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We suggest a scalar model for deformation and flow a of an amorphous material such as a foam or
an emulsion. To describe elastic, plastic and viscous behaviours, we use three scalar variables: elastic
strain, plastic deformation rate and total deformation rate; and three material specific parameters:
shear modulus, yield strain and viscosity. We discuss the role of the elastic strain and of the yield
function, as well as their link with the microscopical structure. The equations we obtain are quasi-
static, that is, limited to deformations and flows slower than the relaxation rate towards mechanical
equilibrium. But they are valid both in transient or steady flow regimes, even at large elastic strain;
and we discuss why viscosity can be relevent even in this limit. Predictions of the storage and
loss moduli agree well with the experimental literature, and explain with simple arguments the
non-linear large amplitude trends.

I. INTRODUCTION

Elastic materials deform reversibly [1]; plastic materi-
als can be sculpted, that is, they can be deformed into
a new shape and keep it [2]; and viscous materials flow
[3]. A wide variety of materials display a combination
of these properties [4–6], such as elasto-plastic metals
and rocks, visco-elastic polymer solutions or visco-plastic
mineral suspensions.

Foams are visco-elasto-plastic [7–9]: they are elastic
at low strain, plastic at high strain and flow under high
shear rate. This is also the case for other concentrated
suspensions of deformable objects in a liquid [4, 10, 11],
such as droplets in emulsions, vesicles suspensions, or red
blood cells in blood. Despite a large literature on exper-
iments and simulations [9], we lack an unified theoretical
description of foams.

Here we group three key ingredients for a quasistatic
model. Elastic strain is a state variable [12] reversibly
stored by the foam’s microstructure, that is, the shape of
bubbles [13, 14]). Yielding is determined by the value of
the strain (or equivalently the elastic part of the stress)
rather than by the total stress [15, 16]; Microscopic rear-
rangements are followed by relaxations towards local me-
chanical equilibrium, which results in energy dissipation
analogous to solid friction. Large scale velocity gradients
are associated with a fluid-like friction. Each of the three
mechanical behaviours is associated with a material spe-
cific parameter: elastic modulus, yield strain (or rather
yield function) and viscosity.

For simplicity, we assume here that these parameters
are constant and the equations are linear. We consider
here homogeneous deformation of a material, not depend-
ing on space coordinates. We consider only the mag-
nitude of deformation, but not spatial orientation: the
material state variables are all scalars. This represents
an incompressible material, where the deformation is a
pure shear. Although this model is minimal, it is writ-
ten with enough generality to enable for extensions to
higher dimensions using tensors, to higher shear rates,
and to other ingredients such as external forces (to be

published).
This article is organised as follows. Section II intro-

duces a quasistatic visco-elasto-plastic model (3,eqs. 10)
based on two scalar variables: the elastic strain and the
shear rate. Section III presents scalar predictions of the
storage and loss moduli. They agree with experimental
data in a large range of amplitude and deformation rate.
The agreement becomes remarkable if we describe the
plastic yielding as a gradual transition (eq. 5). Section
IV presents three pedagogical representations, including
the foam’s phase diagram (Fig. 6).

II. MODEL

A. Quasi-static limit

A material is in a quasistatic regime if all control pa-
rameters and external perturbations are slower than the
material’s microscopic relaxation time towards equilib-
rium τrelax (or the slowest of all relaxation times, if there
are more than one). The material thus evolves (it is
not static) but passes through a succession of mechanical
equilibrium states.

In foams, bubbles can swap neighbours (topological
rearrangements, called “T1 processes” [17–19]). A T1
does not dissipate energy by itself, but it brings the foam
in an out-of-equilibrium state; it is thus followed by a
dissipation of energy during the relaxation towards an-
other equilibrium configuration. A foam is in quasistatic
regime if the rate of T1s, such as caused by coarsening
or shearing, is slower than the microscopical relaxation
time τrelax after T1s.

In a quasistatic rheology experiment, the foam spends
most of the time at or very close to mechanical equilib-
rium. Thus Plateau rules [8] are (almost) always sat-
isfied: corrections are of order ε̇τrelax, with ε̇ the shear
rate, and thus negligible here. The elastic deformation is
almost independent on the shear rate ε̇, and all velocities
scale almost proportionnally to ε̇.

In a rheology experiment, the quasistatic limit - for
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the elastic deformation - is thus reached if and only if
ε̇τrelax ≪ 1. This criterion thus regards time scales, and
is not a criterion based on the absence or presence of
dissipation. In fact, dissipation is absolutely necessary
to observe a quasistatic regime: it damps oscillations and
decreases the energy when relaxing towards equilibrium.

Viscous dissipative effects can be observed while re-
maining in the quasistatic regime for the elastic defor-
mation. The viscous effects are mostly visible when con-
sidering measurements of the loss modulus at very low
amplitude oscillations, and hence at very low shear rate
(as presented below in Figs. 3-5). We suspect that most
published experiments on foams are actually quasistatic
and almost obey Plateau rules, with the notable excep-
tions of flows at high velocities or in micro-channels.

B. Plasticity

In the elastic regime, the elastic strain U is equal to
the total applied deformation on the material, that is,
the time integral ε =

∫

ε̇ dt of the shear rate. Thus, in
an elastic regime, no intrinsic definition of U is necessary.

However, in a plastic regime, the total applied defor-
mation is shared between elastic deformation U and a
plastic deformation, the loading rate being:

ε̇ =
dU

dt
+ ε̇P , (1)

where ε̇P is the plastic deformation rate; its microscopic
origin is the rate of topological rearrangements [20]. Thus
U and ε̇ become independent variables: for instance in
a steady flow, dU/dt = 0, then ε̇ = ε̇P and ε =

∫

ε̇dt
does not define the elastic strain. Elastic deformation
U requires an independent, intrinsic definition [12, 13],
which is possible at least in foams [14, 20]). The problem
now is to express how ε̇ is shared between dU/dt and ε̇P .

We must write a relation between these variables, for
instance by expressing how ε̇P depends of elastic state
and of the applied deformation rate: ε̇P (U, ε̇). Dimen-
sionnally, both ε̇P and ε̇ are in s−1, while U is dimen-
sionless. Thus ε̇P scales like ε̇ [20]:

ε̇P = H(|U | − UY ) H(Uε̇) ε̇. (2)

We now discuss one by one the different factors in eq.
(2).

The first factor is a Heaviside function, which is zero
for negative numbers, and 1 for positive numbers, here
when the absolute value of deformation |U | exceeds the
yield strain UY . This describes an abrupt transition from
elastic to plastic regime, as could be the case for an or-
dered foam [21]. This hypothesis will be relaxed in the
next section, introducing a more progressive transition.

The second factor characterises the hysteresis. Plastic
rearrangements occur only when the deformation rate ε̇
and the current deformation U have the same sign. Else,
the deformation rate results in elastic unloading, and the
deformation gets smaller than the yield strain.

The third factor indicates that, in a quasistatic motion
(where τrelax can play no explicit role), the only relevent
time scale to fix the rate of plastic rearrangements is ε̇.

Eq. (2) can be injected in eq. (1):

dU

dt
= ε̇ [1 −H(|U | − UY ) H(Uε̇)] , (3)

which provides an evolution equation of U as a function
of the applied shear rate ε̇. Here UY appears as the stable
value for U , that is, a fixed point;

C. Yield function

1. Definition

In a disordered foam, for instance with a wide distri-
bution of bubble sizes, topological rearrangements do not
necessarily occur for the same value of deformation. Thus
UY is a macroscopic yield strain, where most rearrange-
ments occur. Conversely, the first isolated topological
rearrangements might appear at a lower critical value,
Um, characteristic of the microstructure (which can even
be close to zero for a very disordered foam).

Such a smooth transition from elasticity to plasticity
requires to generalise the postulate (2) as:

ε̇P = h(U)H(Uε̇) ε̇, (4)

that is, using eq. (1):

dU

dt
= ε̇ [1 − h(U)H(Uε̇)] , (5)

where we introduce the yield function h(U). By defini-
tion, h = 0 corresponds to a purely elastic state where
the elastic deformation follows the applied deformation.
Conversely, for h = 1 the plasticity rate is equal to the
deformation rate.

The yield function h depends on the material under
consideration, and can in principle be measured exper-
imentally. It should be a growing (or at least non-
decreasing) function of U for U > 0, and h(−U) = h(U).
Moreover, h(0) = 0, so that h(U) ≥ 0 for all U .

Beside that, there is no special requirement on h, which
even does not need to be continuous. We note Um the
largest value for which h = 0, and we note UY the small-
est value for which h = 1. They do not necessarily cor-
respond to any singularity in h.

2. Examples and robustness

Table I proposes a few examples of yield functions h.
We can interpolate between abrupt and smooth tran-

sitions, using the family of model power-law yield func-
tions:

h(U) =

(

|U |

UY

)n

. (6)
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Yield function h Elastic response U(ε)/UY

(|U |/UY )0 0

(|U |/UY )1 1 − exp(−ε/UY )

(|U |/UY )2 tanh(ε/UY )

sin2(|U |/UY ) arctan(ε/UY )

(|U |/UY )∞ ≈ H(|U |/UY − 1) ε −H(ε/UY − 1)ε

TABLE I: Elastic deformation for several yield function h,
for a non-deformed initial condition U(0) = 0 and with ε̇ of
constant sign.

With these functions plasticity appears more or less grad-
ually, as soon as |U | > 0. That is, Um = 0. The limit
n → ∞ is the discontinuous Heaviside function:

h(U) = H(|U | − UY ). (7)

An example of a yield function with finite Um is a
piece-wise linear function, h = 0 for |U | ≤ Um and h =
(|U | − Um)/(UY − Um) for |U | ≥ Um.

More generally, the yield function can be thought as
the convolution of the Heaviside function H and a distri-
bution of yield values pY :

h(U) = pY (UY ) ⊗H(|U | − UY ). (8)

We can now interpret the discontinuous yield function
(7) as the result of a distribution of yield values which
is a Dirac function centered on UY . Note that (8) is
equivalent to an integration (indeed a Dirac distribution
of yield values provides a Heaviside yield function).

D. Contributions to total stress

We consider two separate contribution to stress.
The elastic stress is proportionnal to the elastic strain

U (see test in [14]):

σel = µU, (9)

where µ is the shear elastic modulus.
The viscous contribution to the stress is due to large

scale velocity gradients: σvis = ηε̇ (see model proposed
by [7, 22]). Here η is a macroscopic viscosity.

We assume, for simplicity and in the same spirit as in
a polymeric model [4], that the stresses add up:

σ = σel + σvis

= µU + ηε̇. (10)

At high applied shear, the elastic stress σel saturates
at a value close to the yield stress σY = µUY , where µ is
the shear modulus and UY is the yield strain.

To maintain a steady shear rate thus requires a stress
which has two components. The first one σel, when av-
eraged over a time much larger than τrelax, appears as
a plateau: that is, a constant stress σY . The dissipa-
tive power is proportional to ε̇. It is thus typical of a

Coulomb friction model [23, 24], that is a solid (plas-
tic) behaviour, although its physical origin lies in micro-
scopic viscous dissipation. The second one is a classical
fluid behaviour: its contribution to stress is ηε̇; the cor-
responding dissipated power is quadratic, proportionnal
to ε̇2.

III. PREDICTION AND TESTS

A. Transient response from rest

Here, we calculate the transient response during a
shearing experiment, that is, the relation U(ε) between
applied strain ε and elastic strain U . For simplicity we
take here ε = U = 0 at the start of the experiment, but
that assumption is easy to relax.

By direct integration, eq. (5) yields:

ε =

∫ U

0

dU

1 − h(U)
. (11)

Calculating this integral yields ε(U), which can be in-
verted to obtain U(ε). These functions are measurable
on experiments and can be compared with predictions
derived from direct measurements of h(U).

Whatever the function h(U), eq. (11) implies that
U ≈ ε near the origin: applied and elastic deformation
are almost equal in the elastic regime. At the onset of
plasticity (or topological changes), they differ. In fact,
the r.h.s. of eq. (11) diverges at U = UY . Thus, when ε
increases arbitrarily, U tends asymptotically towards the
saturation value UY .

Some functions U(ε) are given on table I. Since they
are very similar, for clarity only some of them are plotted
on figure 1. Strikingly, they do not depend much on the
actual expression of h(U). In fact, only the expression
of h near UY matters; the relation between ε and U is
robust. The elastic deformation U is close to the imposed
strain ε at low applied strain, and tends to a saturation
value at large applied strain.

Thus the distribution of bubble sizes does not affect
much the foam’s transient response (as opposed to the
liquid fraction, which drastically affects UY [21]). This
explains why in the literature the function U(ε) is some-
times taken for simplicity as a piecewise linear func-
tion or as a hyperbolic tangent [25]. For instance, the
harmonic expression h(U) = (U/UY )2 yields U(ε) =
UY tanh(ε/UY ). This provides both the physical origin
for the function σ(ε) of the model by Janiaud et al. [25],
and a justification for their (up to now arbitrary) expres-
sion σ = σY f(ε/εY ): the function f corresponds to the
present elastic deformation U , while εY is the yield strain
they chose equal to 1 for simplification.
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FIG. 1: Response from rest with yield func-
tion h(U) = H(|U | − UY ) (thick line), h(U) =
(|U | − Um)/(UY − Um)H(|U | − Um) with Um = 0.75 UY

(thin line), h = (U/UY )2 (dashed line) and h = (U/UY )
(dash-dotted line).
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FIG. 2: Periodic response to an oscillatory shear, for three
amplitudes: ε/UY = 0.5, 1.1 and 1.8. Top: Plasticity appears
abruptly at the critical value UY . Bottom: Plasticity appears
smoothly, h = (U/UY )2.

B. Hysteresis cycle

A typical rheometry experiment, for instance in a Cou-
ette apparatus [9, 11, 17, 26], measures the stress σ(t)
on the walls while imposing an applied sinusoidal shear
strain of pulsation ω = 2π/T :

ε = γ sin(ωt). (12)

To test the hysteresis of the model we calculate the
response to such a periodic oscillatory shear bounded by

amplitudes γ and −γ.

The periodic elastic deformation vs strain curve is plot-
ted figure 2 top (after numerical integration of equations
4 and 7). The stress response is linear in strain below
the threshold, and saturates above in plastic regime, ex-
hibiting a strong hysteresis.

A smooth transition from elastic to plastic, using h =
(U/UY )2, provides smooth variation of deformation as a
response of load: see the results of a numerical integra-
tion of figure 2 bottom.

Reversing the sign of the loading instantly stops any
plasticity and the reponse becomes purely elastic. Mul-
tiple loadings do not increase the slope of the loading
part, nor the value of saturation yield. Such features
are observed in experiments on other amorphous solids
[27, 28] (as opposed to strain-hardening features of crys-
talline metals [2]).

C. Storage and loss moduli

1. Predictions for a non-linear response

In complex notation the stress response σ∗ is linked to
the strain ε∗ by σ∗ = (G′ + iG′′)ε∗, with G′ the storage
modulus and G′′ the loss modulus of the material, defined
as the in-phase and out phase part of the response (first
term in a Fourier series, see non linear models [29–31]).

When increasing the amplitude γ of the imposed sinu-
soidal shear strain, the response is first linear until the
amplitude at which G′ and G′′ start to vary. In both
the linear and non-linear regimes, the storage and loss
moduli are calculated as:

G′ = −
1

γ2

1

πω

∫ T

0

σ(t)dε̇,

G′′ =
1

γ2

1

π

∫ T

0

σ(t)dε, (13)

G′ is proportionnal to the area enclosed by the (σ(t), ε̇(t))
curve, while G′′ is proportional to the area enclosed by
the (σ(t), ε(t)) curve. When plasticity occurs, the cy-
cle has a non-vanishing area in the (σ(t), ε(t)) diagram,
meaning a non-vanishing loss modulus G′′.

In the present model σ(t) depends on the current elas-
tic strain U(t) and shear rate ε̇(t) (eq. 10). For the case
of the abrupt elastic/plastic transition h = H(|U | −UY ),
the analytical integration of areas is simple and provides
the following solutions for the moduli. Using eqs. (13)
we obtain, when γ ≪ UY :

G′ ≃ µ

G′′ = η, (14)
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FIG. 3: Emulsion storage and loss moduli versus strain ampli-
tude. Symbols: experimental G′ (circles) and G′′ (triangles)
in a close-packed emulsion, fraction of the continuous phase
20%, droplet size 0.53 µm, oscillation pulsation ω = 1 rad s−1

(Fig. 1 of ref. [32]). Material specific parameters: shear mod-
ulus µ = 1.7 103 Pa, yield strain UY = 0.045, viscosity η = 30
Pa.s. Lines : quasistatic models of G′ (solid line), and of G′′

with an abrupt yield function h = H(|U | −UY ) (dotted line),
with a smooth yield function h = (U/UY )2 (dashed line), and
the same smooth h with viscosity (dash-dotted line).

and when γ ≫ UY :

G′ ≃ µ
4

π

(

UY

γ

)3/2

,

G′′ = µ
4UY

πγ
+ η. (15)

For smooth yield function h, we perform a numerical
integration. The corresponding predictions are plotted
on Figs. (3-5).

2. Comparison with experiments on emulsions and foams

Rheometry measurements of monodisperse emulsion
[32] (Fig. 3) and polydisperse foams [26, 33] (Figs. 4,5).
directly yield, without hypotheses, the values of the ma-
terial parameters required by the model. The shear mod-
ulus µ is read from the value of G′ at low amplitude. The
viscosity η is read from the value of G′′ at low amplitude
(or the value of the minimum, in Fig. 3). The yield strain
UY is read from the intersection of low amplitude plateau
of G′ and its large amplitude −3/2 exponent power-law.

A purely elasto-plastic model is enough to predict G′

correctly, over the whole range of amplitude, including
the −3/2 exponent power-law. R. Höhler (private com-
munication) obtained similar analytical results to model
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FIG. 4: Same as Fig. (3) for a polydisperse foam [33]. Liquid
fraction 5%, bubble size 40 to 70 µm, ω = 1 rad s−1. Material
specific parameters: µ = 100 Pa, UY = 0.2, viscosity η = 15
Pa.s.
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FIG. 5: Same as Fig. (3) for a monodisperse foam [26]. Liquid
fraction 8%, bubble size 21 µm, ω = 1 rad s−1. Data of G′

and G′′ are normalised by µ and γ by UY , while ηω/µ = 0.08.

data of Fig. 5. This simplest model also describes cor-
rectly the large amplitude trend for G′′.

The low amplitude value of G′′ can be modelled by
including a viscosity (which confirms that viscosity is
relevent even in such quasistatic models), at the expense
of a slight overprediction at large amplitudes. This lat-
ter aspect suggests a possible shear-thinning, that is a
decrease of the viscosity η with the shear rate, similarly
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FIG. 6: Scalar quasistatic phase diagram for a foam or an
emulsion. Axes are experimentally measurable [20] local vari-
ables: shear rate ε̇ and elastic strain U . The crossover from
elastic to plastic is defined as the onset of the first isolated
topological rearrangements. The crossover from solid to fluid
is defined by the equality of viscous and elastic stresses. The
yield strain UY corresponds to a macroscopic rate of topolog-
ical rearrangements. The quasistatic regime presented here
ceases to be valid when ε̇ becomes comparable to τ−1

relax
, in-

verse of the microscopical relaxation time.

to the observed reduction of the drag of foams in motion
in channels [21].

The agreement between the data and the model, with-
out adjustable parameter, becomes remarquable even for
G′′ at intermediate amplitudes, if we use a smooth yield
function h, such as h = (U/UY )2 (dash-dotted lines). If
we had a direct experimental measurement of h, we could
inject it in the model to predict G′′ at intermediate am-
plitudes, near UY , but the resulting predictions would
probably be very similar. In fact, the curves are robust
with respect to h; this implies that, conversely, we are
not yet able to deduce h from G′′ data.

Note that this scalar approach does not take into ac-
count the influence of the orientation of material de-
formation inside the Couette apparatus. The mea-
sured Couette variables are actually tensorial compo-
nents, σ12 = σ (tangential force per unit wall surface)
and ε12 = ε/2 (components of the symmetrized deforma-
tion gradient), in a coordinate system aligned with walls.
Preliminary work [34] shows that, at low amplitudes, the
scalar model predictions coincides with tensorial predic-
tions for shear and loss modulus in a Couette rheometer.

IV. REPRESENTATIONS

A. Phase diagram

In a given experiment, the current state of a region
of the foam (representative volume element, or RVE) is
characterised by two local quantities: the local elastic
strain U , and the local shear rate ε̇. Both of course de-
pends on the sample’s past history, but this history plays
no explicit role. Both are always defined, whether in elas-
tic, plastic or viscous regime [13]. Each volume element
can thus be plotted as a point in a phase diagram (Fig.
6); that is, the (ε̇, U) plane. In a heterogeneous flow,
different volume elements of the same foam are plotted
as different points. A volume element’s evolution is a
trajectory on this plane.

The crossover between elastic and plastic regime oc-
curs around UY , with possible precursors around Um.
The crossover from both regimes to the viscous one oc-
curs when the viscous contribution to the stress becomes
larger than the elastic one. Fig. (6) thus plots the line:

µU = ηε̇. (16)

This is equivalent to:

WiM = U, (17)

where we have introduced the macroscopic local Weis-
senberg number defined as:

WiM ≡
ηε̇

µ
. (18)

Pure regimes correspond to the axes of the plane: pure
elastic and pure plastic on the vertical axis, pure viscous
on the horizontal axis.

A deformation beyond UY is not accessible when start-
ing from rest (Fig. 6). But of course the foam could
initially be prepared (for instance artificially [35]) in a
configuration very far from equilibrium. Under a steady
shear rate ε̇, the deformation U always tends towards
UY (ε̇), whether from below or from above.

B. Mechanical analog

The model can be summarized with a mechanical rep-
resentation (Fig. 7). In a steady state regime, at constant
ε̇, U = UY and the elastic stress equals the constant yield
stress (solid friction like): σY = µUY . The total stress is
σ = µU + ηε̇ = σY + ηε̇.

The material is characterised by the coefficients η, µ
and UY . Measuring experimentally, and understanding
theoretically the physical origin of these coefficients, re-
quires specific studies for each material considered: this is
beyond the scope of the present paper. In principle, they
can be rank-four tensors (anisotropic material). They
can even vary with the material’s state (non-linear ma-
terial), for instance in the shear-thinning case mentioned
above.
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FIG. 7: A linear elasto-visco-plastic rheological model.

C. Visual analogy

A visual analogy is the motion of a brush on a wall
(see figure 8). The handle of the brush moves with an
oscillatory position ε parallel to the wall (analog of the
imposed scalar deformation of the material), while the
displacement of the handle with respect to the brush tip
is U (the analog of the internal elasticity of the material).
The sliding velocity of the contact point is therefore ε̇P

according to equation 1 and is the analog of plasticity in
a material.

The material properties described by the model now
apply to the brush bending elastic modulus µ, and the
deformation UY at onset of sliding. The dissipations are
associated with motion of the handle in air with viscous
coefficient η.

This analogy visualises the direction and the amplitude
of the deformation U , made visible by the brush. This
is helpful to obtain intuition on the transient elastic re-
sponse. The analogy extends to the equations of motion,
which are the same as in the previous section, although
the physical variables are here completely different (and
even have different units).

a bc

0

U

ε

FIG. 8: Analog system: an elastic brush stick/slipping on
wall with a viscous slip and a damped handle motion. We
represent several states, for an imposed oscillatory “painting-
like” motion of the handle, from rest position 0: (a) onset of
sliding to the right, (b) far-right position, (c) far-left position.
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