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SEMIGROUPS FOR GENERAL TRANSPORT EQUATIONS WITH ABSTRACT
BOUNDARY CONDITIONS

L. ARLOTTI, J. BANASIAK & B. LODS

ABSTRACT. We investigate”y-semigroup generation properties of the Vlasov equatidh gen-

eral boundary conditions modeled by an abstract boundagyatgr H. For multiplicative bound-
ary conditions we adapt techniques frob8]and in the case of conservative boundary conditions

N~ we show that there is an extensighof the free streaming operat@r; which generates &'-

@) semigroup(Ve (t))s>0 in L*. Furthermore, following the ideas of][ we precisely describe its

o domain and provide necessary and sufficient conditionsrngsthat (Vz (¢)) >0 is stochastic.
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C_IG 1. INTRODUCTION

L We are concerned in this paper with the well-posedness @rsémse of semigroup) of the

general transport equation
(1.1a) O f(x,t) + F(x) - Vi f(x,t) =0 (xeQ, t>0),
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supplemented by the abstract boundary condition

(llb) f\l—‘f(yvt) = H(f\FJr)(yvt)v (y el_t> 0)7
and the initial condition
(llC) f(X>O) = fO(X)> (X € Q)

Here Q is a smooth open subset BfY, I',. are suitable boundaries of the phase space and the
boundary operatof is a linearboundedoperator between trace spadels corresponding to the
boundarieqd™; (see Section 2 for details). One of the novelty of our apgrdaac¢hat we assume
R” to be endowed with a general positive Radon meagufkhe transport coefficier is atime
independenvector fieldF : © — RY satisfying the following general assumptions:

Assumption 1. F : © — R¥ is Lipschitz-continuous with Lipschitz constant- 0, i.e.
| F(x1) — F(x2)| < Klx1 — %2 for any x;,x; € €2.

Assumption 2. The fieldF is divergence-free with respect toin the sense that

[ 769 Vs xidut) 0
for any continuously differentiable functighwith compact support of2.

A typical example of such a transport equation is the sedalllasov equation for which:

i) The phase spac® is given by the cylindrical domaif2 = D x R3> ¢ R® whereD is
a smooth open subset Bf, referred to as theosition spacewhile the so—calledelocity
spacsds here given byR3. The measurg is given bydu(x) = dzds(v) wheres is a suitable
Radon measure dR® (Lebesgue measure ovRP for continuous models or combination of
Lebesgue measures over suitable spheres for the multignode!).

i) Foranyx = (z,v) € D x R?,

(1.2) F(x) = (v,F(z,v)) € R®

whereF = (Fy, Fy, F3) is atime independent force field ovBrx R? such that Assumptions
1 and2 are fulfilled.

The existence of solution to the transport equatibid is a classical matter when considering
the whole spac& = RY. In particular, the concept of renormalized solutionswadido consider
irregular transport coefficient(-) (see [L1] and the recent contribution®,[ 17]) which is of
particular relevance in fluid mechanics.

On the other hand, there are few results addressing thalibiiundary value problemi (1),
possibly due to difficulties created by the boundary coadgi(l.1b). We mention here the seminal
works by C. BardosY], and by R. Beals and V. Protopopesdf] (see also 14]). Let us also
mention more recent contribution$d which also includes time-dependent transport coefficient
and 6, 18] dealing with the force-freeK = 0) Vlasov equation1.2).

ForF # 0, the method of Beals and Protopopestq] [provides the existence and a very pre-
cise description of &'y-semigroup governingl(1) for || H|| < 1 while, for nonnegative boundary
operatorH with ||H|| = 1, it ensures the existence of(&-semigroup related tal(1) without
describing its generator. The method d0] leaves totally open the multiplicative ca$& || > 1.
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We also mention that the existing theories introduce I&ste assumptions on the characteristics
of the equation. Forinstance, fields with 'too many’ peraftilajectories create serious difficulties.
They are however covered in a natural way by the theory pteddrere.

On the other hand, in the force-free cdde- 0, the case of conservative boundary conditions
||IH|| = 1 has been solved ir6], while the multiplicative case has been addressed & [The
results of p, 18] are based upon a relatively simple representation, iedgdy the fundamental
work of [20], of the resolvent of the free-streaming operaf@@r (whose domain includes the
boundary conditionsl(1b)) as a strongly convergent series.

The main objective of this work is to generalize the resultgépand [18] to the general case
F # 0 and for a general Radon measureHere again, the key ingredient is the derivation of a
suitable representation of the resolvent of the free-simeg operator7;;, see Theoren3.6 and
Proposition3.10 We point out that the proof of TheoreBn6relies on a generalization of the result
from [10, 14] which allows to compute integrals ov€} via integration along the integral curves
of F(-) coming from the boundarg€2, and which is free from some restrictive assumptions of
op. it In particular, we present a new proof of the Green formul&tvilarifies some points of
the proofs in [LO, 14].

The organization of the paper is as follows. In the followsggtion (Section 2), we introduce
the main tools used throughout the paper and present thenaéotioned new results concerning
integration over the characteristic curve$ 7. Section 3 is dealing with various preliminary re-
sults. In particular, the question of the existence of traselts is addressed in Section 3.1 where
atotally new construction of the measu@sger the incoming and outgoing pafts. of 0€2 is pro-
vided by Theoren3.3. In Section 3.2, we establish some basic existence resudig)y pertaining
to stationary version®f (1.1) and, as a consequence, we derive a new pro@reken formula
generalizing that ofJ0, 14] and Section 3.3 is concerned with tketting of the problenand
with the representation of the resolvent of the free-stirgraperator7 as a strongly convergent
series. Note that the whole results of Section 3 clarify samm&cure points ofl]0, 14] provid-
ing new proofs to some of the resultsap. cit. In Section 4, we are dealing with the transport
equation 1.1) for multiplicative boundary conditiongieneralizing the results o1§]. Finally, in
Section 5, we consider the delicate questiorafservative boundary conditionsVe employ a
strategy already used iB]f borrowing some tools to the so—called additive pertudnetheory of
substochastic semigroup®].[

Notations: We shall adopt the following notations throughout this pagder any unbounded
operatorA, the domain of4 shall be denoted by/(A) whereass,(A), o,(A), o.(A) ando(A)

will denote respectively the point spectrum, the residpaictrum, the continuous spectrum and
the resolvent set afl. For A € p(A), the resolvent ofd will be denoted by eithegz(\, A) or

(A — A)~!. For any Banach spaces andY, %#(X,Y) denotes the space of bounded linear
operators formX to Y whereas#(X) = (X, X).

2. INTEGRATION ALONG THE CHARACTERISTICS

2.1. Characteristic curves. SinceF is Lipschitz overQ2 (with constants > 0), it is known from
Kurszbraun’'s extension theorem?] p. 201], thatF can be extended as a Lipschitz function (with
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same Lipschitz constant > 0) over the whole spac&”. We shall still denote this extension by
F. Note that, in general, the extended fi¢lds not divergence—free iR". A crucial role in our
study is played by the characteristic curves associatdukt@eiktended) field-. Precisely, for any
x € RN andt € R, consider the initial-value problem

d
(2.1) {dSX(S) = F(X(s)), (s €R),
X(t) = x.

SinceF is Lipschitz-continuous oYY, Eq. @.1) has a uniquglobal in timesolution and this
allows to define the flow—mappin® : RY x R x R — R, such that, fo(x,t) € RV x R, the
mapping:

X() @ se R— O(x,t,5)
is the only solution of Eq.4.1). Being concerned with solutions to the transport equatlof) in
the region(2, we have to introduce the definition of stay times of the ctiaréstic curves irf2:

Definition 2.1. For anyx € €, define
7+ (x) =1inf{s > 0;O(x,0, £s) ¢ Q},
with the convention thahf & = oo, and setr(x) = 74 (x) + 7—(x).

In other words, giverx € Q, (—7_(x), 7+(x)) is the maximal interval for whicl®(x, 0, s)
lies in Q2 for any s € Ix and7(x) is the length of the interval,. Notice that) < 74 (x) < oc.
Thus, for anyt € R, the function® is defined on the set

{(x,t,s); xeQteR,se(t—7_(x),t+ 14(x)) }

Note that here welo not assume that the length of the intenfal = (—7_(x), 74(x)) is finite.
In particular, Iy = R for any stationary poink of F, i.e. F(x) = 0. If 7(x) is finite, then the
functionX : s € Iy — O(x,0, s) is bounded sincé is Lipschitz-continuous. Moreover, still
by virtue of the Lipschitz-continuity of, the only case wheny (x) is finite is when®(x, 0, +s)
reaches the bounda®f2 so that®(x,0,+74(x)) € 92. We note that, sincer is Lipschitz
around each point a¥€2, the points of the sefty € 92; F(y) = 0} (introduced in 10, 14]) are
equilibrium points of the extended field and cannot be redahénite time.

Remark 2.2. We emphasize that periodic trajectories which do not mestbttundaries have
7+ = oo and thus are treated as infinite though geometrically theykmunded.

We finally mention that it is not difficult to prove that the npapgs 7+ : © — R™ are lower
semicontinuous and therefore measurable, see 8,g., 301]

The flow® (x, t, s) defines, at each instafjta mapping of the phase spa@ento R . Through
this mapping, to each point there corresponds the poir} ; = ©(x,t, s) reached at time by
a point which was in inx at the "initial” time ¢t. This mapping isone—to—oneand measure-
preserving(Liouville’s Theorem). More precisely, one can check gasiat the flow®, defined
on its maximal domain, has the following properties:

Proposition 2.3. Letx € 2 andt € R be fixed. Then,
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(i) O(x,t,t) =x.
(i) O(O(x,t,s1),51,52) = O(x,t,52), Vs1,80 € (t —7_(x),t + 74(X)).
(i) O(x,t,s) = O(x,t —s,0) =O(x,0,s — 1), Vs € (t — 17— (x),t + 74(x)).

(iv) [©(x1,t,s) — O(x2,t,s)| < exp(k|t — s|)|x1 —xo| foranyx;,xs € Q,s—t € Ix, N Ix,.
(v) Lett € R. For any measurable set C Q such that4d; := {©®(x,t,0), x € A} C €2, one
hasu(A) = u(As) (Liouville's Theorem).

Proof. We only prove Liouville’s Theorem, the other four propestieeing classical (sed]).
Actually, Liouville’s Theorem is a classical result,if is absolutely continuous with respect to
the Lebesgue measure. We have not been able to find a comgietence for general Radon
measures and hence we provide it below. Siméregular, one may restrict ourselves to the case
when the measurable sdtis actuallycompact Let us fix thus a compact sé& C 2. We may
assume without loss of generality that there exigts 0 such

inf{x € K; 7..(x)} > to.

We definek,; := {®(x,0,t), x € K} for any|t| < to. From the continuity of the flov®(-, 0, t),
one sees that, for any < § < ty there exists a compact skf; C 2 such thatkK; C K, for all
[t| < . We set

H= XK

so thatz is a finite measure concentrated on a compact sitf'ofWe denote by, the image of
i through the transformatior — ©(x,t,0), i.e

e = 9(7 t, O)#ﬂ7
where we adopt the notations & ffor the push—forward measure. Singds Lipschitz, we have
[ 1F Gl < oc.
RN

This proves that bottF and i, are satisfying the assumptions & [Lemma 8.1.6, Prop. 8.1.7
& 8.1.8] so thatt € (—d,9) — [ is theunique distributional solutiorio the measure-valued
continuity equation

(2.2) Orie +V - (Fiig) = 0, =0 = M,
in the sense that,

)
[atf (amx,t)w(x)-vxeo<x,t>)dut<x>=o Vo € G52 RY x (=3,6))
—J Q

hm/ P(x)dfig (x /¢ x)dji(x Vi € €2°(RY).

Moreover, sinceF is divergence free with respect tg it is easy to see that the constant map
€ (—4,0) — @ is also a distributional solution 02(2) so that

(2.3) [ =p,  Vte(=0,0).



6 L. ARLOTTI, J. BANASIAK & B. LODS

Sinceji(K) = p(Ky) andn(K) = p(K), we getu(K;) = pu(K) for any|t| < §. Letting
4 — to,
n(Ky) = p(K), vt € (—to, o)
and the proof is achieved. O

An important consequence ¢fii) above is tha®(x,0,s) = O(x, —s,0) for anyx € Q,
0 < s < 74(x). Therefore, from now on, to shorten notations we shall denote

P(x,t) = O(x,0,1), vVt € R,

so that® (x, —t) = O(x,t,0), t € R. We define the incoming and outgoing part of the boundary
02 through the flowd:

Definition 2.4. The incomind’_ and the outgoing™, parts of the boundarg(2 are defined by:
(2.4) 'y :={yed;Ixe, 71(x) <ocandy = ®(x,+7+(x)) }.

Properties ofp and ofr. imply thatT';. are Borel sets. Itis possible to extend the definition of
T+ toT'1 as follows. Ifx € I'_ then we put—_(x) = 0 and denote— (x) the length of the integral
curve havingx as its left end—point; similarly ik € I, then we put—(x) = 0 and denote_ (x)
the length of the integral curve havingas its right end—point. Note that with such a definition, it
is not difficult to provery are measurable ov€2UT'_ UT,.

The main aim of the present discussion is to repre$gras a collection of characteristics
running between points df _ andT", so that the integral ove® can be split into integrals over
I"_ (orT'y) and along the characteristics. However, we cannot dorthasarecise way now since,
in general, the set§, andI"_ do not provide a partition 0d€2 since there still may be too
many characteristics which extend to infinity on either siisnce we have not assumento be
bounded]I'_ orI"; may be empty and also we may have characteristics running-freo to +o0o
such as periodic ones. Thus, in general characteristicsngtdrom I"_ or ending at"; would
not fill the whole€2 and, to proceed, we have to construct an auxiliary set byhditig €2 into the
time domain and use the approach Df][which is explained below.

2.2. Integration along characteristics. For any0 < T' < oo, we define the domain
QT =Q x (0, T)

and the measuréur = du ® dt on Qp. Consider the vector field ovéR:

B)
Y =5+ F(x) - Vi = (6) Ve

for any¢ = (x,t). We can define the characteristic curveszofas the
s)) to the system(f—sg(s) =/ (&(s)), i.e.

wheres/ (§) = (F(x),1
solution&(s) = (X(s), 6

—~ ~—

X(s) = F(X(s)), 0()=1, (s€R),

with
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It is clear that the solutiof(s) to such a system is given by
X(s) = ®(x,5),  0(s) =s+1,

and we can define the flow of solutidn(¢, s) = (®(x, s), s+t) associated te7 and the existence
times of the characteristic curves Yfare defined, for ang = (x,¢) € Qp, as

04 (&) =inf{s > 0,(®(x,£s),£s +1t) & Qr}.

The flow W (-, -) enjoys,mutatis mutandisthe properties listed in Propositi@i3. Moreover, since
<7 is clearly Lipschitz continuous of27, no characteristic 0¥ can escape to infinity in finite
time. In other words, all characteristic curvesYoinow have finite lengths. Indeed, ¥ (x, +s)
does not reachs?, then the characteristic cur¥(¢, +s) enters or leave€ through the bottom
Q x {0}, or through the to§2 x {T'} of it. Precisely, it is easy to verify that fgr= (x,¢) € Qp
we have
(&) =) A (T —1) and (_(§) =7_(x) At,

whereA denotes minimum. This clearly implieap{/. (&) ; £ € Qp } < T. Define now

Yy = {C € 0Qp; 3¢ € Qp such that = ¥ (£, +04(€))}.

The definition of> 7 is analogous td'; with the understanding that the charateristic curves
now correspond to the vector fiele. In other wordsX_ 7 (resp. X, 7) is the subset 0dQ 7
consisting of all left (resp. right) limits of characteitsturves ofe7 in Qp wheread™ _ (resp.T"y)

is the subset of<2 consisting of all left (resp. right) limits of characteristurves ofF in Q2. The
main difference (and the interest of such a lifting2@) is the fact thaeach characteristic curve of
</ does reach the boundariés;  in finite time The above formulae allow us to extend functions
/4 to X4 7 in the same way as we extended the functiepdo I'.. With these considerations,
we can represent, up to a set of zero measure, the phase(3pae

Qr ={¥(,s); €l 1,0<s <l ()}
={¥(¢ —s); €l r,0<s<l_(§}.
With this realization one can prove the following:

(2.5)

Proposition 2.5. LetT" > 0 be fixed. There are unique positive Borel measdreson >4 7 such
thatdur = dvy ® ds = drv_ ® ds.

Proof. For anyé > 0, define.#; as the set of all bounded Borel subsétof ¥_ 7 such that
0, (&) > éforanyé € E. Let us nowfix E € .Z;. Forall0 < o < 6 put

E,={¥(,s); €€ E,0<s< o}

Clearly E, is a measurable subset@fr. Define the mapping : ¢ € (0,6] — h(o) = ur(E,)
with 2(0) = 0. If o7 ando, are two positive numbers such that+ o, < d, then

Eoitoy \Eoy ={¥({,5); (€ E,01 <s<o1+o02} ={¥(n,01);n€ E,,}.

The properties of the flowr (see Propositior2.3) ensure that the mapping — W (n,01) IS
one-to-one and measure preserving, so that

b1 (Egytoy \ Eoy) = pr(Esy) = h(02).
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SinceEy, 15, = Eo, U (Ey 10, \ Eo, ), we immediately obtain
(2.6) h(oy + 02) = h(o1) + h(o2) for any o1, o9 > 0 with oy + 09 < 6.

This is the well-known Cauchy equation, though defined onhao interval of the real line. It can
be solved in a standard way using non negativity instead mtiraaity, yielding:

h(o) = cgo forany 0<o<d

wherecry = h(0)/§. We definev_(E) = cg. Itis not difficult to see that, with the above
procedure, the mapping_(-) defines a positive measure on the rigg = J;., %5 of all the
Borel subsets oE_ 1 on which the functior?. (¢) is bounded away from. Such a measure_
can be uniquely extended to thealgebra of the Borel subsets bf r (see e.g. 15, Theorem
A, p. 54]). Consider now a Borel subsktof ¥_ r and a Borel subset of R™, such that for all
¢ € Fands € I we have) < s < £,(§). Then

ExI={¥¢s);{€cEsel}CQr.

Thanks to the definition af_(-), we can state thatr(E x I) = v_(E)meas(I) where mead)
denotes the Lebesgue measurd af R. This shows thatlyr = dv_ ® ds. Similarly we can
define a measure;, on X, 7 and prove thatlur = dvy ® ds. The uniqueness of the measures
dv is then obvious. O

Remark 2.6. Note that the above construction of the Borel measuies differs from that of
[14, Lemmas X1.3.1 & 3.2][10, Propositions 7 & 8which merely apply whep is absolutely
continuous with respect to the Lebesgue measure. Our cmtisin is much more general and can
also be generalized to the case of a non—divergence forcei¢y].

Next, by the cylindrical structure &2, and the representation bf, 7 as
Y_r=T-x(0,T)ux{0} and X; 7= (T4 x(0,7))UQ x{T},

the measuredrv, overI'. x (0,7") can be written aslvy = dus ® dt whereduy are Borel
measures ofi. This leads to the following

Lemma 2.7. There are unique positive Borel measuigs. on I'. such that, for anyf €
LY, dpr)

T T (y)At
[ re ) = /0 at /F ) /0 F(@(y,—s).t — 5)ds

(27) T (X)AT
4 /Q du(x) /O (@ (x,—s), T — 5)ds,
and
T T+ (y)N(T—t)
/ Fx, )dur(x, t) = / at / dyi(y) / T H@ ()t + s)ds
(2.8) Qr 0 r_ 0

+/Qdu(x) /OT+(X)AT f(@(x,5),5)ds.
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The above fundamental result allows to compute integral theecylindrical phase-spad@r
through integration along the characteristic curves. lsehow generalize it to the phase space
Q2. Here the main difficulty stems from the fact that the chamastic curves of the vector field
JF are no longer assumed to be of finite length. In order to extemdma?2.7 to possibly infinite
existence times, first we prove the following:

Lemma 2.8. LetT" > 0 be fixed. Theny(x) < T for anyx € Q if and only if7_(x) < T for
anyx € Q.

Proof. Assume thafl’ > 7, (x) for anyx € €2 and that there iz € © such thatr_(z) > T.
One can assume without loss of generality thatz) > 7. Indeed, ifr_(z) = T, sinceQ2
is open, the orbit passing throughcan be continued beyond ensuring the existencg af
with 7_(z') > T. Now, if 7_(z) > T, foranyT < ¢t < 7_(z),y = ®(z,—t) € Q and
®(y,s) = P(z,t —s) € Qforall 0 < s < ¢. This leads to the contradiction that(z) >t > T.
We proceed in the same way for the converse implication. O

The above lemma allows to prove a representation formulanfegral of the typefQ fdu
in terms of integrals ovel'y. Hereafter, the support of a measurable functfodefined on2
is defined asSuppf = Q \ w wherew is the maximal open subset 6f on which f vanishes
du—almost everywhere.

Proposition 2.9. Let f € L'(€,du). Assume that there exists > 0 such thatr.(x) < T for
anyx € Supp(f). Then,

[ reaneo = [ ) | T @y, ds

ry

[ ) | " @y, 5)as.

(2.9)

Proof. For anyT > 9, define the domaif2;y = © x (0,7). SinceT < oo, it is clear that
f € LY(Qp,dudt) and, by @.7), we get

7 [ reodute) = [ Ca / A ty) / Y @ty sast

Janeo) [ " @ )as

Since the formula is valid for an§" > 7, differentiating with respect td@" leads to the first
assertion. The second assertion is proved in the same wasittny fiormula 2.8). O

To drop the finiteness assumption 9a(x), first we introduce the sets
Qp ={xeQ; 1:(x) < 0}, Qi ={x€Q; 71(x) =0},
and
Tioo ={y €T's; m¢(y) = oo}
One gets
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Proposition 2.10. Let f € L'(£2,dy). Then

”f:F(Y)
(2.10) | rdut = [ dnaty) [ 7 @0y s
and
(2.11) /Q RGO /F i () /O £ (®(y, F)) ds.

Proof. Assume firstf > 0. Let us fixT' > 0. Itis clear thatx € Q satisfiesr; (x) < T if and
only if x = ®(y, s,0),withy € 'y and0 < s < T A 7—(y). Then, by Propositioi2.9,

TAT-(y)
/[T+(x)<T} f(x)du(x) = /F+ d,u_,_(y)/o f(®(y, —s))ds.

Sincef > 0, the inner integral is increasing withand, using the monotone convergence theorem,
we letT — oo to get

(¥)
£t = [ disy) [ 1 (@ly-9)ds
Q4 I 0
which coincides withZ.10. We proceed in the same way integrationIon and get the second
part of 2.10. Next we consider the set
A={xeQ;x=®(y,—5), Yy € Voo, 0<s<T}.
Proposition2.9 asserts that

T
[ 160t = [ duety) [ sy
A Qoo 0
Letting againl” — oo, we get 2.11). We extend the results to arbitrafyby linearity. O
Finally, with the following, we show that it is possible tairsfer integrals over _ to ' :
Proposition 2.11. For anyy € LY(I'_,du_),
2.12) / L) = [ e @) )

P\l oo
Proof. For anye > 0, let f. be the function defined of2; N Q_ by

P(@(x, 7 (x))) :
Ve(x) = { if 7 (x) +7(x) > ¢

T+(x) + 7-(x)
0 else

Sincey. € LY(Q NQ_,du), Egs. .10 and @.11) give

T+(y) ds
/ﬂmﬂ Pl = /{T+<y>>e}\roo du_(y)/o w(y)u(y)

Y(y)dp-(y).

B /{T+<y>>e}\roo
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In the same way,

d _ q —(¥) >
/Q o Pe(x)dp(x) = /{ R 14-(y) /O Y(®(y, —T_(y)))T_(y)

Y(®(y, —7-(y)))dp—(y),

/{T (¥)>eN\ oo

which leads to

OBy~ ()i ) = [ () ()
{r()>eN\M o

for anye > 0. Passing to the limit as — 0 we get the conclusion. O

/{T (¥)>eN\ oo

3. TRACE OPERATORS AND BASIC EXISTENCE RESULTS

3.1. The maximal transport operator and trace results. The results of the previous section
allow us to define the (maximal) transp@it.. as the weak derivative along characteristic curves.
To be precise, we define the set of test-functi@hgas the collection of all bounded measurable
functionsy with compact support if2 that, for anyx € €2, the mapping

s € (—7-(x), 74 (x)) — P(P(x,9))
is continuously differentiable with

e LY(Q,du).

d
d—sib(‘l’(a 3)) o

Then, we adopt the following definition:

Definition 3.1. We define the domaif¥(7,,.x) Of the transport operatof,,,; as the set of all
f € LY(£2,du) for which there existg € L!(£2,du) such that

d
[ owixanto = [ 1) 5-o@exs)

In this caseg =: —Tnaxf.

dp(x), Vi €.
s=0

Let us recall that, iff; and f, are two functions defined ovéR, we say thatfs is arepresen-
tative of f1 if u{x € Q; fi(x) # fa2(x)} = 0, i.e. whenf;(x) = fa(x) for u-almost every
x € Q. The following proposition can be adopted as an alternatafenition of (7,ax, Z(Tmax))
(see Appendix A):

Proposition 3.2. The domainZ(T.,.x) is the set of allf € L'(£2, du) which admits a represen-
tative f* such that:
(1) there existy € L'(€2,du) such that for anyk € Q and any—7_(x) < t; <ty < 74(x)
to
fr(@(x,t2) = fH(@(x, 1)) = / 9(@(x, s))ds;

t1
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(2) for y-almost ever, € €2, one has
lim b= (F4(2(x, 1) = (%)) = g(x).
In such a case, one defin@g.f := —g € L'(2,dp).

Note that, by virtue of1), for anyx € Q, the mapping € (—7_(x), 74+ (x)) — f*(®(x,s))
is absolutely continuous However, property (2) is not a consequence of (1) as an eyl
continuous function may fail to be differentiablesat 0, which is the essence of (2). It turns out
that 7,,.« f does not depend on the choice of the representgtiveOne can state the following
trace result:

Proposition 3.3. Let f € 2(7max). Then there is a representatiyé of f such that the limit
Jim f(2(y, )
exists for almost every € I'_. Similarly,lims_.o4 f*(®(y, —s)) exists for almost every € T',..

Proof. From the definition of%(7y,.,) one has in particulaf,,..f € L'(Q2_,du). From Eq.
(2.10, one sees then that, for almost evgrye T'_, the mapping € (0,74(y)) — f(®(y,s))
is integrable over0, 7, (y)). We shall denote by _ the set of suchy’s. Furthermore, using
Proposition3.2 (point (1)), there exists a representatiffeof f such that, for any € J_ and any
0 < s < sp < 7+(y), the following holds

F(®(y.5) — By 50) = — / Y o F1(® (1)) dr

Itis clear that the limifim_.o; f*(®(y, s)) exists and equals

f(®(y,s0)) — /OSO [Trnax f1(®(y, 7))dr.

It is easy to check that this limit does not dependsgiThe existence ofim;_.o;+ f*(®(y, —s))
for almost everyy € T', follows by the same argument. O

The above proposition allows to define the trace operators.
Definition 3.4. For any f € 2(Tmax), define the traceB* f by
BYf(y):= lim f*(®(y,~5))  and B f(y):= lim [*(2(y,s))
for anyy € I'. for which the limits exist, the representatiye being provided by Propositio8.3.

Note that, as we saw in the proof of Proposit®, for any f € 2(7.x) and a.ez € T',

B"f(2) Zf*(i’(h—t))—/o [Tomax [1(®(2, —s))ds, vt € (0,7(2))

wheref* is a suitable representative ff A same formula holds foB~ f.
Lemmaz2.7 provides the existence of Borel measudes. on ' which allow us to define the
natural trace spaces associated to Problei),(namely,

LY = L' Ty, dps).



SEMIGROUPS FOR GENERAL TRANSPORT EQUATIONS 13

We note, however, that fof € X, the tracey € '+ —— B* f(y) not necessarily belong tb..

3.2. Basic existence resultsLet 7, be the free streaming operator witlh re—entry boundary
conditions

'Toib = Tmaxl/} for any1/1 € @(7-0)7
where the domai(7p) is defined by

@(TO) = {¢ € Q(Tmax) ;BT = O}-
We state the following generation result:
Theorem 3.5. The operator(7y, (7)) is the generator of a nonnegative,-semigroup of con-
tractions (Up(t)):>0 in X given by

Uo(t) f(x) = f(<I>(x, _t))X{t<T,(x)}(x)7 (X €N, feX),
wherey 4 denotes the characteristic function of a skt
Proof. The proof is divided into three steps:
e Step 1.Let us first check that the family of operatqii,(t)):>o iS a nonnegative contractive

Coy-semigroup inX. Thanks to Propositio.3, we can prove that, for any € X and anyt > 0,

the mappingUs(t)f : © — R is measurable and the semigroup propertigd))f = f and
Uo(t)Uo(s)f = Up(t+ s)f (t,s > 0) hold. Let us now show thatlUy(¢) f||x < | f]lx. We have

1Ua(t) /1 = / Uo(t) fldps + / Uo(t) Fldps + / Uo(t) Fldp.

Q4 Q_NQ4 Q_ Ny
Proposition2.10and?2.3yield

7—(y)
I o)l = / s ty) /0 " Uot) f(@(y, —s))ds

max(0,7—(y)—t)
— [ 4w [ F(@(y, —s — 1))]ds
I, 0

max(t,7— (y))
< /F ) / F(@(y, —r))[dr < /Q Il

In the same way we obtain

[, o wosae= [ ) [T gps= [

'« Q_NQ4
and

/ Uo(t) fld = / Fldp.
9700094,00 Qfoonn+oo

This proves contractivity of/y(¢). Let us now show thal/y(¢) f is continuous, i.e.
lim [[To(t)f = fllx = 0.

It is enough to show that this property holds for ghy €°(€2). Inthis caselim;_.o Uy (t) f(x) =
f(x) for anyx € Q. Moreover,sup,cq |Uo(t) f(x)| < supycq | f(x)| and the support dfy(t) f
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is bounded, so that the Lebesgue dominated convergenaethésads to the result. This proves
that (U (t)):>0 is aCp-semigroup of contractions iX. Let.4, denote its generator.
e Step 2.To show thatZ(Ay) C Z(7) let f € Z(Ap) be fixed. Then, for any > 0, one has

t
(3.1) Un(t)S = £ = [ Un(s) Ao
0
Letus fixd > 0 and se€2s = {x € Q; 7_(x) > J}. From @.1), the mapping

u:te(0,0)— Up(t)f| € L'(Qs,du)

Qs
is continuously differentiable with derivative

u'(t) = Up(t)Aof

Qs

Sinceu(t)(x) = [Uo(t)fl(x) = f(®(x,—t)) forany0 < ¢t < ¢ and anyx € €25, one deduces
from [8, Theorem 2.40] (see als@§, Theorem 3.4.2]) that

(i) for anyx € Qs, the functiont € (0,4) — f(®(x,—t)) is absolutely continuous,
(i) for almost every(x,t) € s x (0,9), 0, f (®(x, —t) exists and

O f(®(x, 1)) = Ao f(®(x, 1)),
i.e.
lim 1 (F(@(x, ~t+ b)) = F(B(x,~1)) = Ao (B(x, 1)) fora.e.(x,1) € 2 x (0,0).
In particular for any) < e < 4, there exist$) < ¢ty < e such that
lim Rt (f(®(x, —tg + h)) — F(®(x,—10))) = Aof(®(x, —t0)) fora.e.x € Q.
Note that
Qs ={yeQ;7_(y) >0, 7+-(y) > ¢} C{®(x,—tg); x € Qs}.
Therefore, setting
Ns = {x € Qs Jim RN (f(®(x, —to + h)) — f(R(x, —t0))) # Aof (B(x, —t0))}
andNs = {y € Qs limp—oh™' (f(2(y, 1)) — f(y)) # Aof(y)} one sees that
Ns.e C ®(Ns, —to).
From Liouville’s Theorem (Prop2.3), uu(®(Ns, —to)) = u(Ns) = 0, so that
lim h=1(f(@(y, h) = f(y)) = Aof(y),  for y-almost every € ;..
Sinced > 0 and0 < e < § are arbitrary, one obtains that
lim A (f(®(x,h)) — f(x)) = Ao f(x), for p-almost everk € Q.
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Applying now [8, Theorem 2.40] to theero-th order time derivativef «(-), one gets that, for any
x € Q, the functiont € (0, 7_(x)) — f(®(x, —t)) is absolutely continuous with

f(®(x,—t3)) — f(®(x,—11)) = / 2[.Aof](@(x, —s))ds, V0 <t < to < 7_(x).

t1

This proves thalf € 2(Tmax) With Thax f = Aof. To prove thatf € 2(7;) it remains only to
prove thatB~ f = 0. To do so, let\ > 0 andg = (A — Ag) f. Then,

T (%)
f(x) :/0 exp(—At) g(®(x, —t))dt, (x € Q).

Lety € I'_ and0 < t < 74 (y). Noting thatt = 7_ (®(y, t)), by Propositior2.3we obtain
t

f(@(y.1) = /0 exp(—As) g(®(®(y, 1), —s)ds = /0 exp(—s) g(®(y, s — £))ds
- /0 exp(—A(t — 5)) g(®(y, 5))ds.

Consequentiflim; o+ f(®(y,t)) =0a.eycI'_,i.e.B~f =0.

e Step 3.Let us show now the converse inclusién7y) C Z(Ag). Let f € 2(7p). We may
suppose, up to changingon a set of zero measure, that= f* where f* is the representative of
f provided by Prop3.2 Then, for anyx € 2 and any0 < ¢t < 7_(x) one has

F(@(x, 1) — f(x) = /0 Trnase f1(B(x, —1))dr

which, according to the explicit expressionl@f(t), means that

(3.2) Vo) /(%) — f(x) = /O U () Tonae f (x)dr

holds for anyx € €2, andt < 7_(x). Letting ¢ converge towards_(x) one obtains

T_(%)
flx) =~ /O [Tomax f](®(x, —7))dr.

In particular, Eqg. 8.2) holds true for anyk € €2 and anyt > 7_(x). Consequentlyf € 2(Ap)
with Ao f = Trax f- O

One can now state the following result.

Theorem 3.6. Letu € L! andg € X be given. Then the function

(%)
fx) = /O exp(—At) g((x, —1))dt + X{r_ (x)<o0} EXP(=AT- (%)) u(P (%, =7 (x)))

is theunique solution f € 2(71,.x) of the boundary value problem:

(33) {(B)\__ z-max)f =g
f=u
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whereX > 0. MoreoverB* f € L! and

(3.4) BT fllcy +Allfllx < llullze +llgllx-

Furthermore, ifg > 0 andu > 0, then(3.4) turns into equality.

Proof. Let us writef = f1 + fo with f1(x) = [~ exp(—At) g(®(x, —t))d¢, and
f2(%) = X{r_(x)<oo} EXP(=AT- (%))u(®(x, —7-(x))),  (x € Q).

According to Theoren8.5, fi = (A — 79)"lg, i.e. fi € D(Tmax) With (A — Toax)f1 = g
andB~ f1 = 0. Therefore, to prove thaf is a solution of 8.3) it suffices to check thaf, €
D(Tmax)s (A — Tmax)fo = 0@andB~ fo = w. It is easy to see that, for any € € and any

s € (—7-(x), 74 (x))
(3.5) f2(@(x,5)) = exp(—As) f2(x).
According to Prop3.2 it is then clear that
fo € D(Tmax) With  Thaxfo = Afa.
Moreover, we deduces fron3.6) that
f2(@(y, 1) =exp(=A)uly),  (yeT-, 0<t<7(y))

from which we see thaB~ fo = u. Consequently,f is a solution to 8.3). To prove that the
solution is unique, it is sufficient to prove that the onlyumn i € 2(7,,ax) tO

(A — Trnax)h =0, B"h =0

is h = 0. This follows from the fact that such a solutidgnactually belongs ta7(7,) while
A € 0(7p). Finally, it remains to prove3(4). For simplicity, we still denote by, its representative
provided by Propositior8.3. Using @.5 and the fact thaff, vanishes orf2_., we infer from

(2.10) that
T+(y)
A it = [ = [ ane) [T e Mutylar

- / lu(y)] (1 —~ e‘”“”) dp—(y)-

(3.6)

Defineh : y € I'_ +—— h(y) = |u(y)le ™). Itis clear thath vanishes of'_ ., andh(y) <
lu(y)| for a.e.y € T'_. In particular,h € L' and, according toX(12),

h(y)du—(y) = / h(y)du—(y) = / h(®(z, —7_(2)))dus (2)

P A\'—0o P\l oo

- / e (B2, —r_(2)))|dju (2)
P\ oo

I

= [ 18" R @) = [ el
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Combining this with 8.6) leads to
3.7) Allf2llx + BT fall L = lullz -
Now, let us show thaB* f; € L! and |]B+leL1+ + Afllx < |lgllx. For anyy € 'y and
0 <t<7_(y), we see, as above, that

T (y)—t
£1(®(y.1,0)) = /0 exp(—As)g(B(y, —s — 1)ds

7—(y)
- / exp(—A(s — £))g(®(y, —s))ds.

This shows thaB™ f1(y) = lim,_,+ f1(®(y,—t)) = fOT’(Y) exp(—As))g(®(y, —s))ds. Ac-
cording to Propositior2.10,

—(y)
du+(y)/0 lg(@(y, —8))Id8=/ lgldu

F+ Q+

which, sinceexp(—A(s — t))|g(®(y, —s))| < [9(®(y,—s))|, impliesB* f; € L. Let us now
assume > 0. Thenf; > 0,

A|f1\|=A/f1du=A fldum/ fldum/ £ dp.
Q Q. 2Ny oo Qoo N oe

Using similar arguments to those used in the study,pfve have
(y)
A hdu= [ ) [ a@( ) (1 ep(-a0)dt,
Q4 Iy 0
which, by Propositior2.10, implies

A flduz/ gdu—/ B f1dpus.
Q. Q. r,

Similar argument shows that

A/ flduz/ gdu,
Q_ N2y oo QN2 oo

A Sidp = / gdpu,
Qfoomﬂ+oo 9700094»00

follows since this case behaves as the whole space case.sfidvs that\ |f||x = |gllx —
|]B+f|]L1+ for g > 0. In general, defining

while the equality

7— (%)
Fi(x) = /O exp(—As) [g(B(x, —s)[ds,  (x € ),

we obtain|]B+f1HL1+ + A f1llx < HBJfFlHLl+ + A |F1]|x = |lgllx, which combined with&.7),
gives @.4). O
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Let us note that, with the notation of Theoré&®, we have

(3.8) /F+ B+fd,u++/\/ﬂfd,u:/Fud,u_—|-/di,u.

Indeed, for nonnegative and g, (3.4) turns out to be an identity which is preciseB.§). Then,
for arbitraryu € L' andg € X, we get 8.8) by splitting functions into positive and negative
parts. This leads to the following generalization of Gredarmula:

Proposition 3.7(Green’s formula). Let f € Z(Tyax) be suchthaB~f € L. ThenB* f € L

and
[ Towsan= [ B pap- [ B rdus
Q r_ r,

Proof. For givenf € 2(Tw.x), We obtain the result by setting = B~f € L' andg = (A —
Thax)f € X in Eq. 3.9). O

Remark 3.8. If du is the Lebesgue measure B, the above formula leads to a better under-
standing of the measurek:+. Indeed, comparing it to the classical Green’s formula (seg
[9]), one sees that the restriction @fi. on the seb L = {y € 9Q; +F(y) - n(y) > 0} is equal

to

[F(y) - n(y)ldv(y)
whered~(-) is the surface Lebesgue measurej§a.

We conclude this section with a result similar to Theorg® Precisely, for boundary value
problems with data given o, we have the following generalization @,[Lemma 2.2]

Proposition 3.9. Givenh € LY, let

T_ (X)6_7—+ (x)

h(‘I’(x,ﬂr(x))m if 7_(x) 4+ 74(x) < o0,
Fx) = h(®(x, 74 (x))e ) if 7_(x) =o00andry(x) < oo,
0 if 7 (x) = oc.

Then,f € Z(Tnax), B~ f = 0, andB* f = h, with || f[|x < [[All,: and | Tofllx < [I7]l, -

Proof. Let us show thaf € 2(7max) With

(3.9) )
_T+X—1+T_X if 7_(x) 4+ 74(x o0
[ O R ) <o
maf (X) = —h(®(x, 71 (x))) e ™) if 7_(x) = oo andry(x) < oo,
0 if 74(x) = oc.
Let
1+ 7-(x)

— —rp(x)__ - T\
90x) = MBEx, 7 (x))) 7 e g X (o () <oo)
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Letx € Q befixedwith 7_(x) 4+ 71 (x) < oo. One has

e e (T00 T S)exp (“7(x) + 5)
f((I)(X7t))_h((I)( ) +( )) 7__( )+T+( )
while

G(®(x,5)) = h(®(x, 7+ (x)) exp(—T (x) + >% Vs € (—7(x), 74 (x).

Thus, for any given-7_(x) < t; < ta < 74(x)

/t2g(<I>(x, $))ds = h(®(x, mg»% /t " exp(s)(1 + 7 (x) + 5)ds

= @0, () TR () 4 ) explo)

to

t1
It is then immediate to recognize that

to
| @ s)ds = F@ b)) - f(@Gx,t)
Moreover, it is also easy to check that
lim b0 (f(@(x,h) — F(x) = gx),  p—ae. x€Q T (x)+7(x) < oo,

One proceeds in the same way foe Q with 7_(x)

= oo andr(x) < oo which proves thaf €
D (Timax) With Tpay f given by B.9). Next we show|f||x < [|h]|;r and||Tmaxfllx < [|R] 2
First we notice that

/ 1FG)ldu(x / (0 du(x) = /Q Gl + /Q 160l

sincef(x) = 0 wheneverr, (x) = co. Now, according to the integration formula.10),

T_(x 6_T+(x)
/ [ (x)]dp(x) =/ (@, 72 ()| =T
QN0 QN

T_(x) + 71(x)
_ - |n(z)| e e @ 41 (z) — 1
- /F L dute /0 N () = s)e s = /F o I )
</ LCLTE

In the same way, according to EQ.1J),

fo o 100000 = [ it [ e s = [ ntedn o)

oo
One obtains thus that

Iflx = [ 1760l < [ L In@ldut) + | m@luta) = [al,.
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One proceeds in the same way to show Bl f||x < \|h||L1+. Sincef € P(Tmax), let us

denote byf* the representative ¢f provided by Propositio.3. Lety € I'_ and0 < t < 7 (y),
we have
tet=m+ ()

(3.10) fH( @@y, 1) =h(®(y,74(y))) )

andB~ f(y) = limy—o f*(®(y,t)) = 0 for a.e.y € I'_. In the same way, givea € T} and
0 <t < 7(z), we have
(r—(z) —t)e™

f*(q)(z7 _t)) = h(Z) T_(Z)

so thatB™ f(z) = h(z) for a.e.z € I';. This ends the proof. O

X{rt(y)<oo}

X{r_(z)<oo} T € X{r_ ()=} | -

3.3. Transport equations with abstract boundary conditions. For any(linear) bounded bound-
ary operatorH € #(L., L), defineTy as
THw = Tmaxl/} for any1/1 € ‘@(TH)a
where
PD(Tu) = {¢ € D(Thax); BT € L1, B™9p = HB 9} .
For anyA > 0, we define the operators:
M, : L' — L%
ur— [Myu] (y) = u(®(y, —7-(y))) exp (=AT-(¥)) X{r_(y)<oc}> (¥ €T4);

{EA . Ll X
ur— [Exu] (x) = u(P(x, =7 (%)) exp (= AT (X)) X{r_(x)<oc}r (X € Q) ;

{GA: X—>Lﬂ_

7_(2z)
f s [Grf] (2) = /O (@ (2 —s)) exp(~As)ds, (z€Ts);

and
{C’A X — X

T— (%)
fr—[C\f](x) = /0 f(®(x,—s))exp(—As)ds, (x € Q).

Thanks to Holder’s inequality, all these operators arended on their respective spaces. Note
that=, is a lifting operator which, to a givem € L' associates a functiofi= Zyu € Z(Tmax)
whose trace oh'_ is exactlyu (Theorem3.6). The operatoM, transfers functions defined on
I'_ to functions defined o', and, using Theorer.5, it is easy to see that', coincides with
the resolvent offy, i.e. C\f = (A — 7o)~ f forany f € X, A > 0. In particular, RankC,) C

9 (Tmax)- Moreover, still using Theorer.6, we see thaty, f = BTC,f for any f € X and
Myu = BTE,u for anyu € L}r. Finally, we see thafr) is surjectivefor any A > 0. Indeed,
according to PropositioB.9, we have that for any € L!, there is anf € 2(Twmax), such that
BT f = gandB~ f = 0. The latter property means thate 2(7;) so that, for anyA > 0, there
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isy € X such thatf = Z()\,7p)v. In this caseg = BT f = Gy and |9 x < N|fllx +
170 fllx < (14 N)|lgllx. The above operators allow to solve the boundary-valuel@nob

(/\ - Tmax)f =g
(3.11) {B_f gy

whereg € X and\ > 0. Precisely, we have

Proposition 3.10.Letg € X be given. Assume that for sotkg> 0 the seriesy "> (M, H)"G), g
converges i} . Then the function

(3.12) f=Cx\g+ExH <Z(M)\OH)TLG)\OQ>

n=0

is a solution of(\g — 7)) f = g. If, moreoverH > 0, then the thesis is valid for al > \o.

Proof. DefineSy,g = > 0 (M), H)"G),g. By assumptionsS,,g € L so thatHSy,g € L!.
Then, as we have already seen, bot{yg and=,, HS,,g belong toZ(7;,ax). This shows that
=09+ ExHS)\G9 € Z(Tmax). Furthermore,

B_f = B_CAOQ + B_EAOHS)\OQ = HS)\Og

sinceCy,g € 2(Ty) andB~=,,u = u forallu € L. In a similar way,
BT f=BTCyg+ B ENHS\ g =Grg+ My HS)\ g = Z(MAOH)NGAOQ = Sx 9
n=0
sothatB~f = HBT f,i.e. f € 2(7Ty). Finally, Theorems3.5 and 3.6 assert respectively that
(Ao — Timax)Crg = g and (Ao — Tax)Ex,u = 0 for anyu € Li so thatf solves 8.11) with
A = Ag. The statement foff > 0 follows from the fact that\/, andG, decrease with and thus
the series in3.12 converges for any > . O

As a consequence, one gets the following generation rasutbhtractive boundary operators
already stated in0, 14]:
Theorem 3.11. AssumeH to be strictly contractive, i.e|.|H||%(L1+,L17) < 1. Then7y generates
a Cp-semigroup of contractionf/(t)):>o and the resolvent\ — 7))~ is given by

(3.13) (A= TH)‘l =C\+E\H <Z(MAH)"GA> forany A >0

n=0

where the series is convergentd#(X).

Proof. It is easy to see thattM, || < 1 for any A > 0. In particular,|MyH|| < 1 forany A > 0
and the serie3_>° (M, H)"G, converges in4(X, L1 ). Fixnowg € X and letf € X be given
by (3.12. Proposition3.10ensures thaf is a solution of 8.11) while (3.4) implies that

Allfllx < llgllx +11B™ fllr = 1B £l -
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Since|[B=/ll1 = || HB*fllx < 1B+ f];1., we geth| f]lx < |lgllx or, equivalently,

1A =Tu)fllx = Allfllx-

Therefore7 is a densely defined dissipative operator (recall tWéf;;) contains the set of

compactly supported continuous functions)of Moreover, the range af\ — 7) is exactly X

according to PropositioB8.10so that the Lumer-Phillips Theorem leads to the generagsalt.
O

Remark 3.12. Hadamard’s criterion ensures that the serie{®13) converges in(X) for any
A > 0 and any boundary operatdil such that-,(M\H) < 1.

4. MULTIPLICATIVE BOUNDARY CONDITIONS

In this section, we consider the general CM]@(L}HLD > 1, and we provide, in the spirit of

[18], a sufficient condition o ensuring tha generates &'yp-semigroup inX. Let y. denote
the following multiplication operator it} :

~July) if 7 (y) <e,
[xeul (y) = {0 else

foranyu € L} and anye > 0. Our main result is the following

Theorem 4.1.LetH € #(LY,L1). If
(4.1) lim sup | Hxel| g2 11y <1,

e—0

then7y generates &'y-semigroup(Vy (t)):>o in X such that
1H]] t 1— [[Hx|l
(4.2) VeIl € 7— 7 exp |~z log | —=— (t>0),
1= [[H x|l € 1H]]
for anye > 0 such that| H x| < 1.

The strategy to prove this result is adapted frdl] [and consists in performing a suitable
change of the unknown function id.Q) (similar to that used in14, Chapter XllI]) so that the
new unknown satisfies an equivalent evolution probldm) (but with a boundary operator which
is contractive, provided the assumptiohl) holds. More precisely, for ang < 0, define the
multiplication operator irL}r:

Ma : LY 3w [Mou] (y) = exp{a(r_(y) A k) bu(y) € LL,
wherek is a positive real number to be fixed later. L£{ be defined by
Zo 0 X3 f o [Zaf] (%) = expla(r_(x) AR)}f(x) € X.

SinceM,, € %(Lﬁr), it is possible to define the free streaming oper&ign, associated to the
boundary operatoH M,, € %#(L!, L1 ) and theabsorption operator

An o (%) = Tum (%) — a X x) <k} (%), Y € D(AR,a),



SEMIGROUPS FOR GENERAL TRANSPORT EQUATIONS 23

where

P Ana) = 2(Tum,) = {0 € P(Tmax); B0 € LY, B = HM,B ¢} .
The unbounded operatof$; andAp , are related by the following lemma.
Lemma4.2. Forany0 < a < 1, Z;'9(Ty) = 2(Ane) andTy = 2o Ana 25

Proof. Let 0 < o < 1 be fixed. One sees easily th&f, is a continuous bijection fronX” onto
itself. Its inverse is given by

L feX = 20N f(x) = exp{—a(r(x) NR)H(x) €
Note thatZ,! € %(X) becausesup{r_(x) Ak ; x € Q} < k. Now, letf € 2(7y) and
g = Z;'f. Firstwe show thay € (T pay)- Settingﬂk = {x € Q; 7_(x) < k}, define

u(x) = exp(=7-(x)a) (= f (%) = Tmaxf (X)) Xe-

One has, for anyk € Q and anys € (—7_(x), 74 (x)):
u(®(x,s)) = exp(—at—(x)) exp(—as) (—ag(®(x,s)) — Tmaxg(P(x,s)) .
Then, using the fact that, according to Pr8,
g(q)(x, S)) = f(X) - /Os Tmaxf(q)(xar))dr7 Vx € Qk S € (—T_(X),T+(X))

sinceg € Z(Tmax), it is possible to show that, for any €

/82 u(®(x, 5))ds = exp(—7_(x)a) [exp(—sla)f(‘ﬁ(x, s1)) — exp(—s20) f(P(x, 52))

s1
= g(®(x,51)) — 9(P(x,52)), (—7-(x) <51 < s2 < T4 (x)).
Moreover, it is also clear that
lim 5" (g(@(x. 1) - g(x)) = ulx),  Vx € Q.
Since
9(x) = e X (X)X w<ry T € FUF (X)X o>k}
we obtain thay € Z(Tmax) With Traxg(x) = e~ (o f(x)x 1 () <hy + Tmaxf (X)), I

(43) Tmaxzo_glf = Zojl (a fX{T, <k} + Tmaxf) :

Still denoting byf andg their corresponding representatives provided by Proposit3, one sees
that, sincer_(y) Ak =0foranyy e I'_,

B7g(y) = lim g(®(y,s)) = lim exp(—sa)f(®(y,s)) =B~ f(¥).
Now, for anyz € I', using thatr_ (®(z, —s)) = 7_(z) — s forany0 < s < 7_(z), we have
BYg(z)) = lim g(®(z,~5)) = lim exp (~a((r-(z) A k) = 5)) [(2(2,5))
= exp (—a (7-(z) A k) BT f(2),
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i.e. Btg = M;'B*tf. ConsequenthB*g ¢ L} andB~g = HM,BTg. This proves that
9 € D(Ann)ie Z;'9(Ty) C P(An.). The converse inclusion is proved similarly. Finally,
forany f € 2(Ty), (4.3 readsTym, Z,' f = 25! (axr <y f + T f), ie.

ZoAuaZ ) f =Tuf Vf € 2(Tn)
which completes the proof. O
Remark 4.3. Note that the characteristic functiog,_<; in the definition ofAy . is missing

in the force-free case studied 8] but has to be considered if one wishes to take into account
characteristic curves with infinite length.

The above lemma shows that the evolution problem
atf(x7 t) + f(X) ’ fo(X, t) + aX{T,(x)gk}f(Xa t) =0
(4.4) B~f=HM.B*f
f(x,0) = exp{—a(r-(x) A k)}go(x), (x€Q)

is equivalent, by the change of variables, to probldmi)( Consequently, to prove th&g; is
a generator of &y-semigroup(Vy (t)):>o in X, it suffices to show thatly , generates &-
semigroup(Ve,«(t)),-, in X (for some negative:1). Moreover, by TheorerB.11, it is enough

to find a negativer such that| H M, || < 1. We are now in position to prove TheorehiL

Proof of Theoren#t.1 DefineQ = {a < 0; ||HM,| < 1}. As explained above, Lemn¥a2
and Theoren8.11imply that if @ # @, then7y generates &/-semigroup(V (t)):>o such that

(4.5) Vi) = ZuVio(t) 25" (t=>0,acQ),

where (Vi (1)) 5 is @ Co-semigroup inX with generatordy o (o € Q). Using assumption
(4.2), let us fixe > 0 so that||Hy.|| < 1 and choosé: to be larger thare. Then, for any
0<a<l,

[HMal|l < [Hxe Mall + [[H (I = xe) Mall < [[Hxell + [[H][ [|(T — xe) Mall-
Moreover
[(I = xe)Mall = sup { expla(r—(y) A k)] s y € 'y and(7—(y) A k) = €}
< exp(eq) (v <0).

Consequently,
[HMall < [H x| + [ H|| exp(ec)

anda € Q provided
1- HHXEH> |

(4.6) ea < log <
[H |l

Therefore,Q # @ and 7y is a generator of &'y-semigroup(Vy (t)):>0 in X. On the other
hand, sincedn ng = Tum,g9 — o x{r_<kyg foranyg € 7(Ap.o), and sincey v, generates a
Cp-semigroup of contractions, we see that

Viza ()] < exp (—ta) t=0, a€Q).
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Next, we see that
[Zall <1 and 271 < exp(—ka), (a€Q),

hence 4.5 implies ||V (t)|| < exp(—(k +t)a) for anyt > 0 and anya € Q. Noting that the set
Q is independent of (actually it depends only onand H through @.6)), we may letk go toe so
that

IVE ()] < exp(—(e + t)a) (t>0, acQ).
Now, for any fixeds > 0, optimizing the free parameterin (4.6) we obtain 4.2). O

The estimate4.2) on ||V (t)|| certainly is not optimal and can be improved for some geome-
tries of the phase space. One such case is described in tiilagobelow.

Corollary 4.4. Assume thainf{7_(y);y € I'+.} = ¢y > 0. Then, for any boundary operator
H e B(L., L), Ty generates &y-semigroup(Vy (t)):>o in X such that

IVar(8)] < max{1, | H||} exp (max{0,log [ H[}t/6) (¢ >0).
Proof. According to Theoren3.11, it suffices to prove the result fg)#7 || > 1. Noting that

0 if0<e<{
H =

we immediately see that

(1 (1 IIHX5||> } log |17]
infd—log | ————— ] ;|[|[Hx| <1p=— .
{e g( ) 1 7

The proof becomes now a straightforward application of Téegt. 1 O

This corollary shows that 2 is a phase space in which the lengthes of characteristiesane
bounded away frond, then the general transport equatidnlf is well-posed for any bounded
boundary operator H € (L., L!). Let us illustrate the above result with a few examples.

Example 4.5. In the first example we consider the force—free Vlasov equadti a slab of thick-
ness2a, (a > 0). In such acase? = {x = (z,v) € R*; —a <z < a, -1 < v < 1} and
F(x) = (v,0). Itis not difficult to see (see for instanckg, Section 4.1]) that the above Corollary
applies in this case sindef{7_(y); y € I'+} = 2a > 0.

Consider now an example of the Vlasov equation with a noratrierce term for which Corol-
lary 4.4 still applies.

Example 4.6. Let us consider the following two-dimensional phase space:
Q={x=(z,y) eR?;2°+y’<2and -1 <y < 1}

with the field 7 (x) = (—y,x) for anyx = (z,y) € Q. In such a case, the characteristic curves
arecircular, namely

P(x,s) = (rcoss —ysins,xsins + ycos s), x = (z,y), seR.
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In particular, for anyx = (z,y) € € such thatz? + y? < 1, one has(x) = co. Moreover,
My ={(z,-1); -1<tzx<0}U{(z,1); 0 <tz <1}
In this case, one can easily check thef{7_(y); y € Ty} = /2.

5. CONSERVATIVE BOUNDARY CONDITIONS

In this section we consider the case of conservative boyratarditions. Note that such bound-
ary conditions arise naturally in the study of gas dynamie§ &nd are typically associated to a
boundary operatoff such that

|HY[| = [loll,  forany ¢ e Lk, 4 >0
Theoremd.1does not apply to such boundary operators since
[HXel| = [[xell =1 forany e > 0.

Therefore to deal with the generation properties of theatpet;, we shall proceed in a different
way adapting techniques used 8] [n the force-free case. From now on, we adopt the following
assumptions, which are more specific than the conditioneabov

Assumption 3.

(@) The boundary operatol € (L%, L!) is positive.
(b) |H| =1.

(c) If f € L! is non-negative and/ f = 0, thenf = 0.

Under these hypotheses we can prove the existence reseiit givi heoren®.l This result,
with different proof, can be found irLp]. A less general version of it has been obtained alsé,in |
Theorem 2.8]. The proof for a general force figidwhich we present below for self-consistency
of the paper, is the same as 8] gince it only uses the series representation of the resbbfel;;
and the generation result for contractive boundary opesditheorens.11).

For any0 < r < 1, let (V.(t))i>0 be theCy-semigroup ofX generated byZ.y (whose
existence is given by Theoregll).

Theorem 5.1. Let H satisfy Assumptioli3). Then, for anyt > 0 and anyf € X the limit
Vu(t)f = lim, ~ V,.(t)f exists inX and defines a substochastic semigraif; (t)):>o. If
(A, 2(A)) is the generator ofV (t)):>0, then its resolvent is given by

(5.1) A=A f=Cf+ D E\H(M\H)"Gyf  foranyfe X, A>0,
n=0
where the series converges.n

Proof. According to Theoren3.11, for any0 < r < 1 and any fixed\ > 0, the resolvent off,. i
is given by

()\ — ZnH)_l =C\+ Z 7“”+IB)\H(M)\H)”G)\

n=0
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with supy_, -1 [|[(A — Zo) 7Y < A~ Then, for anyf > 0, the functionr € (0,1) — (XA —
7,1)~ ' f is non-negative and non-decreasing so that the following kxists

A =Tom) ' f = Caf + D ExH(MyH)"GAf

n=0
where the series converges absolutely because of the nmenotmvergence theorem. It is easy
to check that|Z(\) f|| < A7|f]l. Now, for f = f+ — f—, we defineZ(\)f = Z(\)f+ —
Z(\)f~ sothat#Z()\) is a linear and bounded operatorinwith || ()\)| < A~!. Furthermore,
the range of%Z(\) is dense inX since it contains th&°(Q2). Indeed, iff € %5°(€2), then
A=Trn)f = (A\=Ty)f = gisindependent of < r < 1, so that(A — Z,57) L9 = f — Z(\)g
asr 1. Now, thanks to Trotter-Kato Theorem, there exists an dpera@d, Z(.A)) which
generates &-semigroup(Vy (t)):>o in X and such tha#Z(\) = (A — A)~! for any A > 0 and
Vi (t)f = lim, ~ V,.(t)f, for anyt > 0. O

Remark 5.2. We note that the expressi¢h.1) implies that(V (t)):>0 does not depend on the
choice of the approximating sequence of semigrdipst)).>o. Indeed, for any sequence of non-
negative boundary operatof#,,), C Z(L%, L") with H,f / H f asn — oo for any nonneg-
ative f € L1, one can check thaty, (t) converges strongly to7; (¢).

AN f = lim

Remark 5.3. Note that, in contrast to what happens in the force-free ¢ésé&heorem 2.8jwe
cannot say at this moment thatl, Z(.A)) is an extension of7y, 2(7x)). This, however, will
become clear by Theoref?.

Remark 5.4. Note that, arguing as ifi6, Corollary 2.10] we can show that, for any > 0, the
seriesy >°  E,H(M,H)" defines a bounded linear operator frabi to X whose norm is less
than (or equal toY A + 1)/\.

5.1. Characterization of Z(.A). In this section we characterize the domain4by adapting the
extensions techniques used @) Section 3] in the force-free case. Such extension tecksique
similar to those introduced irb] in a different context (see als@]). Precisely, let us denote by
E_ the set of all measurable functions defined(bn,dy_ ) taking values in the extended set of
realsR U {+o0}. Itis clear thatL! c E_. In the sequel we shall dendfe:= =1 € Z(LL, X).
ThroughZ, we define the sdi_ C E_ as follows: f € F_ if and only if for any non-negative and
non-decreasing sequengg,),, C L1, satisfyingsup,, f, = |f| we havesup,, =f, € X. Such a
sequence will be called&-approximating sequence gf.

Definition 5.5. Forany f € F_, f > 0, we defind1f := sup,, 2f,, € X, for any=—approximating
sequencéf,), of f. If f = fy — f_,wedefind1fasNf=Nf, —Nf_.

Note that, from §, Lemma 3.1], the operatdt is well-defined fromF_ to X in the sense that
the value ofl1 does not depend on the choice of Ex@pproximating sequence ¢f

In the same way, we define the &t > L to be the set of all extended real-valued measurable
functions defined oril";,du ). Now, through the boundary operatff, we construct a subset
F of E. as the set of all functiong € E such thasup,, Hi,, € F_ for any non-negative and
nondecreasing sequen@g, ), of L such thatup,, ¢, = |¢|. Such a sequence will be called an
H-approximating sequence af. We have the following definition
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Definition 5.6. Foranyy € F, ¢ > 0, defineHv := sup,, Hy,, € F_, for any H-approximating
sequencé,,) of . If v =1, —1_, we defindHy asHy = Hyp, — Hy_.

Here again, the above operator is well-defined by virtuept.emma 3.4]. We are now in
position to precisely describe the domainf

Theorem 5.7. Let Assumption 3 be satisfied. Thep € Z(.A) if and only if
(1) @ € Q(Tmax)v B:tSO € F:t,
(2) B-p =HBTp
(3) limy oo [|MH(MH)"BT || x = 0.

Moreover, for anypy € 2(A), Ap = Thaxe.

Proof. We refer the reader t6] Theorem 3.6] for the proof of the above Theorem. Actually,
the main ingredient of the proof is the representation fdan(d.13) whereas the explicit expres-
sions of the operators/,, =,, C\ andG, do not play any role in the proof. Note that, though
the range oM is E; & F., it can be check that, for any satisfying 1) and 2), the sequence
(MH(MH)"B*),, is well-defined. O

An important consequence of the above characterizatidratsttexplains the link between the
domains of7 and that ofA.

Proposition 5.8. Let ¢ € Z(A) be such thatpp, € LL. Theny € 2(Ty), ie. or_ =
H(ppp, ). More preciselyyy € 2(7y) ifand only ifp € Z(A) and the serie )2 (M H)"G1 f
is convergent L} wheref = (1—.A)ep. In particular, A = Ty if and only if}>° (M, H)"G, f
converges im}r forany f € X.

Proof. Lety € 2(A). According to Theorens.7, B~¢ = HBT¢ which, sinceB~¢ € L' , reads
er_ = H(pr, ). Sincep € Z(Thax), itis then clear thap € 2(7y).

Assume now thap € 2(Ty). As above € Z(A) andyr, € LY. Let f = (1 — A)p and
lety,, = ZI&(MlH)’“Glf for n > 0. Assume for a while thaf > 0. We can show that

sup ¢, = BTy € L}F
n

which implies the convergence of the se@%ozo(MlH)kGlf in L , which extends for arbitrary
f by linearity. Conversely, lep € Z(A) andf = (1 — A)e. If Y32 ,(M1H)*G f converges in
L, then we geBTp € L1 in the same way and, from the first pagte 2(7x). O

The above result shows thatl, 7(.A)) is an extension of 7, 2(7x)). Moreover, if7y does
not generate &y-semigroup inX, then the set

DA\ 2(Tu) = {f € 2(A); fir, ¢ Li} # 2,

and if T is not closed, then there exists € 2(7y) such thatpr, ¢ LL. The main scope
of the following section is to determine the necessary aifffic&nt condition onH ensuring the
stochasticity of Vi (t)):>o0-
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5.2. Stochasticity of (Vi (t)):>0. In this section, we assume that, besidesumption 3, H
satisfies conservativeness assumption mentioned at tienbegof this section, i.e.

(5.2) |yl = ¢l foranyg e LL, v >0.
In such a case, one expects the semigrdp(t)).>o to bestochasti¢that is,
(5.3) /ﬂ Vir(t)f du = /ﬂ fdu  (feX).

Indeed, a consequence of Green’s formula (Proposgidnis that
/ Ty fdu=0 forany f € 2(7y).
Q

Since%VH(t)f = AV (t)f foranyt > 0 and anyf € Z(.A), (5.3 should be true at least when
A = Ty (see RQ)). In this section we give necessary and sufficient conaitiensuring §.3) to
hold. For anyf € X, f > 0, we define

(5.4) B(f):= lim | (MH)"G1f(y)dus(y) > 0.

n—oo F+

This limit exists sincé|M; H|| < 1 so that the the right-hand-side &.4) is a decreasing numeri-
cal sequence. For arbitrafyc X, 3(f) is defined by linearity. We have

Theorem 5.9. The Cy-semigroup(Vy (t)):+>o is stochastic in X if and only if 5(f) = 0 for any
feX.

Proof. Letus fixf € X, f > 0 and lety = (1 — A)~! f. For anyn > 1, define
on =, To)f + Y EH(MH) G f = Z(1,Ty)f +ZH Y (M H)*G, .
k=0 k=0

According to 6.1), we havep,, — ¢ in X andy,, € Z(Tnax) With Thaxen + f = ¢, for any
n > 1. Now, set

n TL+1
up =Y H(MH)Gif € L', and v, => (MH)*Gf € L}.
k=0 k=0

Then it is clear thaty, = B*y, andy, = #Z(1,7)f + Zu,. Consequently, Green’s formula
(Proposition3.7) yields

(5.5) / ondp = / fdu+ / updp— — [ Ppdpy.
Q Q r_ ry
Sinceu,, = Hvy,—1 andy,, > 0, (5.2) yields

/Q‘Pnd/‘ = /ﬂfdlﬂ- /F+(7/)n—1 — n)dp.
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Now, using thatp,, — 1,,_1 = (M H)"*'G f and passing to the limit as — oo, we obtain
(5.6) | edu= | ran=5).

Q Q

Consequentlyg(f) = 0 if and only if [|[(1 — A)~ f||x = ||f]lx- Now, it is easy to see that the
stochasticity of(V(t)):>o is equivalent to the property thifl — A)~1 f||x = ||f|/x for any
nonnegativef € X. 0

Remark 5.10. Note that, as irf6], forany f € X andp = (1 — A)~!f:
8(0) = | Apx)aut).

Remark 5.11. Since@; is surjective according to Propositio8.9, we haves(f) = 0 for any
f e X itand only if | (M H)"g]| ;1 — 0foranyg € LY.

Proposition 5.12. Assume that{ is conservative. Then, the following are equivalent:
1) (Vu(t))i>o0 is stochastic;

2) A="1Ty,
3) / Ap=0foranyp € 2(A).
Q

Proof. The equivalence between and 3) is nothing but $.6). Let us prove the implication
1) = 2). Takep € 2(A), the implication is proven if we are able to construct a seqee
(¢n)n C 2(Ty) such that

on — ¢  (n—00)
o0 {u—ﬁwwefzu—Mw inX.

For anyn € N, defineg, = (M1H)"G:1f € L. Then, using PropositioB.9, for anyn > 1,
there exists),, € Z(Tmax) such thatB~v,, = 0 andBT 1), = g, with [|¢,[|x < HgnHLl+ and
1 Zown||x < HgnHL1+. As in [6, Proposition 4.4], we can define

n—1
oo =%, T0)f + Y  EH(MH)*G f — ),
k=0
and show thatp,, € Z(7y). Since(Vy(t)):>0 is assumed to be stochastic, from Theore®
we infer that||gn\|L1+ — 0 asn — oo so thaty,, — 0 andZyy,, — 0. Then it is easy to see

that (., ), satisfies .7). This proves that) = 2). Finally we explained the idea underlying
the converse implicatio) = 1) at the beginning of this subsection (see the consideratifias
formula 6.3)). We refer to B, Proposition 2.11] for a detailed proof using both Greenisriula
and a density argument. O

Now we discuss spectral propertigés, H which ensure stochasticity ¢V (t)):>0. The proof
of the following can be seen as a simple adaptation of thag,dftieorem 4.5], where the explicit
expressions of the various operatarg M), G, do not play any role but the main idea goes back
to [13] (see also @, Theorem 4.3]).
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Theorem 5.13.1) Forany\ > 0,1 ¢ o,(My\H);

2) 1€ o(MyH) for some/allx > 0 if and only if A = Ty;

3) 1€ o.(MyH) for some/all\ > 0 if and only if A = Ty # Ty
4) 1€ o.(MyH) for some/allx > 0 if and only if A 2 Ty.

Proof. 1) The fact thatl cannot belong to the point spectrum dfyH (A > 0) is a simple
consequence of Assumpti@n(c) and of the inclusiofA > 0} C o(A).

2) If there exists\ > 0 such thatl € o(M, H), then, since the serie8.(3 converges in the
norm topology to(\ — 7x)~!, we haveA = Ty. Conversely, assume that = 7. Then, for
any f € X, the seriesy ">~ (M H)"G\ f converges inL}r according to Propositio6.8. Now,
since G, is surjective, the seriey o> ,(M\H)"g converges inL} for anyg € L). Denoting
by R()\)g the limit, we see from the Banach-Steinhaus Theorem @) € B(L!) and that
RA\)(1 —MyH) = (1—- MyH)R(X), which proves that € o(M)H).

3) Let\ > 0 be such that € o.(M\H). Then

(5.8) (1—MyH)LL = L.

Let o € Z(A) be given and leff € X be such thatr = (A — A)~'f. SinceG, f € L', there
is a sequencés,,),, C L such that|¢, — MyHg, — Gfllzy — 0. Now, defineg, = ¢, —

My Ha¢,, — G, f. According to Propositior3.9, there existsf,, € Z(Tmax) such thaB* f,, = g,
andB~ f,, = 0. Moreover,f,, — 0 andZ,f,, — 0. Now, setting

Pn = fn "‘%()\77-0)]0""5)\}[(2%

we see thaty,, ), C Z(7x) and(A — Ty ), — f. Furthermore

ExHon =Y EXH(MyH)F (¢ — MyHen) = > ExH(MyH) (g, + Grf),
k=0 k=0

where both above series are convergent by RerBatk Using again Remark.4, we see that
S0 EH(My\H)kg, — 0 so thatp,, — ¢ and this proves thatl = 7.

Conversely, assumd = Ty # T and letg € LL. Defineg, = S.7—4(M,H)*g. Then,
gn € L' and, clearly(1 — M1H)g,, = g — (M1H)"g. Since3(f) = 0, according to Remark
5.11, one has|(1 — M 1H)g, — g||L1+ — 0 so that 6.8) holds. SinceA # 7Ty, one hasl €
o(M1H) \ o,(M,H) which proves that € o.(M; H).

4) The last assertions is now clear since all the possislitiave been exhausted. O

As in [6, Corollary 4.6], we provide here a useful criterion (ség $ection 5] for several
application in the force—free case).

Corollary 5.14. (Vi (t))e>0 is stochastic if and only if ¢ o,((MH)*) foranyA > 0. Moreover,
if (Vi (t))i>0 is not stochastic, then there existman-negative v € (L})*, v # 0, such that
v = (MxH)*.



32 L. ARLOTTI, J. BANASIAK & B. LODS

APPENDIX A: WEAK AND STRONG DEFINITIONS OF THE TRANSPORT OPERATOR

We prove here Propositiod.2 that show the equivalence between the definition of the trans
port operatorZ,.., as weak derivative along the characteristic curves andttbag derivative.
Precisely, let us define the operafBrin L' (2, du) whose domainZ(T) is the set of allf €
L' (€2, dy) which admits a representatiyé such that:

(1) there existg € L'(€2,du) such that for ank € £ and any—7_(x) < t; <t < 74 (%)

F(®(x,12)) — [ B, 1)) = / (@ (x,5))ds;

t1

(2) for p-almost every € €2, one has
lim ™4 (f5(@(x, b)) = *(x))) = 9(x)-
In such a case, one defin®y := —g € L'(£2, du). We prove the following result
Proposition A.1. One has?(T) = Z(Tuax) andT f = Tya f, forany f € 2(T).

The fact that the weak derivative operatfy,.. is an extension ofl’ is a classical matter.
The proof of the converse property is carried out througleisgvtechnical lemmas based upon
mollification along the characteristic curveRecall that, whenever is not absolutely continuous
with respect to the Lebesgue measure, no global convolatignment are available.

Let us make precise what this is all about. Consider a sequeng,, of one dimensional

mollifiers supported ir0, 1], i.e. for anyn € N, g, € €5°(R), on(s) = 0if s ¢ [0,1/n],

on(8) =0 andfol/” on(s)ds = 1. Then, for anyf € L'(€2,du), define the mollification:

T (x)
on o f(x) = /0 on(8)f(®(x,—s))ds.

Note that, with such a definition, it is not cleapriori thato,, © f defines a measurable function,
finite almost everywhere. It is proved in the following thatually such a function is integrable.

LemmaA.1. Givenf € L'(Q,dpu), o, ¢ f € L'(2,dp) for anyn € N. Moreover,
(A1) lowo £~ FI<Ifl,  ¥f€L'(Rdu)neN.
Proof. One considers, for a givefic L' (€, du), the extension of by zero outside:
fx)=fx), vxeQ,  fx)=0 vxeRV\Q.
Thenf € L' (R, du). Let us consider the measurable transformation:
T: (x,5) eRY xR— Y(x,5) = (®(x,—5),—s) € RV x R.

Note thatY is not necessarily measure-preserving with respedit® ds because the extension
of the field F to the whole space is not necessarily divergence-free. lawp to [L5, Theorem
B, p. 162], the mapping

(x,5) € RY X R = F(®(x,5))
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is measurable as the compositiomofvith the measurable transformati¢x, s) — f(x). Define
nowA = {(x,5); x € Q,0 < s < 7_(x)}, A is ameasurable subsetRf* x R. Therefore, the

mapping

(x,5) € RY X R — f(®(x, —5))xa (X, 8)on(s)
is measurable. Sincg, is compactly supported, it is also integrable oRéY x R and, according
to Fubini's Theorem

T (%)
lon o fl(x / F(®(x, —5))xa (X, 5)0n(s) = /0 0n(3) 1 (®(x, —5))ds

is finite for almost everk € 2 the and the associated applicatigne f is integrable.

Let us prove nowA.1). Since|o, ¢ f| < o, ¢ |f|, to show thab,, o f € L'(£2,dpu), it suffices
to deal with anonnegative functiorf € L'(£2,dy). One sees easily that, for agyc I'_ and any
0 <t< T+(y),

A2 (0o )@(y.1) = /O 0n(3)f (@ (y.t — 5))ds = /O onlt — 5) F(B(y, 5))ds.

Thus,
T+(y) T+(y) T+(¥)
/ " lowo fl(@(y, 0)dt = / " ds / " () f (Bt — )t
0 0 s

T+(y)AL/n T+(y)—s
= / gn(s)ds/ f(@(y,r))dr.
0 0

Therefore,
T+(¥) 1/n T+(y)
0< [ oo fi@ i< [ nuas [ p@yar

+(¥)
= / f(®(y,r))dr, Vyel'_,neN
0

so that

+(y) T+(y)
T /0 " lono (@ (y.1)dt < / dpi_(y) /0 " f(@(y,r)dr.

This proves, thanks to Propositi@ilQ that

(A3) / lon o fldp / fdu.

Now, in the same way:
Lz+ﬁﬂm[9n0f]( x)d (X)Z/Mood,wr( )/ [on © fl(®(y, —t))dt

:/rmdM /dt/ on(r — 1) f(@(y,—r))dr
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so that

s /Qmm lon © fI(x)du(x) = /F ) /0 @y, —r)dr /0 " on(r — )t
< /r+oo du+(Y)/0 f(@(y, —r))dr:/ﬂmnw F(x)dp(x).

Finally

/moomnoo[gn > fEdulx) = /moomnoo dutx) /0 on(8) f(®(x, —s))ds
= / Qn(S)dS/ f(@(x,—s))du(x).
0 Q1N

Now, from Liouville’'s Theorem, for any > 0,

/ f(@(x,~)dp(x) = [ FX)du(),
QN QyooN_oo
so that
. n x)du(x) = x)dp(x).
(A5) /| ol 1090 /| RS
Combining A.8), (A.9) and A.10), one finally getd|o, © f|| < || f]|- O

As itis the case for classical convolution, the famiy, o f),, approximates in L!-norm:

Proposition A.2. Given f € L'(Q,du),

(A.6) lim

n—oo Q

(on o f)(x) = f(x)

du(x) = 0.

Proof. One considers, for a givefic L' (€, du), the extension of by zero outside:
Fa) = f(x),  ¥xe®,  Fx)=0 vxeRV\Q.
Thenf € L'(RY,du). Let us consider the measurable transformation:
T: (x,5) €RY xR— Y(x,5) = (®(x,—5),—s) € RY x R.

Note thatY is not necessarily measure-preserving with respedjit® ds because the extension
of the field F to the whole space is not necessarily divergence-free. rlawp to [15, Theorem
B, p. 162], the mapping
(x,5) € RY xR — F(®(x,5))

is measurable as the compositiomofvith the measurable transformati¢x, s) — f(x). Define
nowA = {(x,5); x € Q,0 < s < 7_(x)}, A is ameasurable subsetRf* x R. Therefore, the
mapping

(x,5) € RN X R — f(®(x,—5))xa (X, $)on(s)
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is measurable. Singg, is compactly supported, it is also integrable oRéY x R and, according
to Fubini’'s Theorem

_ (%)
[lon © f1(x) ¢:/Rf(‘I’(X>—3))XA(X>S)Qn(S) :/o on(8)f(®(x, —s))ds

is finite for almost everk € 2 the and the associated applicatigne f is integrable.

Let us prove nowA.1). Since|o, ¢ f| < o, ¢ |f|, to show thab,, o f € L'(£2,dpu), it suffices
to deal with anonnegative functiorf € L'(£2,du). One sees easily that, for agyc I'_ and any
0<t<Tti(y),

A7) (oo )@(y.1) = /0 0n(3)f (@ (y.t — 5))ds = /0 onlt — ) F(B(y, 5))ds.
Thus,

74+(y) T+(y) T+ (y)
/0 (om0 F1(B(y. £))dt = /0 ds / on()f(@(y.t — ))dt

T+(y)AL/n T+(y)—s
= / gn(s)ds/ f(@(y,r))dr.
0 0

Therefore,

71 (y) 1/n T+(y)
0< /0 (om0 F(@(y.£))dt < /0 on(s)ds /0 F(@(y,r))dr

+(¥)
[ s@mn vyermen
0

so that
T+(¥y) T+()
Caw) [ o @< [ awe [ f@n
This proves, thanks to Propositi@ilQ, that
(A.8) | lewe flau< /ﬂ fdu.

Now, in the same way:

/ﬂmﬂm[@n o fl(x)dp(x) = /Fm dp (y) /Ooo[gnof](@(y, —t))dt
= /moo du+()’)/0 dt/t on(r —t)f(®(y, —r))dr

so that

/Q _ lewe f160du(x) = /F A (y) /Ooof@(y,—r))dr /Orgn(r—t)dt
(A.9) e ST
< /F ) /0 F(@(y, —r)dr = /Q o T09u)
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Finally
/moomnoo[gn > fEulx) = /moomnoo du(x)/o on(8) f(®(x, —s))ds
= / Qn(S)dS/ f(®(x,—s))du(x).
0 Q1N

Now, from Liouville’s Theorem, for any > 0,

/ F@(x,~)du(x) = [ Fo)dn(x).

Q10N oo Qi 0N oo

so that

(A10) L e flome= [ feodutx)

Combining A.8), (A.9) and A.10), one finally getd|o,  f|| < || f]|- O

The previous result asserts that, for a givea L'(£2,dy), o, © f is also integrabler{ € N).
Actually, we shall see that,, o f is even more regular thafisince, for almost every € €2, the
mappings € (—7_(x),7—(x)) — [on © f](®(x,s)) is absolutely continuous. Precisely, let us
fix 6 > 0, and define

Qs = {x € Q; min(7_(x), 74 (x)) > 5}.

Approximating f by a continuous function with compact support@nit is not difficult to prove
that the mapping € (—6,8) — f(®(-,t)) € L'(£2s,du) is continuous, i.e.

Lm | [f(®(x,t + k) — f(2(x, 1) du(z) =0,
=0 Ja,

forany f € L'(€2,du). Now, sincep, o f € L'(€2,du), one also has

lim
h—0 Qs

[on o [I(R(x,t + R)) — [on © fI(®(x,1))|dp(z) = 0.

On the other hand, one has
Lemma A.2. Given f € L'(€,du), the mapping
t € (=6,6) — [on o fI(D(-,1)) € L'(S2s)

is continuously differentiable with, for anjy| < 6,

A1) Jin i (lono @Gt 1) - [z, AI@00)) = [ dile- )7 (@0cs))ds

-7 (%)

where the convergence holds/id (€25, d) norm.
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Proof. For anyx € Qs and any|t| < J, one has
t
no @0 = [ ol nr@Gerar

Consequently, for any reélsuch thatt + h| < §, one can define
t

Si(x,h) = h™" <[Qn o fI(®(x,t+ h)) — [on o fI(P(x, t))) - / on(t = 5)f(®(x,5))ds.

—7_(x)

Assuming for a whileh > 0 leads
t+h
S0, 1) = Sua(x, )+ Syalx, ) = b [ oult 4= ) f(@(x,)ds
t

+/_tT(x) [Qn(t—kh—s})l— on(t — 5) _Q/n(t—é’)}f(i’(x,s))ds,

Now, since®(x, s) lies in2 as long as € (t,t + h), one obtains easily the estimate

\fH t”
|Se.1(x, h)| dp(x) < n(t+h—s)ds—0 as h—0.
Qs
On the other hand, for any € 2, 5 := {x €Qs;7_(x)>—t+1/n},

Sug(X, h) _ /t ) |:Qn(t+ h — 3) - Qn(t — 3) _ Ql (t o s)]f(‘I’(x, s))ds

h n

since g,,(+) is supported in0,1/n) and botht — s andt + h — s are larger thani/n if s €
(—7-(x),t — 1/n). Then, itis easy to see that,

) SaGe W) < ) [ [L2ER =) = et =)

— op(t —s)|ds
Qn’(; t—1/n h

which goes td) ash — 0. Let us now investigate the remainder integral, dgh £2,, 5. Noticing
thatQs \ 2, s C 2_, one gets from Propositio’ 10that

T+(y)
/ |St 2(X, h |d,u / d,u / |St,2(q>(Y7r)v h)|d7"
Qs\ Q5

Settingd,, (t, h,7,s) = |h Y (on(t +h +7 —8) — ou(t +7 — 8)) — 0n(t + 7 — 5)|, One gets

(1/n=t)A14(y) t+r
/ | St 2(x, h)|dp(x) S/ d,u_(y)/ dr/ |f(@(y,s)|0n(t, hyr, s)ds
Qs\ Q5 r_ 0 0
t (1/n=t)AT4 (y)
<[ 4w [ e [ Dol 5)dr
r_ 0 0

1/n (I/n=t)AT4(y)
T / F(@(y,5)|ds / In(t, v, s)dr.
I_ t s

—t
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It is not difficult to see, using the uniform continuity of over(0,1/n), that
1/n—t
lim sup / In(t, hyr,s)dr =0
h=0se(0,1/n) Jo

which achieves to prove that
/ |St(x,h)|du(x) — 0 as h — 0.
Qs

One proceeds in the same way for negativand this proves the Lemma. O

Now, since the application
Uy i t € (—8,8) — [on o FI(R(-1)) € L ()
is continuously differentiable, according 1, [Theorem 2.40],

(i) for anyx € Qs, the functiont € (—0,9) — o, ¢ f(®(x,t)) is absolutely continuous,
(i) for almost every(x,t) € Q5 x (—0,9), O¢[on ¢ f](®(x,t)) exists and

Ahlon o Fl(®(x,1)) = / Aot — ) (B(x, 5))ds

-7 (%)

This allows to prove the following:
Proposition A.3. For anyf € L'(Q,du), o, o f € 2(T) with

T_(x)
Tign o fl(x) = — /0 A()f(B(x,—s))ds, aexeq
Proof. Set
0
gn(x) = / dy(—5)F (B (x, 5))ds

-7 (x)
for anyx € €. Again, one checks as in Lemm? thatg,(-) belongs toL'(£2). Note also that,
givend > 0, gu(®(x,1)) = [1 onlt — 5)f(D(x,5))ds, for any|¢| < § and anyx € Q;.
Let us prove as in Theorem 2.4 that, from points (i) and (ideh&bove,o,, ¢ f € 2(T) with
T(on ¢ f)(x) = —gn(x). The only problem is to prove that the conclusion of pointl{d)ds for
t = 0 and almost everyx € Qg (recall that,a priori point (ii) holds for almost everx € Q2 and
almost everyt € (—4,6)). Actually, for any0 < € < ¢, there existsty| < e such that

tim 1 (Lo (@10 + 1)~ v AI(@0c10) ) =0, (Bx 1) foraex e
Setting
Ny = {205 (w0 1)@ 10+ 1) — 00 1B, 10) )  0n(B0.0)

and

M= {y € Qgpe; lim ht <[Qn o fl(®(y, 1)) — [on <>f](y)> # gn(y)}



SEMIGROUPS FOR GENERAL TRANSPORT EQUATIONS 39

and noticing thaf2;,. C {®(x,tp); x € s} we see that
M C @(N(;,t()).
According to Liouville’s Theorem (Pro®.3), u(®(Ns,t0)) = u(Ns) = 0, so that
lim ht <[Qn o fl(@(y, h)) = [on < f] (y)> = gn(¥y), for p-almost every € Q...

Sinced > 0 and0 < e < ¢ are arbitrary, we get

lim h1 <[gn o fi(®(x,h)) — [on < f] (x)) = gn(x), for p-almost every € €.

Applying now [8, Theorem 2.40] to theero-th order time derivativef w,(-), we obtain that, for
almost anyx € €2, the functiont € (0, 7_(x)) — o, ¢ f(®(x,1)) is absolutely continuous with

[Qn Of](q)(x,tg)) - [Qn Qf](q)(xatl)) = / ) gn(q)(x, 3))d37 V0 < ZL/l < t2 < T—(X)'

t1
By definition of (T, Z(T)), the proof is achieved. O

According to the above Lemma, sinttais an extension ofy,,.x, one has that, o f € Z(Tnax)
forany f € L'(2,du) and

(%)
Tonlei0 i) == [ i) (@0 —)ds

Now, wheneverf € Z(7max), One has the following more precise result:

Proposition A.4. If f € P(Tax), theng, ¢ f € P(Tax) With

(A.12) [Timax(0n © f)](x) = [on © Tmax [](x), (x €2, neN).

Proof. Sincep,, © Tnaxf € L'(€,du), it suffices to show that

d
| (eno 605 0(@lx,) — [ v6len o Tumef |0, V€ D.
Q s s=0 Q

It appears useful to deal separately with the integrals @ver2, NQ_,, andQ, ., NN_,. Let
1 € ) be fixed. Itis clear that, forany € I'_ and any0 < ¢t < 71 (y), whenx = ®(y, ¢) then

(A13) SU@s)| = SU@(0)

Consequently, from Propositidh 10,

| (one NOO 0@ 8] du) / 0 [ oo <t>>%w<@<y,t>>dt

T+(Y) t
:/ d,u(y)/ dt/ on(t —7)f(®(y,r))dr
r_ 0 0

T+ (y)
:/ d,U(Y)/O f(‘I’(y,r))dr/ _¢( (y,1))on(t — r)dt.

s=0
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Set
T4 (%)
Xn(X) = /0 on($)Y(P(x,s))ds.

Clearly, for alimost every € I'_, and any0 < s < 74+ (y),

T+(y) +(y)
(A.14) xn(®(y,s)) = /0 on(r)Y(®(y,r +s))ds = / on(t — s)Y(®(y,t))dt,

and one obtains easily that

T+(y)
@) = [l @0
Therefore,
T+ (y)
[ e gu@ee| aut= [ auty) [T r@00) L@t

d
= [ 0 @)

where, for the two last identities, we use&l 13) and the fact that,, € ). Now,

du(x) = / X (%) [T /] (¥) (%)

s=0 Q_

T4 (x)
/Q 0009) Tonae £1(3) / T f ()i (x) /O o ()@ (x, ) dr.

The use of representation formulae stated in Proposiih@leads to

(2)
Xn (%) [Tmax f](x Y(z)du(z on (1) [Tmax f1(®(2, —7))dr
(A.15) / - / /

| (@) lon © T f1()dn(2).
Consider now the integral ové€2_., N 2. From Propositior?.10

du(x) =
s=0

| (e nt i)
QN s

~ /mo dM+(Y)/0°°(Qn<>f)(<I>(y, —t))%¢(¢(y, )t
[e.9] d 00

=— /moo du+(Y)/0 W(‘I’(Y’ —t))dt/0 on(s)f(®(y, —t — 5))ds
o0 d 00

= — /F+OO d,u+(Y)/0 aw(q’(y, —t))dt/t on(r —t) f(®(y, —7))dr.
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Integration by parts shows again that
(A.16)

[ (eno D su@xs) :
Q_ Ny s

) = [ 05 @0)]  du

s=0

s=0

= / Xn (%) [Tmax f1(x)dp(x) = / ¥(2)[0n © Tmax f1(2)dp(2).
Q Ny Q Ny

foranyx €

. . , d
Finally, to deal with the integral oveR_., N 24, setg(x) = £¢(¢(x, s))
s=0

QNN . One proves easily that

/ (on o F)(x)g(x)dp(x) = / 9(x)dpu(x) / " F(@(x, —5))on(s)ds
Qoo Q0o oo 0
- / on(s)ds / 9(x) £ (®(x, —))dpu(x)
0 Qfooﬁﬂﬁﬁxy

which, thanks to Liouville’s property, leads to

/ (on 0 F)(x)g(x)dpu(x) = / "~ ou(s)ds / F()9(®(x, 5))dpu(x)
Qfooﬁﬂﬁﬂ)o 0 Qfooﬁnﬁ»oo
:/ f(x)/ 0n(8)g(P(x,s))ds.
QfooﬂQJﬁoo 0

Pa(x) = /0 " o ((B(x, 1)dt

Setting now

one sees that,, € 2 and
d
ds

Therefore, the above identity reads:

[ (oo D@
QN oo s

Un(P(x,$))

_ /0 " on(Bg(@ (1))t

s=0

dpu(x) =
s=0

dp(x)
s=0

(A.17) = /Q . f(x)%ﬂn@(x,s))

= [ vleno Tan 160 ().
Combining A.15), (A.16) and A.17) leads to A.12). O

The above results allow now to prove our main result Projmosif.1 (see also Prop3.2).
Recall that we only have to prove that afife 7(7;,.x) belongs also t&(T) andT f = Tax f-
Let us fix f € Z(Tmax) and define, for any. > 1,

fan=onof
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so that, from Propositions A.3 and A.4
(A18) nh—>H<;lo an - f” + ||Tmaxfn - Tmaxf” =0.

Recall that we set
Qs = {x € Q; min(7_(x), 74 (x)) > 0}
for any fixeds > 0. Define now, for any € (-4, ) and anyh such thatt + h| < ¢

sumw=1¥

Then, it is easy to see that, with obvious notations,

t+h

f(@(x,t+h)) — f(P(x,t)) + t Tmaxf (P (x, s))ds|du(x).

Note that
S(fn,h) =0, Vn e N, |t + h| < 0.
Indeed, according to Prop. A.4, € 2(T) so that

t+h
Fa( @t £ h)) — fu(@(x,8)) = —/t Tf](®(x,5)ds, aexeQ, |t+hl<d

SinceTf,, = Tmaxfn, ONe gets thasS(f,,h) = 0. Moreover, according toA:18), and since
Tinaxfn = 0n © Tmax f, ONE has

JL%OS(f — fn,h) =0.
Therefore,
(A.19) S(f,h)=0 Vit + h € (—94,9).
In particular, lettingh go to zero, one deduces that
f(@(x,t+h)) — f(®(x,1))
h
Here again, since is arbitrary, this proves that

o T@C 1) — F(@(1)

h—0 h

lim

+ Thax f(P(x, 1)) |dpu(x) = 0.
h—0 Qs

= - maxf(q)('>t))v

where the convergence occursfin(€2,du). Therefore,7y,.. f(®(-,t)) is the strong derivative
in the L'-sense off (®(-,t)). Applying again 8, Theorem 2.40], one can concludes as we did in
the proof of Proposition A.3. that actually the limit occalso pointwise almost every where for

t=0,le.
Eﬁﬂ¢@ﬁ»;ﬂ¢@iﬁz_sz@% ne. xcQ

Moreover, in virtue of Eq.A.19), one has

t+h
ﬂﬂxwwm—f@uiwzl'[ﬂmﬂ@@@wu
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for almost everyx € Qs and anyt € (—4,6) and|t + h| < 4. Again, sinced is arbitrary, the
mild formulation of Propositior8.2 (1) holds true withy = —7y,,.« f. Therefore,f € 2(T) with
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