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Experimental tests of gravity performed in the solar system show a good agreement with general
relativity. The latter is however challenged by the Pioneer anomaly which might be pointing at some
modification of gravity law at ranges of the order of the size of the solar system. As this question
could be related to the puzzles of “dark matter” or “dark energy”, it is important to test it with
care. There exist metric extensions of general relativity which preserve the well verified equivalence
principle while possibly changing the metric solution in the solar system. Such extensions have
the capability to preserve compatibility with existing gravity tests while opening free space for the
Pioneer anomaly. They constitute arguments for new mission designs and new space technologies
as well as for having a new look at data of already performed experiments.

I. INTRODUCTION

The commonly heard assertion that gravity tests show
a good agreement with general relativity (GR) has to be
understood as a set of more detailed statements , ﬂ] It
first implies that the gravitational field may be identified
with the metric tensor g,, in a Riemannian space-time,
as a consequence of the fact that the equivalence principle
is one of the most accurately verified properties of nature.
It then means that this metric tensor appears to have a
form close to that predicted by GR, as shown by the
confrontations of observations with the family of more
general PPN solutions. This second statement can be
put under the alternative form of a good agreement of the
gravity force law with the prediction of GR, deviations
being predicted by unification models but not observed
to date [, H].

Besides these successes, GR is challenged by observa-
tions performed at various scales. First, anomalies are
known to affect the rotation curves of galaxies. They are
commonly accounted for by introducing “dark matter”
to reproduce these curves [E, E] Further anomalies have
been detected more recently in the relation between red-
shifts and luminosities, showing an acceleration of cosmic
expansion. They are usually interpreted as due to the
presence of some “dark energy” [ﬁ, E] Both components
of the “dark side” of the universe have no known ori-
gin and are not observed through other means than the
gravitational anomalies they have been designed to cure.
As long as this situation is lasting, the related anomalies
may as well be interpreted as long range deviations from
cR . [0. @)

The Pioneer anomaly constitutes a new piece of in-
formation in this puzzling context, which might already
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reveal an anomalous behaviour of gravity at scales of the
order of the size of the solar system [12, [d]. Though
a number of mechanisms have been considered to this
aim [@, E, E, @, E, E], the anomaly has escaped up
to now all attempts of explanation as a systematic effect
generated by the spacecraft itself or its environment. The
importance of the Pioneer anomaly for space navigation
already justifies it to be submitted to further scrutiny.
Meanwhile its potential impact on fundamental physics
cannot be underestimated, since the possibility exists
that the Pioneer anomaly be the first hint of a long range
modification of gravity law [@, @, @, @, @, @, E]

These questions are reviewed in the present paper, with
the emphasis put on the key issue of the compatibility of
the Pioneer anomaly with other gravity tests.

II. GRAVITY TESTS IN THE SOLAR SYSTEM

General Relativity (GR) provides us with an excellent
description of gravitational phenomena in the solar sys-
tem. In order to discuss the meaning of this common
statement, we first recall the basic features of this the-
oretical description and then briefly review the experi-
mental evidences supporting it.

In order to apply the principle of relativity to acceler-
ated motions, Einstein introduced what is now called the
equivalence principle @, @] A weak form of this princi-
ple is expressed by the universality of free fall, a central
property of the theory of gravitation since Galileo and
Newton which acquires with Einstein a geometrical sig-
nificance, gravitation fields being identified with the met-
ric tensor g,, in a Riemannian space-time. Ideal atomic
clocks measure the proper time [ ds along their trajec-
tory in space-time with ds? = guvdrtdx”. Meanwhile
freely falling motions are the geodesics of this Rieman-
nian space-time, that is also the curves which extremize
the integral [ ds.

The equivalence principle is one of the best ever tested



properties of nature. Potential violations are usually
parametrized by a relative difference 1 in the accelera-
tions a1 and as undergone by two test bodies of different
compositions in free fall at the same location and with the
same velocity. Modern experiments constrain the param-
eter 7 to stay below the 107!2 level. These experiments
test the principle at distances ranging from the millime-
ter in laboratory experiments (Ref. [ﬁ and references in)
to the sizes of Earth-Moon [@] or Sun-Mars orbit .

The geometrical interpretation is the very core of GR,
but it is not sufficient to fix the latter theory. In or-
der to do that, it is necessary to write also the equa-
tions determining the metric tensor from the distribu-
tion of energy and momentum in space-time or, in other
words, to fix the form of the coupling between curva-
ture and stress tensors. Among the curvature tensors
available in Riemannian geometry, the Einstein tensor
E. =Ry — %gWR is defined from the Ricci tensor R,
and scalar curvature R so that it has a null covariant
divergence D*E,,, = 0. This geometrical property has
to be compared with the physical property D*T,, = 0
which expresses conservation of energy and momentum
as the condition of null divergence of the stress tensor
T,... Note that the latter relation is a necessary and
sufficient condition for motions of test masses to follow
geodesics.

GR corresponds to a simple proportionality relation
between the two tensors F,,, and T},,, the constant being
determined from the Newton gravitation constant Gy
and the velocity of light ¢,

8rG

E. = TNTW (1)
This Einstein-Hilbert equation @, @, @} is tested
through comparisons of its predictions with observations
or experiments. To this aim, the metric tensor in the so-
lar system is first deduced by solving @) In the simple
case where the gravity source, i.e. the Sun, is described
as a point-like motion-less mass M, the metric can be
written as an expansion in terms of the Newton poten-
tial ¢

ds® = gooc?dt® + g (dr2 +72(d6* + sin29d<p2)) (2)
goo = 1+204+20>+... |, gu=—-1+20+...
K GNM
¢) = —— ) K= b ’ |¢| <1
r c

Spherical coordinates have been used (¢ and r are time
and radius, 6 and ¢ colatitude and azimuth angles) with
the Eddington gauge convention of isotropic spatial coor-
dinates. k is the gravitational radius of the Sun ~ 1.5km.

GR is usually tested through its confrontation with the
enlarged family of parametrized post-Newtonian (PPN)
metric tensors introduced by Eddington and then
developed by several physicists [@, @, @,

goo =1+20¢+2B6" +... , gw=-1+2y0+..(3)

The three parameters «;, § and -y are constants, the first
of which can be set to unity by fixing Newton constant

Gpy. Within the PPN family, GR thus corresponds to
v = =1. Anomalies v —1 or  — 1 of these Eddington
parameters affect motions, i.e. the geodesics associated
with the metric (f), and they can therefore be measured
by comparing observations with predictions.

Experiments now performed for more than four
decades have led to more and more constraining bounds
on these anomalies. For example, Doppler ranging on
Viking probes in the vicinity of Mars [B(] and deflec-
tion measurements using VLBI astrometry [B]] or radar
ranging on the Cassini probe [@] have given smaller and
smaller values of |y — 1|, with presently a bound of a few
10~°. Analysis of the precession of planet perihelions
[@] and of the polarization by the Sun of the Moon or-
bit around the Earth @] have led to determinations of
linear superpositions of 3 and -, resulting now to |3 — 1|
smaller than a few 1072,

An alternative manner to test GR has been to check
the r—dependence of the Newton potential, that is also
of the component goo in (E) Hypothetical modifica-
tions of its standard expression, predicted by unification
models, are usually parametrized in terms of an addi-
tional Yukawa potential depending on two parameters,
the range A and the amplitude o measured with respect
to Newton potential [E] The presence of such a Yukawa
correction has been looked for on a large range of dis-
tances. The accuracy of short range tests has been re-
cently improved, as gravity experiments were pushed to
smaller distances [@, @, @] and as Casimir forces, which
become dominant at submillimeter range, were more sat-
isfactorily taken into account [@, @, @, @} On the
other side of the distance range, long range tests of the
Newton law are performed by following the motions of
planets or probes in the solar system. They also show an
agreement with GR with a good accuracy for ranges of
the order of the Earth-Moon [@} or Sun-Mars distances
[@, , @] When the whole set of results is reported on
a global figure (see Fig. 1 in Ref. [53] reproduced thanks
to a courtesy of Coy et al [@]), it appears that windows
remain open for violations of the standard form of New-
ton force law at short ranges, below the millimeter, as
well as long ones, of the order of or larger than the size
of the solar system.

To sum up this discussion, tests of gravity confirm its
metric interpretation and provide strong evidence in fa-
vor of gravitation theory being very close to GR. A few
exceptions exist, among which notably the anomalous ob-
servations recorded on Pioneer probes. We will see below
that this contradiction between Pioneer observations and
other gravity tests may be cured in an extended frame-
work, where deviations from GR may show a scale depen-
dence. It is precisely the merit of Newton force law tests
to shed light on this possibility of a scale dependence,
with any specific experiment being only sensitive to a
given range of distances. The issue of scale dependence
has to be considered with great attention, especially in
the context recalled in the Introduction where questions
arise about the validity of GR at galactic or cosmic scales.



As recalled in forthcoming sections, scale dependence is
also a natural consequence of radiative corrections to GR
to be taken into account.

III. THE PIONEER ANOMALY

After the discussions of the previous section, it is clear
that the gravity laws have to be tested at all possible
scales. It is of particular interest to study the largest
scales attainable by man made instruments, in an at-
tempt to bridge the gap between experiments made on
Earth or in its vicinity and the much larger galactic and
cosmic scales. The best example of such a strategy to
this date is the NASA decision to extend Pioneer 10 & 11
missions after their primary periods with the aim, among
others, to test the laws of gravity at large heliocentric dis-
tances [@, @] When considered as a gravity test, the
extended Pioneer missions were the largest scaled test
ever carried out, and they failed to confirm the known
laws of gravity.

The anomaly was recorded on deep space navigation
DSN) tracking data from the Pioneer 10 & 11 probes
E@]. An up-link radio signal is emitted from Earth at
a DSN station, it is then received and sent back by
the probe, and the down-link radio signal is finally re-
ceived on Earth at the same or another DSN station.
For probes equipped with range measurement capabili-
ties (which was not the case for Pioneer 10 & 11), the
ranging observable is defined as half the time elapsed on
Earth from the emission time to the reception time. For
Pioneer 10 & 11 probes, the tracking technique was based
on the measurement of the Doppler shift, a proper ob-
servable defined as the ratio of cycle counting rates of
reference clocks located at emission and reception sta-
tions [@] The same information can be encoded in a
Doppler velocity v, with the ratio of received to emitted
frequencies written as

: (@

The observable v represents a relative velocity of the
probe with respect to the station, with relativistic and
gravitational effects taken into account in the definition
() and perturbations due to transmission media effects
properly accounted for [

These Doppler tracking data were analyzed during the
travel of Pioneer 10 & 11 probes to the outer parts of
the solar system. When the probes had reached a qui-
eter environment, after flying by Jupiter and Saturn, a
precise comparison of tracking data with predictions of
GR showed that the observed Doppler velocity departed
from the calculated Doppler velocity. The velocity was
thus showing an anomaly dv varying linearly with elapsed
time (see the Fig. 8 of Ref. [L3])

v = Vobserved — Umodelled = —APp (t - tin) (5)

with ap an anomalous acceleration directed towards the
Sun and having an approximately constant amplitude
over a large range of heliocentric distances (AU = as-
tronomical unit)

ap=(0.87+£0.13) nms™2 , 20 AU <rp <70 AU(6)

It is worth emphasizing that the Pioneer anomaly has
been registered on the two deep space probes showing
the best navigation accuracy. Other anomalous observa-
tions have been reported for Ulysses and Galileo probes,
but they were not as reliable as for Pioneer probes [Q]
For other probes like Voyager 1 & 2 and Cassini, the
navigation accuracy was not sufficient. In other words,
the Pioneer gravity test has been performed twice with
identical probes on similar trajectories - but escape di-
rections opposite in the solar system - and the same re-
sult. This is not an impressive statistics when we com-
pare it to the large number of tests confirming GR. In
particular, when the possibility of an artefact onboard
the probe or in its environment is considered, this arte-
fact could be the same on the two probes. However, no
satisfactory explanation of this kind has been found to
date, though intensive efforts have been devoted to this
aim. The extensive analysis of Anderson et al E], pub-
lished after years of cross checks, has been confirmed by
an independent analysis @] Such independent reanal-
yses of the data remain an important tool to confirm or
infirm the existence of the anomaly and they now experi-
ence a revival thanks to recently recovered data covering
the whole period of Pioneer 10 & 11 missions from their

launch to the last data point [@, , @, @]

IV. A KEY QUESTION: IS THE PIONEER
ANOMALY COMPATIBLE WITH OTHER
GRAVITY TESTS

In this context, the question of the compatibility of
the observed Pioneer anomaly with other gravity tests
acquires the status of a key issue. If there exist gravity
theories where a Pioneer-like anomaly can take a natu-
ral place, it is indeed of the first importance to consider
these theories with great care because, as stated in the
Introduction, the anomaly could be the first hint of a
modification of gravity at large scales, with potentially a
tremendous impact on galactic and cosmic physics. But
if there exist no such theories, the Pioneer anomaly may
remain an interesting curiosity with a potentially large
impact on navigation in the solar system, but probably
lesser importance for fundamental physics.

At this point, it is worth repeating that tests of the
equivalence principle (EP) have shown it to be preserved
at a very high accuracy level, better than 1072 in lab-
oratory experiments as well as in tracking of the motion
of Moon on its orbit around the Earth. This is in any
case a much higher accuracy than the EP violation which
would be needed to account for the Pioneer anomaly : the
standard Newton acceleration at 70 UA is of the order



of 1 yum s~2 while the Pioneer anomaly is of the order of
1 nm s—2. Should the anomaly be interpreted in terms of
an EP violation, the latter would be of the order of 1073.
This does not contradict the possibility of EP violations
which are predicted by unification models [@, @, @}
and looked for in space experiments with an excellent
precision, such as MICROSCOPE [f7 and STEP [g.
But such violations are expected to occur at a lower level
than needed to affect the Pioneer anomaly and we will
therefore restrict our attention to a confrontation of GR
with alternative metric theories of gravity.

In this well established metric interpretation, the pre-
cise form of the coupling between space-time curvature
and gravity sources can still be discussed [@] Like the
other fundamental interactions, gravitation may also be
treated within the framework of field theory [IE, EI, @]
Radiative corrections due to its coupling to other fields
then natura%lead to embed GR within a larger class of

theories [[73, . Modifications are thus expected to
appear [[4, [(1, in particular, though not only, at large
length scales , @, . This suggests to consider
GR as an effective theory of gravity valid at the length
scales for which it has been accurately tested but not nec-
essarily at smaller or larger scales. Note that, in contrast
to GR [BJ), the fourth order theories which are a natural
extension of GR show renormalizability as well as asymp-
totic freedom at high energies [@] This is a strong argu-
ment for extending the gravitation theory at scales not
already constrained by experiments, for instance using
renormalization group trajectories [B5]. Renormalizabil-
ity of these theories however comes with a counterpart,
that is the problem of ghosts, but it has been argued
that this problem does not constitute a definitive dead-
end for an effective field theory valid in a limited scale
domain [R]. In particular, the departure from unitarity
is expected to be negligible at ordinary scales tested in
present day universe [B7].

b)

In the following, we will briefly review the main fea-
tures of a phenomenological framework which has been
recently developed for the purpose of answering the ques-
tion of the compatibility of the Pioneer anomaly with
other gravity tests [@, @, E] It will be presented be-
low as covering the whole spectrum of metric extensions
of GR which remain in the vicinity of GR. In particular,
it will be shown to include as particular cases the PPN
extensions as well as the already evoked modifications of
Newton force law. Let us stress that this larger family
of theories is not just an adhoc extension showing the
nice property of letting a place for the Pioneer anomaly.
It emerges in a natural manner as the extension of GR
induced by radiative corrections due to the coupling of
gravity with other fields [, this idea having been ex-
plored before it was noticed that it led to Pioneer-like

anomalies [@, @, @]

V. POST-EINSTEINIAN METRIC THEORIES
OF GRAVITY

In order to present the extensions of GR in a simple
manner, we start with the linearized version of gravita-
tion theory [R1], BJ. We will then present some salient
features of the non linear theory [23, 4.

In the linearized treatment, the metric field is repre-
sented as a small perturbation h,, of Minkowski metric

ymz

uv = Nuv +huu y o N :diag(la_la_la_l) ;
The field h,, is a function of position x in spacetime or,
equivalently in Fourier space, of wavevector k. Gauge
invariant observables of the metric theory are given by
curvature tensors. In the linearized theory, i.e. at first
order in h,,, Riemann, Ricci, scalar and Einstein cur-
vatures have simple expressions in the momentum repre-
sentation (they are given in Ref. [27)).

These curvature fields are similar to the gauge invari-
ant electromagnetic fields of electrodynamics so that,
while being supported by its geometrical interpretation,
GR shows essential similarities with other field theories
[EI, E] This suggests that GR may be considered as
the low energy effective limit of a more complete uni-
fied theory [@, @] which should describe the coupling of
gravity with other fields. In any case, this theory should
contain radiative corrections to the graviton propagator,
leading to a modification of the Einstein-Hilbert equa-
tion ([l) and to a momentum dependence of the coupling
between curvature and stress tensors. In the weak field
approximation, the Einstein tensor, which is divergence-
less, has a natural decomposition on the two sectors cor-
responding to different conformal weights , that is
also on traceless (conformal weight 0) and traced compo-
nents (conformal weight 1).

When considering the isotropic and stationary situa-
tion with a point-like and motion-less Sun of mass M,
the general coupling between curvature and stress ten-
sors is thus described by two running constants G° and
G', which depend on the spatial wavevector k and live
in the two sectors (0) and (1). Solutions of the extended
gravitation equations (given in Refs. 21}, 7)), anew writ-
ten with spatial isotropic coordinates, depend on two po-
tentials

goo = 14 2(I)N s Grr = _(1 - 2(I)N + Q(I)P) (8)

These two potentials obey Poisson equations with run-
ning constants Gy and G p given by linear combinations
of GY and G!

~ 4T M
—k?®,[k] = Ga[k]c—2 , a=N,P (9)
L AGY -Gt -
N = 3 Gp =
Standard Einstein equation is recovered when the run-
ning constants G and G! are momentum independent

[y | <7



and equal to each other, that is also when

{GN} st =Gy [ép]st =0
[@On(r)]=¢(r) , [Pp(r)],=0  (10)

The two potentials &, will be written as sums of these
standard expressions and anomalies which have to remain
small

Dy (r) = [Pa(r)]g +0Pa(r) , [6Pa(r)] <1 (11)
This linearized form of the extended theory is quite useful
for introducing the ideas in terms of an effective field
theory of gravitation. It is however not sufficient to deal
with the general relation between metric and curvature
tensors which involves non linear expressions. It is no
more satisfactory for the general discussion of gravity
tests as some of them also involve non linearity of the
gravitation theory.

It turns out that the extended theory may in fact be
given a full non linear formulation, discussed in great
details in Ref. [2]. Most formulas are thus written more
conveniently in terms of Schwartzschild coordinates [@]

ds® = Goo(7)c*dt* + Gy (P)dr* — 7 (d6? + sin®0dyp?)
g;w(r) = L(_]#V(T)]St + 5!7#1/(7") ) |5£7;w(7")| <1 (12)

with the standard GR solution treated exactly

[Go0ls, =1 — 20 — (13)

and the anomalous metric dealt with at first order. It is
possible to define in the non linear theory two potentials
6@y and 6®p which generalize ([L1]) while taking into
account the non linear corrections involving powers of
K/T.

We do not reproduce here the corresponding calcu-
lations but emphasize a few salient features of the re-
sults. First, the phenomenological freedom of the ex-
tended framework is represented by the two functions
dgoo(r) and 6g,-(r) which contain the same informa-
tion, through the appropriate transformations @]7 as
dg00(r) and dg,r(r), or 6®x(r) and §®p(r), or 6GNK]
and dGp[k]. They can as well be described by Einstein
curvatures E{ and E” which no longer vanish outside the
source [@] The PPN family is recovered as a particular
case which already shows an anomalous behaviour of Ein-
stein curvatures non null apart from the gravity source.
Anew, the post-Einsteinian metric theory is nothing but
an extension of this anomalous behaviour with more gen-
eral dependences of the curvatures versus the distance r
to the Sun. In loose words, the post-Einsteinian metric
theories can be thought of as an extension of PPN met-
ric with PPN parameters no longer constants but now
functions of r.

VI. PHENOMENOLOGICAL CONSEQUENCES

The new phenomenological framework is characterized
by the two functions dgoo(r) and d (googrr) (7). The first
function represents an anomaly of the Newton potential
which has to remain small to preserve the good agreement
between GR and gravity tests performed on planetary
orbits , Q] Meanwhile, the second sector represents
an extension of PPN phenomenology with a scale de-
pendent Eddington parameter . It opens an additional
phenomenological freedom with respect to the mere mod-
ification of the Newton potential and this freedom opens
the possibility to accomodate a Pioneer-like anomaly be-
sides other gravity tests [P, 3.

Recent publications force us to be more specific on the
relation between the Pioneer anomaly and modifications
of the Newton potential, i.e. anomalies in the first sector
according to the terminology of the preceding paragraph.
Interpreting the Pioneer anomaly in such a manner re-
quires that dggg varies roughly as r at the large radii ex-
plored by Pioneer probes. If this dependence also holds
at smaller radii , or if the anomaly follows a simple
Yukawa law [@], one deduces that it cannot have escaped
detection in the more constraining tests performed with
martian probes [50, p]]. Brownstein and Moffat have ex-
plored the possibility that the linear dependence holds
at distances explored by Pioneer probes while being cut
at the orbital radii of Mars [24]. Other authors [pd, p1]
have in contrast argued that the ephemeris of outer plan-
ets were accurate enough to discard the presence of the
required linear dependence in the range of distances ex-
plored by the Pioneer probes. This argument has been
contested by the authors of Ref. [24] and the conflict re-
mains to be settled.

The authors of Refs. [, have pushed their claim
one step farther by restating their argument as an objec-
tion to the very possibility of accounting for the Pioneer
anomaly in any viable metric theory of gravity. This
claim is clearly untenable because it only considers met-
ric anomalies in the first sector while disregarding those
in the second sector. At this point, we want to repeat
that the discussion of the compatibility of metric anoma-
lies with observations performed in the solar system has
to be done carefully, accounting for the presence of the
two sectors as well as for possible scale dependences. This
question has already been discussed in Refs. [@, @] for
the cases of deflection experiments on electromagnetic
sources passing behind the Sun [Bd, ). Tt has a particu-
larly critical character for the ranging experiments which
involve directly the Shapiro time delay [@}

The second potential ¢ (googrr) (r) naturally produces
an anomaly on Doppler tracking of probes with escape
trajectories in the outer solar system. This Pioneer-like
anomaly can be calculated by taking into account the
perturbations on probe motions as well as on light prop-
agation between stations on Earth and probes. The time
derivative of the Doppler velocity thus computed can be
written as a Doppler acceleration a and the anomaly eval-




uated as the difference of the values obtained in the ex-
tended and standard theories

dv

a=— (14)
The result of the calculation given in Refs. [@, @] was
unfortunately corrupted by a mistake. The mistake has
been corrected in a recent publication Ref. 2d] which
also contains the evaluation of an annually modulated
anomaly coming out, as the secular anomaly, as a nat-
ural consequence of the presence of an anomalous met-
ric in the second sector. As observations of such annual
anomalies are reported in Ref. [B], this situation cer-
tainly pleads for pushing this study farther and compar-
ing the theoretical expectations with the newly recovered
Pioneer data [p0, 1, F2, 3.

More generally, these data will make available a lot of
informations on the status of the probes as well as on
the Doppler tracking details, for the whole duration of
Pioneer 10 & 11 missions from their launch to the last
data points. The recovery is now completed at JPL [@]
and the upcoming data analysis planned as an interna-
tional effort [@] Numerous open questions can poten-
tially be solved by this new analysis. The systematics
can certainly be much better controlled while several im-
portant properties of the force - direction, time variation
of the secular anomaly, annual or diurnal modulations,
spin contribution, ... - can be more precisely charac-
terized. Then, the availability of early data may make
possible to confirm whether or not the anomaly arises
at Pioneer 11 at Saturn encounter, as it is suggested by
Fig. 7 of Ref. @] Finally, the data will be confronted
to the detailed predictions now available for a variety of
theoretical proposals.

If we follow the line of thought presented in this paper,
the confrontation of data with extended metric theories
of gravitation is of particular interest, as the anomaly ob-
served on the trajectories of the Pioneer 10 & 11 probes
may well be a first hint of a modification of gravity law in
the outer part of the solar system. This possibility would
have such a large impact on fundamental physics, astro-
physics and cosmology that it certainly deserves further
investigations. The evaluations presented in Ref. 2] will
allow one to address these questions in a well defined the-
oretical framework. It is only after a quantitative com-
parison, taking into account the details known to be im-
portant for data analysis [@}, that it will be possible
to know whether the post-Einsteinian phenomenological
framework shows the capability of fitting the Pioneer ob-
servations.

When using the corrected expression for the secu-
lar anomaly, identification with the observed Pioneer
anomaly now points to a quadratic dependence of the
second potential with radius. This corresponds to a con-
stant curvature (see the evaluations in Ref. [d]) with an
unexpectedly large value in the outer solar system (see
Ref. [Rg). This quadratic dependence may have to be
cut off at distances exceeding the size of the solar sys-
tem as well as in the inner solar system in order to pass

0 = Gextended — Gstandard

Shapiro tests on martian probes. As already stressed,
it is of crucial importance to check out that the modi-
fication of GR needed to produce the Pioneer anomaly
does not spoil its agreement with other gravity tests. At
the same time, this study can lead to Pioneer-related
anomalies, produced by the same metric anomalies, but
to be looked for in other kinds of experiments or, in some
cases, by having a new look at data of already performed
experiments.

The second potential §®p has a direct effect on the
propagation of light rays. It affects the Eddington de-
flection experiments as well as the ranging experiments
which are sensitive to the Shapiro time delay. These ex-
periments can in fact be described as determining the
Eddington parameter -y, with the new feature that the
latter can now depend on the heliocentric distance (more
discussions in Ref. [@] for deflections amplified near oc-
cultation). The results are reduced to PPN ones when
~ is a constant. Otherwise, they show that deflection
or ranging tests can reveal the presence of §®p in the
vicinity of the Sun through a space dependence of the
parameter . Such a potential dependence might already
be looked for through a reanalysis of existing data, such
as VLBI measurements [BY], Cassini experiment [[i(]], or
HIPPARCOS data [pg). It may also be studied in the
future through higher accuracy Eddington tests, made
possible by the global mapping of deflection over the
sky in the GAIA project [@], or by the high accuracy
LATOR mission [P§|. For this kind of tests, the goal
can be described as a construction of the dependence of
the deflection versus the elongation of the ray with re-
spect to the Sun. This function directly probes the space
dependence of the second potential [@] and its unam-
biguous experimental determination will either produce
a clear signature of a deviation of GR or put improved
constraints on the existence of the second potential at
heliocentric distances smaller than 1 AU.

The presence of é®p can also be sensed in planetary
tests. In particular, the perihelion precession of planets
has been evaluated in the non linear theory [J]. The ex-
pression there given, written as an anomaly with respect
to GR and truncated after leading (o €°) and sub-leading
(x €2) orders in the eccentricity e of the planetary orbit,
shows that the perihelion precession can be used as a
sensitive probe of the value and variation of the second
potential. Note that the second potential could in prin-
ciple be present at the long distances explored by the
Pioneer probes, but not at the smaller distance corre-
sponding to the radius of Mars orbit. This entails that it
would be extremely interesting to track with accuracy the
motions of small bodies which may have significant ra-
dial velocities while being at large heliocentric distances.
This possibility of testing GR by following small bodies
can be considered as a further fundamental challenge for
CGAIA p7.

Generally speaking, the eccentricity of the orbits plays
a key role in Pioneer-related anomalies. It takes large
values for Pioneer-like probes which sense 0®p whereas



it is zero for circular orbits which do not. This suggests to
devote a dedicated analysis to the intermediate situation,
not only for the two categories of bound and unbound
orbits, but also for the flybies used to bring Pioneer-like
probes from the former category to the latter one. It
would be worth studying planetary probes on elliptical
orbits, for example on transfer orbits from Earth to Mars
or Jupiter. Another natural target for such a study could
be LISA with its three crafts on slightly elliptical orbits
b9
Finally, there are strong motivations for new missions
designed to study the anomaly and try to understand its
origin ] A cheaper and quicker alternative could be
to fly dedicated passenger instruments on planetary mis-
sions with different primary purposes. In the meantime,
a wise strategy is to develop and validate enabling tech-

nologies, such as laser and radio techniques for ranging,
accelerometers for controlling the deviation from geodesic
motion, accurate clocks on board for measuring sepa-
rately the two components of the metric.
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