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FINITE VOLUME METHOD FOR 2D LINEAR AND NONLINEAR
ELLIPTIC PROBLEMS WITH DISCONTINUITIES

FRANCK BOYER AND FLORENCE HUBERT*

Abstract. In this paper we study the approximation of solutions to linear and nonlinear elliptic
problems with discontinuous coefficients in the Discrete Duality Finite Volume framework. This
family of schemes allows very general meshes and inherits the main properties of the continuous
problem.

In order to take into account the discontinuities and to prevent consistency defect in the scheme,
we propose to modify the definition of the numerical fluxes on the edges of the mesh where the
discontinuity occurs. We first illustrate our approach by the study of the 1D situation. Then, we
show how to design our new scheme, called m-DDFV, and we propose its analysis. We also describe
an iterative solver, whose convergence is proved, which can be used to solve the nonlinear discrete
equations defining the finite volume scheme.

Finally, we provide numerical results which confirm that the m-DDFV scheme significantly im-
proves the convergence rate of the usual DDFV method for both linear and nonlinear problems.

Key words. Finite Volume schemes, Discontinuous coefficients, Nonlinear elliptic problems.

AMS subject classifications. 35J65 - 656N15 - 74510

1. Introduction. In this paper, we are concerned with the finite volume approx-
imation of solutions to the following nonlinear diffusion problem with homogeneous
Dirichlet boundary conditions:

—div(p(z, Vue(2))) = f(2), in €,

1.1
ue =0, on 09, (1.1)

where €2 is a given bounded polygonal domain in R%2. We first recall the classical
functional framework ensuring that the problem above is well-posed (see [16]). Let
p €]1,00[ and p’ = % The flux ¢ : Q x R? — R? in equation (1.1) is supposed to
be a Caratheodory function which is strictly monotonic with respect to ¢ € R?:

(o(2,€) —p(z,m),E —n) >0, for all £ #n, for ae. z€ Q. (Hy1)

We also assume that there exist C,, > 0 such that

1
(p(2,£),8) > C—|£|p — C,, for all ¢ € R?, for a.e. 2z €Q, (H2)
%)

lo(2,8)] < Cp(L+ [€[P7Y), for all £ € R?, for a.e. z € Q. (Hs)

These assumptions ensure that v — —div(p(-, Vu)) is a Leray-Lions operator, and
hence that Problem (1.1) has a unique solution in Wy (Q) for any f € W17 (Q).
Nevertheless, since we are particularly interested in proving error estimates for (piece-
wise) smooth enough solutions, we restrict our attention here to source terms f in
L¥(Q).

In the present work, we concentrate on the case where the flux ¢ defining the
equation admits discontinuities with respect to the space variable z. This kind of
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2 F. BOYER AND F. HUBERT

transmission (or bimaterial) problems were, for instance, studied in the finite element
framework in [11, 20] for p = 2 and in [17, 18] for p # 2.

Finite volume approximation of such nonlinear elliptic problems is a current re-
search topic. We refer for instance to [3, 4, 8] for the description and the analysis of
the main available schemes up to now. More precisely, we proposed in [3] to approach
the solution to (1.1) by using a Discrete Duality Finite Volume method (DDFV for
short). This method (previously studied in [7, 14, 15]), can be applied to a wide class
of 2D meshes (note that 3D cases can also be treated, see [5, 19]) and inherits the
main qualitative properties of the continuous problem. Hence, we succeeded in show-
ing the convergence of such schemes and error estimates in the case where the flux ¢
and the exact solution u, are assumed to be smooth enough. In the case where ¢ has
discontinuous coefficients, our results in [3] show that the scheme is still convergent
but the error analysis is no more valid.

Actually, it is known (even for a 1D linear equation) that such discontinuities
in the coefficients imply a consistency defect in the numerical fluxes of usual finite
volume schemes. In the linear case, this leads to a % convergence rate in the discrete
H' norm instead of the first order we may expect. The situation is the same for
DDFYV schemes and it is needed to modify the scheme in order to take into account
the jumps of the coefficients of the problem and then to recover a better convergence
rate.

The aim of this work it is to present a modified DDFV scheme in this framework
- that we called m-DDFV- which enjoys a better convergence rate than the usual
DDFV method. Then we provide the error analysis of this scheme. In particular, in
the linear case, we prove the first order convergence of the m-DDFV scheme. Hence,
our analysis provides a theoretical confirmation of the behavior numerically observed
in a particular case in [15].

Outline. In Section 2, we propose to study a simple 1D problem where the flux
¢ has only one point of discontinuity. This section will let us introduce the main
ideas of the method we propose and illustrate the way one can obtain the consistency
estimate for the scheme under study.

In Section 3, we recall the DDFV framework for the finite volume approximation
of nonlinear elliptic problems on unstructured grids. We also recall the scheme in-
troduced and analyzed in [3]. In Section 4, we describe the m-DDFV scheme and its
first properties.

Section 5 is devoted to the error analysis of this method in the case where the
exact solution is assumed to be piecewise smooth enough. The main new difficulty
in the analysis, compared to the ones already encountered in [3], is contained in the
consistency estimate of the new discrete gradient operator introduced in Section 4. As
an illustration, we give some explicit examples of the schemes under study in Section
6. Nevertheless, in general, the method is not explicit and then seems to be difficult to
solve. That is the reason why in Section 7 we propose an iterative explicit algorithm
to compute the approximate solution for any given data and we prove its convergence.

Notice that we also introduce a so-called hybrid DDFV scheme, called h-DDFV,
for which a better error estimate can be obtained in the very common case where the
flux is in fact smooth enough on a finite number of subdomains covering the whole
domain (2.

We finally conclude this paper by showing, in Section 8, some numerical results
illustrating both the efficiency of the finite volume scheme and of the iterative solver.
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2. A 1D finite volume method for a model problem.

2.1. The toy system. Let us consider in this section a model problem in 1D of
the form (1.1) in order to illustrate the main steps we will follow in the sequel of this
paper for 2D problems. We take 2 =] — 1, 1] (denoting here by x the space variable)
and we define ¢(z,£) = ¢ _(§) for x < 0 and p(z, &) = ¢, (§) for x > 0. We suppose
that ¢_ and ¢, are two strictly monotonic maps from R to R such that (Hs2) and
(H3) hold.

Problem (1.1) reads in this setting

(2.1)

2.2. The 1D finite volume scheme. Suppose now that we are given a finite
volume mesh 7 of the domain  compatible with the discontinuity point. More
precisely, let z, = -1 < ... < 2y =0 < ... < Zy,n = 1 a subdivision of [-1,1].
We denote by k.3 = [z:,2:44], @ € {0,N + M — 1} the control volumes of this
discretization and by @, 1 their centers. The finite volume method associates to each
center z;, 1 an unknown value u,, 1. We denote by u” = (u,i+%)0§,i§N+M,1 the whole
approximate solution and we define the usual difference quotients

r_ Uity “Ui§
Vu’ = ,1€{0,N+ M},
ity T Lig
where, conventionally, we set z_1 = x, = —1, Tyimid = Tnpm = 1 and u_1 =

1
2
Uy ayy = 0. To obtain the finite volume scheme, we integrate the problem (2.1) on
each control volume

—/ 8I(<p(x,8mue))dx:/ flx)de, Yie{l,...,N+ M —1}.
KH—% )C.+%

Integrating the first term by parts, the scheme reads

—F .+ F = / f(x)dx, Vie{0,N+ M — 1}, (2.2)

KH—%

where F;, i € {0,N + M} is an approximation of the flux ¢(z;, dyue(x;)). This
approximation can easily be obtained away from the discontinuity in the usual way:

(2.3)

F =¢ (Va7), Vie {0,N—1},
F.=p,(Vau”), Vie {N+1,N+ M}

The problem is: how do we choose the numerical flux Fy at the point z, = 0 where
the discontinuity occurs? One may imagine many naive ways to treat this problem.
For instance one can define Fy by:

Fyp (VyuT), or Fy = ¢, (Vyu"), or Fx = 5(p- (Vau") + ¢, (Vyu?)).

N =

In fact, it can be shown that all these choices lead, in general, to a non consistent
approximation of the flux at x,. This fact is well known even in the linear case
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Fic. 2.1. Illustration of the 1D case

(see e.g. [9]). The good way to find out a consistent approximation of the flux is to
introduce a new artificial unknown u at the point of the discontinuity =, so that we
can define two different approximate gradients on both sides of the discontinuity

U — 'LI,N,%

hy
where we set h = xy,1 —xy and hy = xy — xy_ 3. In fact, it is convenient (see
Figure 2.1 and the discussion below) to look for @ under the form

'LLN+% — U

Viu® =
~ T
hx

, and Vyu? = (2.4)

- +
hNuN+% + hNuN,%

hy + R

u=1u-+46, witha=

The value @ is the value at the point 0 of the affine interpolation between (x5 _ 1,Un L )
and ($N+% , uN+%). From now on, ¢ is the new artificial unknown to be determined.
It follows that

0
and Vyu? = Vyu” + —

Viu” =Vyu” — o

Notice that we have

B 1
 hy R
It is now necessary to eliminate the new unknown §. This is done by imposing a
discrete equivalent of the transmission condition in (2.1) which reads

Vau® (hyVyu® + hiViu®). (2.5)

P (Vyu") = o, (ViuT). (2.6)

This equation uniquely defines § as a function § = J5(Vyu”) of the usual difference
quotient Vyu” since the map 6 — ¢_(Vyu”) — o, (VELuT) is strictly monotonic and
tends to infinity at infinity. Notice that d,(0) is always 0. In the particular case
where ¢_ = ¢, then 0, is then identically zero and then Vjiu” = Vyu” = V,yu”.
Hence, we recover the generic situation without discontinuities in the coefficients of
the equation. We can eventually define the approximate flux at the discontinuity by

) z ) z
FN:SO— (VNUT‘F%) :SD+ <VNUT_%>7
N N

the last equality being true by definition of d(Vyu?). In a more symmetric way we
also have

P (Vau? + G20 g (V7 — 2xCaed))

o R hx
a hy + h¥

(2.7)
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EXAMPLE 2.1. Let us consider the case where p_ and ¢, are two p-laplacian like
fluzes given by
p () =k[E+G P2E+G ), VEER,
(&) =k €+ G+|p72(5 +G,), VEER,
where k_,k, € RT and G_,G, € R?. In this situation, all the computations can be

made by hand. In particular, equation (2.6) can be solved and finally, the numerical
fluz at the discontinuity is found to be

p—1

he Tk (hy 03 |Vyu” + §|p72 (VauT +G),

1 1
hik? T 4+ hyk?

Fy =

where G is the arithmetic mean-value between G_ and G defined by

el hyG_+hiG.,

hy + hy
Notice that the map Vyu” — Fy is monotonic and coercive. In the linear case
(i.e. p=2) we recover the well-known harmonic mean-value formula between the two
diffusion coefficients k_ and k. (see for instance [9]):

R —
Let us sum up the previous study: we defined a monotonic map Vyu? —
On(Vyu”) and a numerical flux Fy at the discontinuity which is also a monotonic
map with respect to Vyu”. The finite volume scheme is then given by (2.2) with
(2.3) and (2.7).

A very important remark is that the map dy is defined through the implicit
relation (2.6) and hence, in general, can not be computed explicitly like in Example
2.1. At a first sight, it can be considered as a major drawback of our approach.
Nevertheless, we will propose in Section 7 a fully practical solver for this nonlinear
scheme whose convergence is proved and whose computational cost is of the same
order as in the case of continuous coefficient equations.

2.3. Consistency analysis. Let us analyse the consistency property of the flux
I defined above. The following computations give the main ideas used in the analysis
of the 2D scheme presented in the sequel of this paper. For simplicity we assume in
this section that p > 2 and we suppose that ¢_ and ¢, satisfy the strong monotonicity
assumption (Hi+p) and the Holder regularity assumption (Hap) described in Section
4.1.

Finally we suppose that the exact solution u. of (2.1) is continuous on  and
smooth on the two sides of the discontinuity point xny = 0. In order to simplify the
notations, assume that hy, = h}; and denote this common value by h. Our goal is to
estimate the consistency error of the flux Fyy which amounts (by (Hap)) to estimate
quantities like

0
R= l/ |Opte — VEPTu|? du,
hJ-n
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where P7ue = (ue(2:11))o<i<nin—1. Since ue is smooth on [—h, 0] we have

1 0 UelT — Ue(Tpy_1 T — te(Ty_ 1 p
Rscnazuenmhu_/ (on) —we(onoy) B uelany)["
“ o ' " s

— C|0%ue|loh? + u(xwih)—u "

where 4 is the artifical unknown defined in (2.6), that is through the equation

- <7ﬂ - ue}(fNé)) =, (7%(%2%) — a) . (2.9)

Furthermore, since u, is piecewise smooth, Taylor expansions yield

’U,e(l'N) — 'Ufe(xN—%)

h

= 8IU5(07) + Tlh,

ue(xN+%) - U,E(Z‘N)
h

= 8mue(0+) + Tyh,

where T7 and T, are bounded with respect to h. Then, we use the transmission
condition in (2.1) which gives

. (ue(xw) —hue(ﬂfw—%) B Tlh) . (ue(xm%)h— ue(@n) TQh) C(210)

Finally, we estimate the second term in the right-hand side of (2.8) by using (2.9)

and (2.10). To this end, we subtract (2.10) from (2.9) and we multiply by W
It follows

Ue(zn) —ue(zy 1) U—uc(zy_ 1) Ue(zTn) — @
(- (o) ()
. <80+ <%> . <ue(xN+;)h— Ue () _T2h>> % o

We add and subtract now the terms 77 h and T5h in order to make appear expressions
under the form (i2-(€) — - (n))(€ — ). We get

<S0 <ue(xw) —hue(fo%) —T1h> o <u—ue}(LwN;)>> <ue(xz]vl) — U —Tlh)
4 <¢+ (M) o <ue(ww+%)h— te(TN) _Tgh>> (W +T2h>
Ue(Tn) —ue(wN,%) ﬂ—ue(foé)
=-Tih <30 ( 5 —T1h> — - <?>>
+Tsh <SO+ <7UF(xN;é) _u> — P+ <ue(1’N+é)h— elen) —T2h>> .
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Hence, using assumptions (1) and (Hay) we deduce that

Ue(zy) -0 Tuh p n ue(mz;L) - Tl P
<iCh<1+ ue () ﬂ]’2><c%+»“4x2y_ﬂ>a
and finally we have
ue(xy) —ul? < C’hp%l,

so that the consistency term R is finally bounded by
R < Chimr.
When p — 2 we recover the usual first order estimate (that is R = O(h?)) whereas
when p increases, this consistency order decreases.
3. The discrete duality finite volume framework.

3.1. Definition of the mesh. We recall the notations used in [3]. Let 7 be a
triple (99T, 99", ®) of meshes on  as follows. The set 91 is a set of disjoint open

*
mesh M % » mesh M*
Fic. 3.1. Ezxample of a DDFV mesh

polygonal convex control volumes k € §2 such that Uk = Q. For all adjacent volume
K and £, we assume that dx N dc is a segment that we call an edge of the mesh
and that we denote by o = Kk|c. Let &+ denotes the set of such edges. The set
Eert denotes the set of edges 0 = Ok N IN and € = E;pr U Eerr. We associate to DT
a family P;,: of points x, such that x,. € K and to the set .y a family Peye of
points x, where z, is a point of o € E.;¢. Let P* be the set of vertices of the mesh
M. The set P* can be decomposed into P* = P, UPE ,, where P, C 9N and
e MO = 0. To any point - € P7,,, we associate a polygon £* € M™ whose
vertices are {zx € P/xr € K, Kk € M} sorted with respect to the clockwise order of
the corresponding primal control volumes. The set £* denotes the set the edges of
the mesh 2t*.
For each 0 = K|z € &iut, we can associate a diamond cell D where D is the
quadrangle whose diagonals are 0 = (xx«, x.+) and o* = K£*|c* = (vx,2.) if 0 € Eint
and if 0 = (xxex, 2.+ ) € Eere NOK, D is the triangle defined by the points i, s, T .
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The set of all diamond cell is noted ® = D, UDexs. Remark that ® form a partition
of Q.

In this work, we assume that the diamond cells are all convex. Notice that this
assumption is not necessary, in general, in order to define and analyse DDFV methods

(see [3],[7]).

3.2. Notations. For any one (resp. two) dimensional set V, we denote by |V|
its one-dimensional (resp. two-dimensional) Lebesgue measure.
For any control volume x € 9, we define

e O, ={De®D/kND £}

e v, the outward unit normal vector to Jxk.

e d,, the diameter of k.
In the same way, for a dual control volume * € D", we set

e D, ={DeD/x*ND #0}.

e v, the outward unit normal vector to dc*.

e di«, the diameter of £*.
For a diamond cell D € Dy (resp. D € Dext), recall that (xx,xcs, ., x.+) are the
vertices of D (resp. (i, T+, x.+) are vertices of D and z, € D) and note :

e 7, the unit vector parallel to o, oriented from x,c« to x .

e v, the unit vector normal to o, oriented from x, to . (resp. from xx to z,).

e 7*, the unit vector parallel to o*, oriented from x, to . (resp. from z, to
To).
v*, the unit vector normal to o, oriented from T+ to x,+.
ap, the angle between 7 and 7.
dp, the diameter of D.

e 1, the intersection of (xx,x.) and (z,cx,x.+) (resp. xp = T5).
Each diamond cell D € Dy, (resp. D € Dexy) can naturally be split into four triangles
(resp. two triangles) Q € Q, as shown in Figure 3.2

5 - Q;c,)c* U Qic,z;* U Qz:,ic* U Qz;,z:*; it D S gint; 5 = Q}C,IC* U Q}c,c*; if D S gext-

Fic. 3.2. Notations in a diamond cell; quarter diamonds

We denote by o, 0, 0xcx, 0.+ the segments (zx, Zp), (T2, 2p), (T, Tp), (T, Tp),
so that 0 = o« Uo,« and 0* = g, Uo, for D € ;. For D € Doy we note abusively
o* = or.We note E5 the set of such segments included in 9Q.
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3.3. Regularity assumptions for the meshes. We note size(7) the maxi-
mum of the diameters of the diamond cells in ®. The following bounds follow:
lo| <size(T), Vo € E;  |o"| <size(T), Yo~ € £
k| < wsize(T)?, Ve € M;  |¥| < wsize(T)?, Ve € M

Q] < Jsine(T)?, ¥Q € 2

To measure how flat the diamond cells are, we introduce a7 the unique real in
10, %] such that sin ar = minpeo | sinap|. We also need to control the ratio between
the sizes of the quarter diamond cells inside each diamond D. As a consequence, we
will measure the regularity of the DDFV mesh by the following quantity

def 1 dD dlC dlC*
reg(7)=max | —,max max —— max —, max — |.
a7 DED Q€D | Kem dp’ krem* dp
DeD DED jox

In particular, there exists two constants C; and Cy depending on reg(7) such that
for any k € M, £* € M* and D € © such that DNk # O and DN k* # O we have

Cilc] < D] < Cofx], Cile™| < |Df < Cofx”].

3.4. Original DDFV approach for linear problems. The DDFV finite vol-
ume method associates to all primal control volume x© € 9t an unknown value wu,
and to all dual control volume £* € 9" an unknown value u,c-. The approximate
solution u” is denoted by

u” = ((ux)cem, (U )cxeom=) -

The set of such unknowns u7 is denoted by R7 .
The method consists in introducing a discrete gradient operator V7 defined to be
constant on each diamond cell

1 Uy — Uk Upr — U
Viu' = v+ v*

sin ap |o*| lo]

where u» = 0 (resp. uy« = 0) if e € Pr, (resp. if x.« € PBI,) and u, = 0 if
D € Doyt Then the discrete divergence operator is defined to be the adjoint of V7, so
that for linear equations (in particular the Laplace equation), we obtain a well-posed
finite volume scheme which is for instance studied in [7, 14]. Notice that the discrete
gradient operator V7 was already used e.g. in [1, 2, 6], but in these references the
values u,~ and u .+ on the dual mesh were not considered as unknowns of the problem
but were built via interpolation formulas between the values of the solution on the
primal mesh. In this last approach, there are less unknowns but the structure of
the original equation (in particular the symmetry) is lost. The main advantage of
the DDFV method is that the discrete equations inherits from the properties of the
continuous one, which is crucial in particular in the nonlinear setting.

3.5. The DDFV method for nonlinear elliptic problems. In [3], we have
studied the generalization of the DDFV method to the nonlinear equation (1.1). We
proved that all the tools used in the study of this equation (monotonicity, compactness,
etc...) can be translated to the discrete level. The scheme we proposed consists in
integrating the equation (1.1) on each £ € 9% and each x* € 91" and then to
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approximate fluxes [ (o(s, Vue(s)),v) ds or [ . (¢(s, Vue(s)),v*) ds by using the
discrete gradient V7 operator defined above. The scheme now writes:

= > ol (eo(VEuT),ve) = [kl fx, Vi € M,

P - . (3.1)
- Z |O.*|(()OD(VDU' )7VK*):|’C*|fK*aV’C* 69)2 )

DED e~

where f. and fix« denotes the mean value of f over k£ and k* respectively, and ¢ is
the mean-value of ¢ over D, that is

1
eo(®) = 5 [ el d. (3.)

We proved in [3] that this scheme is convergent for any ¢ satisfying assumptions (Hj )-
(Hs) and any source term f € L (Q), and that we can adapt the scheme for source
terms in W12 (Q) which is the natural space in which source terms can be taken.

We also proved error estimates for the scheme above in the case where the flux ¢
is assumed to be smooth enough with respect to £ and to z on the whole domain €2,
and u, is assumed to belong to W2P((Q).

4. Taking into account discontinuities in the DDFV framework. The
point we are concerned with in this paper is that the scheme (3.1) (even though we
know that it is convergent) suffers from a lost of consistency in the case where ¢
presents discontinuities in the space variable z. This behavior is illustrated in Section
8 in comparison with the one of the new scheme we propose in the present section.
More precisely, we present a way to recover the consistency of the fluxes even when ¢
presents jumps. The method essentially follows the line described for the very simple
toy 1D problem studied in Section 2.

4.1. Assumptions on the flux p. We first give the precise assumptions we
need on the flux ¢. First of all, we reinforce the monotonicity assumption (H;) in the
following way:

o If 1 <p<2: forall (&n) € R? x R? and almost every z € Q,

1 p—2
(02,6 = (e €= 1) 2 ool —nP(L+IEP + )T ()
o]
o If p > 2: for all (&,7) € R? x R? and almost every z € ),
! P
(p(2,6) = p(z,m), € =) 2 =1€ —nl”. (Hab)
o]
We also assume that the flux ¢ is Holder continuous with respect to &:
o If 1 < p<2: forall (&n) € R? x R? and almost every z € Q,
|0(2,€) = (z,m)| < Cplé =P~ (Haa)

o If p > 2: for all (£,7) € R? x R?, and almost every z € (,

lp(2,€) — @(z,m)| < Cp (L+ P72+ [nP72) |€ — nl. (Hap)
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The four assumptions above are classical in the error analysis of numerical methods for
nonlinear problems and are satisfied by many usual nonlinear operators. We can think
for instance to p-laplacian-like operators p(z,€) = k(z)(A(z)f,ﬁ)p_ng(z)ﬁ, where &
(resp. A) is a real-valued (resp. symmetric matrix-valued) bounded map satisfying a
uniform coercivity assumption. We also refer to [3] for other examples.

Finally, as we have seen above we want to consider a flux ¢ which is piecewise
smooth with respect to the space variable. The precise meaning of this statement is
the following:

o If 1 <p<2: forall £ € R? for all Q € Q and almost every (z,2') € Q2

|0(2,€) — (2, )l < Cp(1+ [Pz — '[P~ (Hsa)

e If p > 2: ¢ is Lipschitz on any Q € £, and for all £ € R? and almost every
z € Q we have

Op _
9] < Co ). ()
Contrarily to the assumptions we considered in [3], the above hypothesis are localized
on each quarter diamond. From a practical point of view, this means that the mesh is
built is such a way that the discontinuities with respect to the space variable z of the
flux ¢ are only allowed across edges of the primal mesh and edges of the dual mesh.

4.2. Approximate fluxes on the quarter diamond. From now on, we as-
sume that ¢ is a given flux satisfying (Hz),(Hs) and either (H1q), (Haa), (Hsa) if
p < 2, either (Hip), (Hap), (Hsp) if p > 2.

Then, we suppose given for each quarter-diamond Q € £ a probability measure
djiz on Q, so that we can define an approximation ¢ (-) of ¢ on Q by

pal-) = / o(z, ) diral2). (4.1)

This makes sense since ¢ is supposed to be Holder continuous on Q (see assumptions
(Hsa)-(Hsp) above) and hence can be extended to a continuous map on Q. This quite
general framework includes the case where g is the usual mean-value of ¢ on Q for
the Lebesgue measure but also the case where g is chosen to be the value of ¢ at a
given point in Q or more generally an approximation of the mean-value of ¢ through a
quadrature formula. These situations are the usual ones that we may use in practice.

Remark now that ¢ inherits the monotonicity, coercivity and regularity proper-
ties of the initial flux ¢, that is for any Q € £Q:

(po(€),6) > C%w _C,, VEcR, (HZ)

0o ()] < Co(L +[€[P7Y), VE € R?. (H3)
o Ifl<p<2:

]. p—2
(Po(€) =wan) € —n) = & € —nP L+ €+ nP) 7, V& neR?, (HT,)
©

|(PQ(€) - %09(77” S C<P|€ - 7I|p_17 vé.a n S RQ' (Hzlra)
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o If p>2:

<¢Q<§>—¢Q<n>,e—n>zCiwm—mp, Ve e R, (HD,)

00 (&) = pa(m)] < Co (L+[EP72+IP2) [€ —nl, VEmeR®:  (HE)

4.3. Local modification of the discrete gradient operator. As we saw
in the 1D case (see Section 2), we need to introduce new gradient operators near
the discontinuities of the flux and finally define a new approximate flux ¢X on each
diamond cell.

The new gradient operator V* we propose to consider is built upon the usual
DDFV gradient V7. It is chosen to be constant on all the quarter diamonds Q € £.
This new operator has to be thought as the 2D generalization of the definitions of V3,
and V5 in (2.4). In this 1D situation, the place where the artificial unknown @ (or
0 = 4 —u) must be chosen is clear: it is the point of the mesh where the discontinuity
takes place, that is y = 0 in the framework of Section 2.

In the 2D setting the situation is less straightforward. In order to make the good
choice it is useful to remember that the usual DDFV gradient VZu” on a diamond
cell D can be understood (it is an easy computation) as the gradient of the unique
affine function II,u? whose value at the middle of each side of the diamond D is
the mean-value between the two unknowns associated to the two extremities of this
segment. This situation is summed up in Figure 4.1 for a given interior diamond cell
D € ®jyt- In this figure, we introduce z, to be the middle of the segment o for each
0 €{0x,0.,00c%,0.%}.

Tops

Fic. 4.1. Affine function whose gradient is VEu?

It seems now natural to define the new discrete gradient operator Vyu” on each
quarter diamond as the gradient of a function ﬁDuT which coincides with IT,u” in
the middle of each side of D and which is continuous at each point zs, T, Toy.
and z,,.. but which is not necessarily continuous on the whole diamond D.

__ This new function I,u” is then entirely defined, for a given u”, by its four values
IT,u” (z,) at each of these four points z,. These four values are the artificial unknowns
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in our problem. Like in the 1D case, it is equivalent and more suitable to work with
the new unknowns 67,97,07.,07. defined to be the differences Ilpu” (x5) — Iy (2s)
for each o € {ox,0.,0x+,0.+}. Notice that each II(z,) can be computed as an
explicit function of wux, Uy, U+ and u,y«.

The situation is simpler in the case of exterior diamond cells D € ® .y, in which
case we only need one artificial unknown, that is 2. Hence, we define n, to be the
number of artificial unknowns needed on the diamond cell D. From the discussion
above we have np =4 if D € D and np = 1 if D € Dyt

By straightforward computations, the above discussion can be summed up as
follows: we define the new discrete gradient operator on each quarter diamond Q €
5, to be the gradient of Il u”, which reads

V¥u” = Viu” + Bgé®,

where 07 € R"P is an artificial set of unknowns introduced above and (Bg)geqnyp is
a set of 2 X np matrices defined as follows:
In the case where D € Dy, we take the four matrices Bg:

L (w”—o ﬁo) — g e bfo ). (42
Boy ,. = ﬁ (—;Ti,o,o, |U”—K|) - @ (—|ox|v*,0,0, |00 |v),  (4.3)
Bocer = g (o, - —ﬁ) = G (Ol 0 o). (44
Bo, oo = ﬁ (O, |:T**’ —|J—VL|,O> = @ 0, |loc|v*, —|ox<|v,0).  (4.5)

In the case where D € Dy, there is only two non-degenerate quarter-diamonds
in @ and the two corresponding matrices By are given by

Boy . = — (”) L (loelv), (4.6)

sinap \ |0k - | Qs i

2 v* 1
Bo. .. = — — = - ). 4.7
ceer = s (o) = g o) (17)

Notice that these matrices only depend on the geometry of the diamond cell D.
Furthermore we easily see from the formulas above that >, o [Q|Bg = 0 for any
diamond cell D. Hence, the following straightforward result holds

LEMMA 4.1. For all £ € R?, for all D € D, for all § € R"P, we have

e= 3 [QI(¢ + Boo). (4.8)

|D| Q€END

This Lemma implies that the new gradient has a mean value over D which equals
the usual DDFV gradient VZu”, that is

1
=i Z |Q|VYu™,

Q€END

T, T
Vou

which is the 2D equivalent to formula (2.5).
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Like in the monodimensional case presented in Section 2, we want to eliminate
the additional unknowns 6™ on each D in such a way that the conservativity of the
numerical fluxes on all edges o € & is ensured. More precisely, we want to choose §”
such that, setting ¢ = VZu”, we have

(Por e €+ Bog 87),v7) = (Por o- (§ + Bay . 67),v7)
(Por e (€4 Bap . 07):v%) = (0o oe (§+ Bap 02 07),v7) (4.9)
(‘PQ;c.;c* (€ + Bog . 07), V) = (SDQL,;C* (€ + Bo, o 07), V) ) .
(@Q;c.m (€ + Bgy . 07), ) (WQL o+ (§+ Boy . 6), V) )
in the case where D € ®j,;. If D € Doy, the conditions on 67 takes the simpler form
(Pox - (€ + Bo - 07),v") = (Por v (€ + Bo . 07), V7). (4.10)

We are now going to show that the equations (4.9) or (4.10) uniquely defines
67 € RP as a function of ¢.

PROPOSITION 4.2. For all D € ® and all £ € R?, there exists a unique 67 (&) €
R™ such that (4.9) (resp. (4.10)) holds if D € @iy (resp. if D € Dext ).

Proof. We only give the proof for D € ®j,¢, since the case of boundary diamond
cells can be treated in the same way. Let £ € R? given and define F¢ : R* — R* by

Z |QI'Bo-po (€ + Bad).
€0

By using (4.2)-(4.5), we easily see that the conditions (4.9) are equivalent to the
equation F¢(6”) = 0. Hence, the claim will be proved if we show that this nonlinear

equation has a unique solution. To this end, we remark that for any se R*, we have
(Fi( ) Z 1% (SOQ §+ Bod), ng)~ (4.11)
2€Qp

Hence, we deduce using assumptions (H3 ) and (H3) that there exists C' depending
only on p and C, such that

(F¢(9),9) < > 19l I£+BQ5|’7> = CD|(1 + [¢]7)- (4.12)

oe0p

Finally, we deduce

(Fe(6),0

Q |

< > 19l IBQ5|’”> — CIDI(1 +[¢]7),

Q€END

for another constant C. Since, Y, .q |Q|[Bod| \6\_) 0o, we deduce that F¢ is
coercive. By the Brouwer theorem (F¢ is continuous since each ¢ is continuous) we
obtain the existence of at least one solution to the problem Fe(6) =0.

Notice now that if Bod = BQ(S VO € 9, then § = 6. Hence, we deduce from
(4.11) that for all § # &

(F£(5) — Fe(6),6 - 5) =Y 19 (%(& + Bod) — ¢o(6+ Bod), Bod — BQE) >0,

Q€ND
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using assumption (H{,,) or (H7,). This gives the uniqueness of the solution to
F¢(6) = 0 and the claim is proved. O

EXAMPLE 4.3. In many situations, it can happen that @ is smooth for instance in
each primal control volume. In that case, it is possible to choose the approrimations
Yo n such a way that for each D € iy we have

SDQ)CJC* = SDQ)QL*? and SDQL,)C* = SOQL,L* .

In that case, one can easily show that the solution 6 (&) of the equations (4.9) appears
to satisfy

0 =0, 62 =0, and 2. = 7.

Hence, everything happens like in the 1D case and there is in fact only one artificial
unknown (6Z. for instance) to determine.

A symmetric situation holds if we assume that ¢ is smooth in each dual control
volume and that o, . = Yo, cvs Pox p+ = Pop px-

Finally, notice that if we only assume that @, . = Yo, .. for instance, then in
the general nonlinear case there is no reason why 62 should be 0.

From now on, the new discrete gradient operator V+ is completely determined by

VYu" =Viu” + Bod”(Viu"), for any D € © and Q € 9, (4.13)

where the map & — §P(€) is defined in Proposition 4.2. Notice that, in general, this
new gradient operator V% is nonlinear contrarily to the operator V7 and depends on
the flux ¢ defining the equation (and more precisely to its approximations g ).

Furthermore, let us emphasize the fact that the nonlinear map & — 07 (&) is only
defined implicitely through the equations (4.9) or (4.10) (see also the 1D discussion
in Section 2), which seems to make the new discrete gradient VV quite difficult to
compute. We postpone to Section 7 the discussion on the practical way to solve this
finite volume scheme.

4.4. Some useful inequalities. The usual DDFV discrete gradient and the
modified one can be compared as follows.

LEMMA 4.4. There exists a constant C' that depends only on C, and p such that
for all D € ®, and all u” € RT, we have

/ [VIu® (2)|Pdz < / [V (2)P dz < C/ (14 |VTuT(2)?) d=.
D D D
Proof. Thanks to Lemma 4.1, we have

> 1QvEuT

Q€eND

p p

1
D

Using the Jensen inequality, we deduce the first inequality.

The second one is a consequence of (4.12) applied to £ = Viu”, § = 6°(Viu”)
using that Fgz,7(67(VZu")) =0 by definition of 67. O

Finally we can state the following discrete Poincaré inequality. Its proof is
sketched in [3] and uses an argument given in [4] (see also [9]).

PROPOSITION 4.5 (Discrete Poincaré inequality). Let 7 be a DDFV mesh on §Q.
There exists a constant C depending on p, 2 and reg(7T) such that

[u™||Le + |[u™ ||zr < CI|VTuT||e < C||VMu"||1s, Yu” € RT.

In particular, if Viu” =0 for all Q@ € Q then u” = 0.

DIIVEu” | = D]

_p| 'ﬁ /D VAT (2) dz
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4.5. The m-DDFV scheme for discontinuous fluxes. We can finally in-
troduce the new approximate flux ¢ on each diamond cell to be used in the finite
volume scheme instead of (3.2). For any diamond cell D € ®, we set

gom:ﬁ S 1Qlpal€ + Bob?(€), V¢ € R2. (4.14)

o€0p
This definition is nothing but the adaptation to the 2D case of the corresponding

formula in the 1D case (see (2.7)).
Applying definition (4.14) to ¢ = VZu” for a given u” € R7, we find that

1
wﬁ(vguT)=ﬁ > 1Qpa(ViauT). (4.15)
€D

The m-DDFV scheme that we will study in the sequel of the paper can now be
defined by the set of equations

a¥ ()= = Y ol (N (VEuT),vx) = K| f, Yk € M,

N T def P * N T, T * * * (416)
al.(uT) = = Yo" (o (VouT),ves) = [KF| fiee, VE* € M,
DED e

that we write under the short form a®(u”) = ((|K|fic)x, ([K*|frr )+ ), with a®(-) =
((a¥ (- ))xs (@%u())k+). Note that the only difference between this scheme (4.16) and
the previous one (3.1) is the fact that we replaced the previous mean-value approxi-

mation ¢p of ¢ over D by the map ¢ defined by (4.14).

4.6. Basic properties of the scheme. Before proving existence and unique-
ness of the solution for the nonlinear system (4.16) we first give some properties of the
map a”. The first result is a summation by parts result showing that the m-DDFV
scheme we propose enjoys the same discrete duality property than the original DDFV
scheme.

LEMMA 4.6. For any u”, v7 in R” we have

(@V(u”),07) =2 Y |D| (N (VEuT), ViuT)
PED

=2 |9l (¢pa(ViEuT), VAvT).

e

Proof. The first equality can be proved in the same way than in [3] by reordering
the summation on the primal and dual control volumes as a summation over the
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diamond set

Zag(uT)v,c—l— Z al. (u” ) v

KeEM K*eM*
== > ol (VauT) o — > > [0t (@x (VEuT), v )
KEM DPED K*EM* DED i+
2 — o — U
= % i (evnen e (S s )
i sin ap |o*] lo]|
2 v
D N vT T , K
fx (o),
=2 [D|(e¥(ViuT),Viv").
DED

To prove the second equality, we use (4.15) and (4.13) to write on each diamond
cel De®

D] (ex (VauT), VEuT) = Y [Q|(pa(VEu"), Viu")
2e0p

D 19Q1(po(VEuT), VI = Bod®(ViuT))

2€ND

= Y 1Ql(pe(VEuT), VEvT)
o€0p
= Y 1QBopo(VuT) - 67(VEuT),

Q€END

and this last term vanishes since, by definition of the map 6% (see proposition 4.2),
we have

> 19 Bapo(VEuT) - 67(VEoT) = (Foz,r (6°(ViuT)), 67 (v7)) = 0.
Q€END

LEMMA 4.7. For any u” € RT we have

2 2
(@ (u) ) 2 Z VAT, = 20010) = Z- VU7, — 20,19,
® ®

Proof. We derive from Lemma 4.6 and assumption (H3) that

(@), u”) =2 > 19l (po(Viu"). Vi u")

DPED Q€D

>2 % (/D CLW|VNuT(z)|”dz _ c¢|p|) .

DED

We conclude using Lemma 4.4. O
LEMMA 4.8. We have

(a¥(u?) —aV (), u” —v7) >0, VuT,v” € RT, uT #07.
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Proof. From Lemma 4.6, we have
(a(u”) —a¥(v”),u” — ")

=2 Z 19| (po(VEUT) — po(VE0T), VEuT — V¥0T). (4.17)
€N

By using the monotonicity properties of the nonlinearity ¢, that is assumption (H7,,)
and (H7,,), we deduce that the left hand side of (4.17) is non negative and vanishes
if and only if u” = v” (by Proposition 4.5).
a

THEOREM 4.9. The scheme (4.16) admits a unique solution u” € R . Further-
more, there exists a constant C' depending only on Cy, reg(T) and p such that this
solution u” satisfies

17+ 194 2 < € (141157 ). (1.18)

Proof. The map u” — a™(u”) — f7 is continuous and coercive thanks to Lemma
4.7. We deduce from the Brouwer theorem the existence of a solution to (4.16).
Uniqueness is a consequence of the monotonicity Lemma 4.8.

Estimate (4.18) comes directly from Lemmas 4.4 and 4.7. 0

We finally show that the numerical solution of the scheme (4.16) depends contin-
uously on the source term f7.

THEOREM 4.10 (Stability). There exist a constant C' > 0 depending only on C,,
reg(T) and p such that for any f7 and g7 in R”, we have

2-p .
CAH N e +lg™ o) 1T = g7 [y 1 <p<2
Clf*=g"l7, » ifp>2,
where u” (resp. v” ) is the solution of the m-DDFV scheme (4.16) associated to the

data 7 (resp. g7 ).
Proof. We apply estimate (4.17) and obtain thanks to assumption (H7,,) for p > 2

IVMu” — VM7 || e < {

1
(0¥ (u”) = a¥ (@) u” —07) 2 5 37 Y7 [QIIVEuT — VEuTP.
DPED 0€ND

For 1 < p < 2 assumption (H7],,) implies

(a(u”) — a¥(v”), u” — ") >
1 p=2
GO D QI+ |VET + V)T VAT — VT
DPED Q€D
Hence, if 1 < p < 2 we have
VAT = VAT (|7, < O (L4 [ VYT P77 + || VAT 77)
x (a¥(u”) —a¥ (), u” — 7).

We conclude using the definition of f7 and g7 and the discrete Poincaré inequality
(Proposition 4.5). O
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5. Error estimates. We first give some error estimates for the scheme (4.16) in
the case where the exact solution w. of the problem (1.1) is piecewise smooth. More
precisely let us introduce for any ¢ € [1, +oc] the space

w2a() = {u e Wg?(Q), ug € W9(Q), ¥Q € 2},

endowed with the norm

1
q
[ullw2aq) = H“HWOLP(Q) + <Z |D2U||%q(g)> :

fa<Ee]

Our first result gives an error estimate for the solution of the m-DDFV scheme.
In this result the flux ¢ is allowed to have discontinuities across all the edges of the
primal and the dual meshes.

THEOREM 5.1. Let T be a mesh on Q. Let f € LV (Q) and assume that the
solution u. to (1.1) belongs to W2P(£).

There exists C > 0 depending on ||ucllw2r (), reg(7), ||z, Cp and p such
that the solution u” € R” of the m-DDFV scheme (4.16) satisfies

. Csize(T)(p_l)z, ifl<p<2
e — u™| e + [Jue — u™

LP"’_HVUQ_VNUTHLP < 1
Csize(T)@»=0% | if p> 2.

A typical case for which our method can be applied is the one where the domain
Q can be divided into N disjoint subdomains (£2;),<;<y such that

© is smooth over each subdomain €2;. (5.1)

We assume that each domain 2; is polygonal and that the mesh is compatible with
the subdomains in the sense that, for any i there exists a subset &; of £ such that
0Q; = Uyeg;0. More generally, we may assume that the discontinuities of the flux ¢
only occur along a finite number of curves in 2.

In that situation, the diamond cells naturally divide into two subsets defined by

Deomt ={P €D, Fie{l,....N}, DCQ}, and Daisc =D \ Deont.

We propose to use in that case an hybrid DDFV scheme defined as follows:
DEFINITION 5.2. Under assumption (5.1), we call h-DDFV scheme for the prob-
lem (1.1) the DDFYV scheme still under the form (4.16), but where @) is defined as
follows:
e For the diamond cells D € ®qisc, that is the ones where the discontinuities
of the flux occur we take @} as defined in (4.15).
e For the diamond cells D € Deont, that is away from the discontinuities, we
take @) to be the usual mean-value @5 of ¢ over D defined in (3.2).
Assuming that wu. is slightly more regular than in the previous result, this ap-
proach let us recover the same convergence rate than in the usual continuous flux
case (see [3]).
THEOREM 5.3. Consider the same assumptions than in Theorem 5.1 with the
additionnal assumption (5.1). Assume furthermore that the solution u. of (1.1) lies
in W24(Q) forq=plp—1)? ifp>2 and q = ﬁ if p < 2. Then, there exists a
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constant C' > 0 like in Theorem 5.1 such that the solution u” to the h-DDFV scheme
satisfies

C'size(T)P™1, if 1 <p<2,
Csize(T)ﬁ, if p> 2.

e = w™ o+ llue — u™ o + [ Ve — VY7 |1 < {

We are now going to prove these two results. The key ingredients in this analysis
are the consistency error estimates on the numerical fluxes across edges of the primal
and the dual control volumes.

5.1. Consistency error. In order to evaluate the error between u, and u? we
need to introduce a projection of the exact solution u. onto the space of discrete
functions R7. Notice that any function v in W?P(£Q) is continuous over Q. Hence, it
makes sense to consider the center-value projection P” defined as follows:

DEFINITION 5.4. For any v € C°(Q), we define its center-value projection PTv €
R7 as the vector

P70 = ((ofee))wem, (ooc- oo ).

We refer to [3] for the proofs of the main properties of this projection operator.

As usual in finite volume methods, the error analysis is mainly based on estimates
of consistency errors for the fluxes as defined below.

DEFINITION 5.5. Assume that u. € W2P(£). For any Q € Q, z € Q we define

RQ(Z) = (,0|_(Z, vue|_(z)) - @Q(vgﬂlﬁue)

= R (2) + RY™ + RS,

with

RE(E)™ ) (2. Vue) () = 7 [ ol Tuele))

Q

Ta def ]-
R = 150 / (=, Ve () — (2, VP u,) d2',

o 1
R = 0] / o2/, VP ue) dz' — oo (VP ).
Q
Finally, for any Q € Q and o € E,, we note
1 ra ras Z Z
RY, = ol / (R%(2), Vo) dz, REY = (R&* vo ), Ry, = (R, Vo),

and Ry 5 = Rggrf,d +R% + R% , where vg ; is the unit normal to o pointing outward
Q.

It is fundamental to notice that, by definition of the new discrete gradient operator
V~ and since u, € W2P(£), we have the conservativity property

Ry = —Ror o, if 0 = Q|Q'. (5.2)

The objective is now to estimate each of the three terms involved in this con-
sistency error. The terms R% and R% can be easily controlled by using the same
techniques as in [3]. This is the aim of the following proposition.
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PROPOSITION 5.6. Let 7 be a mesh on Q and assume that the solution u. to
problem (1.1) lies in W*P(Q). There exists a constant C > 0 depending on p, reg(7T)
and C, such that

|Q||RE |71 < Cdg™ / (14 [Vue|? + |D?uc|?) dz, VQ e Q,Vo € &,

Q

Q| |R, |77 < CdR|Q|(1 + [VAP u|P), VQ e,

where o, =1 if 1 < p <2 andap:ﬁ ifp>2.

Proof. The proof of the first point is the same as [3, Proposition 7.6].

Note that in the case where the approximate flux ¢4 is chosen to be the mean-
value of ¢ on Q, then R, just vanishes. For other choices of o, we write that

1
ReI < o5 / ﬂ lo(z, VBT u,) — (=, VAP u,)| de dyig(+))
Q Q

and we use assumption (Hsq) or (Hsp). The claim follows using Jensen’s inequality.
d

We can now proceed to the study of the consistency estimate for the new gradient
operator V¥ that we have introduced. This is the main difference between the present
study and our previous works since the definition of the new discrete gradient depends
on the jumps of ¢ in each diamond cell. Hence, the consistency estimate for this
operator can not be obtained as in the usual way, that is only by applying well
chosen Taylor formulas. The proof of the estimate is much more involved. We also
want to point out the fact that, when p # 2, we do not obtain the usual first order
consistency estimate as we obtained in [3] for the operator VZ. Indeed, due to the
degeneracy/singularity of the nonlinear operator near the origin, we only recover a
consistency property of order less than one.

PROPOSITION 5.7. Let T be a mesh on Q and assume that the solution u. to
problem (1.1) lies in WP (Q). There exists a constant C > 0 depending on p,reg(7T)
and C,, such that for any D € ® we have

/ [Vue(2) = VP u ()P dz < Cdf "™ 50 / (1+ [Vuel? + | D?u |?) de.
D

eeNp ¥ 2

Proof.
Let us give the proof in the case where D is an interior diamond cell. The case
D € Doyt can be treated in a similar, and in fact simpler, way.
Let us define the projection P2 u, of u. on the set of quarter diamonds as follows.
For each quarter diamond Q € £, the restriction of P2u, to the triangle Q is the
unique affine function PZu, which coincides with u. at the middle of the semi-edges
o € &, and whose value at the middle of the third side of Q is the mean-value of the
values of u. at the extremities of this side. Notice that this definition makes sense
since ue‘ € W2P(Q) C C°(Q). As an example, in the case of the quarter diamond
Q

Q = QO « (see Figure 5.1), this definition reads

PSK.}C* Ue (‘xmc) = ue(xa;c),

]P)}S;Q,C* ue(xff}c*) = ue(xff)c* )7

P2 <$ic+$;c*) _ Ue () + Ue (k)

ok 2 2
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Ticx x}\x\* Tp
Ue (x‘f)c* )
Fic. 5.1. The affine interpolation ]P’SK o O the quarter diamond Qi =

The gradient of P2 U, is then given by

QK K*

Ue (Tic)FUe (T Ue (Tic)Fue (T )
opo 2 (ue(%m) _ w Ue (T ) — Muﬁ |

Ue = v
2Kk T gin ap lox| + |0y -

Let us now define the consistency error for this projection P2 as follows
Ts(z) = Vue(z) — VP3u., Vze Q, VQe Q. (5.3)

By usual Taylor expansions inside each quarter diamond Q (see [3] for instance) we
can easily show that there exists a constant C' > 0 as in the claim on the proposition
such that

/ T(2)|P dz < O, / |Du,(=)|P dz, VO € . (5.4)
Q Q
By the discussion of Section 4.3 we remark that, D being an interior diamond cell,
there exists 0, € R* such that

VP2u, — VIPTu, = Bodp, ¥Q € 0y,

and then, by the definition (4.13) of VY, we deduce that there exists 6 € R* such
that

VP2u, — VAP u, = Boo?, VQ € . (5.5)

Since u, solves (1.1) with f € L? (Q), we know that the following transmission
property holds

/ <p| (Z,Vue| (s))-v* ds=/ <p| (Z,Vue| (s)) - v"ds.

Qi Ko* Qi Ko* Qic,c* Q. r*

Recall that the gradient operator V* is built to ensure that the discrete equivalent of
this property, that is the first equation of (4.9), holds. It follows that

1 *
— @1 (5, Ve (8))ds — por o (Vo P ue), v
ol Jo 7] | ,

Kl Jox

Qic, Qic, K

1 *
_ <|a |/ d (S,Vue| (5)) ds = por o (VS . PTue), v ) o
K oK

Qic,c* Q.o
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By using Definition 5.5, we get

(@%/Q (@(z,Vue(z)) —go(z,VgK’m]PTue)) dz,u*)

S

1 *
- <|QT/Q (W’V“e(@) - 90<27V5,<,£*Wue)) dz, v )
? K, L%
= Rg;c,)chmc - Rzg;c,;c»mmc - Rg;c,a*ﬂic + RZ’C,L*v”}C'

Similarly we obtain for the other three semi-edges in the diamond under study the
following relations

< 1 (@(Z,Vue(z)) — @(z,vg&m}wue)) dz,u*)

|QL,)C*| Qr K

1 *
— (@7/ ((p(z,Vue(z)) dz — @(z,V’Q“LL*]P’Tue)) dz,v )
L,L* Qr o
= RSL.K*:UL - RZQL.)C*JL - Réﬁ,z*ﬁﬁ + RZQL,LMUL'

< 1 (w(Z,Vue(z)) - @(z,VgKY’C*]PTue)) dz’,/>

|Q)C;’C*| Qic, K*

- ( ! (02 Vue(=) = 02, V%, . PTuc) dw)

|Q£;’C*| QL Kc*

:R@

QIC,K* T KC*

— R*

QK K*H O K*

_R@

QL K* T c*

+ RZ

QL ,K*Txc* "

<|Q%/Q <<P(z,Vue(z)) —@(z,VgﬂC,uPTue)) dz,,,)

,L*

- ( ! (o2 Vue(2) — 9(2, V3, .. P 7)) dz,v>

|Q£;E*| Qr, r*

_ pe _ Pz _py
- RQ}C,L*v”L* RQ}C,L*v”L* RQL.L* oL

+ RZ

Qr,c*,0c*’

5.+ and

Oxcr, and |o .+

Multiplying these equations respectively by |o,|dc, [0.[0, |ox=
summing, we obtain

Z / (¢(z, Vue(2)) — @(z, VAP u.), BodP) dz

eeNp v 2

< Y 1QIBo?| Y (IRE |+ IR ),

2€Qp oce€o
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where we used the definitions (4.2)-(4.5). Using (5.3) and (5.5) we finally deduce

Z ((z, Vue(2)) — @(z, VAP u.), Vue(z) — VAP u,) dz

eeNp ¥ 2

< 5 ([ 1wl - virruea+ [ [mla) R0+ RS

€D ocelo

+ >0 [ (plz, Vue(2) — @z, VAP u.), Ts(2)) dz. (5.6)

2€0p Ve

In the case p > 2, using assumptions (Hi,) and (Ha,) and Young’s inequality,
we deduce from formula (5.6) that

Z |Vue(z) = VIPTu P dz

QEND e
< Y S IQl(IRE, T HRFT) w0 S [ s
QeNp o€l 0enp 9
+c< ) /|T§(z)|pdz> (/ (14 |Vue(2)P) dz> T
Q€N D Q D

From (5.4) and the estimates in Proposition 5.6, it follows that

S Vue(z) - VEPTu P dz < CAET YD [ (14 [Vuol + [D%u)?) dz,

ocnp €N’

and the claim is proved.

In the case 1 < p < 2, using assumptions (Hi/) and (Ha,), we deduce from
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formula (5.6) that

> / |Vue(z) — VEPTu,|P dz

o€eN P
< [ T ( / Ve (2) — VAP ug(2)| dz + / |Tg<z>|dz) S (1RSI + RS, )
€N P Q Q ce€o
+ Z / (2, Vue(2)) — ¢z, VAP u.), T5(2)) dz]
o€eNp

2—p

(Z / (14 |Vue(2)[P + [VEPTu.|P) d )

€N D

<C <Z /|Vue — VAP . (2) |sz> (
o€ p

< S 191 Y RS, 17T 4R |7

o€ p oce€o

> /|T |sz>

oeNp

3 / Ta(z |sz>

Q€eND

P

(5 [rmwawsmar)
€0

’ ( > [ 0+ Tur + V) dz)

Q€ND

Using Young’s inequality, (5.4) and the estimates in Proposition 5.6, the claim follows.
d

We can now estimate the consistency error of the scheme due to the approximation
of the gradient as follows.

PROPOSITION 5.8. Let T be a mesh on Q and assume that u. lies in WP ().
There ezists a constant C' > 0 depending on p,reg(7T) and Cy, such that for any D € D
we have

S jQlRgE < cdi” / (1+Vue? +D%ul?) d

Q€0 Q€END

Proof. In the case 1 < p < 2, using assumption (Hy4,) and the consistency estimate
of Proposition 5.6, we deduce that

P

rad | =L+ % 1 — Pt
S JoiRgHE < 0P Y |g) (@/ V() = VP ucl” 1“)

€0 p Q€END

Z / Ve (2) — VEPTu,|P dz

Q€END

<cdl” S [Vl + 100l ds
2e0p
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which gives the claim since o, =1 as soon as p > 2.
When p > 2, by Jensen’s and Holder’s inequality, we have

> |Ql|RE 7

Q€eND

Z |Q|<|Q|/ (14 |Vue(2)P~2 + [VEPTu, [P-2)

Q€END
P

X |Vue(z) — VP | dz)
p=2 (5.7)

<Z / 1+ [Vue(2)]P + [VEP ") d )
oeNp

1

(Z /|Vue VgPTue|pdz>
2€eQp

< cd" > / (L+ [Vuel” + |D?uc|?) dz

2€0p
and we conclude by noting that pa2 = p(p — 1)aj when p > 2. O
5.2. Proof of Theorem 5.1. We have
IVue — VMU || 1o < ||Vue — VP ue| e + |VP7ue — VU7 || 1o
Proposition 5.7 gives a bound for the first term. We come back to the proof of the

stability Theorem 4.10 to evaluate the second one. That proof shows that the estimate
of ||[VMP7u, — VMu”||1r requires the control of

I (@ (PTu) — aV(u”), P u, —u”).

By classical manipulations (using the conservativity of numerical fluxes) we express
I through the consistency errors thanks to

af () —a¥(PTuc) = > D |o|Roo, VK EM

QCK oceEQNIK

af.(u”) —a.(PTu) = Y Y [olRa., VKT € M.

oCK* 0€€oNIK*
If we define the error e = u” — P7 u,, the formulas above yield
1= > > lolBocext 3, >, > lolRosec
KEM QCK oeEgNIK K*EM* QCK* c€EQNIK*
Reordering the sum over the diamond cells, we find that

I= Z (|a,c*

DeD
+|0£* (RQ)C L*,0 0% ex + RQC L*

+|0K|(RQ)C.)<* exx + RQ}C,L*

ec)

g €2)

65*)

(RQ)C,)C*.UKx €x + RQL K* 0 g%

,OIC LT

+locl(Rop k-

,TRC

Excx + RQL.C*.UK 6L*)> .
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Using the conservativity property (5.2), the first term in the sum above reads

|J?C* |(RQ)<.)<* €+ RQL.)C*,U,C* eﬂ)

2 €r — €x 2 €, — €x

+ |QL,)<* |RQ£Y,C*

YOOk

=— R
Qe SRKES ks sinap o | + ||
= _|QIC7IC* (V;BT,T*) + |Q£77C* |RQ£,)€*

7K sinap |ox| + o,
(VZe”, 7). (5.9)

RQIC,}C*

SO ICH YT IC*

We remark now, by using (4.2) and (4.5), that for any § € R* we have

|Q1c,)<*| (BQ,C‘,C* 9, T*) = |01<* | sinapdx- = _|QL,)C* (BQE,)C* J, T*) .

Hence by using once more the conservativity property and the definition (4.13), we
can replace VZe” by the corresponding VYe” in the right-hand side of (5.9). It
follows

|J?C* |(RQ)<.)<*.U,C* €+ RQL.)C*,U,C* eﬂ)
= —|Qu k- Roy u . (vgn,m T T) + | Q- |RQMW}C* (vgw e”, ).

The other terms in (5.8) being treated in the same way, it follows that

1<CY 3 [QReo|IVEe]
Q€N oe€g
p—1

<> Y QBT [V

oeN o€y

Using assumptions (Hi,) and (Hi/p), we derive that,

IVeT |70 < O+ IIVuT[IZ7 + VP ue|7,7)

p—1
P
<[ 3 > 1QlRes|7T Ve o, if1<p<2,
oeNoelo
and
p—1
P
Ve |7, <O Y D [QllRool7T Ve || Lo, if p> 2. (5.10)
QGQGGE‘Q

The claim follows by using the estimate (4.18) and Propositions 5.6, 5.7 and 5.8.

5.3. Proof of Theorem 5.3. We only give the proof in the case p > 2 since
the other case can be treated in the same way. We come back to (5.10) which is still
valid for the h-DDFV scheme. It follows

=

IVl <O | 32 3 1QlIRe |7

oeNoeég
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The terms Ry, contain the three respective contributions of R%, RS , and RE™ . As
far as R% and R§ , are concerned, the estimate of Proposition 5.6 is still valid for the
hybrid scheme so that

P

> Y 191 (IR: 177+ |RELI7T) | < Csie(T) 7 ucllwas o).

oeNoelo

We split now the contribution of RE* in two parts : the one coming from diamond
cells in ® .oyt where the usual DDFV approximate flux is usued and the one coming
from the diamond cells in ® 4isc where we used our new discrete gradient and flux. It
follows

-

1 1
P P
<§:|Q||Rémdlpl> sc( DY |Q||Ramd|w>
oeN DEDcont LEND

1

+c< S>> |Q||R§;ad|%>p. (5.11)

DEDgisc QENQD

Near the discontinuities of the flux, that is for each diamond cell D € ® 4isc, We use
the estimate (5.7). Away from the discontinuities, i.e. for D € D on we used the
usual DDFV scheme (that is V¥ = V7), so that the gradient consistency estimate
given by (5.7) reads, since u. € W2P(D):

/ [Vue(z) = VIPTu (2)P dz < Cd’;/ (14 |Vue|? + [D?*uc|?) d=.
D

D

This estimate is proved for instance in [3, Lemma 7.5]. Hence, (5.11) now gives

(Z IQIIR%“dI%> < Osize(T) 77 [[uellw2r ()

Q€N

+ Csize(7T) T (/ (1 + |Vue| + [ D?ue|)? dz) ’ ;

where we introduced Qqisc = (U, ey D Since we assumed that ¢ is smooth on each
subdomain €2;, we see that the set Qqisc is an size(7 )-neighborhood of union of the
boundaries of the €2;’s. Hence, there exists C' > 0 such that |Qgisc| < Csize(7). It
follows by the Hélder inequality and using the assumption u, € W29(£), that

1
P
(Z |Q||R%;ad|fl> < Csize(T) 7 [lucwer(a)

Q€N

1 a—P
+ Csize(T) ( =7t ) [tel[w2.a(2),

and the claim is proved since (pjl)g + % > p—il as soon as ¢ > p(p — 1)2.
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6. Examples. In the case of a linear problem where ¢(z,£) = A(2)¢, it is easily
seen that, for any D € ® the numerical flux ¢} is a linear map of the DDFV gradient
VZuT. More precisely, there exists a unique definite positive matrix A, such that
ey (ViuT) = ApViu™.

In general, it is difficult to give an explicit formula for the matrix A, but it can be
evaluated by computing the map 67 that is, following Proposition 4.2 and its proof,
by computing the inverse of the np X np matrix o |Q|'Bo Bo. This operation
has a very low computational cost and has to be made only once.

In some particular cases, it is possible to find an explicit form for A, which is
interesting in order to illustrate our approach and to compare the results with the 1D
case. Let us consider a given diamond cell D € ®;,; whose diagonals are o = x|z and
o* = K*|c*.

o First ezample: We assume that A(z) is constant on each control volume. We
denote by A, the value of A(z) on the control volume x. The matrix A, is
then defined by

(loc| +loc))(Acv, V) (AL, v)

Apv,v) = , 6.1
Aovo) = (e w) 1 ox](Aer ) (61
(Z v ) = loc|(Av™,v7) + |oc|(Acv™, V)
o lox| + [oc]
lox|loc] (Acv,v”) — (ALVyV*))Q (6.2)

- lo| + [oc| [oc|(Acv,v) + |‘7K|(A£V7V)’

— lo[(Asv, v*)(Acv,v) + |ok|(Acr, v™) (A v, V)
Apv, V) = . 6.3
(Ao, v7) 02| (A, v) + |oe|(Asv, v) (6.3)

We recognize in (6.1) the weighted harmonic mean-value of (Acv,v) and
(Azv,v) and in the first term of (6.2) the weighted arithmetic mean-value of
(Aev*,v*) and (A v*, v*).

o Second example: We assume that A(z) = A(z)Id is isotropic, continuous on
each quarter-diamond and we assume that the mesh is orthogonal, that is
o L o* or equivalently sinap = 1. Introducing Ao = [SA(2) dug(2), the
mean-value of A over @ with respect to the measure dpg, the equivalent
matrix A, satisfies in that case:

— Oc*
(Aorv) = 250 ( e

)\QL.)C* )‘Q)c,)c*

- |J?C* + |J£*| |JK|)‘QL,)C* + J£|)‘Q)c,)c*
o[ Nap pe Aoy on (6.4)
|J’C|)\QL,L* + 0£|)‘Q)C,L* , .
(ZDI/*,V*) _ o | 4 [0, |0K|/\Qic,z:* /\Q;c,ic*
|0K| + |J£ |J’C* )‘Q)c.c* + |0£* |)‘Q)<,)c*

e ) g

)\QL.L* + |J£* |)\QL.)C*

|y
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(Apv,v*) = 0. (6.6)
Notice that even though A(z) is isotropic, the matrix A, is only diagonal
(in the orthogonal frame (v, r*)) and not isotropic in general. Furthermore,
we see that (6.4) and (6.5) combine arithmetic mean-value of the coefficients
in the transverse direction and harmonic mean-value of the coefficients along
the direction we are looking at.

Unfortunately, in the nonlinear case there are very few cases where all the com-
putations can be performed explicitly (see for instance the 1D example 2.1). That is
the reason why we propose in the following section a fully practical method to solve
the m-DDFV and h-DDFV schemes in any situation.

7. Numerical implementation of the scheme. In this section we present a
fully explicit algorithm to solve the finite volume scheme under study and we prove
its convergence. From now on, we suppose given a DDFV mesh 7 on {2 and a source
term f.

7.1. Some remarks on the potential case. We assume, only in this para-
graph, that ¢ derives from a potential ®, that is

{ 0(2,6) = Ve®(z,€), forall{ € R? and ae. z € Q,

®(z,0)0 = 0, forae. zecQ. (7.1)

We can now define an approximation of ® on each quarter-diamond by ®4(-) =
f@ D(z,-)dug(z), that satisfies V@4 = 4. Since ¢ is strictly monotonic, the function
d is strictly convex.

PROPOSITION 7.1. The solution u” of the scheme (4.16) is the unique minimizer
of the functional defined by

JTWN =23 > 1Q2(VEvT) = ) lklfeve = Y IK* | fe-ver, Vo7 €RT.
K K*

PED Q€D

Proof. By using assumptions (1), (Hz) and (H3), the definition (7.1) and the
Poincaré inequality, it is easily seen that J7 is strictly convex and coercive on R
and thus has a unique minimizer that we call u”.

Let us now write the Euler-Lagrange equation for this minimization problem. The
equation corresponding to the unknown u, reads

23 Y g (soQ(vgm,<Id+Bg.D<sD>‘W5“T) — Kl e.

Ju
DED QEND K

By definition of 67, for any D we have 35 |Q'Bowo(VuT) = 0 so that the term
containing the derivative DJ” of §” vanishes. Furthermore, by definition of VZu” we
have

OVIuT 1 v

due.  sinap |o*|’
hence it follows, using (4.15),

_ Ty, L Ve
|K:|f’C_ 2 Z ( Z |Q|¢Q(VQU’ )7SinOZ’D |O'*|>

PEDK \QEND

1 v
_ E D N vZuT e T j : N VZuT

DED K DPEDK
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since |D| = $|o||o*|sinap, and the claim is proved. O

From now on, we denote by A = @5 R"? the space in which the artificial
unknowns (6%), are lying. We introduce the following new functional defined on
R7 x A

JTAWT,0) =2 > |Q0o(Viv” + Bod®)

PED Q€D

- Z |K|f?C'U?C - Z |’C*|f)c*v)c*, Yol € ]RT, Vg e A.
IS c*

PROPOSITION 7.2. The functional JT 2 has a unique minimizer which is given
by (u”, (6" (Viu"))p).

Proof. Tt is easily seen that, for any v € R7 fixed, the functional § € A —
JTAWT, 5) decouples into a sum over ® of independant maps depending only on 6P
for a given D € ®. Following the proof of Proposition 4.2, each of these maps has a
unique minimum exactly given by 6”(VZov7). Hence we proved

JT(T) = JT2 (07, (67 (Vv ))p) < JT2(07,6), Vo €A,
with equality if and only if 6 = (6°(VZ07))p, which gives the claim. 0

7.2. Derivation of the decomposition-coordination method. In the case
of a potential flux ¢, we proved in Proposition 7.2 that the solution of the scheme
can be obtained by minimizing a functional which can be computed explicitly but
depending on much more unknowns than the cardinality of RZ in which we look for
the approximate solution.

We propose, for this non-quadratic minimization problem, a saddle-point formula-
tion (in the very spirit of [12, 13]). Let us define the set (R?)2 of families of vectors of
R? indexed by the set of quarter diamonds. We suppose given a family A = (Ao )oen
of definite positive 2 x 2 matrices which is aimed to play the role of heterogeneous and
isotropic augmentation parameters. More precisely, we introduce now the augmented
lagrangian

LE207,5,9.0) =2 [QPa(ge) +2 > 1Q(Aesgo — VEvT — Bad®)
€N oeN

+ Z 1% (AQ(QQ - VivT — ngv)a (90 — Vpv” — BQSD))

e
= Ikl feve = Y|kt frrvies, V0T € RT V6 € A, Vg, X € (R?)".
K K*

If, for any Q@ € £, we take Ag = rld for a given parameter r > 0 we recover
the augmented lagrangian algorithm proposed in [12, 13]. It is easily seen that this
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lagrangian has a unique saddle-point (u”, 0%, p, A) satisfying the equilibrium equations

9o(90) + Ao + Ao(go — VLu” — Bod®) =0, VQ € Q,
> 19'BoAc(Bob” + Viu" —go) = > |QBade =0, VD €D,

Q€END €D
_vT T—B(SD=07 VQGQ
2 Z Q| (Ao (VIu” 4+ Bod® — go), VivT) Z|K|fﬁvK+Z|K | fre V-
oEN
+2 3 1Q(\e, V3uT), Vo7 €RT.

oeN

(7.2)

These equations are clearly equivalent to

)‘Q = _SDQ(QQ)7 VQ S Qa
> 1QI'Bode =0, VD €D,

€D (7 3)
go = VZu” + Bod®, VQ e 9, '

=23 10, VIUT) = > [kl fievie + D |k frrvies, VT €RT.
K Kx*

€N

The first three equations imply that 6% = 6°(VZu”), then the fourth equation is
nothing but a different way to write (4.16). As a consequence, the saddle-point of
LZ’A gives the unique solution to the finite volume scheme.

From equations (7.2), we deduce an iterative method to solve our problem follow-
ing the same idea than [12, ALG 2, p. 170]. In our setting, the algorithm reads as
follows: we suppose given A € (R?)2, ¢ € (R?)2 then for any n > 1:

1. Find (u”",67) € R7 x A solution to the linear problem

2Z|Q|< (VEu™™" + Body, — mvgw)
o€

—Z|’C|f)<”)<+2|’< | fiorvies +2 Z |Q|(A\2~Y, VIv), YouT eR”.

oeN

> 1QI'BoAo(Boby + Viu™" —gi) = > |QI'BoAL T =0,VD € D.
Q€END oe0p
(7.4)

Notice that the second equation explicitly gives, locally on each diamond cell
D, the expression of 07 as an affine function of VZu”". It is only needed
to compute, one time at the beginning of the algorithm, the inverse of all
the definite positive symmetric matrices EQGQD |Q|'Bo Ag Bo whose size is
np X np (which is low since np, = 1 for boundary diamond cells and np, = 4
for interior diamond cells).

Finally, once the second equation in (7.4) is solved, we can introduce the
expression of §7 as a function of VZu”™ in the first equation of (7.4). This
first equation is now an explicit large linear system in the variables u”
Notice that the matrix of this large sparse linear system is the same at each
iteration which is very important if one wants to use direct linear solvers
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for instance. Finally, notice that the size and the stencil of this system is
exactly the same than the one of the DDFV matrix for the Laplace equation
for instance.

2. For any Q € £, find g} satisfying

Po(98) + AT+ Ao(gs — Viu™" — Body) = 0. (7.5)

This is the unique nonlinear part of the algorithm. The equation is localized

on each quarter diamond and consists in solving a nonlinear equation in R?

defined by the explicit map po+Ag. Notice that po+ A, is strictly monotonic

and coercive on R? so that the solution g7 to (7.5) exists and is unique.

From a practical point of view, one can use here a Newton method to solve

all these equations simultaneously (this step can be massively parallelized).
3. Finally compute Ay through

Ao =N 9Aa(98 — VIuT" — Body), ¥Q €D, (7.6)

where v > 0 is given parameter.
The choice of the best augmentation matrices A and parameter 7 is a complex problem
(see the discussion in [12] for instance). We will give some examples of such choices
in Section 8.

7.3. General fluxes. Convergence of the iterative solver. The above algo-
rithm is deduced from the lagrangian formulation of the scheme which is only available
in the variational case (7.1). Nevertheless, the iterative algorithm (7.4)-(7.6) can be
used in the general case of any monotonic flux . We can now prove the convergence
of this algorithm in the non-variational setting.

THEOREM 7.3. Let T be a DDFV mesh on Q and (pg)o a family of strictly
monotonic continuous maps from R? onto itself. Then for any augmentation matrices

family A and any v € ]0, 1+2‘/5} , the algorithm given by (7.4)-(7.6) converges, when

n goes to infinity, towards the unique solution to (7.3) that is the unique solution to
the m-DDFV scheme (4.16).

The proof we present here is an adaptation to our framework of the arguments
given in [12]. Furthermore, a similar algorithm and result is available for the hybrid
h-DDFYV scheme.

Proof. For any real-valued or vector-valued families f = (fo)oecn and g =
(9o)oen we introduce the following inner products and associated norms:

(£.9)0 = 3 1Ql(farga)s Illo=(£. )2

e
(F9)a= 3 1Q(Aafarga) IflLs = (f 1),
oeN
(F9)acs = 3 QAT fargo)s fllacs = (F 1)3s -
o€EN

Let us define the error terms v”" = u”" —u”, k" = (hl)o € (R?)? with A7 =
98 = 9o, W' = (U)o € (R*)® with pff = X% — Mg and 3" = (63)» € A with
B = 6% — §P. Finally, we introduce the nonlinear map ¢4 : (R?)2 +— (R?)2 defined
by (¢2(9))e = ¥o(go) and the linear map B : A — (R?)2 defined by (B3)o = Bofo,
where D is the diamond cell such that Q € Q.
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Using those notations, we see from (7.4)-(7.6) that these quantities solve the
following equations:
1. Equation for v”™™:

(VTUT’n + Bﬁn o h",V;wT)A + (hn _ hn—lvawT)
_ (Mnfl’ vaT)

A
s

07 Yw? e R*. (7.7)

2. Equation for £2:

> |1QI'BoAo(Bofy + Vv —hi) + Y |QI'BoAo(hy —hi ™)
Q€N D €N P

= Y |QBout =0, VDeD. (7.8)
2€e0p

3. Equation for hJ:
al95) = Polge) + 15 + Ao(hly — VEu™" — Boffy) =0, ¥Q € Q. (7.9)
4. Equation for pj:
W= iyl Ag(hh — V0T — BoBl), VQ e (7.10)
We take w” =v™™ in (7.7), we get

(vTUT,n + Bﬁn o hnvaUT,n)A + (hn o hnfl’ vTUT,n)A _ (Mn71; vTUT,n)O .
(7.11)

From (7.10), we deduce

1 1
5 )% = 3 s = (W R = VT - BT

1
= 5P I = VT = BEG = 0. (7.12)

Taking the (-,-), inner product of (7.9) with h™ = g™ — g, we get

((Pn(gn) _ 90,:(9)79" _ 9)0 + (hn _ VTUT’n _ Bﬁn,hn)A + (Mn—l’ hn)o — O

Multiplying (7.8) by 2, summing over ® and using (7.11), it follows

(Palg") = @al9),g" — g)o+ " = V70" = BE"|,
+ (Mn—l’ A" — VT'UT’n o Bﬂn)o + (hn o hn—lvaUT,n + Bﬂn)A —=0.

Multiplying this equation by v and adding to (7.12), we get rid of the term containing
pn~t. We obtain

1 1
3 [ 3 1Y s+ (palg™) — 0a(9), 9" — 9),

+ %(2 — ) A" = VT = B A 4y (A" — RN V0T 4 BEY) = 0. (7.13)
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From (7.5) we get, for any Q € 9,

Pal9a) = Polgl™) + (™" —u2™?)

o2 W) = (V07" = VT - B - 5] =0,
so that, using (7.10) it follows

0ol(gh) — polgl™) + Ao (Rl — 271 + Agh™!
—Ag (vgvT’n + Bgﬁg) =(1- V)Ag(hg_l - ngT’n_l - Bgﬂg_l)-

Taking the inner product (-, -), of these equations by g™ — ¢" "' = A" — h"~! we get

(900 (") — (pﬂ(gn—l)’gn . gn—l)o + th . hn—l”i
+ (hn—l’ A" — hn—l)A o (VT'UT’n + Bﬂn, A" — hn—l)A

_ (1 o ’Y) (hn—l o VT'UT’n_l o Bﬂn_l, A" — hn—l)A .

If we add to this equation the following algebraic relation

1 n 1 n— 1 n n— n— n n—
L P [ =S [ i S AN A A PP

we get

1 n 1 n— 2 1 n n— 2
P R

+(alg") = alg" ™), g" —g" 1)y — (V707" + BE", h" — k"7
= (1 _ ,Y) (hn—l _ vTUT,n—l o Bﬁn_l, nr — hn_l)A .

Multiplying this equation by v and summing with (7.13), it follows:

1 1
5 (I e+ 1 12) = 5 (= s+ 5
7 (0alg™) —@a(g" ), 0" —g" "), + 7 (0alg") —al9).9" — 9)o
+ 2= e+ 2@ = ) = T - B

=1 =) (A" = VT =BT Rt — R L (T.14)

e

We can now use Cauchy-Schwarz’s and Young’s inequalities to get

(1

A2
. 7) ||hn71 Tl Bﬁnqni

7(1 o ’Y) (hn71 _ vT,UT,nfl o Bﬁnfl’hn o hnfl)A
Tgn n-112 | 7
e

2
_ g th _ hnleA —(1-7) thfl _ gyl Bﬂ”ﬂHA
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By the assumption on v, we have (1 — )% < (2 — ) so that (7.14) yields

1 n n n ,n n
S (I P+ I+ (2 = ) 7 = V7o — B )

1 n—1||2 n—1||2 n— n— n—1]2
=5 (=" + =+ @ = et = v 7ot = B )

n

+7 (Palg™) —@alg" 1), 0" — 9" ")y + 7 (0alg") —0al9), 9" — 9)o

2
’Y n n— n— n— n—
+§[||h — R = (=) R = VT - B 1||A} <0. (7.15)
Since each map ¢4 is monotonic so is ¢4, we deduce that the sequence

(I s 7 10 72 = ) [ = 970t B 2)

of non-negative numbers is non-increasing and then converges. Coming back to (7.15),
we deduce that (g2), converges towards go for any Q € 9, that is b — 0. If vy # 1
we also deduce from (7.15) that

R — VIvT™ — Bofr 2250, VQ € Q

and hence VZv™™ + By goes to 0. Then it follows that u? — 0 by (7.9). Using
now (4.8), we find that for any D € ® we have VZv™"™ — 0 and finally 52 — 0.

In the case v = 1, we can draw the same conclusions directly from (7.14) since
the right-hand side is 0 in that case. O

8. Numerical results. We present here some numerical results in the following
situation: we consider the domain  =]0,1[x]0, 1], and the flux ¢ defined by

{ |€|P72¢, if 21 < 0.5,

¢(z,§) = p2 (8.1)

(AE,6)72 A, if 2, > 0.5,
a 0

0 p
term f, and the boundary data in such a way that the solution of (1.1) is given by

where A is the matrix A = ( >, a, 3 €]1,+00[. Then we construct the source

(az1 + 722)2, if z; < 0.5,

Ue(z) = ~1\?
‘ (zl—l—'yzg—i—aT) , if z1 > 0.5,

where v = a%g. It is easily seen that this function wu. satisfies the transmission
condition on the line {z; = 3}, for any value of p.

In a first test case, we choose p = 3.0 and (o, ) = (5.0, 2.0) so that the problem
we consider has discontinuities and is anisotropic. We show in Figure 8.1 the errors
in three different norms as a function of the mesh size, in a logarithmic scale, for the
original DDFV scheme (3.1)-(3.2) (marked by ) and for the m-DDFV scheme (4.15)-
(4.16) (marked by ¢). Notice that, since the operator defined by (8.1) is piecewise
constant, the h-DDFV scheme of Definition 5.2 is exactly the same than the m-DDFV
scheme.

As predicted by the theory, the m-DDFV scheme provides a much better con-
vergence rate than the original DDFV scheme. Furthermore, and it is an important
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10 10 10
N /
10
10

50 mDDRY S0 m DRV &0 m-DDFV
4% DDFV. 44 DDFV. 4% DDFV
L error LP error WP error
slopes 1.71 and 0.97 slopes 1.73 and 0.97 slopes 1.0 and 0.31

Fic. 8.1. Test case 1 : p=3.0, a =5, =2

point, the error (in any of the three norms we consider) obtained by the m-DDFV
scheme is better even in the case of coarse meshes.

As a second test case we assume that p = 5.0 and (a, 3) = (10.0,10.0). In this
situation the operator is isotropic but the jump of the diffusion coefficient is of order
10%5. We observe (see Figure 8.2) the same overall behavior of the two schemes.

10 10 10

o . ;. -
10 10 10

. . .

) N ) pagiriig ) o
L error LP error WLP error
slopes 1.98 and 0.98 slopes 1.54 and 0.99 slopes 1.04 and 0.19

Fic. 8.2. Test case 2 : p=>5.0, a = 3 =10.0

Finally, we want to illustrate the behavior of the decomposition-coordination
algorithm proposed in Section 7. First of all, it is shown in [12] for instance that such
algorithms can be applied, in suitable infinite dimensional functional spaces, directly
to the continuous problem (1.1). This fact let us hope that the convergence rate of
the present method may not depend too much on the size of the mesh we consider.
Actually, in our numerical computations, we observed that the number of iterations
needed to achieve a given residual norm was essentially the same in each level of
refinement of the mesh we considered.

Let us now illustrate the fact that one can take advantage of using the heteroge-
neous and isotropic augmentation matrices family A. To this end, we consider the first
example given above (Figure 8.1) and we plot in Figure 8.3 the evolution during the
iterations of the LP, W1 errors and the residual norm of the algorithm. The left plot
is the one obtained with the classical augmentation term, that is when A, = rlId for
any Q € £, with » = 1.5. In the right plot, we have chosen A, = rId if @ C {z; < %}
and Ag =7rAif Q C {z > 1},

We see that the use of anisotropic and heterogeneous augmention terms let us
achieve the tolerance 10~7 on the residual norm in ~ 130 iterations instead of ~ 180
in the isotropic case. Furthermore, we see that the error due to the scheme is achieved
after ~ 40 iterations, that is when the residual norm is ~ 5.107° in the first case
whereas it is only achieved in ~ 150 iterations, for a residual norm of 5.10~7. This
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Fic. 8.3. Convergence of the iterative solver. Isotropic (left) and anisotropic augmentation (right)

illustrate the fact that the choice of suitable augmentation matrices A may let us save
a significant amount of computational time to solve our scheme.

9. Conclusions. In this paper we provide a modification of the DDFV finite
volume scheme for nonlinear elliptic problems on general 2D grids in order to take into
account discontinuities in the coefficients. The m-DDFV scheme we obtained is proved
to present a better consistency of the fluxes at the discontinuities. The performance
of the scheme is illustrated by numerical results on heterogeneous and anisotropic p-
laplacian equations. Furthemore, we proposed a generalisation of the decomposition-
coordination method of Glowinski in order to solve our scheme. We show that the
use of heterogeneous and anisotropic augmentation terms in this approach may lead
to much better performance of the algorithm.
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