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CONFORMALLY EINSTEIN PRODUCTS AND NEARLY KAHLER
MANIFOLDS

ANDREI MOROIANU AND LIVIU ORNEA

ABSTRACT. In the first part of this note we study compact Riemannian manifolds
(M, g) whose Riemannian product with R is conformally Einstein. We then consider
compact 6—dimensional almost Hermitian manifolds of type W7 + Wy in the Gray—
Hervella classification admitting a parallel vector field and show that (under some
regularity assumption) they are obtained as mapping tori of isometries of compact
Sasaki—Einstein 5-dimensional manifolds. In particular, we obtain examples of inho-
mogeneous locally (non—globally) conformal nearly Ké&hler compact manifolds.

2000 Mathematics Subject Classification: Primary 53C15, 53C25, 53A30.

Keywords: conformally Einstein metrics, nearly Kéhler structures, Gray—Hervella clas-
sification.

1. INTRODUCTION

A. Gray was led to define nearly K&hler manifolds (also known as almost Tachibana
spaces) by his research on weak holonomy of U, —structures. If (N,h,J) denotes an
almost Hermitian manifold, with fundamental two—form €2 and Levi—Civita connection
V, we have the following

Definition 1.1. [[0] An almost Hermitian manifold (N, h, J) is nearly Kdhler if V) is
totally skew-symmetric.

From the viewpoint of the representations of U,, on the space of tensors with the same
symmetries as V{2, nearly Kahler manifolds appear in the class W; of the Gray—Hervella
classification (see [[J] and §f below). It is also known that nearly Kéhler manifolds with
integrable almost complex structure are necessarily Kahler. The specific, non—trivial,
case is then the so—called strict nearly Kahler, when V.J # 0 at every point of M.

The actual interest in (strict) nearly Kéhler geometry is partially motivated by its
links with the theory of connections with (skew—symmetric) torsion and with the theory
of SUs—structures, subjects that appear to be very important in contemporary theoret-

ical physics (cf., for example, [, [IJ)).
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The local structure of nearly Kéhler manifolds was first discussed by Gray in [L1] and
was recently completely understood by P.A. Nagy in [[J]: any nearly Kéhler manifold is
locally a product of 6-dimensional strict nearly Kahler manifolds, locally homogeneous
manifolds and twistor spaces of positive quaternionic Kahler manifolds. According to
this result, what remains to be studied are strict nearly Kahler structures in dimension
6. This is, in fact, the first interesting case, since 4—dimensional nearly Kahler manifolds
are automatically Kahler. On the other hand, this dimension is particularly important
also because of the following result:

Proposition 1.2. [[4] A strict 6-dimensional nearly Kdhler manifold is Einstein with
positive scalar curvature.

As such, one may look for (connected) strict nearly Kéhler manifolds of dimension 6
among the manifolds admitting real Killing spinors. In fact, in this dimension, a strict
nearly Kéahler structure on a simply connected manifold is equivalent with the existence
of a non—trivial real Killing spinor, cf. [[3].

In dimension 6, nearly Kahler structures are closely related to G5 structures wvia the
cone construction (N see [ for example):

Proposition 1.3. A simply connected Riemannian manifold (NS h) carries a nearly
Kdhler structure if and only if its cone (NS x R, ¢2h + dt?) has holonomy contained in
Gs.

For later use, let us also recall the following related result:

Proposition 1.4. [ A simply connected Riemannian manifold (M*™ L g) carries a
Sasaki-Einstein structure if and only if its cone (M x RY t2g + dt?) has holonomy
contained in SUy 1.

Returning to nearly Kahler geometry, the only known examples in dimension 6 are
homogeneous: the sphere S%, the 3-symmetric space S® x S and the twistor spaces,
CP? and F(1,2), of the 4-dimensional self-dual Einstein manifolds S* and CP?. On
the other hand, Butruille proved in [B] that every compact homogeneous strictly nearly
Kahler manifold must be one of these.

It was tempting to try to obtain examples of (non—complete) nearly Kéhler manifolds
on cones over some almost contact metric manifolds. But an easy calculation shows
that conic nearly Kéhler structures cannot exist. Instead, we here prove in Theorem 3.9
that nearly Kahler structures do exist on cylinders over 5-dimensional Sasaki-Einstein
manifolds. In fact the product structure of the cylinder is not itself nearly Kahler,
but it is globally conformal with a nearly Kahler one, the conformal factor depending
only on the coordinate of the generator. Conversely, we show that a cylindric globally
conformal strict nearly Kahler structure with simply connected base can only exist for
Sasaki—Einstein basis.
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The proof relies on a result which may be important in itself (we thus present it
separately). This result is the classification of compact Riemannian manifolds,; the
cylinders over which are globally conformal Einstein with positive scalar curvature.
These manifolds are themselves Einstein with positive scalar curvature. Moreover, the
conformal factor can be explicitly determined and depends only on the coordinate of
the generator, cf. Theorem .1 below.

2. CONFORMALLY EINSTEIN PRODUCTS

Theorem 2.1. Let (M™, g) be a compact Riemannian manifold not isometric to a round
sphere.  Suppose that the Riemannian cylinder over M is conformally FEinstein with
positive scalar curvature, that is, there exists a smooth function f on M X R, such that
the Ricci tensor of the Riemannian manifold (M x R, e*/ (g+ dt®)) is a positive multiple
of the metric. Then (M, g) is an Einstein manifold with positive scalar curvature and
the conformal factor satisfies e2/@Y = a2 cosh (Bt +~) for some real constants o, 3, 7.

Proof. Let us denote by N and N the Riemannian manifolds (M x R, (g + dt?)) and
(M xR, e*/ (g+dt?)) respectively. We view the function f on N as a smooth 1-parameter
family of functions on M by f;(z) := f(x,t). In this way, the exterior derivative df
satisfies df = df; + fldt, where df; denotes the derivative of f; on M and f/ = %.
Similarly the Laplace operators of M and N are related by AN f = — /' + AM f,. In the
sequel we will denote by 0; := % the "vertical” vector field on N and by X, Y, vector
fields on M, identified with their canonical extension to N commuting with ;. The
formula for the conformal change of the Ricci tensor (see e.g. [P, 1.159),

Ric¥ = RicY — (n — 1)(VVdf — df @ df) + (AN f — (n— D|df*)(g + dt?), (1)
yields in particular
Ric™(X,0) = —(n — D)(X(f)) = X(f)f}), VX eTM (2)

Since N is Einstein, (B) shows that X(f!) = X(f,)f/, which can be rewritten as
X(0i(e77)) = 0 for every X € TM. Consequently, there exist smooth functions
a € C®°(R) and b € C*(M) such that e=f(®* = q(t) + b(z), in other words

f(z,t) = —In(a(t) + b(z)), VeeM, VteR.
We now readily compute

_db+adl y . d"(a+d)—(a)?
a+b ’ b (a+b)2 ’

df =df, + f/dt =

a"(a+b) —(a’)*  AMb  |db]
(a+0b)? a+b (a+0b)?

ANf:_,f/I+AMft:
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and
VN(db + a'dt) 1
Nigf = = — d b db + d'dt
vYdf P +(a+b)2 (a+b) @ (db+ a'dt)
VM (db) + o dt* N 1 (
a+b (a+b)?
@  H(b)+a"dt?

_ 1 d d
a+b +df@df,

where H (D) denotes the Hessian of b on M. Let r denote the Einstein constant of N.
Plugging the relations above back into ([l]) yields

db+d'dt) @ (db+ d'dt)

dt? g -1
% =Ric" = Ric¥ + Z+ S (H(0) +d"dt?)
(a” — AMb)(a + b) — n(a')? — n|db|? 9
dt
((1, + b)2 (g + )7

which is equivalent to the system
r = (na” — AMb)(a +b) — n(a')? — n|db|?
rg = ((a" — AMb)(a + b) — n(a")? — n|db|?)g + (a + b)*Ric™ + (n — 1)(a + b)H (D).
Subtracting the first equation from the second one, the system becomes
r = (na” — AMb)(a +b) — n(a')? — n|db|? )
(n —1)a"g = (a + b)Ric™ + (n — 1)H(b).
We distinguish three cases:

CASE 1: bis constant on M. Replacing a by a — b, we may assume that b = 0, so by
the first equation in (fJ), a satisfies the ODE
a//a_ (a/)z — 5

The general solution of this equation is

a(t) = 4 /n—ﬁQ cosh (Gt + 7).

Thus /) = & = o? cosh (Bt + ), with a := "762 The second relation in () shows
that M is Einstein, with positive Einstein constant 3.

CASE 2: a is constant on R. Again, replacing b by b — a, we may assume that a = 0,
so the first equation of (f) becomes

n|db|* + bAMb + 1 = 0.
Integrating over M yields

0= / (n|db|* + bAMb + 7)dv = / (n+ 1)|db]* + 7r)dv > 0,
M M
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showing that this case is impossible.

CASE 3: Neither a nor b are constant functions. We differentiate the second relation
of (f) twice, first with respect to ¢, then with respect to some arbitrary vector X € T M

and obtain .

a" X (b) = —a' X (AMb). (6)
n
Taking some x € M and X € T, M such that X,(b) # 0, this relation shows that
a” = da’ for some 6 € R. Similarly, taking some ¢ € R such that a/(t) # 0 gives some
8" € R such that X (AMb) = §' X (b) for all X € TM. Plugging these two relations back
into () yields ¢’ = nd. Summarizing, we have

a"=oda+¢
7
{AMb:néb—ira’ (")

for some real constants €,&’. If § = 0, the second relation yields (by integration over
M) &' =0, so b is constant, a contradiction. Thus § # 0. Replacing a by a + $ (and
correspondingly replacing b by b — %), we may assume € = 0. The second relation in
([@) also shows that nd is an eigenvalue of the Laplace operator (corresponding to the
eigenfunction b+;—:§), whence § > 0. The second equation of the system (f) now becomes

Ric” = (n — 1)dg
{H(b) = —bdg (®)

Since b is non—zero, the Obata theorem (see [I§, Theorem 3]) implies that M is isometric
to a round sphere, a contradiction, which shows that this case is impossible as well. [

3. MANIFOLDS OF TYPE W; + W,

The aim of this section is to classify all compact 5—dimensional Riemannian mani-
folds (M, g) with the property that the Riemannian cylinder M x R carries an almost
Hermitian structure of type W; + W,. We start with some necessary explanations.

For each almost Hermitian manifold (N?™, h, J), with fundamental form € := h(J.,.),
the Nijenhuis tensor, viewed as a tensor of type (3,0) via the metric, splits in two
components N = N; + N,, where N; is totally skew—symmetric and N, satisfies the
Bianchi identity. Similarly, the covariant derivative of J with respect to the Levi-Civita
connection of h splits in four components under the action of the structure group Uy
(see [[2)):

VJI=(VJ)1+ (V) + (V)3 + (V).
The first component corresponds to Ny, or to the (3,0) + (0, 3)—part of dS2. The sec-
ond component can be identified with Ny, while the two other components correspond
respectively to the primitive part of dQ®Y+(12) and to the contraction © 1 dQ which
is a 1-form called the Lee form. The manifold N is called of type Wi + W, if (V.J)y
and (V.J)3 vanish identically. Similar definitions apply for every subset of subscripts in
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{1,2,3,4}. For example a manifold of type W3 + W) is Hermitian, a manifold of type
W5 is symplectic, and a manifold of type W is nearly Kahler.

From the definition it is more or less obvious that if the metric h is replaced by a
conformally equivalent metric i := €2/ h, the first three components of V.J are invariant
and the fourth component satisfies (V.J)4 = (V.J)4 + df. Therefore, the Lee form of a
manifold of type W; + Wy is closed (resp. exact), if and only if the manifold is locally
(resp. globally) conformal nearly Ké&hler. In dimension 6 we have the following result
due to Butruille:

Theorem 3.1. [[{l] Let M be a 6-dimensional almost Hermitian manifold of type Wy +
Wy. Then its Lee form is closed, so M 1is locally conformal nearly Kdhler.

This result generalizes the well-known fact that for m > 3, every almost Hermitian
manifold of type W, is locally conformal Kéahler (Ick).

Using Theorem B.1], we obtain the following classification of ”cylindrical” structures
of type Wi + Wy in dimension 6:

Theorem 3.2. If the Riemannian cylinder N := (M x R, g + dt*) over a compact 5
dimensional simply connected Riemannian manifold (M, g) carries an almost Hermitian
structure of type Wy + Wy which is not of type Wy, then (M, g) is Sasaki—Finstein.
Conversely, if (M, g) is Sasaki—FEinstein, then its cylinder N carries a structure of type
Wy + Wy, besides its canonical Vaisman structure (locally conformal Kdhler, i.e. Wy,

with parallel Lee form, cf. [[7]).

Proof. Assume first that N carries a structure of type Wy + Wy. By Theorem B.1, N
(which is simply connected) is (globally) conformal nearly Kéhler. Since we assumed
that N is not lck, there exists a function f on N such that (N, e*/ (g + dt?)) is a nearly
Kéhler, non-Kéahler manifold. Every such manifold in dimension 6 is Einstein with
positive scalar curvature. We apply Theorem P-1 and obtain that e?/ = a? cosh*Q(ﬁny)
for some real constants «, 3, 7.

Let us now consider the diffeomorphism
w: M xR— Mx(0,7), (z,t) — (z,2tan" (7).

A straightforward computation shows that
2
o, ,
e (g + dt*) = @go (3%sin? s g + ds?). 9)
We have obtained that the so—called sine—cone (see [@]) of (M, 5%g) has a nearly Kéahler
structure. The first part of the theorem then follows from the next lemma, which can
be found (in a slightly different version) in [f.

Lemma 3.3. Up to constant homotheties, the sine—cone (M x (0,7),sin? s g + ds?)
of a simply connected 5—dimensional Riemannian manifold (M, g) has a nearly Kdhler
structure if and only if M is Sasaki—Finstein.
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Proof of the lemma. In [{] the authors prove the result by an explicit calculation, using
so—called hypo structures on Sasaki-Einstein manifolds. We provide here a different
argument. The key idea is the fact that the Riemannian product of two cone metrics is
again a cone metric, as shown by the formula

(t2g +dt*) + (s*h 4 ds?) = r*(sin® § g + cos? O h+ d6?) + dr?, (s,t) = (rcosf,rsinf).

In particular, taking h = 0 (the metric of a point), shows that the cylinder over the
Riemannian cone of a metric g is isometric to the Riemannian cone over the sine—cone of
g. By Lemma [[4, if M is Sasaki-Einstein, its Riemannian cone M has holonomy in SUj,
so the cylinder M x R has holonomy in SU3z x {1} C G5. The previous remark, together
with Proposition [L.3, shows that the sine-cone of M is nearly Kéhler. Conversely, if
this holds, then the Riemannian cone of the sine-cone has holonomy in G5. Thus the
holonomy of the cylinder M x R is a subgroup of Gs. But since Gy N (Og x {1}) =
SUz x {1} C Oy, this means that M has holonomy in SUs, so M is Sasaki-Einstein.
The lemma, and the first part of the theorem are thus proved.

Conversely, let (M5, g) be a simply connected Sasaki-Einstein manifold. We first
notice that by Lemma [.4, the Riemannian cone M is Kéhler, so the cylinder M x R,
which is conformal to M, is lck (and even Vaisman, see [L7]).

On the other hand, Lemma B.3 shows that the sine-cone of M is nearly Kéhler,
and therefore the cylinder over M, which by ({) is conformal to the sine—cone, has a
structure of type Wy + Wj. O

Remark. The almost Hermitian structure on the cylinder can be easily made explicit,
cf. [A, Theorem 3.6], and it has the important property of being invariant with respect
to the translation by 27 in the R-direction. Consequently, the Riemannian product
M x S viewed as the quotient M x R/ (z,t)—(z,t+2r) has a locally conformal nearly
Kahler structure. One should notice that M x S, having infinite fundamental group,
carries no global nearly Kahler structure.

Before formulating the next result, recall that the mapping torus (or suspension) T'(p)
of a diffeomorphism ¢ of a manifold P is the quotient of P x [0, 1] by the identification
(z,0) = (p(x), 1), together with the natural fibration T'(¢) — S'. If P is a Riemann-
ian manifold and ¢ is an isometry, then the fibration over S! is also a Riemannian
submersion. Now we can state:

Corollary 3.4. Let N be a compact almost Hermitian manifold of type Wy + Wy car-
rying a parallel vector field £. Assume that the distribution orthogonal to & (which
is automatically integrable) has compact simply connected leaves. Then N is isomet-
ric to a mapping torus of an isometry of a simply connected compact Sasaki—FEinstein
5-dimensional manifold.

Proof. Apply the previous theorem to the fundamental covering of N. O
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Examples of this construction are abundant, since a lot of simply connected Sasaki—
Einstein manifolds are known. In [f], for instance, a countable infinite family of simply
connected 2n + 3-dimensional Sasaki-Einstein manifolds is associated to each positively
curved compact Kahler—Einstein manifold of dimension 2n. In particular, the space of
Sasaki-Einstein metrics on S® x S? is infinite dimensional. Moreover, it was recently
proven in [f] that on any connected sum #k(S? x S?) there exist infinite families of
Sasaki-Einstein metrics. With few exceptions, all these metrics are irregular, hence
inhomogeneous. This leads to the following

Example 3.5. The manifolds S° x S* and S3 x S? x St carry locally, not globally,
conformal nearly Kdahler metrics. Most of these metrics are inhomogeneous.

Notice that S® x S? x St has at least two other interesting almost Hermitian structures
which we briefly mention.

First, S3 x S? x S! has a natural Vaisman structure, induced by the cone metric
over the Sasaki-Einstein one of S x S2, as mentioned before. The underlying almost
complex structure is, in particular, integrable.

Second, it is the twistor space of the Hopf surface S® x S' and, as such, it has an
integrable semi—Kahler structure (cf. [§, Prop. 11]). It is clear that this (integrable)
almost complex structure is different from the previous two.
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