N

N

On numerical integration by the shift and application to
Wiener space

Nicolas Bouleau

» To cite this version:

Nicolas Bouleau. On numerical integration by the shift and application to Wiener space. Acta Applicandae
Mathematicae, 1991, 25, pp.201-220. <hal-00107444)

HAL Id: hal-00107444
https://hal.science/hal-00107444v1

Submitted on 18 Oct 2006

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Auto':izition
HAL Authorization


https://hal.science/hal-00107444v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

ccsd-00107444, version 1 - 18 Oct 2006

On numerical integration by the shift and application to
Wiener space

Nicolas BOULEAU *

Since the advantages of quasi-Monte Carlo methods vanish when the dimension of the basic
space increases, the question arises whether there are better methods than classical Monte
Carlo in large or infinite dimensional basic spaces. We study here the use of the shift operator
with the pointwise ergodic theorem whose implementation is particularly interesting. After
recalling the theoretical results on the speed of convergence in a form useful for applications,
we give sufficient criteria for the law of iterated logarithm in several cases and in particular in
situations involving the Wiener space.

If a family of real random variables is naturally defined on a probability space which can
be smoothly changed to be ([0,1])%, B([0, 1]*), dx) with small s, quasi-Monte Carlo methods are
among the fastest ones for computing expectations, at least when the family is wide enough
to exclude other specific methods. See for example 0], R1]. But the advantage of these
methods vanishes when s increases (cf [R9]). Practically, for the best low-discrepancy sequences
available at present (cf 2], [[J]), to compute expectations with an accuracy of 10~* by unit
of standard deviation, it is faster to come back to the classical Monte Carlo method as soon as
the dimension s exceeds 20 (cf [ [H]).

In large or infinite dimension (computation of expectations of stopping times for Markov
chains, or of functionals of solutions of stochastic differential equations, etc.) the classical Monte
Carlo method which is based on the law of large numbers, can nevertheless be supplanted by
another method based on the pointwise ergodic theorem of Birkhoff and the shift operator.
Particular features of the implementation of this method make it at present the most interesting
way of integration in large or infinite dimension (cf [f]).

The aim of this study is to clarify the consequences of recent theoretical results for the
numerical computation of expectation by the shift method, and in particular to yield sufficient
criteria for the existence of speed of convergence of the type ‘iterated logarithm’ in several
situations. We put particular accent to the case of Wiener space because it is the basic space
of many situations useful in applications.

The content of the study is the following;:

I. Law of iterated logarithm for the shift

II. Criteria of membership for the Gordin class
1. Case of the torus T
2. Case of the torus TN
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3. Case of Wiener space
a) The Wiener space as a product space
b) Functionals of lipschitzian SDE’s
¢) Multiple Wiener integrals

4. Other factorisations of the Wiener space

We give now some details on each of these parts.

The first part is concerned with the speed of convergence in the pointwise ergodic theorem
for the shift on 7™. In contrast to the case of the law of large numbers, there is no standard
speed of convergence valid for every function in L?. Nevertheless the successive improvements
of the LIL (cf [Ig], [B3, [1T], and more recently []) have shown the importance of a sub-class
of L? for which a form of the LIL is valid and which contains several useful examples (cf part
IT). We call this class the Gordin class by reference to [[[3] one of the first works where this
decomposition in sum of martingale increments and a subsidiary harmless term is used. Our
purpose is not to extend the general results (cf [fl]) but to express useful consequences for
applications. All the results are explicitely proved except the theorem of Heyde and Scott
itself.

In the second part, we show first that functions in the Sobolev spaces H*(7*) are in the
Gordin class for the shift of binary digits. Next for the torus 7™ with the shift to the right,
Dirichlet forms techniques are used to obtain a simple sufficient criterion for membership to the
Gordin class. For the first factorisation of the Wiener space under study, the shift becomes the
scaling ByoT = %Bgt. With this transform, Holderian functions of solutions of Lipschitzian
SDE’s are shown to belong to the Gordin class. Somes examples are analysed which are
related to multiple Wiener integrals. Other factorisations are discussed and especially the
representation of Brownian motion on the Schauder basis of C([0,1]) consisting of primitive
functions of the Haar basis. The criterion obtained on T™ by Dirichlet forms method applies
here as well.

We thank J.P. Conze and E. Lesigne for useful discussions and suggestions.

I. The law of iterated logarithm for the shift

We are interested by almost sure results. It is well known (see [[[4], [[7]) that for every ergodic
endomorphism 7 on a Lebesgue space, and for every sequence, (a,), o, > 0, ay, — 0, there is
an f in L? such that

(lnilfoTk—]Ef)/Oznﬁ+oo a.s.
" =0

Such a “slow” f is constructed by suitable application of the Rohlin-Halmos lemma which
likewise furnishes a “fast” non constant f € L? for which (1 Y720 f o 78 —IEf) is o(—=) (see
also [[§] pp.14-15)

Nevertheless such functions, by the nature of the Rohlin-Halmos lemma itself, are rather
abstract examples, and do not prohibit an LIL from holding for a large class of functions
containing the most common ones.

For later convenience, we assume the following framework:

(E, &, 1) is a probability space and

(Q,A,P) = (E% E%2 1192),

The coordinates from €2 into E are denoted by X,,. We define the ergodic automorphism 7
on (2, A,IP) by

X,oT=X,_4 Vn € Z.



We call 7 the shift to the right. One puts
Fr=0(Xm, Xonst1, - Xp) form<neZ

fﬁoo = U(Xk,k S n)
f-;goo = U(Xk,/{i > m)
Fre = o(Xp, k € Z)

As stated in the introduction the following results can be proved in a more general setting, for
other endomorphisms (see [[], [B3], [[7]) and for Banach-valued random variables (see [f]).
Let us consider on L'(F§°,IP) the Perron-Frobenius operator T defined by

Tf=E[f|Fr]oT fe LY (F&,IP)
we then have:

Lemma 1 For f € L*(F5°,1P), IEf = 0, the following assumptions are equivalent:
a) SN T f remains bounded in L?,
b) SN T f converges weakly in L? when N T oo,
¢) SN T f converges in L?* when N T oo,
d) there exists g € L*(F°,P) such that f = (I —T)g.

Proof. b)=-d): if Y 7" f converges weakly, by the Banach-Steinhaus theorem the limit g is
an element of L?(F$°, IP). By composition with the bounded operator T, we obtain g = f+Tg.
d)=c): if f = —T)g, g € L?, it can be supposed IEg = 0. Then ||[TVg|[z2= — 0 when
N 1 oco. Indeed [|[TVg|2. = E[E(g|F3)?% and E(g|Fy) is an inverse martingale which tends
to zero in L2.
Finally for a)=-b), let us consider a subsequence N}, such that zﬁgo T™f converges weakly
in L*(Fg°) as k T co. Letting g be the limit, by composition with 7" we get

9=+ im TN g =Tg

and the same argument as for ¢)=-d) shows that 7™ f — 0 in L% O
Remark. It is easy to see that these conditions are equivalent to the condition that > 7" f
converge for the topology o(L?(F*), L2(F,™)).

We shall say that a function f € L?*(F;*°) belongs to the Gordin class (for which we
write f € G) if f — IEf satisfies the equivalent conditions of lemma 1.

Lemma 2 The Gordin class is the class of the functions f € L*(Fy™) admitting a decompo-
sition

(1) f-Ef=§+hot ' —h

where g, h € [ € L*(F; ) with IE(§|F*) = 0 and IER = 0. Such a decomposition, if it exists,

1S UNLqUE.

Proof. By lemma 1, if f € G there is a g € L2(F; ™) such that f — IEf = g — Tg. Putting
g =9 —IE(g|F) and h = Tg = IE(g|F°) o 7, we get the decomposition ([[).

Conversely, if f can be decomposed as ([l), we have Tg = 0 and T'(h o 77') = h, hence
f—Ef=(-T)gwith g =g+ hor ! The uniqueness follows immediately. n

The theorem of iterated logarithm is valid for functions in the Gordin class:



Theorem 3 Let f € L?(F,™™) be in the Gordin class, and §, h the elements of its decomposi-
tion (). Then, putting Sy = SN (f —IEf) o 7", there holds
a)

hm \/—_HSNHL2 = |9l 2
b)

! Sn
im sup

Nioo V2N loglog N = llgll-

Proof. Noting that
N

SN:Z[]OT"—O—hOT*l—hOTN

n=0

part a) comes from the following inequality, where the norms are taken in L?*:

=5~ =l —= ™| A —
sl e <2 =
and from || XN G o 7% = (N + 1)||3|?, which follows by orthogonahty
If g = 0 part b) is a consequence of the fact that, h being in L?, hor _, ) when N 1 oo by

VN
the pointwise ergodic theorem. Thus, when g # 0 it suffices to show that

lim sup [Znogor| =|9l|-
Nieo V2N loglog N
But this is given by the theorem of Heyde and Scott ([Ld] corollary 2). O

We shall now state sufficient conditions for membership to the Gordin class G.
Without subscript, norms are L?-norms.

Proposition 4 Let f € L*(F,™) be such that
) Z L] = BUIFD) < +oo,
then f € G and the g of its decomposition satisfies

I3 < 3 L) - (A7)

Proof. By the fact that
IT"(f = NI = Ef = EFIF2)]
the convergence of the series (P]) implies that the series > 7" (f — IEf) converges normally.

Letting ¢ be its sum, then g is given by g — IE(g|F7°) thus ||g]] < [lg]|- O

Proposition 5 Let f € L*(F;™), and let us consider the decomposition

(3) F=Ef S S,
n=0

with
fo=E(f|F) — E(f)



and

fo=E(f|IF) - E(flFg™)  forn>1
a) f € G if and only if

SupZ [ITE( Z Frri 0 TMF)P < oo

j=o n=0
b) This is satisfied if

2 )20 IMell? < 400

m>0 \ k>m

and then the g associated with f in ([@) is such that ||g|| < 3,50 v/ Zksm || fel*

c) This is also satified if
> Vml| fnll < +oo

m>0

and then the § associated with f in (@) is such that ||g|| < 350 vVl fl|-

Proof. The existence of the decomposition (f) for any f € L*(F,;>°) comes from the fact that

3 f = BUIAY) ~ B(IA)

is a martingale which converges in L?.
Let f € L*(F; ™), and put f = f —IEf. Using the fact that for n > 0, T"f = IE[f o 77| F5°]
we get R
T"f = > E[fi o 7"|F57]

k>n

because for k < n, f o 7"is F~L -measurable. It follows that

(4) ZT"f > S Elfiorl A

n=0k>n

= Z Z Joaj o TFG)-
7=0 n=0
But the random variables v
=B} furjoT"F5)
n=0
form an orthogonal sequence and therefore

N o)
n |12 N2
IIZOT fll :ZOIIZj |

n= J=

and part a) follows from lemma 1.
From the equality (f]) we have also

IIZT"fII < Z 1> E[f o 7" F57]-

n=0 k>n



For every fixed n the sequence (IE(fy o 7"||F§°))k>n is orthogonal, and so

k>n k>n

< (Z ||ka|2) N

k>n

1/2
1> Elfy o 7| 7]l = (Z 1T i OT”I78°]|I2)

which gives part b).
Taking once more the equality (4) rewritten as

N 00
ST =S EB(f+ fmoT+ -+ fon o TV |FY)
n=0 m=0

gives

N 00

< > Vmllful,
m=0

mAN mAN—1
; JmoT

by the fact that the sequence f,, o7 s+, [m is orthogonal. Part c) follows by

the same arguments. O

If T is an almost finite stopping time of the o-fields (F§),>0 and if f is an FJ -measurable
random variable, f can be written as

f = Zf 1{T:k}

k>0
with f 1ir—py ]:é“—measurable. This is a particular case of the following situation:

Proposition 6 Let f € L*(F§°) admit the following representation converging in L?:
f= Z fr  with fy fé“-measumble.
k=0

If the condition
(5) > kllfi — BAll < 400

k=0
15 fulfilled, then f € G, and the associated § satisfies

(6) Il < S VET IS — Ef.
k=0

Proof. By the fact that 7"(fx — [Ef;) = 0 for n > k,

T(f - Wf) = > T"(fr — Efi)

k>n

and therefore under condition (5) the series >, T"(f — IEf) is normally convergent and f € G.



Let us put g(fx) = Yps0 T"(fe — IEfi) and g(f) = X0 T"(f — IEf). Under condition (5)

we have thus
f)=>9(fx),

k>0
the series converging normally. Therefore
9(f) = Elg(NIF) = > _lg(fi) — Blg(fu)| o)),
k>0

the series again converging normally. But by lemma 7 below and proposition 5 applied to fi
we have

lg(fie) = E(g(fi)|Fo)ll < VE+ 1 fr — Efil
so that

lg(f) = E(g(HIF) < D_VE+ 1 fr — Efll
k

which proves the proposition. 0

Lemma 7 If f € L? depends only on d consecutive coordinates then
fim 1 |f+for+ -+ forVN I - NEf|
N P V2N loglog N

Proof. This is a simple application of the LIL of Hartman-Wintner for independent variables.
Let us put N — 1 = pd+ q with 0 < ¢ < d, and let us suppose f to be centred. Then

< Vd|f - Ef]|

d—1p—1 pd+q
(7) ZfOT—ZZfOT]d+k—|—ZfOT
k=0 j=0 n=pd

By the fact that for every fixed k

o | im0 f o T
lim sup

p v2ploglogp

Dy Dot g g g 2kl
/2N loglog N \/2N loglog N
< V| fll

= [I71

we have

VAN

lim supy

Now the second term of (7) gives

| S f o _ Xig 1S o TP

V2N loglog N = +/2N loglog N

which vanishes almost surely as N T oo by the ergodic theorem because f € L?. The lemma

follows from these estimates. 0

Remark. For f € L?(F°) admitting the representation f = ¥, fx converging in L? with
fx F-measurable, we dont know whether the sole hypothesis >, vk + 1| fy — IEfx]] < +o0
suffices to imply

: | Xaio(f —Ef) o7
1 " < E VE+1|fi — Ef]|.
1mj\§up AN Toglog N =2 + 1| fx Tl

The following result, whose statement is simple, is a rather rough consequence of the pre-
ceding proposition.



Proposition 8 Let T be an a.s. finite stopping time of (F3)n>0, and f € L*(FL).
If there is an o > 1 such that

E[f*T?log" T) < 400

then N /B
. |Z:0(f—IEf)o7'"| 6 3
] n < YU A(T +1)%2.
im sup NTosle N - x 1£(T + 1)<

Proof. Putting fi, = f 1{7—x) we have

1
S Efe —Efill <Dkl full = ;WHV k31log® k fi||

k<1 k

which by the Cauchy-Schwarz inequality, is bounded by

1
< 3log” < T3log™ T f?].
<\ 2 gy 2 K 108" ki < oIl g T

Therefore the inequality (5) is satisfied and similarly

ivm U fi = Efi < ?Hf(T+ 1)%72].
k=0

Remark. It is worth noting that if f € G it can of course happen that

g1l < [l = TEf].

This is the case if f —IEf = hor ! — h with h € L? and other examples are easily constructed
by the Gordin decomposition. This can occur even when f depends only on a finite number of
coordinates. In this case integration by the shift method runs (asymptotically) faster than by
classical Monte Carlo.

Nevertheless, the principal interest of the shift method does not come from this phenomenon
but from certain facilities afforded by its implementation (see [[]).

II. Criteria of membership to the Gordin class

II1.1. The case of the torus 7*

Let us consider the following transform of 7% x T

221 — [221] +
5 ...

2xs - [2x8] + Ys
2

=

((xla st ,:ES), (yh s 7?/8)) — (([21‘1], R [QIES])), ( ))

where [z] is the fractional part of z € IR, which is easily seen to correspond to the bilateral
Bernoulli shift by binary expansion of real numbers.
We have for this transformation and for f € L*(T*°, dy; - - - dys):
1 .n vy
Tfly)= > =I5 +3)
nef{0,1}*



k
TTOED DR (G B

ke{o 7777 2n71}s

Using then the Fourier representation of f

f(y) — Z A 622‘7r<m,y>

meZs
one easily obtains that if IEf =0
N N A
Z Tnf(y) — Z Z aan 6217r<q,y>
n=0 q€Z®, qg#0 n=0
and we get:
Proposition 9 The function f € L*(T*) belongs to G if and only if
N
sup Z | Z Agng|® < 400
N q€ZS, q#0 n=0

in which case ¥q # 0, SN aang — Ntoo by with >4 1bg|* < 400 and the g of f in (1) satisfies
19117 < 34 [bg[*.

Corollary 10 Let f € L*(T®) be such that there are ¢, > 0 with >°° ¢, < +00 and |agn,,| <
Cnlam| Ym € Z°\{0}. Then f € G and

g1l < [If = TEf]] Zocn.

Example. Letting f belong to the Sobolev space H*(T*) defined by 3 czs |ay|*(Xi_op?)* <
+oo for some a > 0. Then f € G and ||g]| < (3, |a,|*(Xig p7)*) 2.

I1.2. Case of the infinite dimensional torus

We consider here the Bernoulli shift ( to the right) on ([0, 1]*, B([0, 1]%), dx)?.

The property of membership to the Gordin class is strongly related to the dependence of f
on the size of the derivatives of f (when they exist) with respect to the faraway coordinates.
This is particularly simple to espress by means of Dirichlet forms:

Let us consider a Dirichlet form (dl, ) on L*([0, 1]*, dx) possessing a carré du champ operator
7 (cf [[]) and let us consider the product Dirichlet structure (cf [§]):

(Q,A, P, d, &) = ([0,1]%, B([0, 1)), dz, d, £)*?
This structure has a carré du champ I' given by

i€Z
where 7; operates on the i-th coordinate. We consider the shift 7 given by
XpoT =X,

where (X,,)necz are the coordinates. For F' € L?(Q, F5°) there holds

Tf(xo,T1,. . Ty, ..) = /e[o 1]Sf(x,x0,x1,...)da:.



We make the following assumption (§): Let L2 = {f € L? IEf = 0}

(8) { There exists K > 0 such that

vieDnLy |fl7. < KE(S. f)
Then the space ID N LE is a Hilbert space for the norm /E(f, f) which is invariant by 7.
Let Do ={f e, IEf =0, fis F;°-measurable} which is closed in ID
Proposition 11 Under hypothesis (§), let f € Dy be such that

[S SN o]

SO EN(f N2 < oo

k=0 i=Fk
Then f € G.
Proof. This is straightforward by the fact that

E(Tf,T"f) < %E[i Vil fs )]

Corollary 12 Let f € L*(Q, F5°) be such that for everyn € N,
0,1° 3z, — f(zo,...,2n...) €ER

possesses a derivative in the sense of distributions in L?(dx,) (dxg---dx,_1dx, 1 - -)-almost
surely.
Then if

> i*(log® ) E[f{] < +o0
=2

foran a>1, then f € G.

Proof. The preceding proposition is here applied to the case (dl, &) = (H'([0,1]*,dx, [V?, dz)

a) Let us prove first that the hypothesis (§) is fulfilled. For this we use the fact that this
hypothesis is satisfied on the Wiener space equipped by the Ornstein-Uhlenbeck semi-group, as
it is easily seen by the spectral representation on the chaos. This is equivalent to saying that

(B) is satisfied on the Gaussian structure

(]RS, B(IR®), N,(0,1) /v2 N, (0, 1)))®Z

with the constant K = 1. The property is therefore true for every image structure of this
structure (cf [g]) and the result comes then from the following easy fact :

2
Let be ¢(z) = [* \/%e’%dy; then
1
| (Foe)tan.1) < - [ fAa)da

b) It remains only to prove that

3" (log®i)al < +oo = Y (Y a)? < +o0.
1=2 k=0 i=k

which a consequence of the Cauchy-Schwarz inequality. 0



I1.3. The case of Wiener space
3.a) The Wiener space as a product space

Let us consider the space W = {f € C([0,1],IR%), f(0) = 0} equipped with its Borelian o-field
B and with the Wiener measure m.

On the space (Q, A, P) = [[/>° (W, B,,m,) where (W, B,,, m,) are copies of (W, B, m)
we define a Brownian motion (B;);cr, in the following manner: Letting X, be the coordinate
map from 2 into W,, for t E]Zk%, 2%], k € Z we put

t—1/2k+1

> Xn(l) Xk‘( 1 2k+1 )
By = Z o i + Q
n=k+1 2 272

The process thus defined is Gaussian centred with independent increments, tends to zero as t
goes to zero and its covariance is easily computed to be s A ¢ times the identity matrix; it is
therefore a standard IR%valued Brownian motion.

The transform 7 defined on €2 by

X,otr=X,.1 n€eZ

is a scaling

1
Bt oOT = —2Bgt
and the results of section I apply with
F© = o(Bs, s<1)
F = o(Bs, s < %)
F5 = o(B.~ By, s €lgha.1)

We shall put B; = o(Bs, s < t).

3.b) Functionals of Lipschitzian SDE’s

Let us consider maps
c:R™" xRy - R™?  bh:R™ xR, —R™

satisfying the Lipschitz hypotheses:
3C' > 0 such that Vs € [0, 1]

|o(z,5) = a(y,s)| +[b(z,5) = by, s)| < Cle -y

|o(z, s)| + [b(x, 5)| < C(1 + |])

where | . | is one of the equivalent norms on Euclidean spaces.
Let X} be the solution of the the SDE:

t t
X? :x—i—/ o—(Xj,s)st+/ b(X?,s)ds =€ R™
0 0

Proposition 13 Let be f = h(X]) for t < 1, with h : R™ — R Hélderian of exponent
A €]0,1]. Then f € G.



Proof. Let A be the Holder constant of h:
|h(z) — h(y)| < Alz —y*

and let (P;):<o be the semi-group of the diffusion associated with the flow X7. By classical
estimates (cf [I9] chapter 2) we have

|Puh(z) — Ph(y)] = [EA(X}) — ER(XY)| < AE|X; — XJ|*
< Klz—y]* Yuel0,1]

for some constant K depending on the dimensions m, d and on the constants C' and A.
If ¢ is Holder with exponent A, we have

var[p(X7)] = E|p(X7) — Ep(X7)[* < Elp(X7) — o(BE(X]))[”
< B[ XY — EXT? < cy(1 + |2]*)s?

(cf [I9] theorem 2.1)
Now, let us remark that

T"f = Blh(X{)|By]or" = P,y h(X5)or"

om

Hence by the preceding estimates we get

I1T"(f = Bf)I* = var[T™ f] = var[P,_ 1 h(X% )]

1
< o1+ o) 55

and the series 3 ||7"(f — IEf)]|| converges geometrically. O
Proposition 14 Let p(ds,dx) be a measure on [0, 1] x R™ such that
[ Qe lds, do)| < +oo
[0,1]xR™

with X €]0,1], and let g be a Holderian function of exponent X. Then the functional

[ = 9(X3)u(ds, dx)
0,1] x R™
belongs to G.
Proof. We have
™f = / / (XHp(ds,dx)ot" +/ _%g(X%n),u(ds,dx)OT

and hence
1
=)< [T 1005 — X+ [ [ worlP g o(X )2
and therefore by the estimates used in the preceding proof:
=Bl 7 Anlestuas )+ [) [ B0

By hypothesis the second term is bounded by C'— g For the first one, let us remark that
2

> A
Z 1[072%](5)52
n=0

w(ds, dx)|.

is bounded on s € [0, 1] from which it follows 3 ||T"(f — IEf)| < 400 0



3.c) Multiple Wiener integrals

The case of multiple Wiener integrals is important on one hand because their family is in some
sense the universal diffusion process (cf [B] [B]) and on the other hand because most of them
are quite irregular and such that every Borelian version is discontinuous at every point in the
Wiener space. Such functionals are not Riemann integrable and have to be approximated by
more regular functionals before simulation (cf [[]).

Here we give some examples to illustrate which irregularity at the origin can have functions
in the Gordin class for scaling.

Let

F= h(ti,... tm) dB;*dBy? - - - dB™

0<t1 <---<tm<1

where i, € {1,2,...,d} for k =1,...,m with
/ R2(ty, ... ty) dtydty - --dt, < +oo.
0<t1 < <tm<1

One has easily

1 4 tn

T"F — (2.,
2n 2n

) BB By,

Py
0<ty<-<tm<l 272

Therefore F' belongs to the Gordin class if and only if

N
1 t1 T\
su —mh(—, ..., =—))" dt dts - - - dt,, < +00
Np 0<1t1<~~~<tm<1(nzzO 272 (2” 2")) 1

Example 1. Let us take m = 1, h(z) = -, a < 1. It is easily seen that

1
L
1 1
F:/ —dB, €G Va < =.
0o t¢ 2

Example 2. Let us take
1

"0 = g0

1
ith —.
wi G > 5
Then

1
2 1
F :/ ——  dB
0o Vt(—logt)?
is in the Gordin class if 8 > 1, but F ¢G if 3 €]1,1] although h € L?[0,1] in that case.

Example 3. If we take
1 sin(mlog, x)

N

1
the functional F' = [ h(t) dB; gives an example of a functional in G such that

Z |T"F|| = +o0

h(z) =

and such that [; 1|h(t)] dB; €G.
Example 4. Let us consider a real Brownian motion (d = 1), and a function F square
integrable with the following Wiener chaos expansion:

F:F0+2Fm :F0+ Z h(tl,,tm) dBtldBtQ"'dBtm
m m=1

0<t; <-<tm<1
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and let us suppose |y, (t1, ..., tm)] < amﬁ with a* < Vi = 1...,m. We get, by the
t et

fact that the chaos are invariant by 7,

IIZT"F Fy)|I* = ZIIZT"F I”

n=0 m=1 n=0

00 2

a
< m m__m = m . i
N Z [1 — eyt ai= )]2 i:l(l =23 alrcn)

m=1

so that, if all a]"’s are equal to o < %, F € G as soon as the series

[e'e] (12
2 i - 2a)

converges.

I1.4. Other factorisations of the Wiener space.
4.a)

Let (xn(t))n>0 be an orthonormal basis of L2[0,1] and let o, () = f§ Xn(s) ds. Let (gn)nso0 be
(

>0
a sequence of independent standard Gaussian variables built as the coordlnates of (U, A TP) =
(RN, BRY), N(0,1)°).
The series

(9) > GnPn
converges in C([0,1]) a.s. and in LP((2,.A,TP),C([0,1])) p € [1, 00] and its sum is a Brownian
motion under IP.

Indeed, if on the Wiener space we put Y,(w) = f§ Xn(s) dBs and F,, = (X, k < n), we
obtain, denoting by B the identity map from C[0, 1] into itself,

(10) B‘f Zxkgok

as can be seen by applying a continuous linear functional p on C[0, 1] to both sides of ([[0) and

by remarking that (i, Xo, - .., X») is a Gaussian array. By the convergence properties of vector
martingales, we have therefore
(11) B =) Xk

k=0

a.s. and in LP. Since the family of partial sums of the series ([) has the same law as the sums
of ([[1) the assertion is proved.
Such a representation of the Brownian motion

B =Y Xupr
k=0

allows us to define the shift, and the associated Gordin class clearly depends on the basis (x,)
which is chosen.



4.b)

The case of Haar functions is particularly interesting. Let us put x = 1;, 1= L 1 and

(12 nalt) = 25x(2"t =)
(13) i) = [ mals) ds

forte Ry, meZ, kelN.
The functions (Xm.k)mez, kew form an orthonormal basis of L*(IR. ) and if g,, ; are standard
independent Gaussian variables, the Brownian motion can be represented by

B(wt ZOO i‘pmk gmk ))

m=—o0 k=0

and the scaling studied in paragraph I1.3 is the mapping which transforms the sequence

(Grm.k (@) )i

into the sequence
(Im—1,1(W) )m,k-

The space generated by the functions (Xm.x)m>0, 0<k<2m is the subspace of L?[0, 1] orthogonal
to the constants, and the process

oo 2™M—1

m=0 k=0

is a standard Brownian bridge vanishing at zero and one. The representation ([[4) is unique
and converges in Cy[0, 1] = {f € C[0,1] f(0) = f(1) = 0}. The functions ¢,,  form a Schauder
basis of this space. If f € Cy[0, 1] with

2m—1

(15) =3 eun®ans(f)

m=0 h=0

there holds " . L I
ami(f) = [2f(2—m + 2m+1) - f(2—m) - f(Q—m)p?-
The Banach spaces of Holderian functions of exponent av €]0, 1] of Cyo[0, 1] can be interpreted
in terms of spaces > and ¢q on the sequences (2", k)mx (cf [L0]).
To approach a continuous function by a partial sum of the series ([§) is convenient practi-
cally, and if we change the notations by putting agmit = apmp m > 0, k = 0,...,2™ — 1 the
simple shift on the a, i.e., the transform

F(ay,...,an,...) — For=F(ap,a1,...,0n11,--.)

(which does not correspond to a scaling) is quite thrifty in random drawings. By proposition
11, a sufficient condition for a function F' to be in the Gordin class for this transform is that it
be in L? and possess partial derivatives such that

SO E(EP)? < oo

k=0 i=k



where the expectation is taken on (IR™, B(R™), N(0,1)%).
Example. For fixed ¢ € [0, 1], let us consider the functional

Fe) = 3 —ould ([ vas) d2,)

n20n+1

2

which, with the preceding notations F' can be written

F=y

n20n+1

1
Pn <t> afr

Now F belongs to L? by the fact that the series

Z ! 2<Pn<t)

=0 (n+1)

converges and we have F/ = Z% wi(t)a; so that

[e.e]

Sy ER=Y

k=0 i=k k=0

because (1) € £*. And thus F € .

t
k+1s0k()<+00
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