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On the stabilization problem for nonholonomic
distributions

L. Rifford* E. Trélatf

Abstract

Let M be a smooth connected and complete manifold of dimension n, and A be a
smooth nonholonomic distribution of rank m < n on M. We prove that, if there exists a
smooth Riemannian metric on A for which no nontrivial singular path is minimizing, then
there exists a smooth repulsive stabilizing section of A on M. Moreover, in dimension three,
the assumption of the absence of singular minimizing horizontal paths can be dropped in
the Martinet case. The proofs are based on the study, using specific results of nonsmooth
analysis, of an optimal control problem of Bolza type, for which we prove that the cor-
responding value function is semiconcave and is a viscosity solution of a Hamilton-Jacobi
equation, and establish fine properties of optimal trajectories.

1 Introduction

Throughout this paper, M denotes a smooth connected manifold of dimension n.

1.1 Stabilization of nonholonomic distributions

Let A be a smooth distribution of rank m < n on M, that is, a rank m subbundle of the tangent
bundle TM of M. This means that, for every x € M, there exist a neighborhood V, of = in
M, and a m-tuple (f¥,..., fZ) of smooth vector fields on V,, linearly independent on V,, such
that

A(y) = Span{f{(y),---, fm(¥)}, Yy € Vs

One says that the m-tuple of vector fields (f¥,..., fZ%) represents locally the distribution A.
The distribution A is said to be nonholonomic (also called totally nonholonomic e.g. in [f]) if,
for every x € M, there is a m-tuple (f, ..., f¥) of smooth vector fields on V,, which represents
locally the distribution and such that

that is, such that the Lie algebra spanned by f7,..., f¥, is equal to the whole tangent space
T,M, at every point y € V,.. This Lie algebra property is often called Hormander’s condition.

An horizontal path joining gy to x1 is an absolutely continuous curve () : [0,1] — M
such that v(0) = zg, v(1) = z1, and such that §(t) € A(y(¢)), for almost every t € [0,1].
According to the classical Chow-Rashevsky Theorem (see [E, . B, ]), since the distribution
is nonholonomic on M, any two points of M can be joined by an horizontal path.

Let A be a nonholonomic distribution and & € M be fixed. We recall that, for a smooth
vector field X on M, the dynamical system & = X (z) is said to be globally asymptotically stable
at the point z, if the two following properties are satisfied:
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Lyapunov stability: for every neighborhood V of Z, there exists a neighborhood W of z
such that, for every @ € W, the solution of &(t) = X (z(t)),z(0) = z, satisfies x(t) € V,
for every t > 0.

Attractivity: for every x € M, the solution of #(t) = X (x(t)), x(0) = z, tends to T as ¢
tends to +oo.

The stabilization problem for nonholonomic distributions consists in finding, if possible, a
smooth stabilizing section X of A, that is, a smooth vector field X on M satisfying X (z) € A(x)
for every x € M, such that the dynamical system @ = X (z) is globally asymptotically stable
at T.

There exist two main obstructions for a distribution to admit a stabilizing section. The
first one is of global nature: it is well-known that, if the manifold M admits such a dynamical
system, then it possesses a smooth Lyapunov function, i.e., a Morse function having only one
(possibly degenerate) critical point in M. In consequence, M must be homeomorphic to the
Euclidean space R™ (we refer the reader to [BY for further details). The second one is of local
nature: due to Brockett’s condition (see [[13, Theorem 1, (iii)]; see also 23, [4]), the distribution
A cannot admit a smooth stabilizing section whenever m < n.

The absence of smooth stabilizing sections motivates to define a new kind of stabilizing
section. The first author has recently introduced the notion of smooth repulsive stabilizing
feedback for control systems! (see [@, @, @]), whose definition can be easily translated in
terms of stabilizing section.

Let £ € M be fixed. Let S be a closed subset of M and X be a vector field on M. The
dynamical system & = X () is said to be smooth repulsive globally asymptotically stable at T
with respect to S (denoted in short SRSz s) if the following properties are satisfied:

(i) The vector field X is locally bounded on M and smooth on M \ S.

(ii) The dynamical system & = X (x) is globally asymptotically stable at Z in the sense of
Carathéodory, namely, for every = € M, there exists a solution of

z(t) = X(z(t)), for almost every t € [0,0), z(0) ==z, (1)

and, for every x € M, every solution of ([l (called Carathéodory solution of & = X (x))
on [0,00) tends to T as ¢ tends to co. Moreover, for every neighborhood V of Z, there
exists a neighborhood W of Z such that, for # € W, the solutions of ([l) satisfy z(t) € V,
for every t > 0.

(iii) For every = € M, the solutions of (fI}) satisfy z(t) ¢ S, for every t > 0.

In view of what happens whenever A = T'M, and having in mind the above obstructions
for the stabilization problem, a natural question is to wonder if, given a smooth nonholonomic
distribution A, there exists a section X of A on M and a closed nonempty subset S of M such
that X is SRSz s. In this paper, we provide a positive answer in a large number of situations.
To state our main results, we need to endow the distribution A with a Riemannian metric,
thus encountering the framework of sub-Riemannian geometry, and we require the concept of
a singular path, recalled next.

LIf one represents locally the distribution A by a m-tuple of smooth vector fields (fi,++, fm), then the
existence of a local stabilizing section for A is equivalent to the existence of a stabilizing feedback for the
associated control system & = Y ", u,f,ﬁ> There is a large literature on alternative types of stabilizing
feedbacks for control systems (see Section .



1.2 Sub-Riemannian geometry

For xg € M, let Qa(zo) denote the set of horizontal paths v() : [0, 1] — M such that v(0) = zo.
The set Qa(zg), endowed with the W' l-topology, inherits of a Banach manifold structure?.
For zg,x1 € M, denote by Qa(zo,x1) the set of horizontal paths v(-) : [0,1] — M such that
v(0) = z9 and (1) = 1. Note that Qa(zg,z1) = Egol(acl), where the end-point mapping
E. : Qa(zo) — M is the smooth mapping defined by E,,(v(-)) := v(1). A path ~(-) is said to
be singular if it is horizontal and if it is a critical point of the end-point mapping E,,.

The set Qa(zg, z1) is a Banach submanifold of Qa(xg) of codimension n in a neighborhood
of a nonsingular path, but may fail to be a manifold in a neighborhood of a singular path. It
appears that singular paths play a crucial role in the calculus of variations with nonholonomic
constraints (see [[[7] for details and for properties of such curves).

Let T*M denote the cotangent bundle of M, w : T*M — M the canonical projection,
and w the canonical symplectic form on T*M. Let At denote the annihilator of A in T*M
minus its zero section. Define @ as the restriction of w to AL. An absolutely continuous curve
¥(-) : [0,1] — AL such that ¥ (t) € ker@(¢)(t)) for almost every ¢ € [0,1], is called an abnormal
extremal of A. Tt is well known that a path v(-) : [0,1] — M is singular if and only if it is the
projection of an abnormal extremal 1(-) of A (see 2] or [IL4]). The curve 1(-) is said to be an
abnormal extremal lift of ~(-).

Let g be a smooth Riemannian metric defined on the distribution A. The triple (M, A, g)
is called a sub-Riemannian manifold. The length of a path v(-) € Qa(xo) is defined by

mmmmowzéwmmwwnwma (2)

The sub-Riemannian distance dsr(xo,z1) between two points xg,x1 of M is the infimum over
the lengths (for the metric g) of the horizontal paths joining xzp and x;. According to the
Chow-Rashevsky Theorem (see [, [[d, B3, Bd]), since the distribution is nonholonomic on M,
the sub-Riemannian distance is well-defined and continuous on M x M. Moreover, if the
manifold M is a complete metric space® for the sub-Riemannian distance dgg, then, since M
is connected, for every pair (xg,x1) of points of M there exists an horizontal path ~(-) joining
o to x1 such that

dsr(zo,21) = lengthy(v(")).

Such an horizontal path is said to be minimizing.
Define the Hamiltonian H : T*M — R as follows. For every x € M, the restriction of H to
the fiber T M is given by the nonnegative quadratic form

p(v)?

9z(v,v)

|veAwn{m}. 3)
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Let H denote the Hamiltonian vector field on T*M associated to H, that is, i.yw = —dH. A

normal extremal is an integral curve of H defined on [0,1], i.e., a curve ¢(-) : [0,1] —» T*M
such that ¥ (t) = ﬁ(z/}(t)), for t € [0,1]. Note that the projection of a normal extremal is a
horizontal path. The ewxponential mapping exp,, is defined on T,y M by exp, (po) := 7((1)),
where (-) is the normal extremal so that ¢ (0) = (zo,po) in local coordinates. Note that
H(1(t)) is constant along a normal extremal 1 (-), and that the length of the path m(¢(-)) is
equal to (2 H(1(0)))/2.

According to the Pontryagin maximum principle (see [@]), a necessary condition for a
horizontal path to be minimizing is to be the projection either of a normal extremal or of an

2Tt is a straightforward adaptation of results of Bismut [E} (see also [E])
3Note that, since the distribution A is nonholonomic on he topology defined by the sub-Riemannian
distance dgpr coincides with the original topology of M (see [d, BJ])-



abnormal extremal. In particular, singular paths satisfy this condition. However, a singular
path may also be the projection of a normal extremal. A singular path is said to be strictly
abnormal if it is not the projection of a normal extremal.

A point z € exp, (T M) is said conjugate to xo if it is a critical value of the mapping
exp,,. The conjugate locus, denoted by C(zo), is defined as the set of all points conjugate to
xo. Note that Sard Theorem applied to the mapping exp,  implies that the conjugate locus

C(x0) has Lebesgue measure zero in M.

Remark 1.1. It has been established in [@] that the image of the exponential mapping exp,,,
is dense in M, and is of full Lebesgue measure for corank one distributions.

Remark 1.2. Let x € exp, (T M), let po € T; M such that z = exp, (po), and let (-)
denote the normal extremal so that 1(0) = (xo,po) in local coordinates. If x is not conjugate
to xg, then the path z(-) := 7(¢)(-)) admits a unique normal extremal lift. Indeed, if it had
two distinct normal extremals lifts 1 (-) and 2(-), then the extremal ¢ (-) — 12(-) would be
an abnormal extremal lift of the path z(-). Hence, the path x(-) is singular, and not strictly

abnormal, and thus, in particular, the point x is conjugate to xg. This is a contradiction.

We also recall the notion of a cut point, required in this article. Let x¢g € M; a point x € M
is not a cut point with respect to z¢ if there exists a minimizing path joining z¢ to x, which
is the strict restriction of a minimizing path starting from z(. In other words, a cut point is a
point at which a minimizing path ceases to be optimal. The cut locus of xy, denoted by L(zo),
is defined as the set of all cut points with respect to zyp. The following result is due to [@]
We provide in Section R.2.3 a new (and selfcontained) proof of this result, using techniques of
nonsmooth analysis.

Lemma 1.1. Let M be a smooth closed connected manifold of dimension n, and A be a smooth
nonholonomic distribution of rank m <n on M. Let g be a metric on A for which no nontrivial
singular path is minimizing, and let xo € M. Then,

Crmin(x0) C L(20),

where Cpmin(xo) denotes the set of points © € M \ {xo} such that there exists a critical point
po € T; M of the mapping exp,,, and such that the projection of the normal extremal ¥(-),
satisfying ¥(0) = (xo, po) in local coordinates, is minimizing between xy and x.

In other words, under the assumptions of the lemma, every (nonsingular) minimizing tra-
jectory ceases to be minimizing beyond its first conjugate point.

1.3 The main results

Theorem 1. Let M be a smooth connected manifold of dimension n, and A be a smooth
nonholonomic distribution of rank m < n on M. Let T € M. Assume that there exists a
smooth Riemannian metric g on A for which M is complete and no nontrivial singular path is
minimizing. Then, there exist a section X of A on M, and a closed nonempty subset S of M,
of Hausdorff dimension lower than or equal to n — 1, such that X is SRSz s.

Remark 1.3. If the manifold M, the distribution A, and the metric g are moreover real-analytic,
then the set S of the theorem can be chosen to be a subanalytic subset of M\ {Z}, of codimension
greater than or equal to one (see [R7, BJ] for the definition of a subanalytic set). Note that,
in this case, since § is subanalytic (in M \ {Z}), it is a stratified (in the sense of Whitney)
submanifold of M \ {Z}.

Remark 1.4. If m = n, then obviously there exists no singular path (it is the Riemannian
situation).



Remark 1.5. The distribution A is called fat (see [B3]) at a point z € M if, for every vector
field X on M such that X (x) € A(z) \ {0}, there holds

T.M = A(x) + Span{[X, fi](z), 1 <i<m},

where (f1,..., fm) is a m-tuple of vector fields representing locally the distribution A.
With the same notations, it is called medium-fat at x (see [lf]) if there holds

T M = A(x) + Span{[fi, fj](x), 1 <4,j < m} + Span{[X, [f;, f;]](x), 1 <i,j <m}.

If A is fat at every point of M, then there exists no nontrivial singular path (see [B3]). On
the other part, for a generic smooth Riemannian metric g on M, every nontrivial singular path
must be strictly abnormal (see [[1§)); it follows from [, Theorem 3.8] that, if A is medium-fat
at every point of M, then, for generic metrics, there exists no nontrivial minimizing singular
path. Note that, if n < m(m — 1) 4+ 1, then the germ of a m-tuple of vector fields (f1,..., fm)
is generically (in C°° Whitney topology) medium-fat (see [{]).

Remark 1.6. Let m > 3 be a positive integer, G,, be the set of pairs (A,g), where A is a
rank m distribution on M and g is a Riemannian metric on A, endowed with the Whitney C'*
topology. There exists an open dense subset W,, of G,, such that every element of W,, does
not admit nontrivial minimizing singular paths (see [@, E]) This means that, for m > 3,
generically, the main assumption of Theorem [lf is satisfied.

In the following next result, we are able to remove, in the compact and orientable three-
dimensional case, the assumption on the absence of singular minimizing paths. Assume from
now on that M is a smooth closed manifold of dimension 3 which is orientable and denote
by € an orientation form on M. Any nonvanishing one-form « generates a smooth rank-two
distribution A defined by A := ker a. Assume that A is nonholonomic on M. There exists a
unique smooth function f on M such that o A da = fQ on M. Since A is nonholonomic, the
set {f # 0} is open and dense in M. The singular set 3a of A is defined by

a=A{re M| f(z) =0},

Note that, if M and « are analytic, then the singular set is an analytic subset of M. The set
YA is said to be a Martinet surface if, for every x € XA, df (z) # 0, so that the set X is a
smooth orientable hypersurface on M. In the sequel, we will call a Martinet distribution, any
nonholonomic distribution A associated with a nonvanishing one-form as above such that XA is
a Martinet surface. In fact, it follows from the generic classification of rank two distributions on
a three-dimensional manifold (see [@], see also [Ell]) that, for every x € XA, the distribution A is,
in a neighborhood of z, isomorphic to ker o, where the one-form « is defined by « := dzz—x3dx1,
in local coordinates (x1,x2,x3). In this neighborhood, the Martinet surface XA coincides with
the surface z3 = 0, and the singular paths are the integral curves of the vector field 57~ Bor restricted
to x5 = 0. This situation corresponds to the so-called Martinet case, and these smgular paths
are minimizing in the context of sub-Riemannian geometry, for every smooth metric g on A

(see [E, EI, @])

Theorem 2. Let M be a smooth connected orientable compact Riemannian manifold of dimen-
sion three, and A be a Martinet distribution on M. Let T € M. Then, there exist a section X
of A on M, and a closed nonempty subset S of M, of Hausdorff dimension lower than or equal
to two, such that X is SRSz s.

Remark 1.7. The compactness assumption of the manifold M can actually be dropped (see
Remark @) It is set to avoid technical difficulties in the proof.



1.4 Stabilization of nonholonomic control systems

We begin this section with a remark on the local formulation of Theorem . Let U be an
open neighborhood of  in M such that Ay is spanned by a m-tuple (fi,..., fr) of smooth
vector fields on U, which are everywhere linearly independent on U. FEvery horizontal path
x(-) € Q(Z), contained in U, satisfies

q(t) = Zui(t)fi(Q(t)) for a.e. t € [0,1], (4)

where u; € L'([0,1],R), for i = 1,...,m. The function u(-) = (u1(-),...,un(-)) is called the
control associated to z(-), and the system @ is a control system. Hence, Theorem [|, translated
in local coordinates, yields a stabilization result for control systems of the form ().

There are however slight differences between the geometric formulation adopted in Theorem
EI, and the corresponding result for control systems. Indeed, when considering control systems
of the form @), the vector fields f1,..., fi;n» need not be everywhere linearly independent. More-
over, a rank m distribution A on the manifold M is not necessarily globally represented by a
m-tuple of linearly independent vector fields (for example, consider a rank two distribution on
the two-dimensional sphere of IR?).

For these reasons, we derive hereafter a stabilization result, similar to Theorem EI, valuable
for control systems of the form (E), and of independent interest.

Consider on the manifold M the control system
(1) =Y uilt) filx(t)), (5)
i=1

where f1,..., fi, are smooth vector fields on M (not necessarily linearly independent), and the
control u = (uq, ..., un,) takes values in R™.

The system (f]) is said to be (totally) nonholonomic if the m-tuple (fi,---, fm) satisfies
Hormander’s condition everywhere on M. According to the Chow-Rashevsky Theorem, any
two points of M can be joined by a trajectory of (ﬂ)

Let £ € M be fixed. The stabilization problem consists in finding a feedback control function
k= (ki, - ,km): M — R"™ such that the closed-loop system

l

&= ki(x)fi(z) (6)

i=1

is globally asymptotically stable at Z. It results from the discussion above, and in particular
from Brockett’s condition, that smooth or even continuous stabilizing feedbacks do not exist
in general. This fact has generated a wide-ranging research with view to deriving adapted
notions for stabilization issues, such as discontinuous piecewise analytic feedbacks (see [H4)),
discontinuous sampling feedbacks (see [R1, B7]), continuous time varying control laws (see [4)),
patchy feedbacks (see %]), almost globally asymptotically stabilizing feedbacks (see enjoying
different properties. The notion of smooth repulsive stabilizing feedback (see [BY, id, 1), whose
definition is recalled below, is under consideration in the present article.

Let & € M be fixed. Let S be a closed subset of M and k = (ky,--- ,kp) : M — R™ be a
mapping on M. The feedback k is said to be smooth repulsive globally asymptotically stable at
T with respect to S (denoted in short SRSz s) if the following properties are satisfied:

(i) The mapping k is locally bounded on M and smooth on M \ S.

(ii) The dynamical system (E) is globally asymptotically stable at T in the sense of Carathéodory.



(ili) For every x € M, the Carathéodory solutions of () satisfy z(t) ¢ S, for every ¢ > 0.

We next associate to the control system (ﬂ) an optimal control problem.

For 79 € M and T > 0%, a control v € L*([0,T],IR™) is said admissible if the solution x(-)
of () associated to u and starting at ¢ is well defined on [0, T]. On the set Uy, 7 of admissible
controls, and with the previous notations, define the end-point mapping by E,, r(u) := x(T).
It is classical that Uy, 7 is an open subset of L>°([0,T], R™) and that E,, 7 : Uy, 7 — M is a
smooth map.

A control u € Uy, 7 is said to be singular if u is a critical point of the end-point mapping
E.,.1; in this case the corresponding trajectory x(-) is said to be singular.

Let 29 and z; be two points of M, and T' > 0. Counsider the optimal control problem of
determining, among all the trajectories of (E) steering =y to x1, a trajectory minimizing the
cost

T
CoTw) = [ u(®)Ulale)utiat, ™)
0
where U takes values in the set S;b of symmetric positive definite m x m matrices.

Theorem 3. Assume that there exists a smooth function U : M — S}, such that no nontrivial
singular trajectory of the control system (ﬂ/ minimizes the cost (ﬂ’) between its extremities.
Then, there exist a mapping k : M — IR™, and a closed nonempty subset S of M, of Hausdorff
dimension lower than or equal to n — 1, such that k is a SRSz s feedback.

Remark 1.8. The same remarks as those following Theorem m are valuable. In particular, it
is proved in [B] that, for a fixed smooth function U : M — S}, if m > 3, then there exists
an open and dense subset O,, of the set of m-tuples of smooth vector fields on M so that
the optimal control problem (f)-([]) defined with an m-tuple of O,, does not admit nontrivial
minimizing singular trajectories.

2 Proof of the main results

This section is organized as follows. In Section @, we recall some tools of nonsmooth analysis
that are required to prove our main results. Section is devoted to the proof of Theorem
EI. We first define a Bolza problem, equivalent to the sub-Riemannian problem, for which we
derive some fine properties of the value function and of optimal trajectories. In particular we
prove that the value function is smooth outside a singular set which is defined using a specific
notion of subdifferential. Theorem [] is then derived in Section R.2.4 Theorem [ is proved in
Section @ The proof of Theorem f is similar to the one of Theorem [I| and thus is skipped.

2.1 Preliminaries: some tools of nonsmooth analysis

Let M be a smooth manifold of dimension n.

2.1.1 Viscosity subsolutions, supersolutions and solutions

For an introduction to viscosity solutions of Hamilton-Jacobi equations, we refer the reader to
[E, E, @, . Assume that F': T*M x IR — R is a continuous function on M. A function
u: U — R, continuous on the open set U C M, is a viscosity subsolution (resp., supersolution)
on U of

F(z,du(x),u(x)) =0, (8)

4Note that, in what follows, the value of T is not important. It can be assumed for instance that T = 1.




if, for every C' function ¢ : U — R (resp., ¢ : U — RR) satisfying ¢ > u (resp., ¢ <
u), and every point xg € U satisfying ¢(zo) = u(xo) (resp., ¥(zo) = u(xp)), there holds
F(zo,dp(x0),u(x0)) <0 (resp., F(xo,dy(zo), u(zo)) < 0). A function is a wviscosity solution of
(B) if it is both a viscosity subsolution and a viscosity supersolution of ().

2.1.2 Generalized differentials

Let v : U — R be a continuous function on an open set U C M. The wviscosity subdifferential
of w at x € U is the subset of 7)) M defined by

D~ u(z) = {dy(z) | ¥ € C'(U) and f — 1) attains a global minimum at z} .
Similarly, the viscosity superdifferential of u at x is the subset of 1M defined by
Dtu(z) := {d¢(z) | ¢ € C*(U) and f — ¢ attains a global maximum at x'} .

Notice that u is a viscosity subsolution (resp., supersolution) of (§) if and only if, for every € U
and every ¢ € DT u(zx) (resp., ¢ € D~ u(z)), one has F(z,(,u(z)) <0 (resp.,F(z,(,u(z)) > 0).
The limiting subdifferential of u at x € U is the subset of T,y M defined by

Opu(zx) := {khllgo Ck | ¢ € D™ u(zy), 1 — x}

By construction, the graph of the limiting subdifferential is closed in T*M. Moreover, the
function w is locally Lipschitzian on its domain if and only if the limiting subdifferential of u
at any point is nonempty and its graph is locally bounded (see [@, @])

Let u : U — R be a locally Lipschitzian function. The Clarke’s generalized gradient of u at
the point x € U is the subset of T M defined by

Ou(x) = co (Opu(x)),
that is, the convex hull of the limiting differential of w at x. Notice that, for every xz € U,

D~ u(z) C dpu(x) C du(z) and DYu(z) C du(x).

2.1.3 Locally semiconcave functions

For an introduction to semiconcavity, we refer the reader to @] A function v : U — IR,
defined on the open set U C M, is locally semiconcave on U, if for every x € U, there exist a
neighborhood U,, of # and a smooth diffeomorphism ¢, : U, — ¢, (U,) C R" such that foy;!
is locally semiconcave on the open subset U, = 0. (U;) C R™. For the sake of completeness,
we recall that the function u : U — IR, defined on the open set U C IR", is locally semiconcave
on U, if for every T € U there exist C,§ > 0 such that

pu(y) + (1 — pu(z) — u(pz + (1 — p)y) < p(l — p)Cle —y|?, (9)

for all z,y € T + 0B (where B denotes the open unit ball in R") and every u € [0,1]. This is
equivalent to say that the function u can be written locally as

u(z) = (u(z) — Clz?) + (Clz?), Vz€z+ 0B,

that is, as the sum of a concave function and a smooth function. Note that every semiconcave
function is locally Lipschitzian on its domain, and thus, by Rademacher’s Theorem, is differen-
tiable almost everywhere on its domain. The following result will be useful in the proof of our
theorems.



Lemma 2.1. Letu: U — R be a function defined on an open set U C R"™. If, for every & € U,
there exist a neighborhood V of T and a positive real number o such that, for every x € V, there
exists p, € R" such that

u(y) < u(@) + (pe,y — z) +oly — (10)
for every y € V, then the function u is locally semiconcave on U.

Proof. Without loss of generality, assume that V is an open ball B. Let z,y € B and p € [0, 1].
The point Z := px + (1 — p)y belongs to B by convexity. By assumption, there exists p € R"
such that

u(z) < (@) + (p, 2 — ) +olz — 7>, VzeB.

Hence,
puly) + (1 = phu(z) < w(@) + pole — 2 + (1 - poly — z[*
< w(@) + (p(l = p)’o+ (1 - ppo) [z -yl
< (@) +2p(1 - plolr -yl
and the conclusion follows. O

The converse result can be stated as follows.

Proposition 4. Let U be an open and convex subset of R"™ and v : U — IR be a function which
is C'-semiconcave on U, that is, which satisfies

pu(y) + (1 — pu(z) — u(pe + (1 — p)y) < p(l — p)Cle —y?, (11)

for every x,y € U. Then, for every x € U and every p € DT u(x), we have
¢ 2
u(y) S u(@) +py—2) + Sly -2, Vyeq, (12)

In particular, D u(z) = du(x), for every x € U.

Remark 2.1. As a consequence (see @, @]), we obtain that, if a function v : U — IR is locally
semiconcave on an open set U C M, then, for every = € U,

Opu(z) = {klingo du(zy) | xk € Dy, zr — z},

where D,, denotes the set of points of U at which u is differentiable.
The following result is useful to obtain several characterization of the singular set of a given
locally semiconcave function. We refer the reader to [@, @] for its proof.

Proposition 5. Let U be an open subset of M and u : U — IR be a function which is locally
semiconcave on U. Then, for every x € U, u is differentiable at x if and only if Ou(x) is a
singleton.

The next result will happen to be useful (see [, Corollary 3.3.8]).

Proposition 6. Let u: U — IR be a function defined on an open set U C M. If both functions
u and —u are locally semiconcave on U, then u is of class Czlf;cl onU.



2.1.4 Singular sets of semiconcave functions

Let u : U — IR be a function which is locally semiconcave on the open set U C M. We recall
that since such a function is locally Lipschitzian on U, its limiting subdifferential is always
nonempty on U. We define the singular set of u as the subset of U

Y(u) :={z € U | Opu(z) is not a singleton} .
Alberti, Ambrosio and Cannarsa proved in [ﬁ] the following result.®

Theorem 7. Let U be an open subset of M. The singular set of a locally semiconcave function
u:U — R is of Hausdorff dimension lower than or equal to n — 1.

The following lemma, proved in Appendix (Section @), will be useful for the proof of
Theorems EI and E

Lemma 2.2. Let u: U — IR be a locally semiconcave function on an open subset U C M and
v : [a,b] — U be a locally Lipschitzian curve on the interval [a,b]. Then, for every measurable
map p: [a,b] — T*M wverifying

p(t) € DY u(y(t)), for a.e. t € [a,b],

we have
— (u(v(t)) =p(t) (¥(t)), for a.e. t € [a,b].

2.2 Proof of Theorem [l

From now on, assume that the assumptions of Theorem [ll hold. In particular, assume that
there exists no nontrivial singular minimizing path for the metric g.

2.2.1 An equivalent optimal control problem
Define the running cost L, by
Lg(z,v) := ga(v,v),
for z € M and v € A(x), and define the functional J, : Qa(z) — R by

Jy(7) = / Ly(y(8),4(6))dt.

The Bolza optimization problem under consideration, denoted by (BP)4 A, consists in minimiz-
ing the functional Jy, called energy, over all horizontal paths « joining Z to x € M. Since M
is connected and complete, and since the running cost L, is coercive in every fiber, for every
x € M there exists a horizontal path v € Qa(Z, ), minimizing the energy J;. The value
function associated to the Bolza problem (BP), a is defined by

Vo.a(x) :=inf {Jy(v) [ v € Qa(z,2)},

for every z € M.

Note that the length of a horizontal path -, defined by (E), does not depend on its parametriza-
tion. Hence, up to reparametrizing, one can assume that the horizontal paths are parametrized
by arc-length, i.e., that g, (¥(¢),7(t)) = 1. In this case, the length minimizing problem is

5In fact, this result has been strengthened later as follows. We can prove that the singular set of a locally
semiconcave function is ¢ ly n — l-rectifiable, i.e., is contained in a countable union of locally Lipschitzian
hypersurfaces of M (see El,l ).
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equivalent to the minimal time problem. Moreover, if all paths are defined on the same inter-
val, then length and energy minimization problems are equivalent, and the value function Vg A
satisfies

‘/5]7A(:L') = dSR(:Z',:C)Q. (13)

In other terms, the sub-Riemannian problem of minimizing the length between two points Z
and z, for the sub-Riemannian manifold (M, A, g), is equivalent to the Bolza problem (BP)4 a.

We next provide another equivalent formulation of this optimization problem, in terms of
optimal control theory, that will be useful in the proofs of Theorems EI and E Let x € M, and
let v be a minimizing horizontal path joining T to x. Since 7 is necessarily not self-intersecting,
there exists a tubular neighborhood V of the path v in M, and there exist m smooth vector
fields f1,..., fm on V, such that

A(x) =Span{fi(z) |i=1,...,m},

for every € V. Then, every horizontal path z(-), contained in V), is solution of the control
system

i(t) = Z u;(t) fi(z(t)),

where u(+) = (u1(-), ..., um(-)) € L*>([0,1];IR™) is called the control. Without loss of generality,
we assume that the m-tuple of vector fields (fi,..., fm) is orthonormal for the metric g. In
these conditions, the energy of the path z(-) is

Jy(a() = /0 PORAORS

Since the optimal control problem does not admit any nontrivial singular minimizing path,
it follows from the Pontryagin maximum principle (see @]) that every minimizing path
is the projection of a normal extremal ¥(-) = (v(-),p(+)), associated with the control u(-) =
(ui(+)y ..., um()), where

ui(t) = (p(t), fi(v (1)), i=1,....m. (14)

2.2.2 Properties of the value function V; Ao

Consider the Hamiltonian function Hg A : T*M — IR defined by

Hg a(z,p) = nax <p(v) - %gx(v,v)> :

Note that this Hamiltonian coincides with the Hamiltonian H defined by (f) (as can be seen in
local coordinates).

Proposition 8. If the distribution A is nonholonomic on M, then the value function Vg a :
M — IR is continuous on M and is a viscosity solution of the Hamilton-Jacobi equation

—%VQ,A(.T) + Hya (ac, %dVg,A(x)) =0, VeeM\{z}. (15)

Note that this proposition still holds if there exist some minimizing singular paths.

Proof. The continuity of V; o follows from the continuity of the sub-Riemannian distance,
associated to the metric g, on M x M. Notice that, since the running cost L, is coercive in

11



the fibers, and since M is connected, for every x € M \ {Z}, there exists an horizontal path
() € Qa(Z, ) such that

Let us prove that V, o is a viscosity solution of (I§) on M \ {Z}. Let = € M \ {Z}, and let
v :[0,1] — M be an horizontal path joining T to x. For ¢t € (0,1), there exists ¥ € Qa(Z,v(t))

such that
Vsl = [ )i =1 [ 1,(3(2) 3 (2)) as

Define 11 € Qa(Z,x) by

[ A(8) ifselot
7i(s) = { 1((3)) if s € [t,1].

Then, there holds

IN

/0 Lo(n(5),41(s))ds

[1(E) 30w [ st

%Vg’A(’y(t))—i_/t Lg(v(s),7(s))ds.

Vg,a(x)

IN

IN

If g : M — R is a C! function satisfying ¢ > V, A and ¢(z) = V, a(x), then

1

¢(x) = Vyg,a(2) n g,A(V(t))Jr/t Ly(v(s),7(s))ds

IN

t

< %qﬁ(v(t))—i—/t Ly(v(s),%(s))ds.

Making t tend to 1, and considering all C'' horizontal paths joining Z to x, we infer that, for
every v € A(z),

dp(x)(v) < ¢(x) + Ly(z,v).

On the other part, consider some path v € Qa(Z,z) satisfying Vy a(z) = J4(v). For every
t € (0,1), up to a change of variable, this path is necessary minimizing between & and v(t).
Therefore, for every ¢ € (0,1),

Vo) = TVoa(i0) + [ Lyr(s).3(s)ds.

If ¢ : U — R is a C! function satisfying ¢ <V o and ¢(z) = V, a(x), then
1 1
vla) 2 60) + [ Ly((s) i)
¢

As previously, passing to the limit yields the existence of v € A(zx) such that

dip(x)(v) = ¢ (x) + Ly(, ).

The conclusion follows. O
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Remark 2.2. Notice that, since Vj a is a viscosity solution of ([§) on M \ {z}, there holds, for
every horizontal path v : [a,b] — M \ {Z} (with a < b),

b

b
Vos (1) ~ Vo 0l@) < [ Vosa(sds + [ Lya(s),3(s))as.

a
Remark 2.3. We also notice, that since V, A is a viscosity solution of ([[§) on M \ {z}, we have

S Vpale) + Hyalw,50 =0, Yoe M\ {8}, ¥CeaV,al) (16)

Finally we have the following result.

Proposition 9. If the distribution A is nonholonomic on M, then the value function Vg a is
continuous on M, and locally semiconcave on M \ {Z}.

We just sketch the proof of Proposition E; we refer the reader to [@, @] for further details.

Proof. Recall that since M is connected and complete, for every x € M \ {Z}, there exists an
horizontal path v € Qa(Z, z) such that

Vya(x) = Jy(y) = / Ly (v(s).4(s))ds.

By assumption, this minimizing path ~ is necessarily nonsingular, and thus, it is the projection
of a normal extremal. Tt is well known (see [, iq]) that, for every = € M \ {z}, there exists a
neighborhood V of z in M \ {Z}, such that the set of cotangent vectors pg € TxM for which
expz(po) € V and the projection of the corresponding normal extremal minimizes the length
between T and exp(po), is compact in T2 M. On the other hand, we know from [@, Proposition
4 p. 153], that, if ¢ € 9LV, a(x), then there exists a normal extremal ¢ : [0,1] — T*M whose
projection is minimizing between Z and z and such that (1) = (x, 3¢). This proves that the
function V a is locally Lipschitzian on M \ {Z}.

Let z € M \ {Z}, and let 4 be a minimizing horizontal path joining Z to x. By assumption,
this path is nonsingular, and thus, it is not a critical point of the end-point mapping Fz. Hence,
there exists a submanifold N of Qa(Z), of dimension n, such that the mapping

E'N — M
() — Ez(y() =~(1),

is a local diffeomorphism, from a neighborhood of %(+) in N, into a neighborhood W of x = %(1).
We infer that, for every y € W,
Voaly) < Jo(€7 ()

Since J, is smooth on the submanifold N, up to diffeomorphism, one can put a parabola over
the graph of J, on N, and thus, over the graph of the function V, A at every z € M\ {Z}. The
second-order term of this parabola depends on the minimizing controls which are associated to
the points z. Using the compactness of the minimizers that we recalled above, we deduce that
the function Vj A is locally semiconcave on M \ {Z}. O

In the sequel, the singular set of Vj o, denoted £(Vy a), is
Y(Vga):={x e M\ {z}]| 0LVya(z) is not a singleton} .

Recall that, since the function V, a is locally semiconcave on M\ {Z}, its limiting subdifferential
is nonempty at any point of M \ {Z} (see [LF)).
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2.2.3 Properties of optimal trajectories of (BP), a

We stress that, due to the assumption of the absence of singular minimizing path, every minimiz-
ing curve of the Bolza problem (BP) gA IS the projection of a normal extremal, i.e., an integral

curve of the Hamiltonian vector field H defined by (E), associated with H. In particular, every
minimizing curve of (BP), A is smooth on [0, 1].

Lemma 2.3. For every x € M \ {Z} and every ¢ € 01V, a(x), there exists a unique normal
extremal ¥(-) : [0,1] — T*M whose projection y(-) : [0,1] — M is minimizing between T and
z, and such that (1) = (z, 3¢) in local coordinates. In addition, ¢(-) is the unique (up to a
multiplying scalar) normal extremal lift of v().

Proof. The first part of the statement is a consequence of [@, Proposition 4 p. 153]. Uniqueness
follows from Cauchy-Lipschitz Theorem. Uniqueness (up to a multiplying scalar) of the normal

extremal lift of v(+) is a consequence of the assumption of the absence of singular minimizing
paths (see [i3, Remark 8 p. 149)). O

Lemma 2.4. Let x € M\ {Z} and v(-) : [0,1] — M be a minimizing curve of (BP)ga such
that v(1) = z. Then, for every t € (0,1), the curve ¥*(-) : [0,1] — M defined by 7'(s) := v(st),
for s € [0,1], is the unique minimizing curve of (BP)g a steering T to (t). Moreover, ¥'(-) is
the projection of the normal extremal (74(-),pt(+)) in local coordinates, with pt(s) = tp(st) for
every s € [0, 1].

Proof. We argue by contradiction. If there is another horizontal curve v2(:) : [0,1] — M which
minimizes the sub-Riemannian distance between Z and 7(t), then there exists a nontrivial
minimizing path z(-), joining the points v(t) and v(1) = z, and having two distinct normal
extremal lifts ¢;(-) and t2(-). Then, the extremal ¢;(-) — t2(-) is an abnormal extremal lift
of the path z(-). Hence, the path z(-) is singular and minimizing, and this contradicts our
assumption.

We next prove that the adjoint vector associated to 7'(-) is given by p'(s) = tp(st) for
s € [0,1]. In local coordinates, using the expression ([l4) of normal controls, 7(-) is solution of
the system

n

() = _(p(0), iy O) Fi(r(1)),  for ace. t € [0,1].

i=1
Hence, 7'(+) is solution of

n

d
—7'(s) = t;@(st),ﬁﬁ%t)»ﬁ@f(t)), for a.c. s € [0,1].
The conclusion follows. O

Lemma 2.5. Any normal extremal ¥(-) : [0,1] — T*M whose projection is minimizing between
z and x € M \ {z} satisfies ¢ € OLVy a(x), where (1) = (z,1¢) in local coordinates.

Proof. Let ¢(-) : [0,1] — T*M be a normal extremal whose projection ~(-) is minimizing
between Z and z € M \ {Z}. Since V, a is locally semiconcave on M \ {z}, its limiting
subdifferential is always nonempty on M \ {Z}. We infer from Lemmas @ and @ that,
for every ¢t € (0,1), there holds 9.V a(y(t)) = {¢(t)}, where ¢(t) = (z(t), %{(¢)) in local
coordinates. Consider a sequence (i) of real numbers converging to 1. Then, on the one part,
the sequence (¢(tx)) converges to (1), and on the other part, by construction of the limiting
subdifferential, ¢ = ((1) € 0.V a(z). O
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Lemma 2.6. The following inclusion holds:

E(Ve,a) \E(Vg,a) C Crin(7) U {7}

In particular, the set E( A) is of Hausdorff dimension lower than or equal to n — 1.
Proof. Let x € 3(V,; A)\X(V,.A) such that x # Z. By definition, the set 91,V a (2) is a singleton.
Hence by Lemmas @ nd there is a unique minimizing path v(-) € Qa(Zx) and a unique

normal extremal ¢(-) : [0,1] — T*M such that v(-) = w(¢(-)); moreover, IV, a(z) = {¢},
where (1) = (z,4() in local coordinates. We argue by contradiction; if @ & Cpnin(Z), then
the exponential mapping exp, is not singular at po, where ¥(0) = (Z, po) in local coordinates.
Furthermore, since z € £(V; a), there is a sequence of points (z) in X(V, a) which converges
to . For every k, the set 9.V, A(zr) admits at least two elements. Hence for every k, there are
two distinct normal extremals ¢} (), ¥3(-) : [0,1] — T* M such that their projections (), vZ(-)
are minimizing between ¥ and xj. Since the limiting subdifferential of V}; A is a singleton, the
sequences (1}(1)), (¥#(1)) converge necessarily to 1(1). Moreover, by regularity of the Hamil-
tonian flow, the sequences (1}.(0)), (/7(0)) converge necessarily to ¢(0). But the exponential
mapping exp; must be a local diffeomorphism from a neighborhood of pg into a neighborhood
of w(x(1)). This is a contradiction. The second part of the lemma follows from the fact that
the singular set £(V, a) is of Hausdorff dimension lower than or equal to n — 1 (see Theorem
[), and of the fact that the set Cpin(Z) is contained in C(z) which is of Hausdorff dimension
lower than or equal to n — 1 (by [Rd, Theorem 3.4.3]). |

Lemma 2.7. The function Vy a is of class C* on the open set M \ ( (Vg,a) U {x})

Proof. The set 0 Vy a(z) is a singleton for every x in the set M \ (E(\/'%A) U {9’0}) which is
open in M. From Remark R.1] and the fact that u is differentiable at some z € M \ {Z} if and
only if x ¢ X(u), we infer that V; A is of class C* on the set M \ ( (Vg,a) U {z}) O

Lemma 2.8. Let x € M \ {Z} and 7(-) : [0,1] — M be a minimizing curve of (BP)ga such
that ¥(1) = x. Let U, be an open neighborhood of x and p, : U, — ¢, (U,) C R" be a
smooth diffeomorphism such that V := Vy a o ¢! is a locally semiconcave on the open subset
U:=p,(U;) C R". Lett € (0,1) be such that (s) € U, for every s € [t,1]. Then there exist
a neighborhood Wy of 7(t) and o(t) > 0 such that

V(y) 2 V(ea(3(1))) +dV (pc(30)))(y — ¢=(3(1)) — o)y — e (FO)*, Yy e Wr.  (17)

Proof. Without loss of generality, we assume that M = IR", that ¢, is the identity, and that
the closure of U, is a compact subset of M \ {Z}. Set x5 := 7(s), for every s € [t,1]. Since
V =V, a is locally semiconcave on M \ {Z}, there exists o € R such that

Viy) < V(zs) +dV(zs)(y —zs) +oly —a|*, VyeU, Vseltl]. (18)
The horizontal path 4(-) : [0,1 — t] — M, defined by
:Y(S> = 7(1 - S)v Vs € [05 1- t]v

is minimizing between z and ~(¢). Hence, by assumption, it is nonsingular, and thus, it is not
a critical point of the end-point mapping

E::Qalx) — M
(

v — 1—1t).



Therefore, there exists a submanifold N of Qa(z) of dimension n, such that the mapping

EN — M
1) — E((),

is a local diffeomorphism, from a neighborhood of 4(+) in N, into a neighborhood W, of 5(1—t) =
x;. From Remark @, we infer that, for every y € W;,

V2 V@ - [ Vs [ Loy a0 (19)
where () : [t,1] — M is defined by
1ls) = E7 )1~ s), Vs e 1],
By ([[§), we have

- /t Vv (Vy(s)) ds > _/t (V(xs) + dV(xs)('Yy(S) - $S) + Ul'Yy(S) - $8|2) ds. (20)

Moreover, since J(-) is minimizing between Z and =z,

1 1
V(z) =V(x:) —|—/ V(ms)ds—i—/ Ly(xs,7(s))ds.
t t
Hence, from (@), (E) and (@), we deduce that, for every y € W,

V(y) = V(ze) + (y),

where

MM?L(%mﬁ@%idw®m@m%f[(Wwa@f%Hﬂw@f%ﬂ%.

Since the mapping ®; : W — IR is smooth and since ®;(z;) = 0, a parabola can be put under
the graph of V' at x;. This proves ) O

Lemma 2.9. The following inclusion holds:
len(f) C Z(VQ,A)-

Proof. Let © € Cpuin(T); note that, by definition of Cyin(Z), one has © # & . We argue by
contradiction. If z does not belong to $(V, ), then V; A is C! in a neighborhood of x. This
means that there exist a neighborhood V of  and ¢ € (0, 1) such that for every y € V, there is a
minimizing curve of (BP), a such that 4(¢t) = y. From the previous lemma and by compactness
of the minimizers, we deduce that the function —V, A is locally semiconcave on V. Hence by
Proposition E, Vy,a is Chlin V. Define

loc

UV — TiM

y — (0),
where (-) : [0, 1] — T'M is the normal extremal satisfying ¢(1) = (y, 2dVj a(y)). This mapping
is locally Lipschitz on V. Moreover by construction, ¥ is an inverse of the exponential mapping.
This proves that pg := ¥(z) is not a conjugate point. We obtain a contradiction. O

Lemma 2.10. Let pg € Ty M be such that H(Z,po) # 0. There exist a neighborhood W of po
in TxM and € > 0 such that every normal extremal so that ¥(0) = (Z,p) (in local coordinates)
belongs to W is minimizing on the interval [0, €].
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The proof of Lemma is postponed to the Appendix (Section )

We are now ready to provide a proof for Lemma E

Proof of Lemma . For the sake of simplicity, we assume that M = R", endowed with the
Euclidean metric. 'We have to prove that Cpin(Z) C L(Z). Let y € Crmin(T). We argue
by contradiction. Assume that y does not belong to £(Z). This means that there exists a
minimizing curve v(-) of (BP), A and ¢, € (0,1) such that v(¢,) = y. Set z := (1), and let ¢
be the minimum of times ¢ € (0,1) such that v(¢) ¢ X(V, a). We claim that ¢ € (0,¢,]. As a
matter of fact, we know by Lemma P.9 that v(ty) =y € L(Vy,a). Moreover, from Lemma
and the absence of (nontrivial) singular minimizing path, the mapping

w — M
p > 7(Y(e)),

where ¢(0) = (Z,p), is injective. Hence from the Invariance of Domain Theorem®, this mapping
is open. Which means that V = V, A is necessarily of class C! on a neighborhood of each v(s)
with s € (0,¢€]. We conclude that ¢ € (0,t,].

Set T := y(f) and zs := y(s) for every s € [0,1]. By local semiconcavity of V (see Proposition
M), there exists a neighborhood V of Z in M \ {7} and o € R such that

V(') SV (2) +{dV(2),2 —2) + 0|z’ — 2%, Vz,2 €V, (21)

Let p € T:M such that Z = exp(p). Since V is of class C! in a neighborhood of the curve
s € (0,%) — ~(s), there exists a neighborhood W’ of p in T#M such that

Vpe W', H(z,p)=H(Z,p) = V(exp;(p)) = V().
Thus, by (1)), we have for every p € W' satisfying H(z,p) = H(z,p),
(dV (2), exp,(p) — ) > —0 |exp,(p) — | (22)
Furthermore, from Lemma P.5, there exist a neighborhood V' of Z and ¢’ > 0 such that
V(2) > V(Z)+{dV (2,2 —T) — o' |z — 2>, VzeV. (23)

Without loss of generality, assume that V' =V and ¢/ = 0. For every p € W', set x(p) :=
exp,(p). By (D) and (R3), we deduce that for every p € W' satisfying H (z,p) = H(&,p) and
for every z € V, we have
V(z) > V(z)+(dV(z),2 - z(p)) + (dV(2),2(p) — &) — o2 — z[°
> V@) + V@), 7 - 2p) — olalp) — 2P

z|> —olz — z%

In conclusion, by (R1)), we obtain that for every p € W' satisfying H(Z,p) = H(Z,p) and every
z €V, we have

(dV(z), 2 — 2(p)) — olz(p) — 2> — olz — 2> < (dV (2(p)), 2 — 2(p)) + 0|2 — z(p)|*.
Hence, for every p € W' satisfying H(Z,p) = H(Z,p) and every z € V,
2012 — 2(p)|? + AV (2(p)) — dV (@), 2 — 2(p)) + 20((p) — 5, = — 2(p)) + 20]a(p) — 7 > 0. (24)
Now, since T = ¥(t) belongs to m, we know by Lemma E that the exponential mapping is
singular at p. Define the mapping ® : R™ x R" — R" x R" by
V(z,p) e R" xR",  ®(z,p) :=P(z(1),p(1)),

6The Invariance of Domain Theorem states that, for a topological manifold N, if f : N — N is continuous
and injective, then it is open. We refer the reader to the book [|L9] for a proof of that result.
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where (2(),p(+)) : [0,1] — T*M is the normal extremal satisfying (2(0),p(0)) = (x,p). Since
® is a flow, its differential is always invertible. Hence there exist P € R™ and @ € R" \ {0}
such that

D&(z,p) - (0,P) = (0,Q).

This means that there exist two continuous functions €1,€2 : R — IR", and a mapping \ —
p(A) € W' such that, for every A sufficiently small, the following properties are satisfied:

From @), we deduce that, for every z € V,
20]z — A2+ MQ, 2 — 22) + N (e2(N), 2 — 2) + 2002 (e1(N\), 2 — x)) + 20\ e (V)| > 0.
We can apply this inequality for every « sufficiently small with z = x) — a@Q). This yields
20a2|Q|2 — )\a|Q|2 + )\2a(62()\), -Q)+ 20)\204(61()\), -Q) + 20)\4|61()\)|2 >0,
for every A, a sufficiently small. Taking o := AV, we find a contradiction. [

Lemma 2.11. There holds
E(Vga) = L(z)U{z}.

In particular, the cut locus is closed in M \ {Z}, and is of Hausdorff dimension lower than or
equal ton — 1.

Proof. From Lemmag, any point of X(V, a) is joined from Z by several minimizing curves.
Hence, from Lemma P.4], any such point belongs to the cut locus £(Z). From Lemmas @ and
, we deduce that

Y(Vg,a) C L(z)U {7}

If z € M\ {z} does not belong to X(Vy, a), then, from Lemma P.7, the function V, A is of class
C' in a neighborhood U of 2. Then, the continuous mapping

F:U — T*M
N
x +— F(x)=—-H(x, %dngA(z))

is such that F'(x) = (Z,po), with exp;(po) = . This means that the exponential mapping exp,
is a homeomorphism from F(U) into U, of inverse mapping exp,. In particular, it follows that
x ¢ L(Z). The fact that T belongs to X(V; a) results from [[|, Theorem 1]. O

Remark 2.4. Lemma asserts that the cut locus £(Z) has Hausdorff dimension lower than
or equal to n — 1. Recently, proving a Lipschitz regularity property of the distance function to
the cut locus, Li and Nirenberg showed in [B(] that the (n — 1)-dimensional Hausdorff measure
of the cut locus in the Riemannian framework is finite. It would be interesting to study the
regularity of the distance function to the cut locus to obtain such a result in the sub-Riemannian
case.

Lemma 2.12. The function Vg a is of class C*° on the open set M \ £(Vy ). Moreover, if

v:[0,1] = M is a minimizing curve for (BP), A, then y(t) & £(Vg,a), for every t € (0,1).
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Proof. Let v : [0,1] — M be a minimizing curve for (BP), . It follows from Lemmas L[] and
that y(t) ¢ ©(V, a), for every t € (0,1).

Let z € M \ £(Vy.a), and let v(-) be a minimizing horizontal path joining Z to z. By
assumption, v(-) is necessarily nonsingular, and admits a unique normal extremal lift () :
[0,1] — T*M. From Lemmas @ and , the point x is not conjugate to Z, and hence, the
exponential mapping exp; is a (smooth) local diffeomorphism from a neighborhood of py into
a neighborhood of x, where ¥(0) = (Z,po) in local coordinates. As recalled in the first section,
the length of the path v(-) = 7(¢(-)) is equal to (2 H(1(0)))'/2. Since (-) is minimizing, it is
also equal to dsr(Z, ). Then, using local coordinates, and from ), there holds

Voa(z) = 2H(, (expz) ™ (),

in a neighborhood of = (see also [, Corollary 1 p. 157]). It follows that V, A is of class C* at
the point x. O

2.2.4 Conclusion: proof of Theorem

Define S := %(V,,a). From Lemma P.11], there holds S = £(z) U{z}. We next define a section
X of A, that is smooth outside S. To this aim, it is convenient to consider local coordinates,
and to express the problem in terms of optimal control. Let x € M \ S. In a neighborhood U
of x, one has, in local coordinates,

A =Span{fi,..., fm},

where (f1,..., fm) is a m-tuple of smooth vector fields which is orthonormal for the metric g.
We proceed as in ||

Let € M \ T be fixed (of course, we set X (z) := 0 if = Z), pick some ¢ € 9LV, a(x).
Note that, since Vj a is smooth outside the set S, one has ¢ = dVj a(x) whenever z € M \ S.
Define the control @(x) = (ty(x), -, am(z)) by

a;(x) := %g(fl(ac)), Vi=1,---,m. (25)

For x € M\ S, w;(z) = 3(dVya(x), fi(z)) is the closed-loop form of the optimal control ().
For z € S, the expression of @;(z) depends on the choice of { € 9.V, a(x). Define

m

X(x) ==Y ii(z)fi(x). (26)

i=1

Geometrically, X (x) coincides with the projection of fég onto A(x). At the point Z, we set
X (Z) = 0. This defines a vector field X on M, which is smooth on M \ &, but may be totally
discontinuous on S.

We next prove that X is SRSz s. Property (i) is obviously satisfied, but properties (ii) and
(iii) are not so direct to derive.

We first prove that every minimizing trajectory yields a Caratheodory solution of & = X (x).
Let x € M\Z be fixed and (-) : [0, 1] — M be a minimizing curve of the Bolza problem (BP)4 A
between T and z. It follows from the Pontryagin maximum principle that v is the projection
of a normal extremal expressed in local coordinates by ¥(-) = (v(-),p(:)). Let ¢ € (0,1); from
Lemma P-4, the curve 4*(:) : [0,1] — M defined by 7'(s) := ~y(st), for s € [0,1], is the unique
minimizing curve of (BP), A steering Z to y(t). Moreover, from Lemma .4, it is the projection
of the normal extremal 9*(-) = (3'(:), p'(-)), where p(-) is defined by p'(s) = tp(st), for every
s € [0,1]. It then follows from Lemmas P.§ and that, along the curve (),

dVy,a(v(t)) = 2tp(t), Vte (0,1).
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Therefore, (-) is solution of

= %Z (dVg, N(fily(t )))fi(v(t)), a.e. on (0,1),

1=

1
in local coordinates along ~(-). This implies that the curve x(-) : [0,00) — M defined by

xz(t) == (eft) , Vte (0,00),

is a Carathéodory solution of & = X (z) such that 2(0) = (1) = z.

We next prove that any Carathéodory solution of & = X (z), 2(0) = z, tends to T as t tends
to +0o. Having in mind the minimizing properties (by constructlon) of the vector field X, it
suffices actually to prove the following lemma.

Lemma 2.13. Let () be any Carathéodory solution of & = X (x). Then, there does not exist
a nontriwvial interval [a,b] such that z(t) € S for every t € [a,b].

Proof. The proof goes by contradiction. Assume that there exist ¢ > 0 and a curve z(-) :
[0,€¢] — M such that
z(t) = X (x(t)), for almost every t € [0, €],

and
x(t) €S, Vtel0,e].

In local coordinates in a neighborhood of x(0) = z, one has

z(t) = =—= ZQ fi(z(®)) fi(z(t)), for almost every t € [0, €],

where ¢; € ALV, a(x(t)) for almost every t € [0,¢]. At this stage, we need to use Lemma P.9,
whose proof is provided in Appendix (Section @) According to this lemma, using (@) and the
Hamilton-Jacobi equation ) satisfied by V; A (see Remark @), we deduce that, for almost
every t € [0, €],

& Vyalo(t) =

N)I»—l

52 (GREON) = Hoaw(0).6) = -2, 2D

since the Hamiltonian function Hy a(z, p) is quadratic in p. Therefore,
Al@®) =Vya(x)e ™, Vte|0,€. (28)

Let v(-) — M be a minimizing curve of the Bolza problem (BP), A between Z and x(e). Define
the horizontal path 4(-) : [0,1] — M by

v | xz(—=Int) i e <t<1
W(t)_{ y(et) if 0<t<e -

The cost of 4(-) is

Jo(7() =



Using (£9). (B7), and (£9), one has, for almost every s € [0, ],

i=1

(6 () ) = Vaalals)) = Vya )™,

P

and, since V, A (z(€) = V, a(z)e™2¢, it follows that

Jo(7()) = Vya().

Hence, 7 is a minimizing curve of the Bolza problem (BP), o between Z and z. From Lemma
P.13, it cannot stay on S on positive times. This yields a contradiction. |

It follows from this lemma, and from the construction of X using optimal controls, that any
Carathéodory trajectory of & = X (z), (0) = x, tends to Z as t tends to +oo. The property of
Lyapunov stability is obvious to verify. Finally, the fact that the set S has Hausdorff dimension
lower than or equal to n — 1 is a consequence of Lemma @

2.3 Proof of Theorem [2

Let g be a Riemannian metric on M and ¥ be fixed. Since A is a smooth distribution of rank
two on M, for every x € M, there exists a neighborhood V, of x and two smooth vector fields
i, f3 which represent A in V,, that is, such that

A(y) = Span{fi'(y), f3(v)}, Vy€ Ve

Moreover, as recalled in the introduction, since A is a Martinet distribution, for every x € X,
the two vector fields f{, f3 can be chosen as

0 0 0

= 1+$283 and f2_8:c2’

Ox (29)

in local coordinates. Recall that, in the neighborhood V,, the Martinet surface YA coincides
with the surface 2 = 0, and the singular paths are the integral curves of the vector field 6%
restricted to x9 = 0. For convenience, consider that the vector fields f, f§ are defined as well
outside the neigborhood V,. Thus, without loss of generality, for every x € M, we assume that
the vector fields f{, f3 are well defined, smooth on M and satisfy

ffy)=f3y) =0, YyeM\W,,

with V, C W,, and
Span {f1(y), f3(y)} C A(y), Vye& M.

By compactness of ¥ a, there is a finite number of points (z;);e; of ¥a such that
YA CUierVs,.
Let 8: M — [0,00) be a smooth function such that
Vee M, [(x)=0<=z¢€Xa.
For every i € I, define the smooth vector field g;, in local coordinates, by
9i(y) == BT (y), Vye M.
By compactness of M, there is a finite number of points (y,),;es of M such that

M C (UserVs,) U (UjeJVyj)
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and
Yan (UjeJWyj) = (.

By construction, we have

Span {gi(y), f5* (v), [1" (), 5" (y) | i€ [,j € J} = Aly), Vye M\Xa (30)
and
Span {gi(y), f5* (v), 11" (), 5" (y) | i € [,j € T} NT, %A = {0}, Vye€ Ta. (31)
Indeed, for every y € XA, there holds
Span {gi(y), f5" (v), [{" (), 5 (y) | i € [,j € J} = Span{f5'(y) | i € I} . (32)

It follows from (BJ) and (B1)) that any trajectory, solution of the control system

= uj(t) ) +ul(t) )+ > vj(t) )+ o3t f3 (z(t),  (33)

i€l jeJ

where u() = (u%()au%()v T 7u|1[|(')5uf]‘(')av%(')vv%(')a to av‘l‘]‘(')avﬁ]‘(')) belongs to the con-
trol set U defined by

U:=L> ([0, 1];]R2m+2u\) ,

is an horizontal path of A. Note that, for every u(-) € U, there exists a unique absolutely
continuous curve v,y : [0, 1] — M such that v,.(0) = Z and

Fu() () = Z (i (1)gi (V) (1)) + 47 () f5* (Yu( (1))
) (WO (uy @) + 0O £ () (1)) 5

jeJ

for almost every t € [0,1]. Moreover, it is clear by construction of the control system under
consideration that, for every = € M, there exists a control u(-) € U such that v,.)(1) = z. For
every u(-) € U, set

T(u()) ::/0 S (ke ud)?) + 3 () +02()2) | d.

il jeJ
Define the value function W : M — R by
W (x) := inf {J ) | u(-) €U, vuy(0) =Z, vuy(1) = :I:} ,

for every x € M. By coercivity of the cost function, it is easy to prove that, for every x €
M\ {z}, there exists a control u(-) € U such that v, (1) = z and W(x) = J(u(-)) (i.e., a
minimizing control). Moreover, by construction of the control system, more precisely, from (@),
the trajectory v,(.)(-) cannot stay on the Martinet surface on a nontrivial subinterval of [0, 1]. As
a consequence, since any singular trajectory is contained in the Martinet surface, any nontrivial
minimizing control is nonsingular. Using similar arguments as in the proof of Theorem EI, it
follows that the value function W is a viscosity solution of a certain Hamilton-Jacobi equation,
is continuous on M, and is locally semiconcave in M \ {z} (see [L4]). Moreover, the optimal
trajectories of the optimal control problem under consideration share the same properties as
those of the Bolza problem (BP)g a. The construction of a stabilizing feedback then follows
the same lines as in Theorem [.

Remark 2.5. For a noncompact manifold M, the above proof needs to be adapted by replacing
a finite number of controls (u;);er and (v;);es with a locally finite set of controls.
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3 Appendix

3.1 Proof of Lemma 2.2

Without loss of generality, we assume that M = R". Given k € {1,--- ,n} and p > 0, denote
by E’; (u) the set of all x € U such that D" u(z) contains a k-dimensional sphere of radius p,
and define

YF(u) = {z e U | dim (D u(z)) = k}.
By well known properties of convex sets, one has YX¥(u) C Upso ¥F(u). Note that a point

S E'/j(u) does not necessarily belong to ¥¥(u), since D*u(x) may be of dimension greater
than k. The following result is fundamental for the proof of Lemma R.9 (we refer the reader to

g for its proof).

Lemma 3.1. For every k € {1,--- ,n} and every p > 0, the set $¥(u) is closed and satisfies
k + 1 k k 7
Tan (2,25 (u)) C [DFu(z)] ™, Voe F(u)N X (u)".

Return to the proof of Lemma P.J. First, note that the map ¢ € [a,b] — u(v(t)) is Lip-
schitzian. Hence, by Rademacher’s Theorem, it is differentiable almost everywhere on [a, b].
Moreover, by the chain rule for Clarke’s generalized gradients (see [4)), for every t € [a, b]
where + is differentiable, there exists p € du(~(t)) such that

(u(~(1))) = (p,7(1))- (34)
For every k € {1,--- ,n} and any positive integer [, set

Ty = {t € [a,0] [ (1) € (T4 ()N SHw) \ 35 ()}

and

= [a,b] \ Ulk’l'
k,l

Notice that, since u is locally semiconcave and « is locally Lipschitzian, u is differentiable at
almost every v(t) with ¢ € J. Thus, for every such ¢, there holds necessarily p(t) = Vu(y(t))
and

(1) = pl0), 4(1).

It remains to prove that this equality holds for almost every ¢ in [a,b] \ J. From the Lebesgue
density theorem, there exists a sequence of measurables sets {I} ;} such that all sets Iy, \ I} ;
have Lebesgue measure zero and such that any point in one of the sets I/ k. is a density pomt
in that set. It is sufficient to prove the required equality on each set I kel Fix k.l and t € I, ,’C b
set ¥ := (). Since x is a density point in I} ;, there exists a sequence {t;} of times in Ik’l
converging to t. Thus, the vector §(t) belongs to Tan (2, £¥(u)). Then, from Lemma B.1, 4(t)

belongs to [D+u($)]l. By (B4), we obtain the desired equality. This concludes the proof of
Lemma

"Here, Tan (z, E';(u)) denotes the tangent set to E’;(u) at z. Recall that, given a closed set S C R™ and
x € S, the tangent set to S at x, denoted by Tan(z, S), is defined as the vector space generated by the set

T —

T(x,S) = {'lim

71— 00 3

x
| z; € S,z — x,t; € Ry, t; 10} .

Recall also that, if A C R™, then the set AL is defined as the set of vectors v € R™ such that (v,p) = (v,p’)
for any p,p’ € A.
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3.2 Proof of Lemma 2.10

The proof that we present here is taken from [ (compare with [B3, B4]). For the sake of
simplicity, assume that M = IR", endowed with the Euclidean metric. Since the property to be
proved is local, we assume that there are m smooth vector fields f1,--- , fim, orthonormal with
respect to the Euclidean metric, such that

A(x) =Span{fi(z) |i=1,...,m},

in a neighborhood V of . With these notations, the associated Hamiltonian H : R" x R" — R

H(r,p) = mas. {<p, > wite) - %Zuf} = 2 S,

i=1 i=1
for every (z,p) € R" x R"™.
Our aim is now to prove the following result: for every py € R" such that H(Z,pg) # 0, there
exist a neighborhood W of pp in R™ and € > 0 such that every solution (z(-),p(:)) : [0,€] —
R"™ x R" of the Hamiltonian system

i(t) = %—fu(t),p(t))=Z<p<t>,fi<x<t>>>fi<x<t>>

OH T (35)
pt) = _%(-T(t)ap(t)):_Z<p(t)afi(x(t)»dfi(w(t))*p(t)a

i=1

with £(0) = Z and p(0) € W, satisfies

[ w0 seoyas [ S uera, (36)

for every control u(-) € L*([0, ¢]; R"™) such that the solution of
(1) =D w®)fiy(1), w(0) ==z, (37)
i=1

satisfies y(€) = x(e). Let po € R™\ {0} be fixed, we need the following lemma.

Lemma 3.2. There exist a neighborhood W of pg and p > 0 such that, for every p € W, there
exists a function S : B(Z,p) — IR of class C' which satisfies

H(x,VS(z))=H(z,p), Yz € B(z,p), (38)

and such that, (zP(-),pP(:)) denotes the solution of @ satisfying P (0) = T and pP(0) = p,
then

VS(aP(t)) = pP(t), Vie (=p,p) (39)

Proof. The proof consists in applying the method of characteristics. Let II be the linear hy-
perplane such that (pg,v) = 0 for every v € II. We first show how to construct locally S
as the solution of the Hamilton-Jacobi equation ) which vanishes on  + II and such that
VS(Z) = po. Up to considering a smaller neighborhood V', we assume that H(x,py) # 0 for
every x € V. For every z € (z +II) UV, set



Then, H(z,p(x)) = H(Z, po) and p(z) L II, for every x € V'. There exists p > 0 such that, for
every z € (Z + II) UV, the solution (z,(-),p.(-)) of (B5), satistying z,(0) = z and p,(0) = z,
is defined on the interval (—p,u). For every x € (T4+I) UV and every t € (—p,p), set
O(t,x) := x4(t). The mapping (t,z) — 6(t,z) is smooth. Moreover, 0(0,z) = z for every
z € (Z+ MUY and 0(0,7) = S0, (5(x), (%)) fi(Z) does not belong to II. Hence there
exists p € (0, ) with B(Z,p) C V such that the mapping 6 is a smooth diffeomorphism from
(=p,p) x (Z+ 1)U B(z, p)) into a neighborhood V' of . Denote by ¢ = (r,7) the inverse
function of 6, that is the function such that (0 o p)(z) = (v(x),w(x)) = z for every x € V'.
Define the two vector fields X and P by

X(z) :=0(r(z),7(z)) and P(zx):= Py (T(x), Vzxel

Then,
X(0(t,2)) = 0t ) = (1) = ipz ) A (D) i (1)
- §<P<e<t,x>>,fi<e<t,w>>>fi<9<t,x>>,
and . . _
P00, Fas O = 3020, oo ) = 21 50) = 201,

for every t € (—p, p) and every x € (Z+II)UB(Z, p). For every x € V', set () := (P(x), fi(x)).

Hence,
T) = Zai(x)fi(x) and Z%‘(@Q = H(Z,po),
i=1 i=1
for every x € V'. Define the function S : V' — IR by
S(x) :=2H(z,po)7(x), VreV.

We next prove that VS(z) = P(x) for every x € V'. For every ¢t € (—p, p), denote by W; :=
{y € V' | 7(y) = t}. In fact, W; coincides with the set of y € V' such that S(y) = 2H(Z, po)t.
It is a smooth hypersurface which satisfies VS(y) L T,,W; for every y € W;. Let y € W; be
fixed, there exists z € (T + II) U B(Z, p) such that y = 0(t, ) = z,(t). Let us first prove that
P(y) = pa(t) is orthogonal to T,,W;. To this aim, without loss of generality we assume that
t > 0. Let w € T,W,, there exists v € II such that w = d,0;(x)v. For every s € [0,t], set
z(8) := dz0(s, z)v. We have

is) = d%dﬁ(s,x)v - di;é(t,x)v - %X(G(t,x))v — X (0t 2))2(s).
Hence,
d%(Z(S),pz(s» = (£8),px(8)) + (2(5), Pa(s))
= (dX(0(s,2))z(s),p ,Z ), fi(z2(8)))dfi(22(5)) " pa(8))-
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Since X (z) = Y1~ a;(z) fi(x) and 31", ai(x)? = H(Z,po) for every x € V', there holds

m

dX (z4(s)) pa(s) = Zaz 25 (8))dfi(22(5)) " Pa(s) +Z<fi($z(3))apm(3)>vai(mz(s))

i=1

= Zaz Tz (8))dfi(22(5)) "pa(s) +Zai(zx(8))vm(fcz(8))

= Zaz :C:c dfz zx( ))*px(s)

We deduce that - (z(s), p,(s)) = 0 for every s € [0,t]. Hence,
(w, P(y)) = (W, ps (1)) = (2(1), p2 (1)) = (2(0), p(x)) = 0.

This proves that P(y) is orthogonal to T, W;, which implies that P(y) and VS(y) are collinear.
Furthermore, since S(z,(s)) = 2H(Z,po)s for every s € [0, 1], one gets

(VS (2 (1)), 2 (1)) = 2H(T, po) = (pa(t), &2 (t))-

Since #5(t) = X(y) does not belong to Ty, W;, we deduce that V.S(z(t)) = px(t). In conse-
quence, we proved that V.S(x) = P(z) for every x € V'. O

Let us now conclude the proof of Lemma . Clearly, there exists € > 0 such that every
solution (z(-),p(-)) : [0,¢] — R™ x R™ of (BY), with 2:(0) = Z and p(0) € W, satisfies

z(t) € B(z,p), Vte|[0,¢.

Moreover, we have
S(x(e)) — S(x) = 2¢H (2, p).

Let u(-) € L>([0,¢]; R™) be a control such that the solution y(-) : [0,¢] — W of (B7) starting
at T satisfies y(e) (e). We have

S(x(e)) — S(z) S(y(e)) = S(y(0)

| 5 sy
_ / (VS (), 9 (0)dt

€ m

(y(1),dS(y(1))) + % > ui(t)?dt

0 i=1

A
=

I
i
2
=
+
g
g
=
~—
2o
U
=

The conclusion follows.

References

[1] A. Agrachev. Compactness for Sub-Riemannian length-minimizers and subanalyticity.
Control theory and its applications (Grado, 1998), Rend. Sem. Mat. Univ. Politec. Torino,
56(4):1-12, 2001.

[2] A. Agrachev, B. Bonnard, M. Chyba, and I. Kupka. Sub-Riemannian sphere in Martinet
flat case. ESAIM Control Optim. Calc. Var. 2:377—-448, 1997.

26



[3]

A. Agrachev and Y. Sachkov. Control theory from the geometric viewpoint. Encyclopae-
dia of Mathematical Sciences, 87, Control Theory and Optimization, II, Springer-Verlag,
Berlin, 2004.

A. Agrachev and A. Sarychev. Sub-Riemannian metrics: minimality of singular geodesics
versus subanalyticity. ESAIM Control Optim. Calc. Var., 4:377-403, 1999.

G. Alberti, L. Ambrosio and P. Cannarsa. On the singularities of convex functions.
Manuscripta Math., 76(3-4):421-435, 1992.

F. Ancona and A. Bressan. Patchy vector fields and asymptotic stabilization. ESAIM
Control Optim. Calc. Var., 4:445-471, 1999.

G. Barles. Solutions de viscosité des équations de Hamilton-Jacobi. Mathématiques &
Applications, 17. Springer-Verlag, Berlin, 1994.

M. Bardi and I. Capuzzo-Dolcetta. Optimal control and viscosity solutions of Hamilton-
Jacobi-Bellman equations. Systems & Control: Foundations & Applications. Birkh&user
Boston Inc., Boston, MA, 1997.

A. Bellaiche. The tangent space in sub-Riemannian geometry. in Sub-Riemannian Geom-
etry, Birkhduser, 1-78, 1996.

J.-M. Bismut. Large deviations and the Malliavin calculus. Progress in Mathematics 45,
Birkhauser, 1984.

B. Bonnard and E. Trélat. On the role of abnormal minimizers in sub-Riemannian geom-
etry. Ann. Fac. Sci. Toulouse Math. (6), 10(3):405-491, 2001.

G. E. Bredon. Topology and Geometry. Graduate Texts in Mathematics, vol. 139. Springer-
Verlag, New York, 1993.

R. W. Brockett. Asymptotic stability and feedback stabilization. Differential geometric
control theory, R. W. Brockett, R. S. Millman and H. J. Sussmann, ed., Boston, Birkh&user,
181-191, 1983.

P. Cannarsa and L. Rifford. Semiconcavity results for optimal control problems admitting
no singular minimizing controls. Preprint, 2006.

P. Cannarsa and C. Sinestrari. Semiconcave functions, Hamilton-Jacobi equations, and
optimal control. Progress in Nonlinear Differential Equations and their Applications, 58.
Birkhauser Boston Inc., Boston, MA, 2004.

Y. Chitour, F. Jean and E. Trélat. Propriétés génériques des trajectoires singulieres. C.
R. Acad. Sci. Paris Sér. I Math., 337(1):49-52, 2003.

Y. Chitour, F. Jean and E. Trélat. Genericity results for singular curves. J. Diff. Geom.
73(1):45-73, 2006.

Y. Chitour, F. Jean and E. Trélat. Singular trajectories of control-affine systems. Accepted
for publication in SIAM J. Cont. Optim.

W. L. Chow. Uber Systeme von linearen partiellen Differentialgleichungen ester Ordnung.
Math. Ann., 117: 98-105, 1939.

F. H. Clarke. Optimization and nonsmooth analysis. Second Edition. Classics in Applied
Math. 5, SIAM, Philadelphia, 1990.

27



[21]

[22]

[23]

[24]

[25]

F. H. Clarke, Yu. S. Ledyaev, E.D. Sontag, and A.I. Subbotin. Asymptotic controllability
implies feedback stabilization. I.E.E.E. Trans. Aut. Control, 42:1394-1407, 1997.

F. H. Clarke, Yu. S. Ledyaev, R. J. Stern and P. R. Wolenski. Nonsmooth Analysis and
Control Theory. Graduate Texts in Mathematics, vol. 178. Springer-Verlag, New York,
1998.

J.-M. Coron. A necessary condition for feedback stabilization. Systems Control Lett.,
14(3):227-232, 1994.

J.-M. Coron. Global asymptotic stabilization for controllable systems without drift. Math.
Control Signals Systems, 5(3):295-312, 1992.

M. G. Crandall and P.-L. Lions. Viscosity solutions of Hamilton-Jacobi equations. Trans.
Amer. Math. Soc., 277(1):1-42, 1983.

H. Federer. Geometric measure theory. Die Grundlehren der mathematischen Wis-
senschaften, Band 153. Springer-Verlag, New York, 1969.

R. M. Hardt. Stratification of real analytic mappings and images. Invent. Math., 28:193—
208, 1975.

H. Hironaka. Subanalytic sets. In Number theory , algebraic geometry and commutative
algebra, in honor of Y. Akizuki. Kinokuniya, Tokyo, 1973.

L. Hsu. Calculus of variations via the Griffiths formalism. J. Diff. Geom. 36, 1992.

Y. Y. Li and L. Nirenberg. The distance function to the boundary, Finsler geometry and
the singular set of viscosity solutions of some Hamilton-Jacobi equations. Comm. Pure
Appl. Math., 58:85-146, 2005.

P.-L. Lions. Generalized solutions of Hamilton-Jacobi equations. Pitman (Advanced Pub-
lishing Program), Boston, Mass., 1982.

W. Liu and H. J. Sussmann. Shortest paths for sub-Riemannian metrics on rank-2 distri-
butions. Mem. Amer. Math. Soc. 118(564), 1995.

R. Montgomery. A tour of subriemannian geometries, their geodesics and applications.
Mathematical Surveys and Monographs, Vol. 91. American Mathematical Society, Provi-
dence, RI, 2002.

P. Orro and F. Pelletier. Differential properties of the distance function associated to a
submanifold in sub-Riemannian geometry. Prépublication du LAMA, 2001.

L. Pontryagin, V. Boltyanskii, R. Gamkrelidze, and E. Mischenko. The mathematical theory
of optimal processes. Wiley Interscience, 1962.

P. K. Rashevsky. About connecting two points of a completely nonholonomic space by
admissible curve. Uch. Zapiski Ped. Inst. Libknechta, 2:83-94, 1938.

L. Rifford. Semiconcave control-Lyapunov functions and stabilizing feedbacks. SIAM J.
Control Optim., 41(3):659-681, 2002.

L. Rifford. Stratified semiconcave control-Lyapunov functions and the stabilization prob-
lem. Ann. Inst. H. Poincaré Non Linéaire, 22(3):343-384, 2005.

L. Rifford. The Stabilization Problem: AGAS and SRS Feedbacks. In Optimal Con-
trol, Stabilization, and Nonsmooth Analysis, Lectures Notes in Control and Information
Sciences, 301, Springer-Verlag, Heidelberg (2004), 173-184.

28



[40]

[41]

[42]
[43]

[44]

[45]

[46]

[47]

[48]

L. Rifford. The stabilization problem on surfaces. Rend. Semin. Mat. Torino 64(1):55-61,
2006.

L. Rifford. On the existence of local smooth repulsive stabilizing feedbacks in dimension
three. J. Differential Equations, 226(2):429-500, 2006.

L. Rifford. Nonholonomic Variations. Monograph, in progress.

L. Rifford and E. Trélat. Morse-Sard type results in sub-Riemannian geometry. Math.
Ann., 332(1):145-159, 2005.

E. P. Ryan. On Brockett’s condition for smooth stabilizability ans its necessity in a context
of nonsmooth feedback. SIAM J. Control Optim., 32:1597-1604, 1994.

A. Sarychev. The index of the second variation of a control system. Math. USSR Sbornik,
41(3):383-401,1982.

H. J. Sussmann. Subanalytic sets and feedback control. J. Differential Equations, 31(1):31—
52, 1979.

E. Trélat. Some properties of the value function and its level sets for affine control systems
with quadratic cost. J. Dynam. Cont. Syst., 6(4):511-541, 2000.

M. Zhitomirski. Typical singularities of differential 1-forms and pfaffian equations. Trans.
Math. Monographs, Vol. 113, American Mathematical Society, 1992.

29



