € @"C has the form:
(74)

"¢
0=0,£)m(&) with 6,(£)=2 S,(£)6,
k=1
and is continuous over o I" thanks to the C' interpolation of 9l introduced.

E=+1)! ]
/ ;@ﬂ)

(Crack front)
Fig. 5. Sketch of the vector interpolation function B>,
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6.4. Discretized equations

The foregoing discretization approach results in the following steps for the discretized instantaneous crack
extension problem.

6.4.1. Computation of the COD
The governing Galerkin formulations (63), (64) for the mode I and modes II-III crack equilibrium problems

take the form:

R ME
where

B, =[BWN,e;.Nye)l <opmny-n, Lf={<N“’;">F}L“S””

B =18, T = {0 BN

where n,, denotes the total number of nodes (note that according to the present global numbering convention of
nodes, (y')=---=¢(y") =0).

—ne

6.4.2. COD derivative in a given crack extension
The governing Galerkm BIE formulation (38) for the nodal values ¢( ) of the Lagrangian derivative of ¢ in
the extension velocity B”

* * B B :?ﬁ(b) i(b)
(B ]{¢§b’}={L"”}[ " '2]{*‘ }={*' } (76)
33 3 BIZ 822 ¢(2b) Léb)

with the notations

B0 = —91010) - (31500 ~{ | oW, 8%, a5}

lSaan—nC,lsbsnc

LY = -8\l - (BN} - {f (WN, B)rzds}

ls::sn,v*n(‘,lsbsnc

Ittsb) = —[BLNep) - {f (VN,.B")t, dS}

[%l(b)]—[‘% (Ne A J,B )]1<ac<nN""C

ISaan—nr.lsbSnC

6.5. Energy release rate

Eq (17) in discretized form, which governs the nodal unknown energy release rate values {G}=
{G,,...,G, } reads:

(KKG} ={¢} a7

having set

Kab=JrSaS,,ds (1<a,b<n,)
3

Ly [ 32[e :
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6.6. Discretized rate problem

The symmetric n. X n. matrix [Q] associated to the quadratic form Q(6, @) defined by (20) is computed using
0.,=08"B"

1
= —B(P. ) +5 B (b, $: B B") — Jr G.S,S,k ds
2]

—j {(V¢ .B*).(t divy B” + Vt.B”) — (V¢ .VB" .B)t} dS (78)
-

The matrix [Q] is then used to implement the stability (existence of actual extension velocity a) and
non-bifurcation (uniqueness of solution u) criteria:

(1) A Choleski factorization is first performed on [Q]. If this operation terminates successfully, [Q] is
positive definite, which in turn means that the uniqueness criterion (26) is satisfied.

(2) If the Cholesky factorization is unsuccessful, the uniqueness criterion (26) is violated and the weaker,
existence criterion (25) must be tested. In practical terms, one is led to test the positiveness of
2,,0.,6,0, for any {8} =0, which is in turn equivalent to testing the positiveness of J(x) =2 _, 0, xx:
without constraints on {x}. In practice, one can apply an algorithm for unconstrained minimization to J(x)
(e.g. the conjugate gradient method). J(x) either has a minimum equal to zero or has no lower bound. In
the latter case, negative values of J(x) should be encountered by the minimization algorithm. At the first
such occurrence, the existence criterion is known to be violated.

6.7. Compute the actual extension velocity

If [Q] is positive definite, the actual extension velocity g = {u,,. .., ;L,,C}T induced by a load rate ¢’ solves
the linear system of equations:

[QKu} ={f} f(,=fr(:i:‘“’ -V¢ .B).t' dS 79)

6.8. Computation of element integrals

The discretization process for the bilinear forms Bb, D), B'(P, $,0) and B’ (P, ;0, u) involves
integrations over Cartesian products of elements £ X E'. The typical form of such integrals is

KE.E') = L L Veix) : k(x, y): Vop(y) dS, dS, (80)
with
1 1
ke, y)=—f+V—{[0(y) - 6()g, + [m(y) — n(x)]g.}

1
+[0(y) — 6(x)].VV 7 [pn(y) — p@)lh (81)

and r=|y —x|; f, g,. 8,k are non-singular fourth-order tensor functions of x,y which include when
appropriate the presence of 6, g.

In principle, three different types of situations arise: singular integration (E = E'), adjacent integration (E, E’
are distinct but share a common edge or vertex) and regular integration (£, E’ are completely disjoint). Adjacent
integrations are specific to Galerkin boundary element methods and do not arise in collocation-type
implementations. The integrand exhibits in the four-dimensional Cartesian product £ X E’ a singularity (which
is weaker than the r ' singularity arising in the singular integration case). This, in principle, mandates a proper,
specific, numerical integration algorithm. In contrast to the ordinary singular and regular cases, adjacent
integration algorithms are complex and not yet fully developed for 3D situations. This, and the fact that an
improper integration scheme is expected to have lower adverse effects than in the singular (E = E") case, led us
to treat adjacent integrations in the same way as regular integrations, at least for the time being.
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6.8.1. Case E =E': singular integration

In this case, the various kernels k(x, y) are integrable over a single element (their order of singularity being
r~ ). Hence, the double integral is weated as an inner singular integral over y € E followed by an outer
nonsingular integral over x € E. The outer integral is thus computed using Gauss points, which in turn implies
that the inner integrals must he computed with the singular points x taken as the Gauss points used for the outer
integral.

The evaluation of inner, singular, integrals for a fixed position of x € E uses polar coordinates (p, ¢) in the
parent element A, centered at the antecedent 9 € A4 of x (Fig. 6), so that the antecedent & of y is given by

(&, &)= + pcos ¢, + psin @) (82)
Then, auxiliary shape functions 1\7,,,( p, ©; B) [2] are defined according to

N, (&) =N, () =pN,(p, ¢; 1) (83)

(see Appendix A.4 for the 9-noded quadrilateral element). The following formulas can then be readily
established:

1 11 1 1 7 1 1 (-3%®F I
=7 Vo=-7—5 VWo==—7F: —T3>
r pr r p-r r p r

A

In a similar fashion, auxiliary vector interpolation functions B" are defined according to
B"(£)—B"(m)=pB" (0, : m) (84)
(the expression for 5’;" is established in Appendix A.4). Eq. (81) can thus be recast as combinations of
11 Fooom \n m (—3FQF 1 n
k(y-—x)y=—17f—-—5 B g +Bg)+tB - 5 a3 ) Bh
pLr r 7 7
Finally, the differential area element dS, is given by
dS, = J(§) dé = J(€)pdpde

(J(€): jacobian of the mapping & — y(§)). The quantity k(y —x)dS, is then nonsingular in the (p, ¢)
coordinates, and can be integrated numerically, using a subdivision of the parent element A, into three
(triangular elements) or four (quadrangular elements).

Fig. 6. Singular integration: polar coordinates centered at ) and element subdivision into triangles.
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6.9. Regular integration

The regular double element integrals (E, E' disjoint) and the simple surface element integrals are evaluated
using ordinary Gaussian quadrature techniques.

6.10. Crack front singularity of V¢

It is taken into account using quadrilateral quarter-node elements along the crack front, allowing to use
Gaussian quadrature in that case also.

7. Numerical examples

In this section, the concepts introduced in the foregoing development are illustrated and tested on three
numerical examples where comparisons with exact solutions are possible. The configurations considered are: (i)
elliptical crack under uniform tension; (ii) circular crack under torsional load; and (iii) circular crack with equal
and opposite concentrated forces on the normal axis. In each case, the crack is embedded in an infinite elastic
body.

The boundary element meshes are made of n_ concentric rings, each containing n, elements; the notation
M(n;, n,) is used for such meshes (for example, Fig. 7 displays the first quadrant of .#(12, 3)).

All numerical results presented below were obtained for the value » = 0.3 of the Poisson ratio. They often
appear as ‘root mean square (RMS)’ errors on some distributed quantity x:

N
computed exact\2
z (x,' - .X,- )

i=1
N
E (xexact)Z
i
=1

where x, are the nodal values associated with x and N is equal to either n, — n. (e.g. for x = @) or n. (e.g. for
x =G).

2 —
€rMs =

7.1. Elliptical crack under uniform loading

The problem of an elliptical plane crack I (center O, axes a = b) embedded in an infinite elastic body and
subjected to an arbitrary uniform loading has an exact solution (see e.g. [26]). For the particular case of uniform
tension (¢ = pe,, mode I problem), one has

x1

Fig. 7. Boundary element mesh (12, 3) for an elliptical crack (first quadrant).
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s _M_”_(l_ﬁ_)é)”z
-

FT 2 (9] 2t
1-v> @b
_ 2 _ _ 32 2 1/2
G=p I3 Ez(k) (1 —k"cos” a)

where E(k) denotes the complete elliptic integral of first kind:

/2 b2
E(k)=f (1—kcos’a)’?da K=1-—

0 a

The particular case a = b gives the well-known solution for a circular crack:

2p(1 — v) 1-2" 4
¢, =—,LL1T (az—x?—xi)“2 G= £ ;pza
from which it follows that
g§1-2> ,, d° 1-v
Wb, p)y=3—F pb WW(b, p)=16 g Pb (85)

A similar, more lengthy, solution is available for combined uniform tension and shear (mixed-mode problem).

Fig. 8 displays RMS errors on ¢, for several meshes (circular crack, mode I loading) while the RMS errors on
COD and potential energy at equilibrium are shown in Fig. 9 (mesh #(12, 3), aspect ration a/b ranging between
1 and 8.5, mode I loading). Although the latter mesh is not very fine, the RMS errors (which increase with a/b)
are acceptable even for the larger aspect ratios, i.e. the most distorted meshes. Computed and exact distributions
of G along the crack front are plotted in Fig. 10 for various values of a/b.

Fig. 11 displays the RMS errors on G obtained using either the present #-integral approach or COD
extrapolation (i.e. evaluated from the stress intensity factors K|, K;,, K;;; by means of Irwin’s formula), with the
same geometrical data as before, for a mixed-mode loading configuration. One notices that the RMS error
obtained using the present f-integral approach varies between about 0.5% and 2% (for the largest aspect ratio
a/b =8.5) and that the RMS error on G using extrapolation is about three times higher for any value of a/b.

The computed and exact values of the second-order derivative d’W/db* of the potential energy, for the case of
a circular crack (a = b), are presented in Fig. 12. The computed value is obtained by applying the matrix [Q]
(78) of the rate problem for a unit circular extension 6,(s) =1:

1.2e-01 - T 1.0e-01 y r . ,
lo—oummmcon ] /
" 1L ] G--Okelmveenoronw_
8.0e-02 - 1 1.0e—02 | /
a v _0.0'0’0
§ ‘e(,of" e’e_e'
o -~ E
g 60e02f ] L and o
@ n’e/
2 e
40e-02 | 1 1.0e03 ¢ g
R
o
20e02 }
0.06+00 . == . . . ) . .
0.0 20.0 40.0 60.0 00 - 2.0 4.0 6.0 8.0 10.0
number of elements a/b (elliptical crack aspect ratio)
Fig. 8 Example 1: RMS ermror on ¢, for several meshes. Fig. 9. Example 1: RMS errors on ¢, and W(I, ¢) for mesh

(12, 3) and various values of crack aspect ratio a/b.
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16.0 20.0 240

0.02 P .
0.0 40 8.0
number of node on crack front
Fig. 10. Example 1: computed and exact distributions of G along the crack front for several aspect rato values (mode I loading).
s ; T T —0.550 T T — T T
8.0e-02 O>—©ORMS emoronG wuted by p
A0 RMS erroron G wuted by COD extrapolati
i
. O
6.0e-02 W . L Tl
Y -0.560 |- S >
e o o
e ? 6
=) !
. -y =2 /
4.0e—02 A ‘g /
,A"'A !
& -0570 ]
pte- 8 ST :
20e-02 ! - -© numerical
/ exact
/
1
o
0.0e+00 N ~ o ) 0580 L . . A .
0.0 20 4.0 6.0 8.0 10.0 0.0 10.0 20.0 300 400 50.0 60.0
a (elliptical crack espect ratio) Number of elements of BE mesh
Fig. 12. Example 1: computed and exact values of d*W/da’, for
several meshes.
(86)

Fig. 11. Example 1: RMS error on G(s) for mesh .#(12, 3) and

various values of a/b (mixed-mode loading).

(Wbb)calculalc = E Qij
Ly
whereas the exact value is given by (85). A good agreement between the two values is observed (relative error

less than 1% except for the coarsest mesh).

7.2. Circular crack under torsional loading
This is a mode III situation: a circular crack I (radius: a) is loaded by t, = px,/a, 1, = —px,. The exact

solution [26] is
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3
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) . . . -
1. L L —L— - 0‘720.0 10.0 20.0 300 40.0
200 400 600 80.0 1000 120.0 Number of elements of BE mesh
Number of elements of BE mesh
Fig. 13. Example 22 RMS error on G(s) obtained by extrapolation Fig. 14. Example 2: computed and exact values of W, for various
of ¢, ¢, and by the present method. meshes.
2 5 64

G=—8—p2a3 W(a p)=—£pa w =——pza3 87)
9 ’ 45u «aa 9u

Results for the RMS error on G(s) obtained using either the present domain derivative-based approach or K|,
evaluated by means of COD extrapolation of ¢,, ¢», are shown in Fig. 13. The present approach is seen to
provide more accurate values of G. Fig. 14 displays exact and computed values of W__ (the latter again obtained
from (86)). A good agreement is observed, the relative error being well below 1% except for the coarsest mesh.

7.3. Circular crack with equal and opposite concentrated forces on the normal axis

A circular crack (radius q) is loaded by two equal and opposite point forces *Pe, applied at points (0, 0, £h)
(Fig. 15). The exact solution for G to this axisymmetric, mode I problem is known [26]:

1—-v° P? a(K+a2)

. _g _ v
G="F @h)? (1+ a?)* with a=5. k=7, (88)

—5.0e-05

Relative error

—5.5¢—05 -

0005 L . -
50000 210 220 230 240 250

Fig. 15. Circular crack with equal and opposite concentrated Fig. 16. Example 3: relative error on the potential energy at
loads. equilibrium.
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One can easily show from (88) that the exact solution for G gives

dG (1 -vH)P* a’+« (30t + (Tx — $)a’ 4 ]
- = —_ K — o
da~  Emhy (+ay - * o

and hence that

dG{<0(a>am) , VOxk—=5+12k+5-7«

da |>00<a<a,) with o, = 6 (89)

(with @, = (a/h),, ~0.43939, or a,,' = (h/a), ~2.2759 for v =0.3). As a consequence, a circular crack front
extension is stable for a > h/a,, but unstable for a <h/a,,. In the stable case, uniqueness of the crack front
extension velocity 6, (s) is not guaranteed since the exact solution (88) does not address the possibility of
non-circular extensions. Moreover, assuming that the load parameter P is such that G = G, the Griffith criterion
leads to the following relation between the radius and load increments da and dP:

da2 dP  a(l +a’)k +a’)

=2— 90
P 3a4+(7K-5)a2—K (40)

which provides a means to compare the computed extension velocity u,(s) against an exact solution. This and
the occurrence of either stable or unstable extension depending on the ratio a/A constitute the main interesting
features of this example.
Fig. 16 displays the relative error for the potential energy at equilibrium W(P, a),with 2 < h/a < 2.5, using the
mesh .#(12,3) (the exact solution for W is evaluated from (88) using
ow

a - —2maG(P, a)

The RMS error on G obtained in the same conditions, using either the present approach or K, evaluated by
means of kinematic extrapolation of ¢, is shown in Fig. 17. Here again, the present approach provides superior
accuracy.

The positive definiteness of the matrix [Q] (uniqueness criterion (26) for stable crack extension, in discretized
form) has been tested using the Choleski factorization. This test has been performed using the mesh #(12, 3),
for h/a =2 + 0.005i, 0 <i =< 100 (each value of h/a requiring to perform the entire solution process). Then, a
refined scanning has been made for the interval 2.26 < h/a <2.28 in which the value of a/b for which loss of
positive-definiteness for [Q] was observed in the previous procedure lies: for each of the three meshes #(8, 2),
A(12,3) and #(16, 5), the matrix [Q] has been set up for h/a =2.26 + 0.0005i, 0 < i <40 (each value of h/a
requiring again to perform the entire solution process). Table 1 displays the brackets found for the transition

0.020 : T T T 1.0s+03
G- -OMesh M(8.2)
1.0e402 | v -
oos | b V- - - Mesh M(12.3)
o/ - —©Mesh M(16.5)
I’ 6
1.0e+01 S
; : e
£ o.010 | g #
3 2 GV /
2 Z a7 /
1.00+00 V4
0’6
0.005 |- J _0,04«9
b—eo—e———o oo oo —o- 0~
o 10e-01 § o o002 1
0.000 . L L ’ . . L
2,00 2.10 2.20 2.30 2.40 250 1002 2265 2270 2275 2280
hh/ aa h/a
Fig. 17. Example 3: relative error on G using either the present Fig. 18. Example 3: RMS error for the crack front extension
approach or kinematic extrapolation of ¢,. velocity: meshes .#(8,2), #(12,3), .#(16,5), 2, 26<hla<
2,28.
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Table 1
Bracketing of the transition value (h/a),,

Mesh Brackeying Relative error
M(8, 2) 2267 <a,' <22675 <3.9107°
M(12,3) 2268<a' <22685 <3.5107°
M(16,5) 22771 <ea, <2275 <7.0107*

- 020
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‘E’ g 010 |I

w o "
E Z i
?
j i
00s | ’ /4
K
P
P o0
X . . ) 000328000 00990000C ‘
200 2.10 220 2.30 2.40 2.50 200 210 220 230
h/a h/a

Fig. 19. Example 3: RMS error for the crack front extension Fig. 20. Example 3: RMS error for the crack front extension
velocity: mesh #(8,2), 2<h/a<?25. velocity: mesh #4(16,5), 2 <h/a<2.3.

value (h/ a),,, which compares very well with the theoretical value even for the relatively coarse mesh .#(8, 2).
These results show indirectly that the present 6-integral method leads to a very good evaluation of the
second-order energy derivatives.

Next, in the cases where [Q] is found not to be positive definite, the existence criterion (25) is tested. For the
present example, this test proved always negative, so that instantaneous crack extension is either stable and
unique (hence circular), or unstable. This confirms that (h/a),, given by (89) corresponds to the transition
between stable and unstable extensions in general (i.e. not only for circular extensions), and that the comparison
with the value of (h/a),, estimated from the positive-definiteness of [Q] is valid.

Fig. 18 displays, for the meshes .#(8,2), .#(12, 3) and .#(16, 5), the RMS error on the extension velocity u
computed by solving the rate problem (24) when [Q] is positive definite, for 2.26 < h/a <2.28 close to (h/a),,
(the exact solution is provided by (90)). One observes the progressive degradation of the conditioning of [Q] as
h/a approaches (h/a),,. Sufficiently away from h/a = (h/a),,, the numerical solution to the instantaneous crack
extension problem reproduces very well the circular extension given by the analytical solution (90). Figs. 19 and
20 display RMS errors on g, (s) (using the mesh (8, 2) with 2 <h/a <2.5, and using the mesh (16, 5) with
2=<h/a<23, respectively). Finally, the relative errors on (a) W(a, P), (b) G(s) computed using COD

Table 2
Example 3: relative errors on (a) W(a, P), (b) G(s) computed using COD extrapolation, (c) G(s) computed using the present method, and (d)

the extension velocity u,(s) for several meshes and a/h = 0.5

Mesh AWIW ”AGo"L2 "Accmraprﬂ”L2 “Ap,”,_z
IGl..» IGll.2 lleell, 2
M(8,2) 2.905E - 03 1.975E - 02 5.463E — 02 2.677E — 02
M(12,2) —1.704E — 04 6.261E — 04 5.032E - 02 1.919E - 02
M(12,3) 3.823E-05 7.897E — 03 2.910E - 02 1.965E — 02
M(16, 4) -3.721E-04 3.996E — 03 2.173E - 02 4.262E — 03
M(16,5) —7.176E — 04 3.789E - 03 2.142E - 02 4.466E — 03
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extrapolation, (c) G(s) computed using the present method, and (d) the extension velocity wu,(s) are presented in
Table 2 for several meshes and a/h =0.5.

Appendix A
A.l. Surface gradient and divergence
Let (a,,a,) denote the natural basis defined by (72) and define:
Bp=a, 8 (@ B=12 §=g,8,- 80 (A1)
The surface gradient of a scalar function f(£) defined on a boundary element (£ € 4,) is given by
Vof=f,a” =fﬂg"’3aﬂ =fng“3(aﬁ.e,)e, (A.2)

(where g®® are the contravariant components associated with the covariant components defined by (A.1). One
can introduce the Cartesian components D, f of V,f:

Df=Df=Vf.e, (A.3)

Then, the surface divergence and surface gradient of a vector field u( £€) = u, (£ )e, defined in terms of Cartesian
components can be expressed, using the notation (A.3), as

Du,=Vi,.e,=u, 8@, e,)
D,u, =Vsﬁq.ep = uq’ag“B(aB.ep)
A.2. Proof of symmetry of expression (39)

The proof uses some results from differential calculus on surfaces [11]. The following integration by parts
formula holds:

j‘u;";d8=f vy, ds
r ar

(A.4)

f fol dS=f oy, ds—f fuds

ro ar r-
where v.; denotes the covariant derivative of a vector field v:

v=U", v, = v la, ®a*?
In addition, the following identity holds for any vector field tangent to I

fo:B - U:ﬂﬁza = K\/gva (A.5)
(K: total curvature). For scalar fields f, partial and covariant derivatives coincide, so that

f:‘arﬂ =f;Ba
To settle the issue at hand, one has to investigate the symmetry in (6, p) of

&= jr {(Vep.0). (VE. p +t divg ) — (Vep. V. 0).t}dS (A.6)

To this end, & is now reformulated by application of identities (A.4) and (A.S). On the one hand, one has
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f(qu Ot divg p dS = qu NAATRN

- _fr ¢i(ga;.’:“:6ﬂ):a ds

- J’r ¢i(9;na;1”fgﬁ + eaii;aﬂ;ﬁﬁ + eu;i/“;BB;a) dS

- J; }'0°% tu’ s+ 0, M 5T Oafiui;ﬁ —6°t,u"Kg) dS

L ($'0°1) . g1l — & 1,07 1’5 — 90, b + ¢'1,6°u"Kg) dS
= fr {6501l + 6'0,p107 0l — 8707 ) + &1 W Kg + O35l — 6,51} dS
Similarly, one has
fr (Vep.0).(Vt. ) dS = jr $.,0°, ,u” dS
- f #'(0°, z1°) , dS
= f GO, p1” + 0%yl + 6, 5 0P dS
= —J; GO, o1’ + 0, yul, + 60, u”)dS
= fr {(@'0°1P) gt — B'0%0, o1" — $'6%, pplu} dS
- J; {#:,0°uP1,, + &'t (670" +6°u, — 07, u” — 0°ul} dS

Note that in the above formula r, is a Cartesian component of t and can thus be treated as a scalar, hence

tl af tlB

Substitution of the last two equations into (A.6) then results in (61).

A.3. Expression of B(¢, (fb) for a planar crack

An explicit expression of %B(dh, &), defined by (53), is sought for the special case of a planar crack: the
surface I’ lies in the plane (Oe,e,), and n = e;. The bilinear form %B(¢, ¢p) is thus given by

%(¢’ ‘5) = fr fr Bfkqs(x’ y)efq q;i‘f(x)ehfdlk-h(y) dSX dSY

where e,, =e,,, is the two-dimensional permutation symbol, i.e. e¢,, =e,, =0, e,, = —e,; =1 (the indices
£, h, s here range in {1, 2} only). Then, using Eq. (47) together with the fact that r , = 0 for x, y € I (the crack
is planar) and the identity

€€ea = aacabd - 6ad5hc

one obtains
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A - 7 1+v . 1
B, P)= 4m( IM— V) f f {¢3,h(.t)¢3,h()’) - v ¢3,j(x)¢3,,,(y)r,fr’h} " ds, ds,
8’“’ j f [ ’h(x)¢kh(y) + ¢z k(x)¢k = ] ds, dSy

- 417(1 - ) J; fr ..:0) b4 (5) 7 ds, dSY A7)

This expression can be recast in a simpler form, using the following relations:
- 1 - - 1
fr fr $u®)¢ (y) 5 dS, dS, = - jr jr (B - B0 - se)() , 5. a5,
- 1
= fr fr ¢i.i(x)¢kvk(y) 7 ds, dSy (A.8)
~ Fil« = Oy
J; J; ¢i,h(x)¢k.h(y) _r‘dSX ds, = J; J; ¢i,h(x)¢k,h(y) > r. | dS, dSy

- 1 - -
= fr J; [d),.',,(x)¢,,',,(y) 7 T (6®) = 6Dy — ¢,~(x))r\.-u.;,] ds, ds,

- - 1
= fl‘ J; [¢,‘,h(x)¢i|h(y) - ¢,~,,<(x)¢k‘k(y)] -; ds, dSy (A9)
noticing that r,, = 1/r and
j f ¢3 f(x)¢3 h(y)_—ds dS = j J ¢3 j(x)(¢3(}’) ¢3(x))( ) ds, dS =0 (A.10)
since
FAwN Tl T Tt Ty Ty
(r/.h_ r T r? 0+r2 rZ_O

Substitution of (A.8), (A.9), (A.10) into (A.7) finally yields the desired result (62).

A.4. Modified shape functions for the 9-noded boundary element

A.4.1. Modified shape function N(p, ¢; n)
The usual shape functions are products of one-dimensional quadratic shape functions (69):

N(fp fz):si(gl)sj(fz)
Introducing the variables (p, ¢) defined by (82), the latter are readily seen to verify:

S,(&)— S,(m)=pcos ¢(§1 +n, —1)/2

S,(fz) _51(772) = psin (D(fz +m, - 1)/2

Sz(gl) - 52(771) = —p COos ‘P(fl +7,)

$,(&) — S,(m,) = —psin @&, +7,)

S3(§l)—S3(7)l)=pcos ‘P(§1 +n +1)/2

85(&) — S;(m) =psin (&, +m, +1)/2

Noticing that

N(§11 fz) - N(1)1, 7’2) = S,‘(f] )[S,(gz) - Sj(772)] + [S,(é:]) - S,-("h )]Sj(”h)
the modified shape functions defined by (83) are then readily obtained.
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A.4.2. Modified vector shape functions lik( P ;M)
a
BYE) =bOmE) wih B =121 -£)S(E)  ME =LA
1

Using the natural basis (a,,a,), one has
WE) = et (EIALE) with Ag(E)=——E)
oS “2 Ve @@

One then has

B'(&)— B () = [b"(£) — 6" (pIw(£) + b (M £) = v(W)]
which gives

Bl (o, o, M) =5"(p, o; Mw(£) + B (miAp, ¢, W)
having put

P& - (m=pb'(pe:m)  wE) —v(m)=pip e M)

From expression (A.11) of »(£), one then obtains

(A.11)

2p, o, M) ={d,(p, 0: MALE) +a,(MAsp, ¢; Mhe,s
with
PA(p. o M=ALE)—A () pdp @M =a,(£)—an)

Finally, explicit formulas ford,(p, ¢; 1), /fa(p, ¢; ) and b k(p, ¢, 1) are obtained by introducing the change of
variables (82) and factoring out p.
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