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Upper limits of Sinai’s walk in random scenery
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Summary. We consider Sinai’s walk in i.i.d. random scenery and focus
our attention on a conjecture of Révész [17] concerning the upper limits of
Sinai’s walk in random scenery when the scenery is bounded from above.
A close study of the competition between the concentration property for
Sinai’s walk and negative values for the scenery enables us to prove that
the conjecture is true if the scenery has “thin” negative tails and is false
otherwise.
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1 Introduction

1.1 Random walk in random environment

Problems involving random environments arise in different domains of physics and biol-
ogy. Originally, one-dimensional random walk in random environment appeared as a simple
model for DNA transcription. In the following, we consider the elementary model of one-
dimensional Simple Random Walk in Random Environment (SRWRE), defined as follows.
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Let w := (w;, i € Z) be a family of independent and identically distributed (i.i.d.) ran-
dom variables defined on 2, which stands for the random environment. Denote by P the
distribution of w and by F the corresponding expectation.

Conditioning on w (i.e., choosing an environment), we define the SRWRE (X,,, n > 0) as
a nearest-neighbor random walk on Z with transition probabilities given by w: (X,, n > 0)

is a Markov chain satisfying X, = 0 and

Pw(Xn+1:j|Xn:i): l—w; ifj=i—1,
0 otherwise.

We denote by P, the law of (X,,, n > 0), by E,, the corresponding expectation, and by P
the joint law of (w, (X,,)n>0). We refer to Zeitouni [22] for an overview of random walks in
random environment.

Throughout the paper, we make the following assumptions on w:

(1.1) 36€(0,1/2): P@<w<1-68) = 1,
(1.2) Bllog(—2)] = o
(1.3) 0% = Var[log(l ;Owo)] > 0.

Assumption (1.1) implies that |log(1=22)] is, P-a.s., bounded by the constant L := log(+52).

It is a technical assumption, which ca; be replaced by an exponential moment of log(%).
According to a recurrence-transience result due to Solomon [21], assumption (1.2) ensures
that (X,,)n>0 is P-almost surely recurrent, i.e., the random walk hits any site infinitely often.
Assumption (1.3) excludes the case of deterministic environment, which corresponds to the
homogeneous symmetric random walk.

Under assumptions (1.1)—(1.3), the SRWRE is referred to as Sinai’s walk. Sinai [20] proves
that X,,/(logn)? converges in law, under P, toward a non-degenerate random variable, whose
distribution is explicitly computed by Kesten [14] and Golosov [8]. This result contrasts with
the usual central limit theorem which gives the convergence in law of X,,/\/n.

Let

(1.4) Lin,x) = #{0<i<n: X;,=uzx}, n>0, z€Z,
L(n,A) = Z L(n,z), n>0, ACZ.
x€A

In words, the quantity L(n, A) measures the number of visits at set A by the walk in the

first n steps.



The maximum of local time is studied by Révész ([17], p. 337) and Shi [18]: under
assumptions (1.1)—(1.3), there exists ¢y > 0 such that

max,ez L(n, )

lim sup > ¢, P-a.s.

n—oo n
It means that the walk spends, infinitely often, a positive part of its life on a single site. A
concentration property is obtained by Theorem 1.3 of Andreoletti [1], which says that, under
assumptions (1.1)—(1.3) and for any 0 < § < 1, there exists ¢(3) > 0 such that

(1.5) lim sup sup,ez L (n, [z — €(53), x + ((5)])

n—oo n

> 0, P-a.s.

In words, for any /3 close to 1, it is possible to find a length ¢(3) such that, P-almost surely,

the particle spends, infinitely often, more than a (-fraction of its life in an interval of length

20(8).

1.2 Random walk in random scenery

Random Walk in Random Scenery (RWRS) is a simple model of diffusion in disordered
media, with long-range correlations. It is a class of stationary random processes exhibiting
rich behavior. It can be described as follows: given a Markov chain on a state space, there
may be a random field associated to the state space, called random scenery. As the random
walk moves on this state space, he observes the scenery at his location. For a survey of
recent results about RWRS, we refer to den Hollander and Steif [12], and to Asselah and
Castell [2] for large deviations results in dimension d > 5.

Let us now define the model of one-dimensional RWRS: consider S = (S,,n > 0) a
random walk on Z and £ := (£(x), x € Z) = (&, © € Z), a family of i.i.d. random variables
defined on a probability space =. We refer to £ as the random scenery and denote by () its
law. Then, define the process (Y,,, n > 0) by

Y, = 2;&5@-),

called RWRS or the Kesten-Spitzer Random Walk in Random Scenery. An interpretation is
the following: if a random walker has to pay &, each time he visits x, then Y,, stands for the
total amount he has paid in the time interval [0, n].

The model is introduced and studied by Kesten and Spitzer [15] in dimensions d = 1
and d > 3. They prove in dimension d = 1 that, when S and £ belong to the domains of
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attraction of stable laws of indice o and 3 respectively, then there exists d, depending on
o and 3, such that n™°Y,, converges weakly. Bolthausen [3] studies the case d = 2. He
proves that, if S is a recurrent random walk and &y has zero expectation and finite variance,
then (nlogn)~1/? Y| satisfies a functional central limit theorem. Independently, Borodin

analyzes the case of one-dimensional simple random walk, see [4] and [5].

1.3 Random environment and random scenery

In this paper, we consider Sinai’s Walk in Random Scenery. Problems combining random
environment and random scenery have been examined for more general models. Replacing
Z by a more general countable state space, Lyons and Schramm [16] exhibit, under certain
conditions, a stationary measure for Random Walks in a Random Environment with Random
Scenery (RWRERS) from the viewpoint of the random walker. Haggstrom [9], Haggstrom
and Peres [10] treat the case where the scenery arises from percolation on a graph. In this
particular case, the scenery determines the random environment of the associated RWRE,
which is used by the authors to obtain information about the scenery.

Let us first describe the model of Sinai’s walk in random scenery. We consider Sinai’s
walk (X,,, n > 0) under assumptions (1.1)—(1.3), and recall that the environment w is defined
on (2, P). For the scenery, we consider a family of i.i.d. random variables ¢ := ({(z), = €
Z) = (&, x € Z), defined on (=, @), independent of w and (X,,, n > 0). We denote by @ the
distribution of £. To translate independence between w and &, we consider the probability
space (2 X Z, P ® @), on which we define (w, ). Moreover, we denote by P ® @ the law of

(W, (Xn)n>0,&). Then we define as Sinai’s walk in random scenery the process (Z,, n > 0):

n
Zn =Y &(X)).
i=0
Observe that Z,, can be written with local time notation:

(1.6) Zy =Y &) L(n,x), n>0,
TEL
where L(n, ) stands for the local time of the random walk at site  until time n, see (1.4).
We are interested in the upper limit of Z,, in the case where a := esssup &y is finite. We
consider the concentration property of order ( for Sinai’s walk with 5 close to 1 (see (1.5)),

which enables us to formulate the conjecture of Révész ([17], p. 353): does the assumption



that a := esssup & is finite implies that, P ® -almost surely,

Zy,
limsup— =a?

n—oo

It turns out that the conjecture holds only under some additional assumptions on the
distribution of the random scenery. A close study of the competition between the concen-
tration property for Sinai’s walk and negative values for the scenery enables us to obtain

the following theorem, which gives a solution to this problem, depending on the tail decay
of £ = max{—&,0}.

Theorem 1.1 Assume (1.1)-(1.3) and a := esssup§y < oo.

(i) If Q {50_ > )\} < W, for some € > 0 and all large \, then

Ly
P®Q{limsup— :a} =1.
n

n—oo

(i) If Q {50_ > )\} > W, for some € > 0 and all large X\, then

Z.
P@Q{lim—n:—oo}:l.

n—oo N

The paper is organized as follows: in Section 2, we quote useful results about environment,
and about Sinai’s walk when the environment is fixed (i.e., quenched results). In Section
3, we define the notion of “good” environment-scenery and prove Theorem 1.1 by accepting
two intermediate propositions. These two propositions are proved in Sections 4 and 5,
respectively.

We use ¢; (1 <7< 34) to denote finite and positive constants.

2 Preliminaries

In this section, we collect some basic properties of random walk in random environment that

will be useful in the forthcoming sections.



2.1 About the environment

In the study of one-dimensional SRWRE, an important role is played by a function of the
environment w, called the potential. This process, noted V = (V(z), x € Z), is defined on
(Q, P) by:

> log(5%) if £ > 1,
- Z?:J:—l—l log( 1:;1) if v < —1.

By (1.1), we observe that |V (z) — V(z — 1)| < L for any = € Z and, for technical reason
concerning Section 5, we define P,(-) := P(-|V(0) = 2), for any z € R.
We recall the following result, whose proof is given by a simple martingale argument:
y—x
Moreover, we recall a result of Hirsch [11], which, under assumptions (1.1)—(1.3), takes

the following simplified form: for any 0 < ¢/ < &

34
(2.2) P {og;agv V(z) < Néel} ~e N~ N — 0.
2.2 Quenched results
We define, for any x € Z,
7(x) :==min{n >1: X, =z}, min () := oo.

(Note in particular that when Xy = z, then 7(z) is the first return time to x.) Throughout the
paper, we write P%(-) := P,(- | Xy = ) (thus P? = P,) and denote by E* the expectation
with respect to PJ.

It is known (Zeitouni [22], formula (2.1.4)) that for r < = < s,

(2.3) Pi{r(r)<7(s)} = Zev(j) (Zev(j)> .

The next result, which gives a simple bound for the expectation of 7(r) A 7(s) when the
walk starts from a site x € (r,s), is essentially contained in Golosov [7], its proof can be
found in [19]. For any integers r < s, we have

(2.4) max _ EZ [7(s) Lir(s)<r@y] < (s —7)%exp [ max (V(j) — V(z))] :

xe(r, s)NZ r<i<j<s



We will also use the following estimate borrowed from Lemma 7 of Golosov [7]: for £ > 1

and x <y,

(2.5) P2t < 0} < tewp (- maxlVis - 1) - VD) ).
<i<y

Looking at the environment backwards, we get: for £ > 1 and w < =,

(2.6) PS{r(w) <} </lexp <— max V(w+1)— V(z)]) :

Finally we quote an important result about excursions of Sinai’s walk. Let b € Z and
x € Z, and consider L(7(b), ) under P°. In words, we look at the number of visits at site x
by the random walk (starting from b) until the first return to b. Then there exist constants

¢y and ¢z such that

(2.7) s e~ V@)=V () < EZ[L(T(()),I‘)] < ey o V@)-VO)

3 Good environment-scenery and proof of Theorem 1.1
For any 7 > 0, we define

dt(j) == min{n>0: V(n) > j},
b (j) = min {n >0: V(n)= min )V(aj)}.

0<z<d*(j
These variables enable us to consider the valley (0,0 (j),d*(j)). Similarly, we define
d(j) = max{n <0: V(n)>j},
b= (j) = max{n <0: V(n)= min V(:p)} .

d=(j)<z<0

In the next sections, we will be frequently using the following elementary estimates: for any

e > 0, P-almost surely for all large j,
(3.1) LG < |dEG)] < 57
More generally, it will be useful to define, for any Borel set A C R,

dt(A) := min{n >0: V(n) € A},
d (A) = max{n <0: V(n) € A}.
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To introduce the announced “good” environment-scenery, we fix € > 0 such that assump-
tion of part (i) of Theorem 1.1 is verified. For a € (0,1) (which will depend on ¢), ¢4 > 0,
and 7 > 100, we define

Yo =) = J,
(3.2) vi=%() = jO =4l i > 1,
(3.3) ei=¢i(j) = exp { - C47i+2(j)}-

For convenience of notation we define ey = £_1(j) := £¢(j). In words, (7;)i>o represents a
decreasing sequence of distances, which enables us to classify the sites according to the value
of V(z) — V(b).

Write log; for the jth iterative logarithmic function. Fix ¢’ := min{1/35,¢/2} > 0, and
introduce, for 57 > 100,

(3.4) M= M(j) := inf{nZO:vng (logzj)ﬁ}.
It is easy to observe that
(3.5) M(j)
and that

-1 € |(log, )37, (log, )77
Note that we choose a small enough such that

(3.6) B = (1-a)*@2+e)—(2+€) >0,
(3.7) go= S _a>0.

Then we introduce the set
On1 =0y 1(j) = [b+(j) — Cs 7]2\7;517 b (j) + ¢s 7]2\7[?,1] ;

and, for i = M — 2,...,1,0, the sets

0, = 8ij) == [b7() = e 0 () + e |\ U B



Observe that the sets (0;)o<i<as—1 form a partition of the interval [b*(j) — cg 52+, bt (5) +
ce 727°']. The final sets we consider are given, for 0 < i < M(j) — 1, by

@i = @Z N I(j),
where I(j) := [d((—o0, —j]),d"(j)]. Note that d*((—oo0, —j]) < d*(j) on A(j) which will

be defined in (3.16). In this case, the sets (0;)o<i<p—1 form a partition of I(j) in annulus.
Loosely speaking, the set ©; contains the sites x satisfying V(z) — V(b) ~ ;. To cover
[d™(j),d"(j)], we define

(3.8) -1 = O1(j) i= [—er 01 52| 1 [d7 (), d¥ (=0, =3])] -
Moreover, for the environment on Z*, we introduce the events
(3.9) AT = {45 SVOT(G)) < =35},
env [ » ]
. = — <=5,
(3.10) aG) = | max V) -Vl <)

The first event ensures that the valley considered is “deep enough” and the second one that
the particle reaches the bottom of the valley “fast enough”. To control the time spent by

the particle in different ©; during an excursion from b*(j) to b*(j), we define

M-2

B31)  AmG) = ()] 3 e Veveol < ﬂAmz'

=0 | z€0,(j)

For the environment on Z~, let

. iy J J
3.12 B = V(b < == Viy) =V <=
(3.12) 0 = {reons-d s vw-ve 3
which ensures that the particle will not spent too much time on Z~.
Recalling that £, = max{—¢,, 0}, we define for the scenery

(3.13) 50G) = { o 6 <07

z€O_1(7)
(3.14) Asee(g) = { max £, < (ei)‘m}, 0<i<M-—2,

xe@i(j)

which ensures that the scenery does not reach excessive negative value in each ©;. In order
to force the scenery in a neighborhood of the bottom (where the particle is concentrated),

to be close to a = esssup &, we fix p € (0,1) and introduce

(3.15) A () = { min §12a—p}

TEO 1( )
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We set

M-1
AT(G) = AT VAT () N A (1), A = (1) AF):

i=—1
Moreover, we note

(3.16) A(J) = AT(7) N BT(G) N AY(g).

A pair (w,§) is a “good” environment-scenery if (w,&) € A(j) for infinitely many j.
For future use, let us note that for w € B"(j5) N AS"(j), we have
3.17 max Viy) —Vi(r)] < —=.
(3.17) d-(j>s:vgy§b+(j>[ W) Vol =3
To prove Theorem 1.1, we need two propositions, whose proofs are respectively post-
poned until Sections 5 and 4. The first one ensures that almost all pair (w, ) is a “good”

environment-scenery, while the second one describes the behavior of the particle in a “good”

environment.

Proposition 3.1 Under assumptions (1.1)=(1.3), we have that P ® Q-almost all (w,§) is
a “good” environment-scenery. More precisely, there exists a sequence (my)r>1 such that

my > K and (w, ) is a good environment-scenery along (my)g>1, i.e., (w,€) € A(my), for
all k > 1.

Let (my)r>1 be the sequence introduced in Proposition 3.1. For each realization of (w, &),

we extract (ng)g>1 from (my)r>1 such that
(3.18) > en(ng) < oo.
k>1
To ease notations, we write throughout the paper, d} = d*(n;), 7,7 = 7(d}), b =
bt (nk) and d;, :=d " (ng), 7, := 7(d,, ). Moreover, we define, for all £ > 1,

(3.19) t = [e"*].

Proposition 3.2 For P ® Q almost all (w, &), we have that, P,-a.s., for all large k,

(3.20) L(ty, ©-1(ng)) < e-1lng) b,
(321) L (tk, @,(nk)) S 62(7’Lk) tk, 0 S 7 S M — 2,
(3.22) AT, >
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Proof of Theorem 1.1.
Proof of part (i). For any § > 0, we define e (j5) := "M% ¢ ( ). Recalling (1.6), we use

i=—1 z

Proposition 3.2 and (3.1) to obtain, for P ® Q-almost all realization of w, £ and (X;);>0,

th M-2
DXy = (1—Wm) ( min fm) =) eilm) b (36618% )5 )
j=1 i F

x€®A1,1(nk) 1

Then, Proposition 3.1 implies

if(Xj) = (1_5(1)( k)t (a—p Z Vei(ng) te

(3.23) > (1—eWD(n))ty (a—p) — eV (mg) ty,,

for all large k.
We claim that, for any 6 > 0 and all large 7,

M
1
(3.24) e® =c0(j):=> el <2 (1 + 5) .

To prove (3.24), we observe that

5 S e
e® = E g; <2eh,+ E / —dx.
i=—1 im0 Jei Citl T &

Recalling (3.3), we have that ;41 —&; = g;41 (1 — e"“0+277+3))  Recalling (3.2) we get that

a)3
Yive — Yits = Vitz(l — 7;5%). Since (3.2) and (3.4) imply Yite > Y42 > (log2j) 3 for
2 <i < M + 2, we obtain that v,10 — Y43 > Vite/2, for all large j and for 2 <i < M — 1.
Therefore, we get ;.1 — &; > £;11/2, implying that

€it1

e@ <2g0 +22/ ida;

&5 5@-‘,—1

)
€itl _&; M-1 reit1 §—1 _ [tM 5-1 ) : : :
o oode < Yoo Jo et = [CM 2’7 ldx < e9,/0, which implies

Moreover, SM-!
(3.24).
Recalling (3.23) and using (3.24) which tells us that @ (j) — 0 when j — 0o, we have

(3.25) lim sup — Z§ ) >a—p, P® Q-a.s.

n—oo
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It remains only to observe that (3.25) is true for all p > 0 and that the definition of a
implies that P ® Q-a.s., 1 Y7 [ ¢(X;) < a, for all n > 0. O

Proof of part (ii). Using Theorem 1.5 of [13], we have that, for any ¢’ > 0, P-almost surely,
maxo<i<n X; > (log n)?>~¢" + 1, for all large n. This implies

(3.26) Z £(X;) <an— max

;.S
0<z<[(logn)2—<"]

By assumption, there exists € > 0 such that @ {& < —A} > (log \)?*¢. Therefore, fixing
g/ <e, weget for k>1andall N> 1,

0<z<N

(3.27) Q{maxf <kaeV 77 }<exp{ 08N‘5}

We choose N, := |(logp)”] for p > 1 with T large enough such that 70 > 1. Therefore,
using (3.27) and applying the Borel-Cantelli lemma, we get that Q-almost surely, for p > py,

E

N2
(3.28) Ogﬁ)}ifpé >kae™

Fixing the realization of £, we define p(n) such that
(3.29) Npny < [(log n)* 1 < Np(n)+1,

for all n such that p(n) > po. This yields

1
=7

N2
max §, > max &, >kae p(n) ,
/
0<z<[(logn)2—¢"] 0<z<Ny(n)

the last inequality being a consequence of (3.28). Therefore, we obtain

/ 1 / ;/ L 7
max § > kaexp { [(logn)* =% } exp {— ([(log n)* % — N;(;f) ) }
0<z<[(logn)2=¢"]
> kanexp { (N;(ng) i N;(ns) ) } ,

the second inequality being a consequence of (3.29). Moreover, we easily get that N;(nf) 1

1
N2.5 — 0, when n — oo, implying that for all large n,

W

(3.30) max &> =
0<z<[(logn)2—¢"] 2

12



Assembling (3.26) and (3.30), we get that P ® Q-almost surely, limsup,_.. £ Y7, &(X;)
a(l— g) This inequality being true for all £ > 1, it implies part (i) of Theorem 1.1.

4 Proof of Proposition 3.2

To get (3.22), we observe that
P, {T,j AT, < tk} <P, {T/,;F < tk} + P, {T]; < tk} .
Then using (2.5), (2.6) and (3.9), (3.12) we obtain
PATI AT St} <ty (e e ™/0) <207 /0

Then, since n;, > k, we get

D P AT AT <t} <2) e < oo

k>0 k>0

We conclude by using the Borel-Cantelli lemma.

<
O

To prove (3.21), we apply the strong Markov property at 7(b;) and get for 0 < < M —2,

PoAL (t, ©i(ny)) = i(ne) t}

< PU{L (1, 0:(ny)) > silm) t — M} + Po {0 < 7(0F) < 77 + P {r < 7(00)}

By (2.3), (3.10) and (3.1), we get, for all large £,

bye/? 24¢’ \—2n; /3
Po{ry <7} < o <o

ek

Chebyshev’s inequality, (2.4), (3.17) and (3.1) yield

(b =d)? on )
PW{AkST(b;)STk}S%eQ k/3§k‘)\7ke2 k/3
Choosing \; := €”/6 we obtain, for all large k,
(4.1) P, {)\k < 7(b) < 7'];} + P, {7']; < T(b;)} < e /T,

To treat Py, := Pfj’“+ {L (tr, ©i(ng)) > €;(ng) t — A}, we recall (3.19) and observe that A, <

2e /0t to obtain
+
Pei < Pfjk {L (tr, ©i(ny)) > (&(le) o Ze_nkm) tk} ’

13



Then, by Chebyshev’s inequality, we get

1 bt
Pk,i < (5@<nk> . 2€7nk/6) ty 1% [L (tkh @l(nk>>] :

Since Sinai’s walk can not make more than ¢; excursions from bz to b; before t;, and since

these excursions are i.i.d., we obtain

t b
Pei < (& (ne) = ge—nk/ﬁ) 0 E L (m(b}), ©i(n))] -

+
Observe that (2.7) implies Eof (L (7(55), ©i(m))] < 32 nco,iny) e V@-VE for all 0 <
i < M — 2. Recalling (3.11), we get for all large k, and for 0 <i < M — 2,

C3 (5,~(nk))2
(ei(ny) — 2em/0)

Py < < cyei(ng),

the second inequality being a consequence of g;(ny) > eo(ng) and the fact that ¢4 < 1/6
implies e™™/% = o(gq(ny)).

Summing from 0 to M — 2 and using (3.24), we get, with ¢1 := 2(1 4 3) co,

M—2 M—2
(42) Z P]m S Cg Z el(nk) S C10 5M(nk)
=0

1=0

Assembling (4.1), (4.2) and recalling (3.5), (3.18) we obtain

M—2
DD PAL(t, 0i(nk)) = gi(ni) i} <> (croen(ni) + M(ng) e ™/7) < oo,
k>1 =0 k>1
This implies (3.21) by an application of the Borel-Cantelli lemma.

We get (3.20) by an argument very similar to the one used in the proof of (3.21), the
main ingredients being the facts that V(x) — V(b"(ny)) > 2ny, for € ©_1(ng) (which is
a consequence of (3.12), (3.9) and the definition of d*(j)), and that ©_1(ny) contains less
than 2 ¢; n2* sites (by (3.8)). We feel free to omit the details.

5 Proof of Proposition 3.1

We now prove that, for P ® @Q-almost all (w,€), there exists a sequence (my) such that
(w, &) € A(my), Yk > 1, where A(my,) is defined in (3.16).
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Let j, := k% (k> 1) and Fiy =0{V(2),&, d (Jr—1) <z, 2 < d¥(jr-1)}

If we are able to show that

(5.1) ZP@Q{A Jk) | F_ 1} = 00, P ® Q-a.s.,

then Lévy’s Borel-Cantelli lemma ([6], p. 237) will tell us that P ® @-almost surely there
are infinitely many k such that (w, &) € A(ji).

To bound P ® Q{A(ji) | Fj,_,} from below, we start with the trivial inequality A(jx) D

A(jr) N C(jr_1), for any set C(jr_1). We choose C(jr_1) := C(jr_1) N D (jr_1) N
C*°°(jy—1), where

CM(jpo1) = inf  V(y) > —jr_1log® ji_
) 5= {2, V0= ot
D™ () = inf  V(y)> —je_1log® je_1 ¢,
<jk 1) {d_(jkl)SySO <y> = T 08 Jk 1}
C*“(Jg—1) = max s < (e-1(y 1/2}.
<jk 1) {d_(jk1)§$<d+(jkl)§$ ( 1<]k>)
Clearly, C'(jx—1) is Fj,_,-measurable. Moreover on C"(j_1) N A" (j), we have d* (ji_1) <
d*((—o0, —jk|) < b* ().
Let
E*(jk) = max - < (e_1(y _1/2},
1) {me@_l\[d—@“),dwk1>1£”‘“ (E-10)
and consider
M-1
Esce ﬂ Asce ,]k) ﬂEsce(]k)
1=0

Since C**“(jr—_1) N E*T(jr) C A5 (Ji), it follows that

P®Q{A ]k | Jk— 1}
> PoQ{P®Q{A™( k), B™ (k) E*°Ur) s Clir=1) | Fju_rsw} | Firy}
> P®Q{1iaene(iy), Bewiy), eGP © Q{E* (i) |w} | Fj_, } -

Now, we suppose for the moment that we are able to prove that there exists ¢;; > 0 such
that, for P-almost all w,

(5.2) P@Qi{E* () |w} > k1/4

15



We get

C11 env env
PoQ{AGW | Fi} = 1 PoQ{A™ Gy, B, Clk-1) | Fi}
€11
(5.3) i D B Leseeqy,
where we use the fact that (V(z), x > 0) and (V(z), x < 0) are independent processes, and

v

note

Pl:_ = P {Aenv(jk) ) Cenv(jk—l) | fjk—l} )

Py = P{B™ (), D™ (jk-1) [ Fj_.}-
To bound P;" from below, we introduce
env ( j . 92 . .
= — A o
By = {_mex V) V) < % Gog iy~ - L.

and consider
Eenv( ) — Aenv( )ﬂAenv( )m EGT’LU(j )

Observe that C™ (jk—l) N {maxd+(jk_1)<x<y<b+(jk)[V(y) — V( )] S Jz jk—l 10g2 jk—l _jk—l —
L} € AS™(jx). Thus, since V(d*(jx-1)) € Ij,_, := [jk—1, jrk—1 + L], we have, by applying the
strong Markov property at d*(jx_1),

(54) P];F Z ( lnf PZ {Eenv(]k)}) ]_Cen'u(jk_l).

2Cdjk 1
To bound P, from below, we observe the following inclusion

: Jk
B D max V(iy) —V(x n D
G2 { e, V) - V) < 5 L0 DG

Then since V(d~(jx—1)) belongs to I;,_,, the strong Markov property applied at d~(jx—1)
yields
(55) P]; Z ( el]rlf P {Benv(jk)}) 1Denv(jk71)7

iK1

Observing that 1¢(;, ,) = 1, P ® Q-almost surely for all large %, and recalling (5.3), (5.4)
and (5.5), the proof of (5.1) boils down to showing that

(5.6) liminf inf P,{E“"(jr)} > 0,
k—oo z€lj

(5.7) liminf inf P,{B““(jx)} > 0.
k—oo z€Ij

The rest of the section is devoted to the proof of (5.2) and (5.6), whereas (5.7) is an

immediate consequence of Donsker’s theorem.
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5.1 Proof of (5.2)

Since the sets {©;}_, 5, are disjoint, the events E°Y(jr) and {Aj(jr)}ocicpr, are

mutually independent. We write

M-1

PoQ{E() |w} =[] P Q{A“Uk) |0} x P®Q{E*(j\)|w}.

=0

Thus, (5.2) will be a consequence of the two following lemmas.

Lemma 5.1 For P-almost all w, we have

sce N 1
P®Q{AV (k) |w} > FAvZS

Lemma 5.2 There exists c1o > 0 such that, for P-almost all w,

M-2

(5.8) liminf 11 PeQ{Ar G |} x P Q{E(i) |w} > cra.
=0

Proof of Lemma 5.1. Recalling (3.15), (3.8) and (3.6), we get, P-almost surely,

P®Q {Aﬁil(jk) |W} > exp {c5 log q log, ji }

where ¢ := Q {& > a — p}. Definition of a implies —oo < log ¢ < 0. To conclude, it remains
only to observe that log, jr = logk + log, k 4+ log 3 and to choose c; small enough such that
cs logg > —1/5. O

Proof of Lemma 5.2. Recalling (3.14) and that (£, ),z is a family of i.i.d. random variables,
we get, P-almost surely, for 0 < < M — 2,

2+E/
2

PoQAGY W) > (& <))
> exp {206 %+ log (1 —Q{& > (51‘)_1/2}) }

Then, since Q{&; > (g;)~/?} tends to 0 when k tends to co and using the fact that log(1 —
x) > —cigx for € [0,1/2) with ¢13 := 2log2 > 0, we obtain, for all large k,

P®Q{A*(y) |w} > exp{ _ 014%2*5/ Q¢ > (51-)*1/2}}7

17



where c14 := 2 cg c13. Recalling that @ {50_ > )\} (log \)~*4) for A > Ay > 0 and (3.3) we
get for k large enough and uniformly in 0 <i < M — 2,

(5.9) P® QLA i) [w} = exp { — 57,7},

2+e
where §:= (1 —a)?(2+¢) — (2+ €') > 0 by (3.6), and ¢15 := c14 (é) . Then, recalling
(3.13), we obtain similarly

(5.10) P@Q{E*(jy) |w} = exp { — 167"}

Putting together (5.9) and (5.10), we get with ¢17 := max{c;s, c16},

M-2

PRQ{A(jr) |w} x PR Q {ESCe T |w} > exp{—c17 03},
=0

where a5 := 7,7 + XM 24,7, By the same way we proved (3.24), we obtain o5 < cig73/ 1,
where ¢13 < 1+ 2/5. Recalling (3.6), it follows that o5 — 0 when k& — oo, which implies
(5.8). 0

5.2 Proof of (5.6)

To prove (5.6), we need some preliminary results.

Lemma 5.3 Forany §d >0, k> 1 and any 0 < p < M, we have

Z%—( )’Vp

Proof. We have

Z%<VP+Z/ dz.

i=p+1 ,YZ 1= %

Recalling that v,y — v; > 7;-1/2, for all large 7 and for 1 <1i < M, we get

Z’Vz<7p+22/ ” d:L’

i=p+1

18



M Yi—1 “/f M Yi-1 _§—1 (7 .6—1 ) : :
Moreover, > 757y [ ode < 357 [ 2 dr = fwa dx < ~,/d, which yields

Lemma 5.3. u
We now proceed to prove (5.6). Let
Ay = _3]k — E’YM, Flem)(jk,f) = {ag_H < V(b+(jk)) < (lg} .

Noting 6y := | jx/va] — 1, we have

05 O
(5.11)  PAE™GY = Y PAFT G 0) 5 Aginie) » B (e} = ) Pl
=0

(=0

To bound P,;r , by below for 0 < ¢ < 6, we define recursively the following levels,
(5.12) i = ni(Jr, 0) = ar+ v, 0<i<M,

(5.13) 1 = M (e, £) 7= ap

In the following, we introduce stopping times for the potential, which will enable us to

consider a “typical” event that exhibits a valley having “good” properties. Let us write

T =T(j,0) = d"((—00,a]),

T =T(,0) = dT((—o00,am1]).

Then, we define the stopping times for the potential, for 0 <1i < M,

Ti = Ti(Gr, €) = d"((—o0,mi]),
T =T/(jx,0) := min{n>T:V(n)>ny_i},
Ri=Ri(jx,0) = min{n>T/: V(n) <ny_is1}-

We introduce the events

(i — T < \2+e’ _ j_k <i< M —
Gi(e) {Tm Tigen()™, | max  [V(y) V()] <% } , 0<i<M-1,
] = — < 2+€, - < ]_k;
Gu(e) {T Tu < cro ()™=, | max | [V(y) = V()] < 5},
and
Gylje) = {To—T < em ()™ T < T},
i) = {T =T, <enlm ) T <Ry}, 1<i<M

19



We set

G(jr, 0) = ﬁGi(jk)a G'(jr, £) = ]\ﬁl G (r),
and - -
A0 = { Vi) - V) < 2,
H'(ji,0) = {d"(jx) < Rm}-

V(x

ag

ag4+1

Figure 1: Example of w € G(ji, ¢) N G'(ji, £) N H (ji, £) N H'(j, £)

See Figure 1 for an example of w € G(ji, £) N G'(ji, £) N H (ji, £) N H'(ji, 0).
Observe that on G(ji, ¢) N G'(jk, ) N H'(ji, £), we have, for 0 <i < M —1,

(514 1Ty ) > {2 € 0,4 Gl : Vi) =V () < i}
Moreover, on G (jg, ¢) NG’ (jk, £),

M
Th—i —Ti < (c20 + c19) Z(Vp)ﬂa/, 0<i< M.

p=t
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If we choose cg such that ¢ > (co9 + c19)(1 + %), we get by Lemma 5.3 that

(515> [E7TJ/\/1—1] C [bJr(jk) —GCs fyi2+€/7 b+(.]k) + Cs fyi2+€/]7 0 S i S M —2.

Recall now (3.8), so that, by assembling (5.14) and (5.15), we have on G(ji, ) N G'(jk, ) N
H,(jkv €>7

O;(jr) C{z €Z: V(z) =V (bt (i) > Vit2}, 0<i<M-2.

An easy calculation gives that, > g ;. exp{—[V(z) — V(b (ji))]} < 2¢6 N2+ a2 for
all 0 < i < M —2, on G(ji,0) NG (jr,¢) N H'(ji,¢). On the other hand, if we choose ¢4
small enough such that 3¢4 < 1, we get 2¢q %2“/6*7”2 < &2, for all large k and uniformly in

0 < i< M —2. This implies that G(ji, €) NG (i, €) N H'(ji, £) C FE (i, €) N1 A (5i.). We

ann

easily observe that G(ji, £) N H (ji, ) C E$™(ji), for all large k. Thus we obtain

G(J, 0) NG (Ji, €) N H (G, £) VH'(ji, ) C FY™ (G, €) N ASY (k) N ES™ (i)

ann

Recalling (5.11), we get
P/:Z Z PZ {G(]kag) ) G/(jk,f) ; H(]kag) ) H/(]kag)} .

To bound P,{G (jx, ), G'(jk, ), H(j, ), H'(ji, )} from below, we will apply the strong
Markov property several times.
First, we apply the strong Markov property at T},. Since V(T},) € I, := [no, no + L,

we have for z € [}, |,

Py 2 PAGUR), Gl 0, Hw O} inf P, {d* (i) < d*((—o0,mi])}
70
To bound by below P,{---} on the right hand side, observe that P,{---} is greater than
P, {---}. Observe that n; > —4j;, implies ji — n1 < 5ji. Therefore using (2.1), we obtain

Mo—m _ no(1—1n5%)
5k + L Sk +L

Pyo{d"(ji) < d¥((—o0,m])} = 1
for all large k, which implies

PI:Z Z C21 PZ {G(]kag) ) G,(]kag) ) H(]kaé)} .

We now apply the strong Markov property successively at (T,_;)1<i<m and T', such that

M
(516) P]j:g > Ca1 Pz {G(.]ku 6) ) H(]lm 6)} inf Qé),y H inf lemy’
yela, iy Y€l _pi1
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where

Qo, = Py {d+(TIM) < covaf  dF () < d+((_007aé+1])} )

Gy = P {d"miy) < iy d (i) < d5(—o0mupia)) ), 1<p <M.
First, observe that inf,c Inng— it oy = vamepﬂ’ for all 0 < p < M. Therefore we only have
to bound from below @, := ;,nzmp+1’ for 0 < p < M. Clearly,

Q) = Pras-ps {44 0m1-3) < (=00, 11 pi2])} = Prar_yus {d" () < e, |

By (2.1), we obtain, for 1 < p < M,

P,

MM —p+1

d+ B < d+ —o00, B Z nM—p-H - 77M—p+2 ’
(4" r-p) < 0" (=0} = i

and
P, dr <dt((— > NMM4+1 — eyl .
e A" () (oo aual)} 2 Ny — Qpe1 + L
Recalling (5.12) and (5.13), we get, for 1 < p < M,
YM—p+1 —a(l—«
Py {45 (naa—p) < A ((—00, Mas—p2]) } > Tﬁ(l - VM_(,, M,
-p

and for all large k

7
Py 147 (nur) < d¥ (=00, ag44]) } > 2’77]\4

M+L>C217

Moreover, (2.2) yields for 0 < p < M,

! ! 2
PYIprH {d+(77M—p) < 0207]2\/—[’—51;} < CZQ'YME_/p .
Therefore, recalling (3.7), we obtain Q) > caq > 0 and, for 1 < p < M,

S TM—p+1 1— ¢ 7—6” ’

p = f}/M*p ( 23 M—p)
Whefe A" := min{a(l — «), '} > 0. Observe that fy]\_ﬁﬁp < fy;f" for 1 < p < M, and that
77 — 0, k — oo. Recalling the fact that log(1 — z) > —¢y3, for € [0,1/2), we obtain

M

M
. . Y _an
inf Q5 H inf @, > 0247M exp {—025 Z’YMﬁp} ;
0

y€la, 1 (S LY =1

22



where ¢y5 := ¢13Co3.
Recalling (5.16), and the fact that Z;\il fyj\fﬂ /p < e " this yields, for all large k,

(517) Pkg > C27 - P {G<jk7 )7 H(jlmg)}

To bound P.{G(ji,?), H(jx,¢)} from below, we apply successively the strong Markov
property at (Th—i)o<i<n such that

PAG(jk, ), H(ji, )} > P-{H(j1, 0)} ] Qus
where

Q= Po {d"(~00 ) < min {d¥ (s +5i/5), a2}, 0<p<

Recall that P{A, B} > P{A} — P{B¢}. Then (2.2) yields, for 1 <p < M,

Pﬂp {d+<<_oo777p+1]) < 020’}/[2)+€,} >1— 0287;5,/2.
Moreover, using (2.1), we get, for 1 < p < M,

Py {d" (1hp1 + 5x/5) < d7((—00,mpi1]) } < a9 j:

Therefore, observing that, for 1 < p < M, we have ;/—: < ;’—; =7. % — 0, k — oo, and using

the fact that log(1 — z) > —cy3x, for x € [0,1/2), we get that

(5.18) H Q, > exp {—cgo Z ( - ) } |

where c30 1= ¢13 max{cag, c29}.
Recalling that ZS/; 7,,_5//2 < 96 7]\7//2 and Z;\il Yo < 261 = 0(Ji), (5.18) yields that

(5.19) P.AG(jk,0), H(ji, )} > 51 Qo P {H(ji, 0)} -

Observe that by Donsker’s theorem, min{ P,{H (ji,¢)}, Qo} > c32. By assembling (5.17) and
(5.19),

Y™
P];rg > 33—,
Yo

where ¢33 1= ca7 31 C2.
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for

Recalling (5.11) and 6y = | jr/var] — 1, we get, uniformly in z € I;

Jk—17

P {E"(Jr)} = c33 0% YY—M > c34 > 0,
0

all large k, which concludes the proof of (5.6). O
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