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ON DISCRETIZATION SCHEMES FOR STOCHASTIC EVOLUTION
EQUATIONS

ISTVAN GYONGY AND ANNIE MILLET

ABSTRACT. Stochastic evolutional equations with monotone operators are considered in
Banach spaces. Explicit and implicit numerical schemes are presented. The convergence
of the approximations to the solution of the equations is proved.

1. INTRODUCTION

Let V — H < V* be a normal triple of spaces with dense and continuous embeddings,
where V' is a reflexive Banach space, H is a Hilbert space, identified with its dual by
means of the inner product in H, and V* is the dual of V. Let W = (W;);>¢ be an
r-dimensional Brownian motion carried by a stochastic basis (2, F, (Ft)i>0, P). In this
paper, we study the approximation of the solution to the evolution equation

t T t
Uy :uo—l—/ Ag(ug) ds—i—Z/ B (ug) dW? (1.1)
0 = Jo

where ug is a H-valued Fy-measurable random variable, A and B are (non-linear) adapted
operators defined on [0, +oo[xV x Q with values in V* and H" respectively.
The conditions imposed on A, are satisfied by the following classical example: V =

WyP(D), H = L*(D) V* = W~%(D) and
P72 oy
&r,) ’

d
0 ou
As(u) = Z@x' (’8x
i1 7 7

where D is a bounded domain of RY, p €]2, +oo[ and ¢ are conjugate exponents. In [[]
the monotonicity method is used in the deterministic case to prove that if ug € H and
B =0, equation ([[J)) has a unique solution in L%,(]0, T']) such that u; = 0 on 0,77 x dD.
Using the monotonicity method, the existence and uniqueness of a solution u to ([-]))
is proved in [A and [{. This result can be fruitfully applied also to linear stochastic
PDEs, in particular to the equations of nonlinear filtering theory (see [H, [Ld] and [I)).
The existence and uniqueness theorem from [[] is extended in [P] to equation ([[.1) with
martingales and martingale measures in place of W. Inspired by [{], the method of
monotonicity is interpreted in ] as a minimization method for some convex functionals.

In the present paper we introduce an implicit time discretization ", space-time explicit
and implicit discretization schemes w" and u™™ of u defined in terms of a constant time
mesh 6, = % and of a sequence of finite dimensional subspaces V,, of V. One particular
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2 I. GYONGY AND A. MILLET

case of such spaces is that used in the Galerkin method or in the piecewise linear finite
elements methods. To define space-time discretizations of u, we denote by II,, : V* — V,
a V,-valued projection.

For 0 <i < m, set t; = % The explicit V,-valued space-time discretization of u is
defined for an initial condition ug € H by ul (to) = u (t1) = [l,ug and for 1 < i < m,

W), (1)

tit1

W (tisn) = 3 0) + G T A7 () +ZH By (s (1) (W

where for x € V, AZL(ZL‘) € V* and (ng (), 1< j<r)e H" denote the averages of the
processes A (z) and B (x) over the time interval [t;_1,;].

The V-valued implicit time discretization of u is defined for an initial condition uy € H
by u™(to) = 0, u™(t1) = uo + 6 A7} (u™(t1)), and for 1 < i < m,

u™(tigr) = u™(t) + O A7 (u™ (ti41) +ZBm’] ) (Wi, —wi), (1.3)

'L+1

where for z € V, A7*(z) € V* denotes the average of the process A (z) over the time
interval [t;,¢;41] and as above (B{"/(x),1 < j < r) € H" denotes the average of B (x)
over the time interval [¢;_1,1;].

Finally, the implicit V,,-valued space-time discretization of u is defined for uy € H by
u™ " (ty) = 0, u™(ty) = Iyug + 0 L, AT (u™™(t1)), and for 1 <@ < m,

W) = U8 + O T AP () + 3 TL B 0 (1)) (W7

tit1
7j=1

-Wi), (1.4)

where AZL and EZI 7 have been defined above.

The processes v equal to u™, ]!, or u™™ are defined between ¢; and ¢,;, as stepwise

constant adapted stochastic processes, i.e., v(t) := v(t;) for t €]t;, t;11]. We prove that for
m large enough, ([23) (resp. ([4)) has a unique solution u™ (resp. u™™), which converges
weakly to u in a weighted space of p-integrable processes, and that the approximations
at terminal time T converge strongly to u(T) in L?%/(Q2) as m — +oo (resp. n and m
go to infinity). As one expects, the convergence of the explicit approximation u” to
u in these spaces requires some condition relating the time mesh 7'/m and the spaces
V,,. The existence of the solution to ([.3) or ([L4), as well as that of a limit for some
subsequence u"™*, ugk or u"+"™* is proved using apriori estimates, which are based on the
coercivity, monotonicity and growth assumptions made on the operators A, and B,. The
identification of u as the limit is obtained by means of the minimization property of u.
Note that the conditions imposed on the operators A, and B, involve constants which
may depend on time. This allows the operators to approach degeneracy. However, this
lack of uniform non-degeneracy has to be balanced by a suitable growth condition which
depends on time as well. Thus, as a by-product of the identification of the weak limit of
the explicit and implicit space-time discretization schemes, we obtain the existence of a
solution to ([[.1]) under slightly more general conditions than those used in [{], [B] or [

n,m

Section 2 states the conditions imposed on the operators A and B, the spaces V,, and
the maps II,,, gives examples satisfying these conditions, describes precisely the explicit
and implicit schemes, and states the corresponding convergence results. The third section
provides the proofs of the main theorems and an appendix gathers some technical tools.
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As usual we denote by C' a constant which may change from line to line. All the
processes considered will be adapted with respect to the filtration (F;, t > 0).

2. DESCRIPTION OF THE RESULTS

We first state the precise assumptions made on the operators. Let V' be a separable
reflexive Banach space, embedded continuously and densely into a Hilbert space H, which
is identified with its dual, H* by means of the inner product (-,-) in H. Then the adjoint
embedding H — V* of H* = H into V*, the dual of V, is also dense and continuous.
Let (v,z) = (x,v) denote the duality product for v € V and x € V*. Observe that
(v,h) = (v,h) for h € H andv € V. Let (2, F, (Ft)i>0, P) be a stochastic basis, satisfying
the usual conditions and carrying an r-dimensional Wiener martingale W = (W;);> with
respect to (F;)i>o-

Fix T'> 0, p € [2, +oo[ and let ¢ = = be the conjugate exponent of p. Let L' (resp.
L?) denote the space of integrable (resp square integrable) real functions over [0, 7). Let

A0, T|xVxQ—=V* B:[0,T]|xVxQ—H"

be such that for every v,w € V and 1 < j < r, (w, Ay(v)) and (B!(v), w) are adapted
processes and the following conditions hold:

(C1) The pair (A, B) satisfies the monotonicity condition, i.e., almost surely for all
t€[0,7], x and y in V:

2 (x —y, Ay(x) +Z|B] (y)|% <0. (2.1)

(C2) The pair (4, B) satisfies the coerczmty condition i.e., there exist non-negative
integrable functions Ky, K and A :]0, 7] —]0, +-00[ such that almost surely

2 (z, A +Z\BJ )i+ AW 2y < Ki(b)]ofy + Ka(t) (2.2)

for all t €]0,T] and z € V.
(C3) The operator A is hemicontinuous i.e., almost surely

lim (A (z + ey), z) = (Ai(x), 2) - (2.3)

for all t € [0,T], x,y,2zin V.
(C4) (Growth condition) There exist a non-negative function Ky € L' and a constant
« > 1 such that almost surely

[Ap(@) [ < aX(8) [2ff + AT () Ko (t) (2.4)

for all t €]0,7] and z € V.
We also impose some integrability of the initial condition wug:

(C5) ug : Q — H is Fo-measurable and such that E(|u|?%) < +oc.

Remark 2.1. From (C2) and (C4) it is easy to get that almost surely
Z\BJ 2a+ 1) A0zl + Ki()|2]F + Ks(t) (2.5)

for all t €]0,T) and x € V, where K3(t) = K;(t) + % Ky(t) e L'
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Proof. For every t €]0,T] and z € V,

(2, A@))| < Jolv [A@)lv- < ad AW Jely" + A1) |aly Ka(t)
< oﬁ )\(t)|a:\’{, + ]19 A(t) |a:\’{, + é Ky (t).
Thus, (P.2) and (2.4) yield (R.3). O

Note that, unlike in [[], [A] and [}], the coercivity constant A(¢) can vary with ¢ (for
example, one can suppose that A(t) = At for some constant A > 0), which means that the
operators can be more and more degenerate as t — 0. However, this bad behavior has to
be balanced by some more and more stringent growth conditions.

We remark that the monotonicity condition (C1) can be weakened as follows:

(C1bis) There exists a non negative function K € L such that almost every (¢, w) €
[0,7] x Q and every x,y € V

2(x —y, Aulw) — Auly)) + Z B} (x) = Bl (y)[zy < K(t) |z — ylF -

Indeed, if u is a solution to ([[.1) and v; := exp (% fot K(s) ds), then v, = v, 'u, is a
solution of the equation

t Tt
vy = Ug + / Ay(vy) ds + Z/ B (vg) dW? ,

where for every ¢t € [0,7] and z € V:
_ 1 _
Ay(z) =7t At(% IL‘) — iK(t)x, and By(x) := ;" Bt(% IL‘) )

If (A, B) satisfies (Clbis) then it is easy to see that (A, B) satisfies (C1). Clearly, if A is
hemicontinuous, then A is also hemicontinuous. If (A, B) satisfies the coercivity condition
(C2), then (A, B) also satisfies (C2). If A satisfies the growth condition (C4) then it is
an easy exercise to check that A also satisfies (C4), provided p > 2 and K () < C\(t) for
all ¢ with some constant C'

Example 2.2. A large class of linear and semi-linear stochastic partial differential equa-
tions of parabolic type satisfies the above conditions. Below we present a class of examples
of nonlinear equations. Let D be a bounded domain of R?, p € [2,+o00[, V = Wol’p(D),
H = L*D), V* =W~14(D). Let the operators A, B} be defined by

d
Ay(u,w) = Z %fi(t, z, Vu(z),w),

B (u,w) = g*(t, 2, Vule),w) + Bt 2,u(z),w), k=12,

foru e V, t € [0,T] and w € Q, where Vu denotes the gradient of u, i.e., Vu =
(%,%,...,%), and f; = filt,x,z,w), ¢ = ¢/(t,x,z,w), W = W (t,x,s,w) are some
real valued functions of t € [0,00[, #, 2 € R? and s € R, such that the following conditions
are satisfied:

(i) The functions f;, ¢ and h? are Borel measurable in t,x,z,s for each fized w, and

are Fi-adapted stochastic processes for each fived t,x, z, s.
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(ii) The functions f; and ¢’ are differentiable in z = (21, 29, ..., 24), and there exists a
constant € > 0, such that for almost every w € 0 and all t,z, z the matrix

(Si) = (inz (1+e€ Zgzlgzj

is positive semidefinite, where [, = fl, gzj : 2 g~

(111) There ezists a function K : [0, T] 0, oo, K e L', such that

S RE(t @ u) — BE(E 2, 0)P < K (t)|u — v,

Z \hkta:0|2d:c<K()

for almost every w € Q and allt € [0, T],z € RY, u,v € R.
(iv) There exist a constant € > 0 and a function X :]0,T] —]0,00[, A € L', such that
almost surely

d r
2 afitw,z) = (14+2) ) 19"t z,2) = MBI,
i=1

d 1

ST 1t 2, 2)] < XD+ A (K (1, )

i=1
for all t €]0,T], z,z € RY, where a > 0 is a constant and K, : [0,T] x R? — [0, 00[ is a
function such that for every t €]0, T, [o4 Ki(t,z)dx < oo and fOT Jpa Ki(t, ) dz dt < oo.

It is an easy exercise to verify that under these conditions A and (B?) satisfy conditions

(C2)-(C4) and (C1bis). A simple example of nonlinear functions f;, g& and h*, satisfying
the above conditions (i)-(iv), is for p €]2, 00|

filt,x, z,w) = a(t, x,w)|zi|p_2,z,~,
d

gk(tvxwza(")) = 2pilz bf<t7x7w)|zi|g7
i=1

Rtz u,w) = Rt x w)|u| + dF(t 2, w)

fort € [0,T], v,z = (21,...,24) € R, u € R, w € Q, where a;, b¥, & and d* are real
valued functions such that the following conditions hold:

(1) The functions a;, b, ¢* and d* are Borel functions of t,x for each fized w, and are
Fi-adapted stochastic processes for each fixed x.

(2) There exist constants € > 0, a > 0 and a function X :]0,T] —]0,00[, A € L', such

that almost surely

(20— Vaitt, ) 65 — (1+¢) SO0 (a1 <) < d) > X!

k=1

a;(t,x) < at)

.
IM&
L

for all t €]0,T] and x € R, where I is the identity matriz, and §;; = 1 for i = j and
0;j = 0 otherwise.
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(3) There exist functions K : [0,T] — [0,00] and L : [0,T] x R? — [0, 00[ such that
almost surely

SOtz w)P < K(t), D |dtzw)]’ < Lt x)

k=1

T T
/ K(t)dt < o0, / / L(t,z)dx dt < co.
0 0 Jrd

We remark that though for p = 2 the function g*(t,x, z,w) := Z?Zl VE(t, v, w)|zi| is not
differentiable at points z such that z; = 0 for some 1, it is easy to see that the corresponding
operators A, B¥ still satisfy conditions (C2)-(C4) and (Clbis) also in this case.

for allt,z, and

Note that the conditions (C2)-(C4) slightly extend those used in [§], [@] or [H], where
the function A is supposed to be constant.

Definition 2.3. An adapted continuous H-valued process u is a solution to ([[.1) if
(i) B[] [udlt A(t) dt < .
(i1) For everyt € [0,T] and z € V

(ug, z) = (ug, 2) +/0 (As(us), 2) ds + Z/o (B (uy), z) dW? a.s. (2.6)

Notice that under condition (C4) and (B-H), i.e., for example under conditions (C2) and
(C4), it is easy to see that an adapted continuous H-valued u is a solution to ([L.1]) as
soon as (£.9) is satisfied for all z in a dense subset of V. The following theorem extends
the existence and uniqueness theorem proved in [§] and [d].

Theorem 2.4. Let conditions (C1)-(C5) hold. Then equation ([[.1) has a unique solution
u.

Remark 2.5. The uniqueness of the solution to equation ([[.Q) follows easily from condi-
tions (C1) and (C4). Moreover, if u is a solution of equation ({L.1), then conditions (C2)
and (C5) imply

sup B3 < oo. (2.7)
te[0,7

Proof of Remark Z-3. Let uV and u® be solutions to ([IJ). Then for & = ul” — u{?
we have

t
0 = / z2dYs+ hyy, dYy x dP — a.e., (2.8)
0
where
7= A [AY) = A(u)], Y, = At)dt,
r t
heo= Y [ (B - B®)] aw.
j=1"0

Notice that almost surely

T
[ 1ok av.
0

2 T
< 23 [ A dt < oo,
i=1 70
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< quzf A, (uf")
< QqIZ/ alulP A dt+2q/ Ky(t)dt < 00,

and hence almost surely
T 2p—1 2 T 0)
/0 10u]v |25 v+ dY; < . Z/ lug? [ A(t) dt

|ut’>|p dt+2q/ Ky (t) dt < 0o

0. dY;

ToNTA(t) dt

T
ARG
0

Thus the conditions of Theorem 1 from [E]] on Itd’s formula holds for the semi-martingale
y defined by the right-hand side of (-§). Hence the monotonicity condition (C1) yields

t
0

t
= 2/ [(ugl) _u(sz)’As(ug)) ugn +Z |BI( u (1)) Bi(u gz))@{] ds +my < my,
0

where [h] is the quadratic variation of h, and m is a continuous local martingale starting
from 0. By the above inequality m is non—negative hence almost surely m; = 0 for all
t € [0, 7], which proves that almost surely uV = ol for all t € 0, T7.

In order to prove the second statement of the remark we set v(t) := exp(— fo Ki(s)ds),
where K is from condition (C2). Let u be a solution of equation ([.J]). Then by using
[t6’s formula for (¢)|u(t)|% and condition (C2) we get

Y(O)lu()]r < IuOIfH+/O V() Ki(s) ds + M(t),

where M is a continuous local martingale starting from 0. Hence

B0y <270 [Bllh + [ A0

for all ¢ € [0, T], which proves (R.7). O
We note that if u is a solution of equation ([[.1]) then under conditions (C2), (C4) and (C5)
one can also show by standard arguments from [§], [d] (or see [B]) that £ ( sup,c. [ue|3) <
0o. In the present paper we do not need this estimate, therefore we do not prove it.

Our aim is to show that the explicit and implicit numerical schemes presented below
converge to a stochastic process u, which is a solution of equation ([LI). Thus, as a
byproduct we prove also the existence part of Theorem P.4.

First we characterize the solution of equation ([[.]) as a minimiser of certain convex
functionals. This characterization, which is a translation of the method of monotonicity
used for example in [§], [{] and [P, gives a way of proving our approximation theorems.

Fix T' > 0. If X is a separable Banach space, ¢ is a positive adapted stochastic process
and p € [1, 00[, then L% (¢) denotes the Banach space of the X-valued adapted stochastic
processes {z; : t € [0,T]} with the norm

T 1/p
elego = (B [ labodr) <o,
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where |z|x denotes the norm of z in X. If ¢ = 1, then we use also the notation L% for
L5%(1). Let L% denote the Banach space of X-valued random variables ¢ with the norm

€l = (BIEB) Y.

Let X be embedded in the Banach space Y, and let x = {z; : t € [0, T]} andy ={y; : t €
[0, T} be stochastic processes with values in X and Y respectively, such that x;(w) = y:(w)
for dt x P-almost every (t,w). Then we say that x is an X-valued modification of y, or
that y is a Y-valued modification of x.

Definition 2.6. Let A denote the space of triplets (&, a,b) satisfying the following condi-
tions:

o £ :Q — H is Fo-measurable and such that E||3 < 400,

e a:[0,T] xQ— V*isa predictable process such that

B [ ag]?. \179(s) ds < +o0;

e b:[0,T] xQ— H" is a predictable process such that

1 B fy bl ds < +oo;

o There exists a V-valued adapted process x € LY,(\) such that

t Tt
xt:§+/ asds+Z/ bl AW (2.9)
0 = Jo

for dt x P-almost all (t,w) € [0,T] x Q.

Let (§,a,b) € A, z defined by (2.9), and y € L£5,(\) N L3,(K7). Set

T r
Fy(f,a,b) = E|u0_§|§{+E/ [2 <x5—ys, as—AS(y8)>+Z|bz_Bg(yS)|§{ ds, (2-10)
0

j=1
and
G(&, a,b) = sup{F,(&,a,b) : y € LL(N) N LY (K))}.

Due to the growth condition (C4), for y € LP()\), A (y.) € LY. (A 79). Clearly, (z, z) € L!
forz € LP(N\) and z € L], (A7), by Holder’s inequality. Hence (B.), (C4) and (C5) imply
that the functionals F,, and G are well-defined. Notice also that G can take the value
+00.

Theorem 2.7. (i) Suppose that conditions (C1)-(C5) hold and let u be a solution to ([I.1).
Then

inf{G(£,a,b) : (£, a,b) € A} = G(up, A(u.), B(u)) =0.

(ii) Assume conditions (C2)-(C5). Suppose that there exist (¢£,a,b) € A and some
subset V of LY,(N\) N L3,(K1) dense in LY, (N), such that

F,(€,a,b) <0, YyeV. (2.11)

Thené:uo,
t r t
ut:u0+/&sds+2/ b AW, tel0,T)

is a solution to (1), and G(uo, a, b) = 0.
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This theorem, which is formulated under stronger assumptions in [f, is proved in the
Appendix for the sake of completeness.

Let V,, € V be a finite dimensional subset of V and let II,, : V* — V,, be a bounded
linear operator for every integer n > 1. Suppose that the following conditions hold:

(H1) The sequence (V,,, n > 1) is increasing, i.e., V,, C V,,11, and U, V,, is dense in V.
(H2) For x € V,,, [,z = xz and for every h,k € H, x € V and y € V*

(IL,h, k) = (h, I,k) and (Il,z,y) = (z, ,y).
(H3) For every h € H, |II,,h|g < |h|g and lim,, |h — I1,,h| g = 0.

For v € V,, let |v|y, = |v|y denote the restriction of the V-norm to V,,, and let
|v|g, = |v|g denote the restriction of the H-norm to V,,. We denote by H,, the Hilbert
space V,, endowed with the norm |.|g,. We have V,, = H,, = H} = V* as topological
spaces, where V¥ is the dual of V,,, and H,, is identified with its dual H,; with the help of
the inner product in H,,. The conditions (H2) and (H3) clearly imply that II,, o II,, = II,,.
In particular, if {e; € V : ¢ = 1.2....} is a complete orthonormal basis in H, then the
spaces V,, 1= span(e;, 1 <i < n), and the projections II,, defined by I,y := Y7 {(e;,y) e;
for y € V* satisfy (H1)-(H3).

We now describe several discretization schemes. Let m > 1, and set 6, := Tm™!,
t; =10, for 0 <i <m.

2.1. Explicit space-time dlscretlzatlon For 0 <i<m,t€ [t;ytiq[and 1 < j <,
define the operators Am and B™ on V by:

ArM(z) = AP(x) =B (v) =B (z) =0 fori=0,
~ ~ 1 t;
Are) = AZL(:L’):(;—/ Aj(w)ds € Vi for 1<i<m, (2.12)
m Jti_q
o L 1 [h
Bri(r) = BZL’](:U):(S—/ Bi(x)ds € Hfor 1<i<m. (2.13)
ti—1

We define an approximation u™ of u by explicit space-time discretization of equation ([L.1])
as follows:

up (t) = up(t;) for t €]t tia[, 0<i<m-—1,
Un(to) = up(t1) = Maug,
up (tiv1) = up(t) 4 0 I AT (ul (t:)) (2.14)
+ZH B (up(8) (Wi, = W), 1 <i<m—1.

Notice ~ that  the random variables  u”(t;) are  JF,-measurable  and
IL, By (ur (t;)) is independent of (Wtj - Wj) For every n > 1let B, = (e, k € I(n))
denote a basis of V,,, such that B, C B,,;, and such that B = U,B, is a complete

orthonormal basis of H. For every n > 1 set
Ca(n) == 3 lenl?. (2.15)
kel(n)

The following theorem establishes the convergence of u!, to a solution u of ([[J]), and
hence proves the existence of a solution to the equation ([[Z]).
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Theorem 2.8. Suppose conditions (C1)-(C5) with 0 < A < 1, p = 2, and conditions
(H1)-(H3). Assume that n and m converge to oo such that

C

G . (2.16)

m
Then the sequence of processes u”, converges weakly in L3, () to the solution u of equation
({2), and u™ (T) converges to ur strongly in L.
2

When D =]0,1[, V = W,*(D), H = L*(D), Au = %,

piecewise linear finite elements methods then condition (B.If) reads %3 — 0. In this case
condition (2.If) can be weakened substantially. (See, e.g., []).

and V,, corresponds to the

2.2. Implicit discretization schemes. For every j =1, .- jrandt=0,---, m—1
let A™ denote the following average:
1 tit1
Al (z) = Al'(z) = . / Ag(x)dsfort; <t <ty . (2.17)
m Jt;

We define an approximation u™ for u by an implicit time discretization of equation

(L) as follows:

u™(to) = 0,
u™(t1) = ug+ 0 A7 (um(tl)) ,
u(tiy1) = u"(t;) + 0 AV (um(tiﬂ))

3B () (Wi, - Wi), 1<i<m,
j=1

u™(t) = um(;) for t €l tia], 0<i<m, (2.18)
where the operators A” and B™7 have been defined in (B.17) and (B.13).

From the above scheme we get another approximation v for u by space discretization:

u™™(tg) = 0,
W) = Tatig + 8 L AT (£7™(21))
uM(tipa) = w4 O TLAT (W (ti))

+ 3 LB (urm (k) (W, = W), 1<i<m,
j=1
utm(t) = uMM(E) for €L ti], 0<i<m. (2.19)

The following theorem establishes the existence and uniqueness of u™ and of u™™ for m
large enough.

Theorem 2.9. Let p € [2,4+00] and assume (C1)-(C5). Then for any sufficiently large
integer m equation (B-13) has a unique solution {u™(t;) : i = 0,1,...,m} such that
E(lu™(t;)|}) < +oo for each i = 0,---,m. If in addition to (C1)-(C5) conditions
(H2) and (H3) also hold, then there is an integer mg > 1 such that for every m > my
and n > 1 equation (2.19) has a unique solution {u™™(t;) : i = 0,1,...,m} satisfying
E(Ju™™(t;)[}) < +oo for each i =0,1,2,...,m and n > 1.
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Once the existence of the solutions to (R.18) and to (R.19) is established, it is easy to
see that u™ = {u™(t) : t € [0,T]} and v™™ = {u™™(t) : t € [0,T]} are V-valued adapted
processes. Now we formulate our convergence result for the above implicit schemes.

Theorem 2.10. Let p € [2, +o0[ and assume conditions (C1)-(C5). Then form — oo the
sequence of processes u™ converges weakly in L5, (X) to the solution u of equation ([1), and
the sequence of random variables u™(T) converges strongly to ur in L%. If in addition to
(C1)-(C5) conditions (H1)-(HS3) also hold, then as m,n converge to infinity, u™™ converge
weakly to the solution w of equation ([I1) in LY, (), and the random variables u™™(T)
converge to ur strongly in L.

3. PROOF OF THE RESULTS

3.1. Convergence of the explicit scheme. We reformulate the equation (FI4) in an
integral form. For fixed integer m > 1 set t; := id,,,

K,l(t) =1, for t e [ti,ti+1[, and K,Q(t) =ty for t e]ti,ti+1] (31)
for integers ¢ > 0 and let ka(tg) = to. Then (B:I4) can be reformulated as follows:

(k1()=6m)) "
up (t) = Hnuo+/0 IL, A, (ull,(r2(s))) ds

room® |
30 B ) 52)

The following lemma provides important bounds for the approximations. Set
p:=p(n,m) :=aCp(n)o,
and for every v €]0, 1], let
[’Y = {(n7m) : n,m Z 17 p(”am) S /7}7
where « is the constant from condition (C4), and Cp(n) is defined by (B.17).

Lemma 3.1. Let p = 2 and conditions (C1)-(C5) with 0 < A < 1 and (H1)-(H3) hold.
Then for every v € (0, 1)

sup  sup E}u } < 00, (3.3)
(n,m)el, s€[0,T)
4 2
sup E/ }u"m(/@(s))lv A(s)ds < o0, (3.4)
(n7m)eI'Y 0
4 2
sup E/ }As(u"m(@(s))}v*)\’l(s) ds < o0, (3.5)
(n,m)el, 0

sup ZE/ }H ij( UAE ))’2d$<oo. (3.6)

(n,m)el, =1
Proof. Foranyt =1, ---, m—1,
Elup(tia) [ = Elup(t:) 5 + 65 EILAY (s (8)) 15

o E[( ™ (4), TL, A7 (ul +Z]H B (u ))}]
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Adding these equalities, using (H2) and (.12) we deduce

: Tt N
Bt i = Bl o 328 [ [0 A )y
173

+ZE/ " (th), As(ul () ds+ZZ/ B, B (u (t)) |3, ds

k—1 k=1 j=1

Property (H3), the coercivity condition (C2) and the growth condition (C4) with 0 < A <
1 and the Bunjakovskii-Schwarz inequality yield for every ¢t =1, -, m — 1

Bl (bl < Eluoly + 603" / A () s en)?] ds

b=t e llel(n
+ [ B2 (o), A >+z|n Bl ()] s G7)
< Blugly + 3 Ci(n) B / A, () - ds
— & [ A s+ [ Ry s+ B K)oy s
< Eluf}y ~ B [ As)(1~ a6, Culm) a9 ds

+/Oi [K1(3)+5m CB(’I’L)KQ(S)} ds+E/0iK1(s) lu" (Kko(s))|% ds .

Hence
Elup,(tie1)|F +¢ /Oti Elup, (k2(s)) (7 A(s) ds < Eluo|f
+/Oti K1 (s) Blu" (ky(s))|3 ds + /Oti [Ki(s) +a 'y Ks(s)] ds (3.8)
fori=1,---, m—1and (n,m) € I,, where ¢ := 1 —~ > 0. Therefore, the integrability of

K1, K, and K, yields the existence of some positive constant C', which is independent of n
and m, and the existence of some positive constants ", 1 < i < m with sup,, > i~ 01 al* <
400, such that

k—1
Elfun (k)] < €+ O3 Blfur, (i) |
i=0
forall k € {1,---,m} and (n,m) € L,. Hence by a discrete version of Gronwall’s lemma
sup  sup EHu i0. )’ | = C,. < 400, (3.9)

(n m)efﬂ/ 0<i<m

which gives (B-J). The inequalities (B.§) with i = m and (B.9) yield (B:4). Finally, by
(C4), (1), BI3) and (H3) we have:

E/o }As(u%(lig(S)))}i A_l(s)dsgaE/O [u™ (Ko (s))[E A(s) ds—l—/o Ky(s)ds
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and for j =1,

I, B (ull (k1 (1)) |3 d E|BI(ul,(ka(s dsd
T Y O
SE/ 1B (un (s <>>>|Hdss<2a+1>E/ As) [ (a(5))IE, ds

+/0 Kl(s>E|u?n(f~z2<s>>|%ds+/o Ky(s)ds .
E3) ).

Hence (B.3) and imply (B.H) and (B.G O

Proposition 3.2. Let p = 2 and conditions (C1)-(C5) with 0 < X < 1 and (H1)-(H3)
hold. Let (n,m) be a sequence from I, for some v € (0,1), such that m and n converge
to infinity. Then it contains a subsequence, denoted also by (n,m), such that:

(i) u (T) converges weakly in L% to some random variable urs,

(ii) u” (k2(+)) converges weakly in L3,(\) to some process Voo,

(iii) A.(up,(ka(+))) converges weakly in L3,.(A™") to some process G,

(iv) for any j =1, -+, r, I, B™ (u” (k1(-)) converges weakly in L2 to some process
v

[oops

(v) (1g, oo, boo) € A, and for dt x P-almost every (t,w) € [0,T] x Q

Uso(t) = u0+/ (oo (s ds+Z/ s) dW(s (3.10)
Urso = u0+/ aoo(s d5+2/ s)dWi(s) (as.). (3.11)

Proof. Assertions (i)-(iv) follow immediately from Lemma B-]. It remains to prove (B.10)
and (B11)). Fix N > 1 and let o = {p(t) : t € [0,T]} be an adapted Vy-valued process
such that |p(t)]y < N for all (t,w). From (B.2) and (H2), for n > N we have

E/OT@;;L@) L (1) \(t) dt = E/OT(UO, () A()dt + Jy + Jo — R — Z R, (3.12)

with

no= 8 [ At ds o) i,
Jy = iE/OT(/OtHnB:w(u:;(m(s))) AW, go(t)) A(t) dt

=5 | A m(e)) ds. e A e,

K1(t)—0m)T

R, = E/OT(/;@ I, B7 (a2 (5))) V7 (1)) A e

For (n,m) € I, and (n, , using (B.H) we obtain

|R\<NE//(M |Au(u (ra(s))) v ds dt
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< 2N 6, /|A () [p- A ()_1ds)éT%—>0. (3.13)

For j =1, ---, r Schwarz’s inequality with respect to dt x P, the isometry of stochastic
integrals, (B.) and |¢(t)|x < C'|p(t)]y < C N yield:
2 3
dt)
H

R < 0<E/OT|so<t>|%{dt)% (E/

t
[ B G (o)) aw
Iil(t)

T rt o 2 %
< CNVT (E/ / IL, B! (up (k1(s)))|  ds dt)
0 Jri(t) H
T 5 ) 2 2
< ONA/TS6,, (E/ ‘Hn B (ul (k1 (s))) ., ds) 0. (3.14)
0
For j=1,---,rand g € L% let
t
F(@)®) = [ g.awi, te . (3.15)
0

Then by the isometry of stochastic integrals

T
5@ 0= [ ([ laias) i< [ 3o,

which means that the operator F}; defined by (B-I9) is a continuous linear operator from
L2, into L£2(\), and hence it is continuous also in the weak topologies. Thus (iv) implies

J2—>ZE/ (/t i (s)dW9, ()))\(t)dt. (3.16)

Similarly, the linear operator G : L3.(A\7!) — £2.(\) defined by G(g); = fo s)ds is
continuous and hence continuous with respect to the weak topologies. Indeed

6610 < B [ AO( [ A6 otk as) ([ A)as)ar
< ([ r0@) 1ol o

Since ¢ € L£3(\), (iil) implies
Iy — E/O </0 o (s) ds | gp(t)>)\(t) dt. (3.17)
Clearly (ii) implies
/ﬁ@ )ﬁﬁEA@@@W@M@ﬁ. (3.18)
Thus from (BI3) we get (BI0) by BI3), BI4), (BI0) - (B:I§), and by taking into

account that UyVy is dense in V. A similar, simpler argument yields that for every
random variable ¢ € L}, such that El¢[;, < N:

E (up,(T), ) = E(ug, %) + Ji + Jo — R, (3.19)
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where as n, m — 400 with (n,m) € 1,,

o= B[ adunan) s, o) = ([ ao)ds ).

Jy, = :E</0Trlnégw(u( 1(s))) dW],w) ZE(/OT dW],w)

T
|R| = FE (/ Ay (up (ri(s)))ds, @Z))‘ < CN\ Oy, .
T—6.m
Thus, as n,m — oo with (n,m) € I, E (ul,(T), ¥) = E(urs , ¥). Since Uy Vy is dense
in H, this concludes the proof. O

Proposition 3.3. Let p =2, (C1)-(C5) with 0 < A <1 and (H1)-(H3) hold. Let (n,m)
be a sequence of pair of positive integers such that m and n converge to infinity, and
Cg(n)/m — 0. Then the assertions of Proposition [3.4 hold, and for every y € LP()):

T
| B2t = w0) acle) - +Z|bf Bl de <0, (3.20)

0
The process vy has an H-valued continuous modzﬁcatzon, Uso, Which is the solution of

equation ([[1), and Elu™ (T) — us(T)|% — 0.

Proof. Since Cp(n)/m — 0, with finitely many exceptions all pairs (n,m) from the given
sequence belong to I,. Thus we can apply Proposition and get a subsequence, denoted
again by (n,m), such that assertions (i)—(v) of Proposition B.3 hold. Notice that v, €
L2(\) and ay, € L3, (A7), Thus from (BI0) by Theorem 1 from [[] on Itd’s formula we
get that v, has an H-valued continuous modification u.,, and a.s.

(T} = Eluols + E/O 2 0els), 0 (5)) + S () ds. (3.21)

Moreover, by (BI0) and (BI1l) we get us(7T) = ure. For y € L3(\) such that
suPg<i<r Byl < +00, let

o) = B [20nma(0) = v(0), At (m(0) = Adw)

2

D0 M B i (a(0)) = LB (u(0)], |

Notice that the growth condition (C4) and () imply that for z, z € L% (N), (z., A(z)) €
L' and B (y) € L%(K,) for j =1, -+, r; since the estimates (B4), (B-) and (E-) hold,
F'(y) is well-defined and is finite. By the monotonicity condition (C1), (H3) and by

inequality (B.7)
T
0>F"(y) > E|ufn(T)|fq—E|uo|%{+2E/ (s, A(yy)) dt—R—2J1—2J5y—2J3+Jy, (3.22)
0
with

T—6m
R:=6 E/ > (4 (s))), e)*ds,

lel(n)
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L:Ela%wﬂ»Awmﬁ,
Jy = E/T (e, Au(u(ma0)))) dt
A—Zq/ﬂw " (halt))) s B ) dt,
Jy = 2 E/O 1L, B} ()|, dt.

Since A~ > 1, (B.3) implies that for Cs(n)/m — 0

IR <T C‘;fl”) E/O Ayl (ko (5)))5.. ds — 0. (3.23)

By Proposition B.4, as Cs(n)/m — 0,
J = / (ulr (Ka(t)) » Ae(ye) A1) A(t) dt — E/o (uo(t), Ar(ye) ydt, (3.24)

Jy = E/o N)ye, Ae(up (ra())) Y X (t)dt — E/o (ye, aso(t) ) dt. (3.25)
Notice that
B[ (B () B de = B [ (1B (rate)) . 5,5 0) )

where 5,, is the averaging operator, defined by

1 Rl()+25m
(SmZ)(1) ;:{ gm aa(@40, 2308 0 <t <T —=om (3.26)

if T — 5m<t§T

for Z € £3,. Hence, taking into account Proposition B3 (iv) and
m—0o0

T
lim E/ ((SmZ)i — Zi|3dt =0, VZ €LY
0

as Cg(n)/m — 0 we get

Jy — ZE/OT (bg;o(t), Bg(yt)> dt . (3.27)

Using (H3) and the dominated convergence theorem, since B (y.) € L%, we obtain
Jy — ZE/ | By ()| dt . (3.28)

Since u® (T') converges weakly in L3, t0 Ure = too(T),

d = liminf Eju” (T3 — Elus(T)|3 > 0. (3.29)

Letting n,m — oo with Cz(n)/m — 0 in [B:29) and using (B-2]), (B23) - B29) and
(BZ7) - (B-29), we deduce that for y € L} (\) with sup, E|y|3, < +o0o and F, defined by
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T T
0 > d+ Elus(T)% — Elugs +2E / (e, A(ye) di — 2 E / (1), Au()) dt
0 0

28 [ ot dt+ZE [ 1Bt - 2040, B0
= d+ F,(up, oo, bso), (3.30)

by B:23) - (B:29), (B:27) - (B:29), and taking into account (B:2]]). Hence by Theorem
P71 (ii), u is a solution to equation ([T]]). Taking y := w in the above inequality we get
d < 0, and hence d = 0. Thus the approximations u” (T') converge weakly in L?, and
their L2 -norms converge to that of u.,(T), which imply the strong convergence of u™ (T')
in L% to u(T). O

Now we conclude the proof of Theorem P.§. Let (n,m) be a sequence of pairs of
positive integers such that m and n converge to infinity and Cz(n)/m — 0; the previous
proposition proves the existence of a subsequence of the explicit approximations u, that
converges weakly in £3(\) to a solution u,, of the equation ([.J), and such that u” (T
converges strongly to u.(7T) along the same subsequence. Since by Remark P.J the
solution to (1) is unique, the whole sequence u!, converges weakly in £2(\) to the
solution of the equation ([[Z1]), and the whole sequence u" (T') converges strongly in L%, to
Uso (T). O

3.2. Existence and uniqueness of solutions to the implicit schemes. The following
proposition establishes existence and uniqueness of the solution to the equation Dz =y
and provides an estimate of the norm of x in terms of that of y.

Proposition 3.4. Let D : V — V* be such that:
(i) D is monotone, i.e., for every x,y € V, (D(z) — D(y),x —y) > 0.
(ii) D is hemicontinuous, i.e., lin&(D(x +ey),z) = (D(x), z) for every x,y,z € V.

(111) D satisfies the growth condition, i.e., there exists K > 0 such that for every x € V,

|D(x)
(iv) D is coercive, i.e., there exist constants Cy; > 0 and Cy > 0 such that

(D(x),xz) > Cy |z}, = Cy, YaxeV.

ve <K (14 |z, (3.31)

Then for every y € V*, there exists x € V such that D(z) =y and
Ci+20C, 1

P 2
— .. 3.32
ol < S+ ol (3.32)
If there exists a positive constant Cs such that
<D(ZL‘1) — D({L‘Q),l‘l — l‘g) Z Cg |l‘1 — X2 %/* s \V/l‘l, Ty € V, (333)

then for any y € V*, the equation D(z) =y has a unique solution x € V.

This result is known, or can easily be obtained from well-known results. We include its
proof in the Appendix for the convenience of the reader.
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Proof of Theorem [2.9. To prove this theorem, we need to check the conditions of the
previous proposition for the operators D : V — V* and D,, : V,, — V,,, defined by

tir1 tit1
D:=1— / Asds and D, =1, — / I1,, A, ds
ti t;

for each t =0,1,2,....,m — 1, where [ : V' — V* denotes the canonical embedding and I,
denotes the identity operators on V,,. Hence u™(¢;) and u™™(t;) can be uniquely defined
recursively for 0 < i < m by the equations (B.1§) and (B.19), respectively.

We first check that D satisfies the strong monotonicity condition. Let x,y € V. Then
(C1) implies

(D) — D(y)z—y) = |o —yll — / A @) — Auy),x— gy ds > o — gl

Let us check that D is hemicontinuous. Let x,y,z € V and ¢ € R:

(D(x +2y),2) = {x+ey,2) - / A+ ey), 2 ds.

As e — 0, condition (C3) implies that for every s € [t;, t;11], (As(z+ey), z) converges to
(As(x), z). Hence, using condition (C4) we have that for every e €]0, 1]:

1 _ _ 1 1
(Aulr +2y, 2)] < Can M) [Jalf ! + IR el + 2 Ms) + - Kols) € £

Thus, we get the hemicontinuity of D by the Lebesgue theorem on dominated conver-

gence.
We check that the operator D satisfies the growth condition (B31]). Let x € V. Then
by condition (C4) for p € [2, 400 we have

tit1 B 1 1 B
|D(x)|v < |z|y« + Cl/ [)\(s) |z 'y ]—9 A(s) + 5 Ky(s)| ds < Co[1 + |z}, 1]
¢

with some constants Cy, Cs.
We check that for m large enough, D satisfies the coercivity condition. Let x € V'; then
using (C2) we have:

(D)) = [ofiy+ [ 5 N alf = Kas) ol = K9] s

1 ti+11 1 tiy1 ) 1 tit1
> 3 (/ A(s) ds) |z} — 5 K(s)ds + |x|% [1 -5 Ki(s) ds] :
t; t; t;

Since K is integrable, for large enough m, 6,, = t;41 —t; = T'm~! is small enough to imply

that f:f“ Ki(s)ds < 2; thus D is coercive. Using (H2), (H3) and the equivalence of the
v on V,,, similar arguments show that D, satisfies conditions

norms | . v, |.|m, and |.
(i)-(iv) too.

We finally prove by induction that the random variables u™™(¢;) and u™(t;) belong
to L},. This is obvious for ¢, = 0, and for ¢; it follows immediately from the estimate

(B332). Let i be an integer in {1, --- , m—1}, assume that E(|u™™(tx)[},) < +oo for every
ke{l,---, i} and set

tit1

+Z/ 1L, B™ (™™ (t;)) AW € V.
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Then by the isometry of stochastic integrals, and by Remark R.1 for p € [2, +oo[ we have

Ely

tit1 o
oS GEW TR+ B [ B e ) i
t;
t;
< ofi+ / Ms) ds| Bl (6,
ti—1

ti t;
ti—1 ti—1

Hence (B.32) shows that E(|u™™(t;11)[},) < +00. In the same way we get the finiteness
of the p-th moments of the V-norm of u™(¢;) for i = 0,1, 2, ..m. O

3.3. Convergence of the implicit schemes. We first prove some a priori estimates on
the processes v and u™™ and give an evolution formulation to the equations satisfied by
these processes.

Recall that for 0 < i < m and t €]t;, t;41], we set k1(t) = t; and ka(t) = t; 41, while
for i = 0,---,m, we set ki(t;) = ka(t;) = t;. Let A™ and B™ be defined in (P-I7) and
(BI3). Then equations (E.I1§) and (E.I9) can be cast in the integral form:

T

K1 (t) K1 (t) A
u™(t) = uop Lgse,y + /0 Ay (u™(ka(s))) ds + Z/o B””( "™(k1(s))) AW/, (3.34)

and
f@l(t) .
u™™(t) = Myl + / I, A (u"™( ds+z / I, B (u™™ (k1 (s))) AW,
0
(3.35)
respectively.

Lemma 3.5. Let conditions (C1)-(C5) and (H1)-(H3) hold. Then there exist an integer
my and some constants L;, 1 < i <4, such that:

sup E‘u )‘Z < Ly, (3.36)
s€[0,T]

E /0 [ (g (3)) [, A(s) ds < Lo (3.37)
E / AL ("™ (a(5) |9 M) ds < Ly, (3.38)

ZE/ | BT (u™™ (5 (5))) |5, ds < Ly (3.39)

for allm > my andn > 1. Under conditions (C1)-(C5) the above estimates hold with the
implicit approzimations u™ in place of ™™ for all sufficiently large m.

Proof. We only prove the estimates for «™™. The proof of the estimates for u™ is es-
sentially the same, and we omit it. We set AW] Wl — Wi fori=20,---,m—1,

tit1
j=1--- 7. Then from the definition of the approxmlatlons u™™ we get

"™ (t0) [ — Mauolfy = 2(u™™ (t1), AG' (W™ (1)) 0m — [T AT (u(tr)) 30,
and fori=1,---, m—1:

w Mt i — [t ) F = 20 Eg), A (@ (1)) O — [T AT (0 (ti41) ‘H
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+ ET I1,,B™” AW/ + Erﬂébj Asz
2 n,m tz , n ' ) n,m tz . ‘ n ' ) n,m tl . .

< (u (t:) n (u( ))) t < no (W () t;
Hence adding these equations and taking expectation we obtain

Elu™ ()% = B[ (uo)[3; + 2E/0 A (), 5))) ds

t1 0

T tk _ ) ty
+ Z E/ 1L, B (u™™ (k1 (s))) }2 ds — 5mE/ ITL, Ay (™" (K2(s))) ‘i{ ds
j=1
for k = 1,2, ..., m, which implies

Blu™™(t)|% < Eluoli; — dm E/O k 1L, A (u™™ (K2(s))) |3 ds
+E/O 'f{2<As(u"7’”(m(s))) , U™ (Ka(s))) +Z }Bg(u"vm(@(s)))yi]}ds (3.40)

ti i
< Eluly - E / A(s) [ (a(s))I% ds + E / Ky () [u™™ () [ ds
0 0

ti B
+/ Ki(s)ds,
0

by the definition of B™7, the coercivity condition (C2), and by (H2). For m large enough,
Vo = sup{ﬁi’il Ki(s)ds : 1 <k <m} < % Consequently, there exists an integer m;
such that forallm > 1, m > my and £k =1,2,...,m:

1 7 le—1
3 Bl )i+ B [ als)f Ms) ds < € [ o) Bl (o) ds.
0 0
(3.41)

Hence a discrete version of Gronwall’s lemma implies the existence of a constant C' > 0
such that

sup sup sup E‘u"m(k; 5m)}2 =(C< o0, (3.42)

n>1 m>m; 0<k<m

which implies (B.36). The inequalities (B.41]) and (B.42) yield (B.37). Notice that by the
growth condition (C4)

E/O ‘As(u”’m(@(s)))“‘]ﬂ )\(s)lqugaE/O [u"™"™ (k2(s)[) A(s) ds—l—/o Ks(s)ds

and by the definition of B™7 and by Remark B,

T T—bm
E / (B (w1 (5))) [ ds < B / 1B (u"™ (1)), dis

< (2a+1)E/0 [u™™ (ka(3))[} A(s) ds+E/0 K1(3)|u"’m(/f2(s))|fqu+/0 Ks3(s)ds.

Thus estimates (B-3() and (B.37) imply estimates (B.3§) and (B.39). O

Proposition 3.6. Let conditions (C1)-(C5) and (H1)-(H3) hold. Then for any sequence
(n,m) — oo of pairs of positive integers there ezists a subsequence, denoted also by (n,m),
such that:

(i) u™™(T) converges weakly to usr in L%,

(ii) u™™(k2(.)) converges weakly in L3,(N) to Voo,
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(111) A, (y"m(/ﬁg())) converges weakly in LY. (A1) to (oo,
' ™(k1(.))) converges weakly in L3, to bl for each j =1,2,...,r.
(v) (U, Aoy boo) € A, and for dt x P-almost every (t,w) € [0,T] x Q

Uoo(t) = u0+/ oo (s ds—l—Z/ s)dW (s (3.43)

UToo = u0+/ oo (s ds—l—Z/ s)dWi(s) (as.), (3.44)

F,(ug, oo, bes) <0, Yy e L(N). (3.45)
(vi) The process v, has an H-valued continuous modification, us,, which is the solution
of equation ([I[_1). Moreover, the sequence u™™(T) converges strongly in L% to usr =
Voo (T).
Under conditions (C1)-(C5) the above assertions hold with u™ and B™7, in place of
u™™ and I1, B™7, respectively.

Proof. We prove the lemma for subsequences of u™". The proof for the sequence u™ is
essentially the same, and we omit it. The assertions (i)-(iv) are immediate consequences
of Lemma B.J. We need only prove assertions (v) and (vi). For fixed N > 1 let p =
{e(t) : t € [0, T]} be a Vy-valued adapted stochastic process such that |p(t)|y < N for
all t € [0,7] and w € Q. Then from equation (B.35) for n > N we have

E/o (u™™(t), () A(t) dt:E/O Ly (Hauo , @(t)) A(t) dt
T k1 (t)
+E /O ( /0 I, AL (0™ (kas))) ds, 0(1) ) M) de

T

SE /0 : ( /0 L B (e () TV o(0)) A(#) i

T
- / (o, (D) \(E) dt + Ty + Jo — Ry — Ry — Ry, (3.46)
0
with

I o= E/OT</OtAS(u"’m(/@2(s)))ds,gp(t)>)\(t)dt,

T

Ty = ZE/OT(/OtHnB;”J(u"’m(/{l(s))) de,w(t)) At) dt

Jj=1

R, = E/Ol(uo, o(t)) A(t) dt,

Ry = E/OT</: As(u"’m(/@z(s)))ds,gp(t)>)\(t)dt,

1(?)
Ry = ZE /0 T( / i(t) 1B (u™ (s (5))) A1V (1)) A1) it

Clearly, for n,m — oc:
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Rl < NE [0 / AL (rn() - ds

1(¢)

V[0 ] AN e o dsarl

x{/o A(t) /m(t) A(s )dsdt}’l’ =0 (3.48)

by Holder’s inequality, Lebesgue’s theorem on dominated convergence, and by virtue of
estimate (B.3§). By the isometry of H-valued stochastic integrals

T t 1/2
[R5 < N/ E(/ Z‘Bm] TRy (s )))‘st) dt
0

< N@E/O Z | B (u™™ (k1 (s))) 3 ds — 0 (3.49)

IN

as n,m — oo, by virtue of estimate (B.39). The arguments used to prove (B.1f) in
Proposition B3 yield as n,m — oo

J2—>ZE/ </t i (s)dW?, ()>)\(t)dt. (3.50)

Similarly, for g € £.(\179), let G(g); = [ g(s) ds. Then Holder’s inequality implies that

16 (@)% o < / / 9($)14 M) ds) ( /Ot)\(s)ds)gdt
< ([ 20@) lalty -

Hence, the operator G is bounded from L£{,. (A7) to £{..(\). Thus this operator is weakly
continuous. Therefore as m,n — oo

I = E/OT < /Ot aoo(s) ds, cp(t)> A(t) dt . (3.51)

Letting now n, m — oo in equation (B-40), we obtain

E/OT(voo(t), o)) A\(t) dt = E/OT (o, (1)) A(t) dt+E/OT</0taoo(s) ds, cp(t)>)\(t) dt

+ E/OT (Z/Ot boo(s) WY <p<t)) A(t) dt

by (B.47)-(B.5]) for any Vy-valued adapted stochastic process ¢ with sup, , [¢(t, w)|x <
N. Since N can be arbitrary large, equation (B-43) follows immediately. As in the proof

of (B.11)), a similar argument based on an analog of (B.21)) for a L}, random variable 1)
with E[|? < N yields equation (B:44)). An argument similar to that proving (B-49) yields

Eluse(T)[3 = Elul% + E/O 2(0(5), ane(5)) + Y b ()| ds (3.52)
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Moreover, by (B.43) and (B.44)) we get uso(T) = usor (a.s.). To prove inequality (B.49) set

= E/o 2{ (u"™ (k2 (1)) — y(t), Ae(u™(rka(t))) — Ae(ye))

+Z]B] " (1)) = T B (y(0) 5, dt

for y € L. (\) N L3 (K). By (C4), (B.9) and Lemma B.g, F;»™ is well-defined and it is
finite. By the monotonicity condition and by inequality (B.40) with & := m we obtain:

T
0> Fm > ™I — Eluoly +2 B / (e Au(ye)) dt — 27"
0

T
—2Ly™ + LY — 2L + b, E/ | T, Ay (w™™ (ka(s))) |5 ds (3.53)
5m

with

I = B (el Adw) .

mm o= B /0 (e, Au(a™ (a(t)) ) dt

Ly = ZE/ |11, B} (y,)| 5, dt

L = ZE/ (1B (u" (s5(1))) . B ()

Using (i)-(iv) and the arguments used to prove (B-24), (B-29), (B-27) and (B-29) we deduce:

T
lim L™ = E/ (Voo (1), At(yr)) dt, (3.54)
n,Mm—00 0
T
lim " — E / (e am(t)) dt, (3.55)
n,M—00 0
T T )
im 2 = > [ 1Bl dr, (3.56)
n—o0 = Jo
IS T ) )
lim Lj™ = Y F / (02, (t), Bl (yy)) dt. (3.57)
n,Mm—00 = 0

Furthermore, for some constant d > 0:
liminf E|u™™(T)|3 = d + Elus(T)|%. (3.58)

Thus, letting n,m — oo in (B:53), by (B:54)-(B5) we deduce:

0 = d+ Blun(Df = By =28 [ (0n(0). Ao)) &t =28 [t i)

28 [, Ao dt+ZE [ 1t 200, Bl

= d+ F,(ug, o, beo) -
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Then we proceed as after (B.30) at the end of the proof of Proposition B.3 and finish the
proof of the proposition. O

Now we conclude the proof of Theorem R.1(0}. By the previous proposition, from any
sequence (n,m) of pairs of positive integers such that m,n — oo, there exists a subse-
quence, (ng,my), such that the approximations v+ converge weakly in £{,()\) to the
solution u of equation ([[T]]), and the approximations u™™(T) converge strongly in L%
to u(T"). Hence, taking into account that the solution of equation ([.1]) is unique, we
get that these convergence statements hold for any sequences of approximations u™" and
u™™(T) as n,m — oo. The proof of Theorem B.I( is complete. O

Acknowledgments: The authors wish to thank the referee for helpful comments.

4. APPENDIX
We start with a technical lemma ensuring that a map from V to V* is continuous.

Lemma 4.1. Let V' be a Banach space and V* its topological dual, D : V — V* satisfy
the conditions (i)-(iii) of Proposition[3.4. Then D is continuous from (V,|.|v) into V*
endowed with the weak star topology o(V*, V). In particular, if V is a finite dimension
vector space, then D is continuous.

Proof. Let v € V and (z,, n > 1) be a sequence of elements of V such that lim,, |z —xz,|y =
0. The monotonicity property (i) implies that for every y € V and n > 1,

(D(zn) = D(y), 20 — x) +(D(25) = D(y),x —y) 2 0.
Furthermore, since (|x,]y, n > 1) is bounded, the growth condition (iii) implies that
(D(a) = D)y an—2)| < [ID()lve + [D@Iv-] [0 — aly
< OO mly + ) |on = alv =0

as n — +o00; hence, liminf,,(D(z,)—D(y),z—y) > 0. Since (|z,|y,n > 1) is bounded, the
growth condition implies the existence of a subsequence (ny, k > 1) such that D(xz,, ) —
D, € V* is the weak star topology as k — +o00; clearly,

(Do — D(y),z—y) >0, ,VyeV. (4.1)

To conclude the proof, we check that D,, = D(z); indeed, this yields that the whole
sequence (D(x,),n > 1) converges weakly to D(z). For any z € V and ¢ > 0, apply ([£]))
with y = 2 — €z; then dividing by ¢ > 0 and using the hemicontinuity property (ii), we
deduce that for any z € V,

lim(Do — D(x —€2),2) = (Do — D(x),2) > 0.

e—0 -

Changing z into —z, this yields D, = D(z). O

Proof of Proposition B4 Let (e;, i > 1) be a sequence of elements of V' which is a
complete orthonormal ba81s of H and for every n > 1, let V,, = span (e; ,1<i< n) Hn :
V* — V, be defined by IT,,(y) = S {e;, y) e; for y € V* and let D,, = [, 0 D : V,, — V.
Then D, is coercive and satisfies the assumptions of Lemma [T} hence it is continuous.
Fix y € V*; the existence of x,, € V,, such that D, (z,) = IL,(y) is classical (see e.g. [[F]).
The coercivity condition implies that for every n > 1:

Tnly > (T, y) = <xn7Dn<$n>> = (2, D(zy)) > Cy |xn|€/ — Oy,

\y v
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which implies that the sequence (|x,|v,n > 1) is bounded, and the growth property
implies that the sequence (|D(x,)|v+, n > 1) is bounded. Since V' is reflexive, there exists
a subsequence (ng, k > 1) such that the sequence (x,, , k > 1) converges to zo, € V in
the weak o(V,V*) topology, and such that the sequence (D(z,,), k > 1) converges to
D4 in the weak-star topology o(V*, V). We at first check that D, = y; indeed, for every
1> 1:

<DOO> 6i> = 11]£H<D(l‘nk), 6i> = 11]£H<an (xnk)7 6i>
= hina:[nk (y)7 ei) = <y7 €i> :

We then prove that y = D(z); the monotonicity property of D implies that for every
z € U, V,, for k large enough:

0 <D(xnk)_D(z)7xnk _Z>

(Dny (xny,), 20, ) = (D(2), ) = (Day (2,), 2) + (D(2), 2)

<y7xnk> - <D(Z)7'Ink> - <an(xnk)>z> + D(Z),Z) :

As k — +o0, we deduce that for every z € U,,V,,, (Do — D(2), Too — 2) > 0. Since U, V}, is
dense in V', we deduce that (D, — D(z), 25 — z) > 0 for every z € V. Let £ € V; apply
the previous inequality to z = x,, + €& for any € > 0 and divide by €. This yields that
for any £ € V|, (Do — D(200 +€&), &) > 0; as € — 0, the hemicontinuity implies that for
any £ € V, (Do — D(2s), &) > 0, and hence that y = Dy, = D(2z). This concludes

the proof of the existence of a solution z to the equation D(z) = y. Furthermore, the
coercivity of D implies that

VAN VAR VAN

Crlalt = Ca < (D), ) =ty ) < S lolt + 5 ol

Hence for p € [2,+oo], Cy|zf}, — Cy < L |zff + £ + ser |y« which implies (B33).
Finally, if D satisfies the strong monotonicity condition (B-33) and if z1, 25 € V' are such
that D(z) = D(xs) = vy, then

0 = <D(ZL‘1) — D(ZL‘Q),I‘l — l‘g) Z Cg |l‘1 — ZL‘2|%/* X

this yields |x; — xo

We finally sketch the proof of Theorem P.7
Proof of Theorem R.7. (i) The monotonicity condition (C1) implies that for every
y € LY, (X) such that supg,<pEy|3; < 400 one has:

2<us - y37 As( s - ys + Z |BJ us BJ y8>|H < O

This implies that F,(ug, A (u.), B.(u.)) < 0 for every y € L], (X) with supgc,<p Elye|3 <
+o00, which yields (i).
(i) Let (£, a,b) € A, uy = €+ [ agds + > i1 [3 b7 dW7 and let V be a subset of £}, (\)
of processes y such that supy<,<p E|y|3; < 00, which is dense in £}, (\) and such that
F,(&,a,0) <0 foryeV. (4.2)

We first check that (£.3) holds for y = u + 2z where supg<;,.,r £|2]j, < 4+00. To this end
let {yn, n > 1} be a sequence of elements of V, such that lim,, ||y —yx||zz () = 0. For any
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U € £2,()) such that supy,cq E|Ui[3, < +oo, set
O(U) = E/OT [2(u, — U(s), a, = AU () + ; b = BIU ()]}, ds.
Then | ®(y) — (y)| < X5, Tin), where:
T =[5 [ 200~ 06, 0.~ (o) ]
T =[5 [ 20 006), A~ Ao s,

T

Totn) = Y |E / Bl = [BUy ()|, +2 (b, Blly(s) = Bilyn(s))] ds

j=1

Since sup,, £ fOT lyn(s)[} A(s) ds < oo, the growth condition (C4) yields

T 1
) < ly=wlegoy {E [ (aulf + 1A Gn(DIE)N"(s) ds}

T 1
Cilly = walegon{E [ [late N170(6) + a9 AGs) + Ka(s)] s}
0
< Colly = ynllez oy - (4.3)

where C4, Cy are constants which do not depend on n. For dt x P-almost every (¢,w) the
operator A;(w) : V — V* is monotone and hemicontinuous, hence it is demi-continuous,
i.e., the sequence A;(w,z,) converges weakly in V* to A;(w,x) whenever x, converges
strongly in V' to z (see, e.g., Proposition 26.4 in [[J] ). Hence for dt x P—almost every
(t,w) €[0,T] x Q,

IN

lim(=(s) . Au(u(s)) — Au(ya(s))) = 0.

Furthermore, since z is bounded, condition (C4) implies
T
sup B [ [(2(5). Auy(s)) — Aulon(s) " ds
n 0
T
<Csw B [ A(s) = Ayl ds
n 0

T T
< supE/ (ly(s)[F + lyn(s)[F) A(s) ds + C, / Ks(s)ds < o0
n 0 0

Therefore, the sequence {(z, A(y) — A(y,)), n > 1} is uniformly integrable with respect
to the measure dt x P. Hence

lim75(n) =0. (4.4)
By Remark R.J]

i 8 [ 1B+ 1B ) ] ds

< sup O / [5()E + ya(s)[5] A(s) ds
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OB [ {06) o) + o )] + Kals) s < oc.

By Schwarz’s inequality we deduce

=

Ty(n) < OZ{ / [1B2(y(5)) By + 1B n(9) 3 + V()3 ds )

< [ 1Bl - B s}

r 1

cy{r [ 1B no) - Bitats s}

The monotonicity assumption (C1) and the growth condition (C4) imply:

Sk / By (s D} ds < 28 / (n5) — 9(5) . Au(yn(s) — Au(y(s))) ds

7j=1

IN

1

<c{r / [yn(s) = y(s)[5 Ms) ds } " { B / () + ly()2) A(s) + Ka(s)]ds |
<Clyn —yllcz o - (4.5)

The inequalities ([3)-([.5) imply lim, ®(y,) = ®(u + 2). Consequently, (£.3) holds for
y =u+ 2z with any z € L{F.
Fix z € L3 and € > 0, apply (E3) to y = v — £z and divide by ¢; this yields:

T
E/ <Zt, ap — At(ut — €Zt)> dt Z 0. (46)
0

By the hemicontinuity condition (C3) for almost all w € €:
ll_)l% <Zt , Ay — At(ut — Ezt)> = <Zt , Ay — At(ut)> s Vit € [0, T]

Furthermore, since z is bounded, by (C4)

T
sup E/ (2, ap — A(up — e z))|7dt < o0,

0<e<1

which implies that {(z, a— A(u—¢ez)), 0 < & < 1} is uniformly integrable over [0, T x €2,
with respect to the measure dt x P. Hence letting ¢ — 0 in (f.6) we get

T
E/ (2, ap — Ag(uy))) dt <0 forany ze€ Ly7.
0

Changing z into —z and using that L9 is dense in £},(\) we deduce that
ay(w) = Ay(u(w),w) for dt x Palmost every (t,w) € [0,T] x €.
)

Using again (f.3) with y = u (i.e., z = 0), we deduce that B;(u;(w),w) = by(w) for dt x P
almost every (¢,w), and that & = ug (a.s.). Consequently, u is a solution to ([.1]). O
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