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Remark on the Kato smoothing effect for Schrodinger
equation with superquadratic potentials

Luc Robbiano and Claude Zuily

Résumé

The aim of this note is to extend recent results of Yajima-Zhang [Y-Z1, Y-Z2] on
the %— smoothing effect for Schrédinger equation with potential growing at infinity
faster than quadratically.

1 Introduction

The aim of this note is to extend a recent result by Yajima-Zhang [Y-Z1, Y-Z2|. In this
paper these authors considered the Hamiltonian H = —A + V (z) where V' is a real and C*>

potential on R™ satisfying for some m > 2 and (z) = (1 + |z|?)2,

(1.1) 10°V (2)| < Calz)™ 1, 2 € R", o € N",

(1.2) for large |z|, V(z) > Ci|z|™, Cy >0,

and they proved the following. For any 7" > 0 and x € C§°(R™) one can find C' > 0 such
that for all ug in L?(R"),

T
- —
(1.3) / (T = D)2, 0 dt < C g [2agem)

where A is the flat Laplacian. In this note, using the ideas contained in Doi [D3] we shall
show that one can handle variable coefficients Laplacian with time dependent potentials, one
can remove the condition (1.2), one can replace the cut-off function y in (1.3) by (z)~"="
with any v > 0 and finally that the weight <x)’% is enough for the tangential derivatives.

When V' = 0 the estimate (1.3) goes back to Constantin-Saut [C-S], Sj6lin [S], Vega [V],
Yajima [Y] who extended to the Schrodinger equation a phenomenon discovered by T. Kato
[K] on the KdV equation. Later on their results where extended to the variable coefficients
operators by Doi in a series of papers [D1, D2, D3, D4]| which contained the case m = 2 of

Theorem 1.1 below.




Let us describe more precisely our result. It will be convenient to introduce the Hormander’s
metric

() (§)?
to which we associate the usual class of symbols S(M,g) if M is a weight. Recall that
q € S(M,g) iff ¢ € C°°(R*") and

Vo, 3 € N" 3Cop > 0, [0508q(2,&)| < CapM (x, &) (x)PHE) T, V(z,£) € T*(R™)
If T > 0 we shall set
(1.5) St(M,g) = L>=([0,T],5(M, g)).

(1.4)

We shall consider here an operator P of the form
(1.6) P= Z —a;j(t, )¢’ (z)(Dy — ax(t,z)) + V(t,z)
7,k=1
and we shall denote by p the principal symbol of P, namely
(1.7) p(x,§) =Y ¢ ()&
k=1

We shall make the following structure and geometrical assumptions.

Structure assumptions. We shall assume the following,

(i) the coefficients a;, g’*, Vare real valued for j,k =1,...,n,
(1.8) (i) p € S((£)%, ) and Vgi(z) = ol|a| ), || — +o0 1< j,k <,m
(i31) a; € Sr({x)%,9), 1 <j<n, V€ Sp({z)™, g) m =2

(1.9) 30 >0, p(x,€) 2 0¢f*, V(z,€) € T*(R").

(1.10) For any fixed t in [0, 7] the operator P is essentially self adjoint on L*(R™)

Geometrical assumptions. Let ¢; be the bicharacteristic flow of p. It is easy to see that under
the conditions (1.8), (1.9) it is defined for all ¢ € R. Let us set S*(R") = {(z,&) € T*(R") :
p(z,€) = 1}. Then we shall assume that,

(1.11) VKcompact € S*(R") 3tx > 0 such that &,(K)NK =0, Vt>tg.

This is the so-called ”"non trapping condition” which is equivalent to the fact that if ®,(z; ) =
(2(1), (£(1)) then Tim_|a(5)] = +o0.

We shall consider v € C*([0, 7], S(R"™)) and we set

(1.12) f(t) = (D¢ + P)u(t)

For s € R let e (z,€) = (1 + ¢ +]z|™)2 and E, be the Weyl quantized pseudo-differential
operator with symbol e;.
Our first result is the following.



Theorem 1.1 LetT > 0. Let P be defined by (1.6) which satisfies (1.8), (1.9), (1.10),(1.11).
Then for any v > 0 one can find C = C(v,T) > 0 such that for any v € C*([0,T], S(R™))
and all t in [0, T] we have,

1+v

()3 + / )~ B u(t)|2adt £ C (Ju(O)]3a + / () 5 By £(t)[2ad).

L
m

Here L* = L*(R") and f(t) is defined by (1.12).
Now even when P is the flat Laplacian it is known that the estimate in the above Theorem
does not hold with v = 0. However we have the following result. Let us set

Tk — 11
(x)(€)
and let us denote by £ its Weyl quantization.

Theorem 1.2 Let T > 0. Let P be defined by (1.6) with real coefficients satisfying (1.9),
(1.10),(1.11) and

(1.13) i = 1<jk<n,

(1.14) (£) gir = ik + bjk, bjx € S((x)™7°, g), for some g >0,
' (i1) a; € Sr((2)7,g), V € Sr((z)™. g).

Then for any v > 0 one can find C = C(v,T) such that for any u € C*([0,T], S(R")) and
f(t) = (Dy + P)u(t) we have

Z/ 2y EE (0 u(t)|[2adt < C(||u(0)||%2+/0 )

7,k=1

+v
FE_ L f(O)|adt).

Here are some remarks and examples.

Remark 1.3 1)We know that one can find ¢ € C§°(|z| < 1) and ¢ € C3°(3 < |z] £ 2)
+00

positive such that () + ng) 279x) =1, for all z in R™. Let V = |z|™ Z p(277x) —
J=0 J even

|z)? Z #(277x). Then V € S((z)™,g) and since V = —|z|?> the operator P = —A +V

7 odd
is essentially self adjoint on C$°(R™). It follows that (1.9), (1.10), (1.11) and (1.14) are
satisfied, therefore Theorem 1.1 and 1.2 apply. However the lower bound (1.2) assumed in
[Y-Z2] is not satisfied.

2) Assume that p(x, &) = |€]* + ¢ Z bik(x)&;&, with by, € S((x)~7°,g) for some oy > 0.
jik=1
Then if € is small enough the non trapping condition (1.11) is satisfied.



2 Proofs of the results

x‘ .
Let us consider the symbol ag(z, &) = _§ A straightforward computation shows that under

(€)
condition (1.8) (i7) one can find Cy, Cy, R positive such that

(2.1) Hyao(z, &) 2 Col¢| — Ch, if (z,8) € T*(R") and |z| = R.

where H, denotes the Hamiltonian field of the symbol p.
Then we have the following result due to Doi [D3].

Lemma 2.1 Assume moreover that (1.11) is satisfied then there exist a € S({x),q) and
positive constants Cs, Cy such that

(1) Hya(x,€) 2 Cof| = Cs,  V(x,€) € T*(R"),

(ii) a(x, &) = ap(x, &), if |x| is large enough.

The symbol a is called a global escape function for p. Here is the form of this symbol. Let
X € C§°(R™) be such that y(z) =1if || =1, x(z) =0if |[z] 22 and 0 £ x < 1. With R
large enough and M = 2R we have,

v &

(I(.T,f) = aO('Tvg) + M%X(M)al (xu p(l’,f))<1 - 9( p(l’,f))

where
+00 1
a1(x,§) = — —7(Dy(, d
@8 == [ (Gr@e.) @

and m(Py(x,&)) = x(t;x,€) ,0(t) =1if 0=t =1, 6(t)=0ift =22, 0 < 6 < 1. Details can
be found in [D3].

Proof of Theorem 1.1

Let ¢ € C*°(R") be such that suppy € [g,4+00[, ¥(t) = 1 in [2¢,400[ (where ¢ > 0 is a
small constant chosen later on) and ¢/(t) = 0 for ¢ € R. Following Doi [D3] we set,

Po(t) =1 —2(t) —p(—t) = 1 —([t])
(2.2) { 1(t) = ¢(=t) —¥(t) = —sgnt ¢([t])

Then ¢; € C*°(R),for j = 0,1 and we have
(2.3) Uo(t) = —sgnt P'([t]) and oy (t) = —'(|t]).

Let x € C*°(R) be such that x(f) = 1if ¢t £ 3, x(t) = 0if ¢ 2 1 and x(¢) € [0,1]. With a
given by Lemma 2.1 we set

Oz, &) = “("T’g), (z,€) € T*(R")
(z)
. (.6) = T (e e 'R\ 0
r(x,&) = , (x,€) € "
p(z,§)



Finally we set

(2.5) A= (G0l — (Mo — {a) ™) (0) Jp*~x(r),

where v > 0 is an arbitrary small constant and M, a large constant to be chosen.
The main step of the proof is the following Lemma.
Lemma 2.2 (i) One can find My > 0 such that for any v > 0 there exist positive constants
C, C’ such that
—1-v m\ L * n
(2.6) —HyM,§) 2 C{x) ™ (I + [a™)m = €', V(2,§) € T*(R"),

(ii) A€ S(1,g),

1
(i) [PA"] = = (H,\)" € Op"Sy(1,g).
Proof

First of all on the support of x(r) we have (x)2 < \/p(z, &) < C|¢|. Tt follows that |£] ~ (€)
and |¢| < €]+ ()% < C'le]. Now

6
(2.7) —H =) A,
j=1

where the A;’s are defined below.
1) A = (Hp<x)*1)p%_%awo(9)x(r). Since on the support of ¥ (#) we have |a| < 2¢(x), it is
easy to see that

(2:8) 4] < Crea) el (1= w(10)x ().
2) Ay = <x)*1p%_%(Hpa)wo(9)X(r). By Lemma 2.1 (i) we have
(2.9) Az Z Cola) 7 (€] + (2) %) (1= (10]) x(r) = Cs.

3) As = () 'pm a0} (0)(Hy0)x(r). Tt follows from (2.3), (2.4) that

(2.10) Ag = —pm 2|01 (H,0)0' (16 x(r)

4) Ay = p%_%(Hp(af”)wl(Q)X(r). Here we have H,(a)™" = —v{a) 2 YaH,a. It follows from
(2.2) that Ay = l/p%*%|a|<a)*2*”(Hpa)@ZJ(|Q|)X(r). Now on the support of ¥(|0|) we have

e(x) < |a| and since a € S((z), g) we have |a| < C(x). It follows from Lemma 2.1 (7) that

(2.11) Ay > Ca{x) (€] + (@) ) myp(0])x(r) — Cs.

1 1

5) A5 = —pm —2(My — (a) ") (H,0)¢ 1 (0)x(r). It follows from (2.3) that
(2.12) As = 2 (Mo — (a) ™) (H,0)v'(10])x(r)

bt



We deduce from (2.10) and (2.12) that
Ag + Ag = pn =3 (Mo — ()™ — |0]) (H,0)¢'(16])x (r)

Now H,0 = (z) *H,a+ aH,(x)~. Since |a| < 2¢|0| on the support of ¢'(|f]) we deduce that
H,0 > Cy(x)7'|¢] — C5 > —Cs. Taking My > 2 and using the facts that ¢/ > 0, x > 0 and
e < 10| < 2¢ on the support of ¢'(|0]) we obtain

(2.13) Az + As > —Cp

6) Ag = ((z) avo(6)—(Mo—(a) =) (0))pi~ 2 Hy[x(r)]. We have H,[x(r)] =
On the support of /(1) we have (z) ~ |¢|w ; this implies that

prt ] < g e < o

Therefore we obtain
2.14) 4g] < G,
Gathering the estimates obtained in (2.8) to (2.14) we obtain

(2.15) —Hy\ > Cola) ™7 (|&] + (2) % )mx(r) = Cuo.

m 2

Now on the support of 1 — x(r) we have [£] < C1{x)2 so (z)"7V(|¢] + (x)2)m < Oy,

Therefore writing 1 = 1 — x + x and using (2.15) we obtain (2.6).

(77) We use the symbolic Calculus in the classes S(M,g). We have (z)~! € S((z)71,9),
a€S({x),g),pe SUE?2 g)sopmz e S((E)m, g) since p > C > 0 on supp x(r). Moreover
x(r) € S(1,¢) and on supp x(r) we have (z)% < C|¢|. It follows that A € S((&)m~L,g) C
S(L,g).

(#7i) By the symbolic calculus {\,V} € ST(< Voo L ()™ () ~L(E) L
C|¢] on its support we will have (z)™1(¢)m 2 < C|¢|m (m—D) %_2 < (. Therefore {\,V} €
Sr(1,g). Now if b € Sr({(z) %, g) we have {\, b¢;} € S((€) ) |E(x) =€), g) and since

()% < Cle] we have (n)% 71 {g)m ™ < Cle|m3D{g)m " < C"s0 {A, b5} € Sr(1,9).

g). Since we have (z)? <

Finally [Op® (p), \*] — L(H,A\)® € S((€)2(€)m~{z)~2(€)72,9) € Op“S(1, g). |
End of the proof of Theorem 1.1.

Since A € S(1,9) we can set M = 1+ sup |\(z,§)|. Let us introduce N(t) = (M +

(z,€)eR?™
A)u(t), u(t)) 2erny- Then there exist absolute constants Cy > 0, Co > 0 such that Cy[ju(t)[|3. <

N(u(t)) < Collu(t)]|z. Now

d o Ou w
V() = (M +X") =2 (1), u(t)rz + (M + A")u(t),

ou

SO



Since %(t) = —iPu(t) + if(t) and P* = P we obtain

iN(t) =i([P, A" Ju(t), u(t)) 2 — 2Im((M + X) f(t), u(t)) >

dt
= — ((=H,\)"u(t), u(t)) 2 — 2Im((M + ") f(2), u(t)) 2 + O(|[u(t)]72)
By lemma 2.2 (47).

Now by Lemma 2.2 (i) and the sharp Garding inequality, we obtain
w 1ty
(2.16) ((=HpA)"u(t),u(t))r2 = Cll(2) > Exu(t)|z2 — C"[lu(t)]z:

On the other hand we have for any € > 0

1+v

_ 14y 14y
(2.17) (M A+ N F(0), u()rz] < ell(@) ™ Ex ()72 + Ccll(@) 2 E_ ()]
Using (2.16) and (2.17) with & small enough, we obtain

EN() < ~Cile) ™% By u@) s +Calle)

14+v

B SO+ CaN (Y

dt
Integrating this inequality between 0 and ¢ (in [0,T]) and using Gronwall’s inequality, we
obtain the conclusion of Theorem 1.1. |

Proof of theorem 1.2.

Let x € Cg°(RT), x(t) = 1if t € [0,1], x(t) = 0 if ¢ > 2. Recall that according to (1.14) we
have p = [£]? + q(x, €) where q(z,&) = Z v*(2)€;€ and B* € S({(x)7°, g). Let us set

Jk=1

(2.18) Agy, = :@5%;%53 1<jk<n

Then we have the following result.

Lemma 2.3 Let a be defined in Lemma 2.1. One can find positive constants Cy, Cy and Cy
such that if we set

1+a”+ > A )3 p(z,§)
then
(i) — Hph > Oofa) (el + () B)% 3 A% = Cul) (el + () ) — C,

2

(1) A € S((€)5 1, g).
(idi) [P, A"] — S(H,\)" € Op”S(1,g).

l



Proof

First of all we have

(2.20) |HpAj(x,8)| < Ch <:|£|UO, 1<j,k<n, (z,§) € T*(R").
Indeed we have {|¢|%, A;x} =0 and |{q, Ajr} < Cy <:1|:§‘|’0

Let us set

(2.21) D=1+ad+ i A%,

k=1
We claim that on the support of y({(z)%p~2) we have
(2.22) Cs{x)? < D < Cy{x)?
for some positive constants C5 and Cj.

Indeed a straightforward computation shows that

(@) + D (i€ — m&)* > |z]?[¢)*

jk=1

Since by Lemma 2.1 we have a(z,£) = i for |[x] > Ry > 1 and |§|] > C5 > 0 on

(€)

the support of x we deduce that D > Cq(x)?® when |z| > Ry. When |z| < Ry we have

D>1> 2,
~ T 1+Rj @)
Now we can write with r(z, &) = (z)%p2,
—H,\ = [ P
(2.23) I, = D=2 (D(H, a(H,D))pm—2x(r)

a) — 3
I :pi*% aD 3 H »(x(r))

We have

1 & 1 &
DHya — a(H,D) =(1 + > A%)Hya+ a*Hya — Sa(2aH,0 + 2 > ApH,Aj)

jk=1 jk=1

=1+ > A% Ha—ay  AjH,Ay.

J,k=1 J,k=1



Using (2.18) and (2.20) we see that,

(2.24) lal Y Al HyAje| < C7|37\2<5L0'
jk=1

Morever by Lemma 2.1 we have on the support of x(r),

(225)  prR(l4 Y A)Ha > (14 Y AR)(Cs(lE] + (@) F)m — Co).
jk=1 jk=1
Therefore (2.21), (2.23), (2.24), (2.25) show that,
B2 [Cuola) (e + 0 DF S 4% - cu oo,
7,k=1
On the support of 1 — x(r) we have [£| < ()% so we obtain,
V3 (€] + (@)% )m
(2.26) I > Cala) 3(€] + (x) Z A3y = Oy —— — Cus.
~ (z)1+
On the other hand we have,
o _1 / m 015 / m_q
[Hp(x(r)] = [p72 X (r) Hp(2) > | < S IX(r)]1E] ()2

It follows from (2.22) and the estimate |a| < Cig(x) that,
(2.27) || < Che,
since (z)%1¢[m ! < Cs.

Then (i) in lemma 2.3 follows from (2.23), (2.26) and (2.27). The proofs of (i) and (zii) are
the same as those in the proof of lemma 2.2. |

End of the proof of Theorem 1.2.

We introduce as before, for ¢ in (0, 7).
N(t) = (Mo + A%)u(t), u(t)) 2

Where My is a large constant. Then N(t) ~ ||u(t)]|3..

Now using the equation and Lemma 2.3 (ii7) we can write,

d

TN = =((=HpA)"u(t), u(t)) 2 = 2Im((Mo + X*) f (1), u(t)) 12 + O(Ju()I]72)



Since by (1.13) and (2.19) we have (z)2A%, = {3, Lemma 2.3 (i) and the sharp Garding
inequality ensure that

d n 1 w 140
=N <= C1 ) (@) 2B (bl + Call ()72 Eru(t)]l7:
G k=1

+[(2)

1+o09
2

E,if(t)nig + C3N(t).
It follows that for 0 <t < T,
(2.28)

N +Cr [ 1), Gl s N +Co [ 1@ By o) s

m
0 k=1

T . t
[ 1@ B s + o [ N
0 m 0

Using Theorem 1.1 to bound the second term in the right hand side and then using the
Gronwall inequality we obtain

1+o09

B () 3ade).

N(t) < C(T)(||u(0)]72 +/0 1)

Using again the inequality (2.28) we obtain the conclusion of Theorem 1.2. The proof is
complete. |
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