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HALF-DELOCALIZATION OF EIGENFUNCTIONS FOR THE
LAPLACIAN ON AN ANOSOV MANIFOLD

NALINI ANANTHARAMAN AND STEPHANE NONNENMACHER

ABSTRACT. We study the high-energy eigenfunctions of the Laplacian on a compact Rie-
mannian manifold with Anosov geodesic flow. The localization of a semiclassical measure
associated with a sequence of eigenfunctions is characterized by the Kolmogorov-Sinai
entropy of this measure. We show that this entropy is necessarily bounded from below
by a constant which, in the case of constant negative curvature, equals half the maximal
entropy. In this sense, high-energy eigenfunctions are at least half-delocalized.

1. INTRODUCTION

The theory of quantum chaos tries to understand how the chaotic behaviour of a classical
Hamiltonian system is reflected in its quantum version. For instance, let M be a compact
Riemannian C'* manifold, such that the geodesic flow has the Anosov property — the ideal
chaotic behaviour. The corresponding quantum dynamics is the unitary flow generated by
the Laplace-Beltrami operator on L?(M). One expects that the chaotic properties of
the geodesic flow influence the spectral theory of the Laplacian. The Random Matrix
conjecture [ asserts that the high-lying eigenvalues should, after proper renormalization,
statistically resemble those of a large random matrix, at least for a “generic” Anosov
metric. The Quantum Unique Ergodicity conjecture [ (see also [|, B4]) deals with the
corresponding eigenfunctions v: it claims that the probability density |¢(z)[*dz should
approach (in a weak sense) the Riemannian volume, when the eigenvalue F becomes large.
In fact a stronger property should hold for the Wigner transform Wy, a distribution on
the cotangent bundle T*M which describes the distribution of the wave function ¢ on
the phase space T*M. We will adopt a semiclassical point of view, that is consider the
eigenstates of eigenvalue unity of the semiclassical Laplacian —A2A, in the semiclassical
limit A — 0. Weak limits of the distributions W, are called semiclassical measures: they are
invariant measures of the geodesic flow, on the unit energy layer £. The Quantum Unique
Ergodicity conjecture asserts that on an Anosov manifold there exists a unique semiclassical
measure, namely the Liouville measure on £. In other words, in the semiclassical régime
all eigenfunctions become uniformly distributed over &.

It has been known for some time that, for manifolds with an ergodic geodesic flow (with
respect to the Liouville measure), then almost all eigenfunctions become uniformly dis-
tributed over £, in the semiclassical limit: this property is dubbed as Quantum Ergodicity
B2, B4, f]. The possibility of exceptional sequences of eigenstates with different semiclas-
sical limits remains open in general. The Quantum Unique Ergodicity conjecture asserts

that such sequences do not exist for an Anosov manifold [BT].
1
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So far the most precise results on this question were obtained for Anosov manifolds M
with arithmetic properties: see Rudnick—Sarnak [2T]], Wolpert [PJ]. Recently, Lindenstrauss
[[9] proved that all “arithmetic” eigenstates become asymptotically equidistributed (these
are believed to exhaust the full family of eigenstates). The proof uses the arithmetic
properties of the eigenstates, and cannot be extended to more general Anosov manifolds.

To motivate the conjecture, one may instead invoke the following dynamical explanation.
By the Heisenberg uncertainty principle, an eigenfunction cannot be strictly localized on
a submanifold in phase space. Its microlocal support must contain a symplectic cube
of volume h?, where d is the dimension of M. Since 1 is invariant under the quantum
dynamics, which is semiclassically approximated by the geodesic flow, the fast mizing
property of the latter will spread this cube throughout the energy layer, showing that the
support of the eigenfunction must also spread throughout £.

This argument is however too simplistic. First, Colin de Verdire and Parisse showed
[, on a surface of revolution of negative curvature, that eigenfunctions can concentrate
on a single periodic orbit in the semiclassical limit, despite the exponential unstability
of that orbit. Their construction shows that one cannot use purely local features, such
as instability, to rule out localization of eigenfunctions on closed geodesics. Second, the
argument above is based on the classical dynamics, and does not take into account the
interferences of the wavefunction with itself, after a long time. Faure-Nonnenmacher—
De Bieévre exhibited in [[I]] a simple example of a symplectic Anosov dynamical system,
namely the action of a linear hyperbolic automorphism on the 2-torus, the quantization
of which does not satisfy the Quantum Unique Ergodicity conjecture. Precisely, they
construct a family of eigenstates for which the semiclassical measure consists in two ergodic
components: half of it is the Liouville measure, while the other half is a Dirac peak on a
single unstable periodic orbit. It was also shown that this half-localization on a periodic
orbit is mazimal for the cat map [[J. Another type of semiclassical measure was recently
obtained by Kelmer a quantized automorphism on a higher-dimensional torus [[F: it
consists in the Lebesgue measure on some invariant co-isotropic subspace of the torus.
For these torus automorphisms, the existence of exceptional eigenstates is due to some
nongeneric algebraic properties of the classical and quantized systems.

In a previous paper [Jf], we discovered how to use an information-theoretic variant of
the uncertainty principle [[7, O], called the Entropic Uncertainty Principle, to constrain
the localization properties of eigenfunctions in the case of another toy model, the Walsh-
quantized baker’s map. For any dynamical system, the complexity of an invariant measure
can be described through its Kolmogorov-Sinai entropy. In the case of the Walsh-baker’s
map, we showed that the entropy of semiclassical measures must be at least half the entropy
of the Lebesgue measure. Thus, our result can be interpreted as a “half-delocalization”
of eigenstates. The Walsh-baker model being very special, it was not clear whether the
strategy could be generalized to more realistic systems, like geodesic flows or more general
symplectic systems quantized “a la Weyl”.

In this paper we show that it is the case: the strategy used in [J] is rather general,
and its implementation to the case of Anosov geodesic flows only requires more technical
suffering.
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2. MAIN RESULT.

Let M be a compact Riemannian manifold. We will denote |-|, the norm on T} M given
by the metric. The geodesic flow (g");er is the Hamiltonian flow on T*M generated by the
Hamiltonian

In the semiclassical setting, the corresponding quantum operator is —RQTA, which generates
the unitary flow (U*) = (exp(ith%)) acting on L?(M).
We denote by (¢x)ren an orthonormal basis of L?(M) made of eigenfunctions of the
Laplacian, and by (h%)keN the corresponding eigenvalues:
k

—hj Ay = ¢p,  with Ty < Ry

We are interested in the high-energy eigenfunctions of —/\, in other words the semiclassical
limit Ay — 0.
The Wigner distribution associated to an eigenfunction ¢, is defined by

Wi(a) = (Opy, (@) Pk, dr) 2(01). aeCxr(T"M).

Here Opy, is a quantization procedure, set at the scale i, which associates a bounded op-
erator on L*(M) to any smooth phase space function a with nice behaviour at infinity (see
for instance [{]). If a is a function on the manifold M, we have Wy,(a) = [,, a(z)|¢p(z)|[*dx:
the distribution Wy, is a microlocal lift of the probability measure |¢>k( )|2d:p into a phase
space distribution. Although the definition of W}, depends on a certain number of choices,
like the choice of local coordinates, or of the quantization procedure (Weyl, anti-Wick,
“right” or “left” quantization...), its asymptotic behaviour when i, — 0 does not. Ac-
cordingly, we call semiclassical measures the limit points of the sequence (Wj)en, in the
distribution topology.
Using standard semiclassical arguments, one easily shows the following [f:

Proposition 2.1. Any semiclassical measure is a probability measure carried on the energy
layer € = H™'(1) (which coincides with the unit cotangent bundle & = S*M). This
measure is invariant under the geodesic flow.

If the geodesic flow has the Anosov property — for instance if M has negative sectional
curvature — then there exist many invariant probability measures on £, in addition to the
Liouville measure. For instance, the geodesic flow has countably many periodic orbits, each
of them carrying an invariant probability measure. There are still many others, like the
equilibrium states obtained by variational principles [[[4]. The Kolmogorov-Sinai entropy,
also called metric entropy, of a (g*)-invariant probability measure x is a nonnegative number
his(p) that describes, in some sense, the complexity of a u-typical orbit of the flow. For
instance, a measure carried on a closed geodesic has zero entropy. An upper bound on the
entropy is given by the Ruelle inequality: since the geodesic flow has the Anosov property,
the energy layer £ is foliated into unstable manifolds of the flow, and for any invariant
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probability measure p one has

(2.1) hies(p) <

[0z oyiut)|
In this inequality, J*(p) is the unstable Jacobian of the flow at the point p € &, defined
as the Jacobian of the map g~! restricted to the unstable manifold at the point g'p (the
average of log J" over any invariant measure is negative). If for instance M has dimension
d and has constant sectional curvature —1, this inequality just reads hxs(p) < d—1. The
equality holds in (R.1)) if and only if 4 is the Liouville measure on £ [I[§]. Our central result
is the following

Theorem 2.2. Let u be a semiclassical measure associated to the eigenfunctions of the
Laplacian on M. Then its metric entropy satisfies

(2.2) hies(p) > g /glog J“(p)du(p)’ — (d = 1) Amax

where d = dim M and Apax = limy_ 4o %log SUp ee |dgf)| 1s the maximal expansion rate of
the geodesic flow on &.
In particular, if M has constant sectional curvature —1, this means that
d—1

(2.3) his(n) =2 ——

The first author proved in []] that the entropy of such a semiclassical measure is bounded
from below by a positive (hardly explicit) constant. The bound (R.J) in the above theorem
is much sharper in the case of constant curvature. On the other hand, if the curvature
varies a lot (still being negative everywhere), the right hand side of (R.2) may actually be
negative, in which case the above bound is trivial. We believe this to be but a technical
shortcoming of our method, and would actually expect the following bound to hold:

/glog J“(p)du(p)‘ :

In this paper we only treat the case of the geodesic flow, but our methods can be easily
adapted to the case of a more general Hamiltonian flow, assumed to be Anosov on some
compact energy layer. The quantum operator is then any standard h-quantization of the
Hamiltonian function.

Although this paper is overall in the same spirit as [[[J, certain aspects of the proof
are quite different. We recall that the proof given in [[[] required to study the quantum
dynamics far beyond the Ehrenfest time — i.e. twice the time it takes for the dynamics
to “delocalize” a wavepacket microlocalized in a ball of radius A'/2. In this paper we will
study the dynamics until twice the Ehrenfest time, but not beyond. In variable curvature,
the fact that the Ehrenfest time depends on the initial position seems to be the reason why
the bound (R.9) is probably not optimal.

Quantum Unique Ergodicity would mean that hxg(u) = Ug log J“(p) du(p) ‘ We believe
however that (2.4) is the optimal result that can be obtained without using more precise

(2.4 his(n) >
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information, like for instance upper bounds on the multiplicities of eigenvalues. Indeed, in
the above mentioned examples of Anosov systems where the Quantum Unique Ergodicity
conjecture is wrong, the bound (B.4) is actually sharp [, [3, PJ. In those examples, the
spectrum has semiclassically very high degeneracies, which allows for much freedom to se-
lect the eigenstates, and could be responsible for the failure of Quantum Unique Ergodicity.
Such high degeneracies are not expected to happen in the case of the Laplacian on a neg-
atively curved manifold. For the moment, however, we have no clear understanding of the
precise relation between spectral degeneracies and failure of Quantum Unique Ergodicity.

Acknowledgements. Both authors were partially supported by the Agence Nationale
de la Recherche, under the grant ANR-05-JCJC-0107-01. S. Nonnenmacher also thanks
Maciej Zworski for interesting discussions.

3. OUTLINE OF THE PROOF

3.1. Weighted entropic uncertainty principle. Our main tool is an adaptation of the
entropic uncertainty principle first introduced in [, BU]. This principle states that if a
unitary matrix has “small” entries, then any if its eigenvectors must have a “large” Shannon
entropy. For our purposes, we introduce a variant of this principle, including weights.

Let (H,||-||) be a Hilbert space, and suppose we are given a quantum partition of unity,
that is a family of bounded operators P = (P;);—;,. n on H, satisfying

N
(3.1) > PP =1y
j=1

This implies in particular that for all ¥ € H, [[U|* = > ||P/¥|*. For ¥ € H we will

denote ¥; o P, j=1,...,N.
Let (a; > 0);=1,..~ be a family of weights. Using the partition P, the vector space H
can be endowed with the following norms, which are equivalent to ||-|| if IV is finite :

N 1/p
«) def -2 «) def
il = (Za? ||\Ifj||p> S l<p<oo, and WO max(a, |¥]).
=1
Notice that for p = 2, we have ||-|% = ||-||.

Any bounded operator T : H — H can be split into the N? operators T}y o PrT Py
This way, T" acts on ¥ € H as follows:

N
(T0); =Y Tp¥e, j=1,...,N.
k=1

Suppose we have two closed subspaces H’, H” C ‘H such that
Vji=1,...,N, Pi(H') c H,

(3.2) , . , "
equivalently, Vi, YU eH, v, e H".
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For instance, one may have ‘H' = H"” = H, but we will be interested in situations where
these three space are all different.

Let (a;), (B;) be two families of positive weights. For any (a,b) € [0,1]?, we define the
following norms on the operator 7"

HT”l/b l/a sup ”T\IlHl/a
wer, w7 =1

In particular, for a = 0, b = 1 one has

TP = sup max(ay |[(TW),]]) .
wer, u)P=1 7

From the assumption (B-3), we have, for any ¥ € H' and any index j,
TN = 1D TVl <D Bl Tiellrer e B M1kl < max (|| Tkl e,20) )i,
k k

where |13 3 is the norm of the operator 7" when restricted to H”. As a result,

def
17152 < ma(a Bl Tiullren ) = s

A simple adaptation of the Riesz-Thorin interpolation theorem [J] shows that the function

(a, b) log||T||1€?) (1(;@ is a convex function on [0,1]>. Thus, if we know that ||T]|s2 =
HTH ) <1, we get
(3.3) vtel0,1], Ve, TU|S < () v

1-t 1+t

If T is an isometry, then in the limit ¢ \, 0 the inequality (B.3) implies the following
entropic uncertainty relation:

Theorem 3.1. Let H be a Hilbert space and P = (P;)j=1,..n be a family of bounded
operators on 'H forming a partition of unity (B.]).

Given some positive real numbers (o)j=1,. n, define the a-pressure (with respect to the
partition P) of a normalized state ¥ € H

N N
def
Pa(¥) = pap(W) = = |17 log||W;1* = Y [|¥;]|* log o
— —

where W; = P/V.
Let H', H" C H be closed subspaces such that PyH' C H" for all j, and let T : H — H

be an isometry. Define

CH’?(T) « m%X(a] B 1P T Pyl 7)-

)

Then, for any normalized ¥V € H' we have
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The first term in the pressure is the entropy hp(¥) of W with respect to the parti-
tion P, while the second term is the average of log(a?) along the probability distribution
(]1%;]1?)j=1....~- The inequality proved in [2J] corresponds to the case when H = H' = H",
a; = B; = 1 for all j, and the P; are projectors on a given orthonormal basis, in which
case it reads

MT W) + h(¥) > —2log max |T};].
i\j

If the matrix elements of T" in a given basis are small, then ¥ and TV cannot simultaneously
have small entropies in this basis.

3.2. Applying the entropic uncertainty principle to the Laplacian eigenstates.
In this section we apply theorem to spaces and operators related to the flow of the
Laplacian on M, thereby obtaining informations on its eigenstates. The basic Hilbert
space is H = L?*(M). We will successively define the appropriate quantum partition,
auxiliary subspaces H', H", weights (o), (5;) and isometry 7.

3.2.1. Smooth partition of unity. We start with a decomposition of the configuration space
into small cells of diameter ¢ > 0. More precisely, let (€)r=1,. x be an open cover of
M such that all Q; have diameters < ¢, and let (Py)x—1,. x be a family of smooth real
functions on M, with supp P, € €2, such that

K
(3.4) VeeM, Y Plx)=1.
k=1

The notation Py will also denote the operator of multiplication by Py(x) on the Hilbert

space L*(M) 1. the above equation shows that they form a quantum partition of unity

(B-1)), which we will call PO

3.2.2. Energy localization. From now on we denote by v, any eigenstate of the Laplacian
satisfying the equation

(3.5) (=h* A =1)Yp = 0.

In the semiclassically setting, such an eigenstate is associated with the energy layer £& =
E(1)2) = {peT*M, H(p)=1/2}. Starting from the full cotangent bundle T*M, we
restrict ourselves to a compact phase space by introducing an energy cutoff near £. To
optimize our estimates, we will need this cutoff to depend on A in a “sharp” way. For
some fixed ¢ € (0,1), we consider a smooth function y; € C*°(R; [0, 1]), with xs(¢) =1 for
t| < e7%% and ys(t) = 0 for |t| > 1. Then, we rescale that function to obtain a family of
h-dependent cutoffs near &:

(3.6) Vhe(0,1), VneN, Vpe "M,  x"(ph) = xs(e™™ 1 (H(p) —1/2)).

The cutoff x(¥) is localized in an energy interval of length 24!, Choosing 0 < Cs < §~'—1,
we will only consider indices n < Cs| log A|, such that the “widest” cutoff will be supported
in an interval of microscopic length 2h'~0+C)3 << 1. In our applications, we will take &
small enough, such that Cs > 4/Apax.
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These cutoffs can be quantized into pseudo-differential operators Op(x™) = Opgﬁ(x("))
described in Section f.J] (the quantization uses a nonstandard pseudodifferential calculus
drawn from [RJ]). It is shown there (see Proposition [6.4) that if ¢, satisfies (B.5), one has

1(Op(x ) — 1)yl = OF>) ||¥] -

(here and below, the norm ||-]| will either denote the Hilbert norm on H = L?(M), or the
corresponding operator norm). In order to apply the formalism of §B-]], we will use the
cutoff Op(x(?) to construct a closed subspace of L?(M) which contains the eigenstate vy,
when £ is small enough. Precisely, we fix some large integer N, > 0, and define for each
0 < h <1 the subspace

(3.7) Hj, (W e L3 (M), [[(Op(x©) — 1)¥|| < 1| ||} ¢ H.

3.2.3. Refinement of the partition under the Schriodinger flow. We denote by U* = exp(ithA
/2) the quantum propagator. With no loss of generality, we will assume that the injectivity
radius of M is greater than 2, and work with U = U!, which quantizes the flow at time
one, g'. The h-dependence will often be implicit in our notations.

For any time n € N we define a new quantum partition of unity, obtained by evolving
and refining the initial partition P® under the quantum evolution, until time n: for any
sequence of symbols € = (- --€,), € € [1, K] (we say that the sequence € is of length
|€] = n), we define the operators

P.=P,UP. _,...UP,

3.8 R
(3.8) P.=U"P.=P. (n)P.,_(n—1)...P,.

Throughout the paper we will use the notation A(t) = U *AU" for the quantum evolution
of an operator A. The family of operators {Pe}\q:n obviously satisfies the resolution of

identity Z|e\:n P. P* = Id;», and therefore forms a quantum partition which we call P,

The operators P, also have this property, they will be used in the proof of the subadditivity,
see sections B.2.6 and .

To apply the entropic uncertainty principle to the partition P™, we need to construct
subspaces ‘Hj; , C ‘H similar to (B.7) but satisfying the requirement of Theorem B, that is
PH};, C Hy,,, for any € of length n. Using results of section 6.4 (namely the first statement
of Corollary [] and the norm estimate (f.13)), we obtain that for i small enough and any
n < C|loghl,

VO My, Viel=n,  [|Op(™) PrW — P < 35 0]
We therefore define the second space appearing in the entropic uncertainty principle:
(3.9) o W € L2(M), [[(0p(x™) = 1) || < 30 |||} .

Remark 1. If U € H}, or U € H}, we will use the fact that
P.UP., U...UP,V =P UP! U. UP/U+OMR")|V].
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Here PEJ; = Opy(P,, f), where f is a smooth, compactly supported function in 7*M which
takes the value 1 in a neighbourhood of £, and n < C|logh|. This follows from the
discussion of Section f| and means that we may insert the energy cutoff Op,(f) at each
step when we apply P to W. If ¥ = ¢, satisfies (B.J), then the remainder is of order
O(h>).

3.2.4. Unstable Jacobian for the geodesic flow. The operator appearing in the entropic
uncertainty principle will be a certain power of the propagator, 7' = U™, which is obviously
an isometry. The power n will be taken equal to the one defining the refined partition P™,
see §8.2.3. The coefficient ¢ is therefore defined in terms of the norm || P% U™ Pl w-
The whole Section f] will be devoted to obtaining a good upper bound for that norm, given
in the theorem B.3 below.

In order to express this upper bound, we need to recall a few definitions pertaining
to Anosov flows. For any A > 0, the geodesic flow g' is Anosov on each energy layer
E(N) = H'(\) € T*M. This implies that for each p € £(N), the tangent space T,E(N)
splits into

T,E(N) = E*(p) ® E*(p) @R Xn(p) .
1

The unstable Jacobian J“(p) at the point p is defined as the Jacobian of the map ¢!,
restricted to the unstable subspace at the point glp: J“(p) = det (dg@lu(glp)) (the unstable

spaces at p and g'p are equipped with the induced Riemannian metric). This Jacobian

can be “coarse-grained” as follows in a neighbourhood £ & £([1/2—¢,1/2+¢]) of €. For

any pair of symbols (e, €1) € [1, K]?, we define
(3.10) Ji' (€0, €1) © sup {Jp) : peT™Q,NE", g'p €T, }

if the set on the right hand side is not empty, and J¥(ey, ;) = e otherwise, where
A > 0 is a fixed large number. For any sequence of symbols € of length n, we define the
coarse-grained Jacobian

(3.11) JHeE) Y Jeo, €1) . T (€nr, €n) -

Although J* and J{*(eg, €1) are not necessarily everywhere smaller than unity, there exists
C, Amin > 0 such that, for any n > 0, all the coarse-grained Jacobians of length n satisfy

(3.12) JU(€) < C e @71 Amin
We can now give our central estimate, proven in Section f.

Theorem 3.2. Given a partition PO and 6,8 > 0 small enough, there exists hipo) 55 Such
(1—4")|log h|
)

max

that, for any h < hpw 55, for any positive integer n < and any pair of sequences

€, € of length n,
(3.13) |P5 U™ Pellyr 3¢ < ChHH) Ju(e)? Ju(€) .
The subspace Hy,,, was defined in (B:9). The constants ¢, C' only depend on the manifold.
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3.2.5. Applying the entropic principle. Once we have fixed ¢’ > 0, we take h small enough
and consider the “Ehrenfest time”

(1 —19")|log h|

)\max

(3.14) n=ng| ]

We then apply the entropic uncertainty principle (Thm B.1]) to the following objects:

e we consider the quantum partition of unity P = P™ = (P?),-, made of sequences
of length n

e the weights are given by ae = J¥(€)™! and 3. = J*(e)™/?
e we use the unitary operator 7' = U"
e the spaces H' & h H” o hn Were defined in (B.7, B.9). For A small enough,

these spaces satisfy the condition (B.J) and contain the solutions of (B.5), by the
results of section f.

Following the notations of paragraph B.]], for any normalized ¥ € H’ we denote ¥, = P> .
The entropy of ¥ with respect to the partition P reads

(3.15) 1 (0) = hpey (1) = = 3 [0 * log ] W]

|e|=n

Similarly, the pressure of ¥ associated to the weights o or (3 reads

(3.16) Pra(¥) = ha(¥) +2 > || ¥|* log J(e),
le|l=n
(3.17) Pas(¥) = by (T) + Y [[T]* log J(e).
le|l=n

Applying notations of Thm. B., the estimate (B.13) can be rewritten as
S (U™) < O pld1red)

Notice that the e-dependence in the right hand side of (B.I3) has now been absorbed in
the weights ae, fe. The entropic uncertainty principle of Theorem implies that, for A
small enough and 1y, satisfying (B.5) (and therefore eigenstate of U™), the pressures of ¢,
with respect to the partition P™ are bounded as follows:

Pra(Wn) + pus(n) > —2log 57 (U™) > 2(d — 1 4 ¢d) log h+ O(1)

(3.18) (d — 1+ ¢8) Amax
S G

n+O(1).

3.2.6. Subadditivity until the Ehrenfest time. Before taking the limit 2 — 0, we prove that
a similar lower bound holds if we replace n =< |logh| by some fixed n,, and P™ by the
corresponding partition P(). This is due to the following subadditivity property, which is
the semiclassical analogue of the classical subadditivity of pressures for invariant measures.
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Proposition 3.3 (Subadditivity). Let (¢) be normalized eigenstates satisfying (B.3). Fiz
§' >0 and n, € N. There is a function R(h) = O(h®/*) such that the following inequality

holds for h small enough, uniformly for all n € N with n, +n < (=8)|loghl .

Protna(Vn) < Prga(¥n) + Pu—1,a(¥n) + R(R) .
The same inequalities hold for pp,in.s(Vn).

The proof is given in §f. The reason why n, + n needs to be bounded by the Ehrenfest
time is that Egorov’s property, an essential ingredient, is violated for larger times.

Equipped with this subadditivity, we may finish the proof of the Theorem. Let n, € N
be fixed and n = ng (see (B-I4)). Using the Euclidean division n = ¢(n, + 1) + r (with
r <mn,), Proposition implies that for A small enough,

pn,a(wﬁ) < pno,a(wﬁ) + pr,a(wh) + R(h)
n - Ny n ne

Using (B.I§) and the fact that p,.(¥n) + prs(¥s) stays uniformly bounded when A — 0,
we find

pno,a(’l/}h) + pno,ﬁ@ph) Z ) (d —1 + C(s>)\max
Mo Mo (1-=19)

We are now dealing with the partition P) of fixed refinement ny.

(3.19)

+O(1/n).

3.2.7. End of the proof. Let us take a subsequence of (¢, ) such that the Wigner measures
Wy = W¢ﬁk converge to a semiclassical measure p on &, invariant under the geodesic flow
(see Prop. R.1). We may take the limit A, — 0 (so that n — o) in the above expression.
Because 1)y, are eigenstates of U, the norms appearing in the definition of h,, (1, ) can be
alternatively written as

(3.20) 1P Um | = 1P om, || = [[Peg Per (1) - - - P, (o) U || -

For any sequence € of length n,, the laws of pseudodifferential calculus imply the conver-
gence of ||PX ¢y, || to u({€}), where {€} is the function P2 (P2 o g')...(P? o g™) on
T*M. Thus h,, (¢n, ) semiclassically converges to the classical entropy

hng (1) = hn, (1, (P2) = = > pu({e}) log u({e}) .

lel=no
As a result, the left hand side of (B.I9) converges to
2 3 "
(3.21) 2 b+ 23 k) los T2 (e).

el =n

Since 4 is g'-invariant and J¢ has the multiplicative structure (B.I1), the second term in
(B:21) can be simplified:

S ul{e}) log J (€) = no S ul{eoer}) log Ty (eo, e1)

le|l=n0o €0,€1
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We have thus obtained the lower bound
hno <IU/>

Mo

> =5 Y utfer)) log S e ) - U

€0,€1

(3.22)

0 and ¢’ could be taken arbitrarily small, and at this stage they can be let vanish.

The Kolmogorov—Sinai entropy of x4 is by definition the limit of the first term h"" W) when
n, goes to infinity, with the notable difference that the smooth functions Py should be
replaced by characteristic functions associated with some partition M = | |, Oy. Thus, let
us consider such a partition of diameter < /2, such that p does not charge the boundaries
of the Oy. By convolution we can smooth the characteristic functions (1o, ) into a smooth
partition of unity (P?) satisfying the conditions of section B2.]] (in particular, each Py is
supported on a set €, of diameter < ¢). The lower bound (B:29) holds with respect to the
smooth partition (P?), and does not depend on the derivatives of the Py: as a result, that
lower bound carries over to the characteristic functions (1o, ).

We can finally let n, tend to +oo, then let the diameter /2 of the partition tend to 0.
From the definition (B.I0) of the coarse-grained Jacobian, the first term in the right hand
side of (B:22) converges to the integral —2 [, log J“(p)du(p) as e — 0, which proves (@)D

The next sections are devoted to proving, successively, Theorems B.3 and Proposition B.3.

4. THE MAIN ESTIMATE: PROOF OF THEOREM [3.9

4.1. Strategy of the proof. We want to bound from above the norm of the operator
P; U™ P, acting from the space My, to H = L?(M). This norm can be obtained as
follows:

1P2 U™ Pellyy 30 = sup {(®, PEU" PV)| + W eMHy,, ®eH, V] =[] =1}.

From the definition (B.9) of the space H}, ., and using the fact that the operators P are
contracting, we may insert the cutoff Op(X(")) between P, and W, up to a remainder
Op2(hY). Using Corollary [, we may as well insert Op(x“™) on the left of P, up to an
error Oz (h™).

In this section we will prove the following

(A=8)|loghl

Proposition 4.1. For h small enough, any time n < , any sequences €, € of

max

length n and any normalized states ¥, ® € L?(M), one has
(P Op(x"™) @, U™ P.Op(x"™)¥)| < O 1707 Ji(e) 2 T (€').

Here we have taken § small enough such that Cs > 4/Anax, the constants C and ¢ =
2 4+ 5/ Amax only depend on the Riemannian manifold M .

For such times n, the right hand side in the above bound is larger than C' h%(d_l), in
comparison to which the errors O(h™°) are negligible, provided N, has been chosen large
enough. Theorem B.7 therefore follows from the above proposition.
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4.2. Decomposition of Op(x)¥ into elementary states. In Proposition [L.1], we apply
the cutoff Op(x™) on ¥, respectively Op(x*™) on ®. To avoid too cumbersome notations,
we treat both cases at the same time, denoting both cutoffs by x = x*), and their associated
quantization by Op(x). The original notations will be restored only when needed. The
energy cutoff y is supported on a microscopic energy interval, where it varies between 0
and 1. In spite of those fast variations in the direction transverse to &£, it can be quantized
such as to satisfy some sort of pseudodifferential calculus. As explained in Section [.3, the
quantization Op & Opgj, (see (B.11)) uses a family of Fourier Integral Operators (Uy;)
associated with local canonical maps (k;). Each x; sends an open bounded set V; C T*M
intersecting € to W; C R??, endowed with coordinated (y,n) = (y1,...,Ya, M, - - -,Ma), Such
that H o k; = m; + 1/2. In other words, each x; defines a set of local flow-box coordinates
(y,n), such that g, is the time variable and 7, + 1/2 the energy, while (y/,7') € R~ are
symplectic coordinates in a Poincaré section transverse to the flow.

4.2.1. Integral representation of Uy;. Since k; is defined only on V;, one may assume that
Us,u = 0 for functions v € L*(M \ ©V;) (here and below m will represent either the
projection from T*M to M along fibers, or from RZ% to RZ). If V; is small enough, the
action of Uy, on a function U € L*(M) can be represented as follows:

k+d

U, W1(0) = (2rh) 5 [ S0 a0 u(e) .
wV;

where
— 0 takes values in an open neighbourhood ©; C R* for some k > 0,
— the Lagrangian manifold generated by S is the graph of &,
— ap(z,y,0) has an asymptotic expansion ap ~ Y, a;, and it is supported on 7V, x
WWj X @j' B

When applying the definition (B.11) to the cutoff y, we notice that the product x(1—¢) =
0, so that Op(x) is given by the sum of operators Op(x); = Uy, Opy, (x;) U, each of them
effectively acting from L?*(wV;) to itself. We denote by §;(x; z) the kernel of the operator
Op(x);: it is given by the integral

(3 7

an(w,y.0) an(2,9,0) @;(y, ) x(m) dy do dj b dn.
For any wavefunction ¥ € L?*(M), we have therefore

(12) 0000 W) = [ Wi (a2)

We temporarily restore the dependence of d,(x;2) on the cutoffs, calling 55»") (x; z) the
kernel of the operator Op(x("))j. In order to prove Proposition f.1], we will for each set
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(7,4, 2,7'), obtain approximate expressions for the wavefunctions U* P€5§") (z), respectively

P€/5§f1n)(z' ), and use these expressions to bound from above their overlaps:

Lemma 4.2. Under the assumptions and notations of Proposition [[.1, the upper bound
(U2Pa 65 (), UM? Pt (2))] < C R0 Ju(e) V2 ]2 (€) .

holds uniformly for any j,j', any points z € ©V;, 2’ € 1V and any n-sequences €, €.

Using (f.J) and the Cauchy-Schwarz inequality ||U]|z: < 1/ Vol(M) || V]2, this Lemma
yields Proposition [.1].

In the following sections we study the action of the operator P, on the state 6(z) = 5J(-*) (2)
of the form ([-)). By induction on n, we propose an Ansatz for that state, valid for times
n = |€| of the order of |logh|. Apart from the sharp energy cutoff, this Ansatz is similar
to the one described in [fI].

4.3. WKB Ansatz for the first step. The first step of the evolution consists in ap-
plying the operator UP,, to §(z). For this aim, we will use the decomposition ([.1) into
WKB states of the form a(z)e*®)/" and evolve such states individually through the above
operator. We briefly review how the propagator Ut = e'*"/2 evolves such states.

4.3.1. Evolution of a WKB state. Consider an initial state u(0) of the form u(0,z) =
an(0, ) e 30 where S(0, o), as(0, ®) are smooth functions defined on a subset of Q@ C M,
and ap, expands as ap ~ Y, R a;,. This represents a WKB (or Lagrangian) state, supported
on the Lagrangian manifold £(0) = {(z,d,S(0,x)), = € Q}.

Then, for any integer N, the state @(t) = t4(0) can be approximated, to order i, by
a WKB state u(t) of the following form:

N-1
(4.3) u(t,r) = e i ap(t,z) = o Z Rfay(t, T) .
k=0

Since we want u(t) to solve % = ih%“ up to a remainder of order A", the functions S

and a; must satisfy the following partial differential equations:

( %—f + H(z,d,S) =0 (Hamilton-Jacobi equation)

(4.4) % = —(dyag,d,S(t,z)) — ag A"‘S;(t’z) (0-th transport equation),

| % = ma;*l — (day, dS) — ak% (k-th transport equation) .

Assume that, on a certain time interval — say s € [0,1] — the above equations have a
well defined smooth solution S(s,x), meaning that the transported Lagrangian manifold
L(s) is of the form L(s) = {(x,d.S(s,x))}, where S(s) is a smooth function on the open
set mL(s). Under these conditions, we denote as follows the induced flow on M:

(4.5) gg(s) cx € wL(s) — mg'(x,d,S(s,x)) € TL(s + 1),
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This flow satisfies the property g, © g5 = g’;(”) We then introduce the following

(unitary) operator qu(s), which transports functions on 7w£(s) into functions on L£(s + t):

(4.6) T (a)(x) = a0 ggl,y (@) (J5hsy(@)

Here st*(s) (x) is the Jacobian of the map gfg(s) at the point 2 (measured with respect to the
Riemannian volume on M). It is given by

(4.7) Jg(s)( x) = exp / AS 8—|—7' 9 ( ))) dT}
The 0-th transport equation in ([£.4) is explicitly solved by
(4.8) ao(t) = Ty ao, te€[0,1],

and the higher-order terms k > 1 are given by

(AN
(4.9) ai(t) = Té(o)ak +/ Té(ss) (%(s)) ds.

The function u(t, z) defined by (f-3) satisfies the approximate equation

0 A i Nay_
((;Z = zh—u ih™ eﬁs(t’x)%(t, x).

From Duhamel’s principle and the unitarity of U’, the difference between u(t) and the

exact solution (t) is bounded, for ¢ € [0, 1], by

N-1

(4.10) [ut) = a®)] 2 < —/ |Aay-1(s)]r2ds < Ct Y ( ZHak Mezov-n) -

The constant C' is controlled by the Volumes of the sets 7L(s) (0 < s <t <1), and by a
certain number of derivatives of the flow gs p (0<s+t<1).

4.3.2. The Ansatz for timen = 1. We now apply the above analysis to study the evolution
of the state §(z) given by the integral ([.I). Until section [L.5.2, we will consider a single
point z. Selecting in ([.J]) a pair (y,#) in the support of ay, we consider the state

u(0,x) =e —55(@.0) a’(z,y,0), where a3’ (z,y,0) o P.(x)ap(x,y,0).
Notice that this state is compactly supported in €2.,. We will choose a (large) integer N > 0
(see the condition at the very end of §fL.)), truncate the h-expansion of a;’ to the order
N = N + k + 2d, and apply to that state the WKB evolution described in the previous
section, up to order N and for times 0 < ¢ < 1. We then obtain an approximate state
ay(t,x;y,0)e” 0] By the superposition principle, we get the following representation
for the state U'P., §(z):

(4.11) (U Py 8(2))(w) = (2mh) =% /v(t,x; zym) X(m) din + Oz (™) |
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{0)

111) ; I

FIGURE 4.1. Sketch of the Lagrangian manifolds £; (0) situated above €,
and centered at z (center ellipse, dark pink), its image /3971(1) through the
flow (external annulus, pale pink) and the intersection £} (0) of the latter
with 7€), . The thick arrows show the possible momenta at points x € M.

where for each energy parameter 7, we took

(4.12) w(t,x;2,m) = (27Th)_k_3d2_1 /e_%s(t’“”;y’g) e (V=9 o7 S(=0.9)

(7 = (m2,...,m4)). The reason why we integrate over all variables but 7, lies in the sharp
cutoff x: due to this cutoff one cannot apply a stationary phase analysis in the variable 7;.
At time t = 0, the state v(0,e;z,7m;) is a WKB state, supported on the Lagrangian

manifold

L5.(0)={pe&l/2+m), (p) CQp Ir€[~1L1], g TpeTIM} .

This Lagrangian is obtained by propagating the sphere { p=1(2), | =V1+ 2771} on
the interval 7 € [—1,1], and keeping only the points situated above €2,. The projection
of 521(0) on M is not one-to-one: the point z has infinitely many preimages, while other

points x € ), have in general two preimages (z,&,) and (z, —&,).



HALF-DELOCALIZATION 17

Let us assume that the diameter of the partition € is less than 1/6. For 0 < t < 1,
v(t; z,m) is a WKB state supported on L) (t) = g* £ (0). If the time is small, £} (t) still
intersects 7M. On the other hand, all points in £(1/2 + n;) move at a speed /1 + 2n; €
[1 —2¢,1 +¢], so for times ¢ € [3¢,1] any point x € wL) (t) is at distance greater than e
from €2,. Since the injectivity radius of M is > 2, such a point x is connected to z by a
single short geodesic arc. Furthermore, since x is outside {2, there is no ambiguity about
the sign of the momentum at x: in conclusion, there is a unique p € Egl (t) sitting above
z (Fig. [.1)).

For times 3¢ < ¢t < 1, the Lagrangian Egl (t) can therefore be generated by a single
function S°(t, e; 2,71). Equivalently, for any z in the support of v(t, e;z,7;), the integral
(1) is stationary at a unique set of parameters o, = (ye, 0e, G, 0., 7.), and leads to an
expansion (up to order hY):

(4.13)

v(t;z,m) = 0°(t2,m) + ORY),  where o°(t,a;2,m) = er S GBI 0 (¢ s Y
The above discussion shows that 621 def Usagtglﬁgl (t) is a Lagrangian manifold which
can be generated by a single function S°(e;z,7;) defined on ﬂﬁgl. The phase functions

SY(t, ®; z,m1) obtained through the stationary phase analysis depend very simply on time:
SOty 2,m) = S%x; z,m) — (1/24+m)t.

The symbol Y is given by a truncated expansion b9 = ]kV:_Ol B* 1), The principal symbol
is
b (t, 3 2,m) = @i (t, 5 Ye, 0c) ao(2; G, O
while higher order terms b} are given by linear combination of derivatives of @}’ (¢, z; ®) ap(z; ®)
at the critical point e = e.. Since a;°(0, ®;y,, f.) is supported inside €,, the transport
equation (f9) shows that b)(t, ; z,7;) is supported inside 7L (t).
If we take in particular ¢ = 1, the state

(4.14) WO(1:2) = (20h) -5 /UO(L =m0 x(m) dms

provides an approximate expression for U P.,6(z), up to a remainder Q2 (| supp x| hY _%).

4.4. Tteration of the WKB Ansatze. In this section we will obtain an approximate
Ansatz for P. ... UP,UP,(z). Above we have already performed the first step, obtaining
an approximation v°(1;z) of UP,d(z), which was decomposed into fixed-energy WKB
states v°(1; z,7m;). The next steps will be performed by evolving each component v°(1; z,7,)
individually, and integrating over n; only at the end. Until Lemma [.3 we will fix the
variable (z,7;), and omit them in our notations when no confusion may arise.

Applying the multiplication operator P., to the state v°(1) = v°(1;z,1m;), we obtain
another WKB state which we denote as follows:

Sl(o,l‘) = SO(]_,I‘7 27771) >

1 _ 1 151(0733) 1
0,2) = b-(0,z)en : th
v (0,2) = b(0, ) e wi {b}i(o,x) = P. () b)(1,z;2,m) .
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This state is associated with the manifold
L£0) =L (1H)NT*Q, .

If this intersection is empty, then v!(0) = 0, which means that P, U v(0;z,1;) = O(RY).
In the opposite case, we can evolve v!(0) following the procedure described in §f.3.1. For
t € [0,1], and up to an error O2(hY), the evolved state Utv!(0) is given by the WKB
Ansatz

N—-1
Ot x) = Bt ) enS D bk = S bh).
k=0

The state v!(¢) is associated with the Lagrangian £'(t) = ¢g* £1(0), and the function b} (¢)

is supported inside 7£(¢). The Lagrangian £! & Up<t<1£(t) is generated by the function
S1(0,z), and for any t € [0, 1] we have S'(¢,x) = S'(0,z) — (1/2+m) t.

4.4.1. Ewvolved Lagrangians. We can iterate this procedure, obtaining a sequence of ap-
proximations

(415) W) = U P (1) + O(RY),  where (1, 2) = B (1, ) e )

To show that this procedure is consistent, we must check that the Lagrangian manifold
L7(t) supporting v’(t) does not develop caustics through the evolution (¢ € [0,1]), and that
it can be generated by a single function S7(¢). We now show that these properties hold,
due to the assumptions on the classical flow.

The manifolds £7(t) are obtained by the following procedure. Knowing £77!(1), which
is generated by the phase function S771(1), we take for £7(0) the intersection

L£50)=L7"H1)NT*Q
If this set is empty, we then stop the construction. Otherwise, this Lagrangian is evolved
into £7(t) = ¢'£7(0) for t € [0,1]. Notice that the Lagrangian L7(t) corresponds to
evolution at time j + ¢ of a piece of £°(0): it is made up of the image under the geodesic
flow of pieces of the sphere STM. If the geodesic flow is Anosov, the geodesic flow has no
conjugate points [[§. This means that ¢"£°(0) will not develop caustics: in other words,
the phase functions S7(t) will never become singular.

On the other hand, when j — oo the Lagrangian ¢?*/£%(0) will spread out over M, and
cover all points x € M many times, so that many phase functions are needed to describe
the different sheets (see §f£5.). However, the small piece £7(t) C ¢’ T'L%(0) is generated
by only one of them. Indeed, because the injectivity radius is > 2, any point z € 2, can
be connected to another point ' € M by at most one geodesic of length /1 + 21, < 1+¢.
This ensures that, for any j > 1, the manifold £ = Uyejo11£7(t) is generated by a single
function S7(0) defined on L7, or equivalently by S7(¢) = S7(0) — (1/2 + m1) ¢ (this S7 is
a stationary solution of the Hamilton—Jacobi equation, and we will often omit to show its
time dependence in the notations).

Finally, we recall that £°(0) was obtained by propagating a sphere centered at 2. Since
the geodesic flow on £(1/2+mn;) is Anosov, the sphere bundle is uniformly transverse to the
strong stable foliation [[[@]. As a result, under the geodesic flow a piece of sphere becomes

€5 °
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exponentially close to an unstable leaf when ¢ — +00. The Lagrangians £7 thus become
exponentially close to the weak unstable foliation as j — oo. This transversality argument
is crucial in our choice to decompose the state W into components §(z, ;).

4.4.2. Ezponential decay of the symbols. We now analyze the behaviour of the symbols
by(t, ) appearing in (fEI5), when j — oo. These symbols are constructed iteratively:
starting from the function b ' (1) = ij "5 7'(1) supported inside 7£771(0), we define
(4.16) b1 (0, z) = P, (x) b1,z z € mL(0).

The WKB procedure of §f.3.1 shows that for any ¢ € [0, 1],

(4.17) U7 (0) = v7(t) + Ry (1),

where the transported symbol b ' (t) = ]kV:_Ol RF b7 (t) is supported inside 7£7(t). The
remainder satisfies

N—-1
(4.18) IR @) < CtRN (D IBL(0) | gziv-n) -
k=0

To control this remainder when 5 — oo, we need to bound from above the derivatives of
b’ Lemma [L.3 below shows that all terms b/ (¢ (1) and their derivatives decay exponentially
When j — 00, due to the Jacobian appearing in ([.G).

To understand the reasons of the decay, we first consider the principal symbol b%(l, x).
It satisfies the following recurrence:

(4.19) b (L a) = Tg(Pey x by (1))(2) = Py (95 (2)) 0 (1,95 (2)) 1/ T (2).

Iterating this expression, and using the fact that 0 < P, < 1, we get at time n and for
any x € 7L"(0):

(120)  [B5(0.2)] < (L5 (@) x (T3 () J5balast (@) - J5! (g5 @))

Since the Lagrangians £7 converge exponentially fast to the weak unstable foliation, the
associated Jacobians satisfy for some C' > 0:

J;f(sc)
Here S%(p) generates the local weak unstable manifold at the point p (which is a Lagrangian

submanifold of £(1/2 + n;)). The product of Jacobians in (f.20) therefore satisfies, uni-
formly with respect to n and p € £™(0):

Vi > 2, Vp=(z,€) € L(0), —1|<Ce/C.

H sn J g§£+1 H su (g=9+1p gﬁﬂ( )) Jé‘u(np)< ) n— 0.
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The Jacobian Jsful(p) measures the contraction of g=! along E“(p): so does the Jacobian

J"(p) defined in §B.2.4, but with respect to different coordinates. When iterating the
contraction n times, the ratio of these Jacobians remains bounded:

n—1
Jél&)(x) =00 H J“(g7 ), n— 0.
=1

We finally express the upper bound in terms of the “coarse-grained” Jacobians (B-I08-17).
Since p € L"(0) C T*Q,, and g7p € T*Q,, . for all j = 1,...,n — 1, we obtain the
following estimate on the principal symbol b (0):

(4.21) Vn>1 (155 (0) e < C 0515 2,m) oo Ty (€1 €)%

The constant C' only depends on the Riemannian manifold M. Finally, by construction
the symbol b3(1; z,7;) is bounded uniformly with respect to the variables (z,1;) (assuming
m| <e).

The following lemma shows that the above bound extends to the full symbol b%(0, z)
and its derivatives (which are supported on 7£"(0)).

Lemma 4.3. Take any index 0 < k < N and m < 2(N — k). Then there exists a constant
C(k,m) such that

Vn > 1, Vx e nL"(0), |d™by(0,2)| < C(k,m) pmt3k J¥(eo - - -en)l/Z.

This bound is uniform with respect to the parameters (z,m1). For (k,m) # (0,0), the
constant C(k,m) depends on the partition P while C(0,0) does not.

Before giving the proof of this lemma, we draw somes consequences. Taking into account
the fact that the remainders R} (1) are dominated by the derivatives of the bj, (see ({.1§)),
the above statement translates into

Vi1 Ry < CWN) PN Teo- ) /2 AN .

A crucial fact for us is that the above bound also holds for the propagated remainder
P, U---UP,, Ry(1), due to the fact that the operators P, U are subunitary. As a result,
the total error at time n is bounded from above by the sum of the errors |R} (1)[. We
obtain the following estimate for any n > 0:

(4.22) ||PUP,

n—1

c P U 0(0;2,m) — 003 2,m)l| < CNYRN Y 53N T (eg -+ )12
j=0

From the fact that the Jacobians J;* decay exponentially with j, the last term is bounded
by C(N)AY. This bound is uniform with respect to the data (z,n;).
By the superposition principle, we obtain the following

Corollary 4.4. For small enough h > 0, any point z € wV;, and any sequence € of
arbitrary length n > 0, we have

Pedj(z) = (2rh) = /Un((J% 2,m) x(m) digy + Opa(| supp x| BN %) .
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Here we may take x = x™) with an arbitrary 0 < n' < Cs|logh| (see (B:8) and the
following discussion).

Proof of Lemma [[.3. The transport equation (E§E9) linking &’ to b7~

A A t A b
00 =14 A0 + (- o) [ 150 (M2 e, k=0 v,
0

(4.23) 2

: -
b, (0) = Pe; x by (1),
can be m times differentiated. We can write the recurrence equations for the m-differential

forms d™b](t) as follows:
(4.24)

amb) (t,z) = Z Ttd (1, 2).67 ,(t, x) + Z/o TEd ™2, (s,2).0,(t, s,x)ds.

<m <m

Above we have extended the transport operator T§ defined in (f.6) to multi-differential
forms on M. Namely,

(T%, d'b)(z) ) J5i(x) d'b(ggt(x))

is an /-form on (ngt(x)M)g. The linear form @/ ,(t, ) sends (T, M)™ to (Tg—?(JC)M)z (resp.
SJ

o (t,s,2) sends (T,M)™ to (Tgs-_t(x)M)”Z). These forms can be expressed in terms of
SJ

derivatives of the maps ggf, ggjt at the point z, and Gf;w also depends on m — ¢ derivatives
of the function P ;. These forms are uniformly bounded with respect to j, x and ¢ € [0, 1].
We only need to know the explicit expression for 67 -

(4.25) 0, t,1) = P, (50()) % (dg5l())

Since the above expressions involve several sets of parameters, to facilitate the bookkeeping
we arrange the functions b¥(¢,z) and the m-differential forms d™b, (t,z), m < 2(N — k),

inside a vector b’. We will denote the entries by b{k m) = dmbi, and with 0 < k< N —1,
m < 2(N —k):

def

b/ =bi(t,x) = (b, db},. ... .. AN,

VRN 2(N—1)17j
(4.26) by,dby, ..., d v,

Dy 1o d2by_y)

The set of recurrence equations ([.24) may then be cast in a compact form, using three
operator-valued matrices M? (here the subscript j is not a power, but reminds the La-
grangian £’ on which the transformation is based):

(4.27) (I—M)b = (M), + M, )b/
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The first matrix act as follows on the indices (k, m):

(M] b’) km) Z/ ds Tg; Sb{k 1era)(8) - al(t,s) .

<m

Since M{ relates by to by_q, it is obviously a nilpotent matrix of order N. The matrix
1\/[671:
- 1
(M, ") = > TL bl (1).65,(0),
f<m
which relates m-derivatives to (-derivatives, ¢ < m, is also nilpotent. Finally, the last
matrix My, acts diagonally on the indices (k,m):

(1.29 (M b7 ) o () = Thy DI (1) 8 0
From the nilpotence of M}, we can invert (f27) into
N-1
b/ = (DO IME) (M + MG )
kj:(]

where [M]* denotes the k-th power of the matrix M. The above expression can be iterated:

(4.29) Z Z (MR My, (MMt MR M, B

0,0n—1 0,01
klv 7k5n 0a1,.. 7an—0

Notice that the first step M
well-defined. . '
From the nilpotence of M and My, the terms contributing to b}, ) must satisfy

Yok <kand > a; <m+2(>k;). In particular, > k; < N, > «a; < 2N, so for n large,
all terms in (f.29) are made of few (long) strings of successive matrices My ,, separated by

0.0,P" only uses the vector b® at time ¢t = 1, where it is

a few matrices M% , or M/ (the total number of matrices Mé L or M7 in each term is at
most 3N). As a résult, the total number of terms on the rigflt hand side grows at most
like O(n™*3%) when n — oo.

Using the fact that ¢’ -0 and O‘mé are uniformly bounded, the actions of the nilpotent
matrices M, 1\/[0 ; induce the following bounds on the sup-norm of by, (t):

Sup IIMink m<c L2, Sup Ibf,._ 1m>(t)||,

(4.30) it

Sup ||(Mo b )@y (W] < C(m) max ||b(km)(1)||-

The constant C(m) depends on the partition P for a partition of diameter ¢, it is of
order e~™. }

On the other hand, for any pair (k,m), the “diagonal” action (£.2§) on bzk my 1S very

similar with its action on b(0 0)» Which is the recurrence relation (E19). The only difference
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comes from the appearance of the m-forms 67, instead of the functions 6,. From the
explicit expression (f.29) and the fact that 0 < P.; < 1, one easily gets

(M 0B ™) () (8, 2)| < /T (@) g ()™ B (L, 97 ()]

By contrast with ([.30), in the above bound there is no potentially large constant prefactor
in front of the right hand side. This allows us to iterate this inequality, and obtain a bound
similar with (220). Indeed, using the composition of the maps gg, and their derivatives,

we get for any 7, € Nand ¢ € [0, 1]:

(431> |(M‘6:B] MJ bji km t T | < \/ JS]t+._Z ‘dg5]+] ‘m |b(km <1 gS] +J ( ))‘ N

As we explained above, the flow ¢’ acting on £/ is asymptotically expanding except in
the flow direction, because ¢g'£? converges to the weak unstable manifold. As a result, the
inverse flow g7 acting on £+ C ¢9'£7, and its projection g;f ;7> have a tangent map

-/

dg;fjrj/ uniformly bounded with respect to j, j'. In each “string” of operators Mg ,, the

factor dggjl can be replaced by a uniform constant. For each term in ({.29), we can then

iteratively combine the bounds (.30,£.31), to get

(MM MDY oy (8, 2) | < O3/ gl () [|B2(1)

Summing over those terms, we obtain

(4.32) Dy (£, 2)| < C (k) 038 [T (@) [BO(1)]]
The Jacobian on the rlght hand side is the same as in the bound (£.20). We can thus follow
the same reasoning and replace Jg! " by J%(€) to obtain the lemma. OJ

This ends the proof of Lemma [f.3 and Corollary [l.4. We proceed with the proof of our
main Lemma [[.3, and now describe the states U~"/2P,, 5](.fln)(z' ) and U™/? P, 5j(»")(z).

4.5. Evolution under U2 and U"?2. Applying Corollary 4 with n' = 4n, resp.
n’ = n, we have approximate expressions for the states appearing in Lemma [L.2};

(4.33) Pe 5g(‘n)(z) = (QWh)f% /Un((); 2,11, €) X (m) dm + Op» (GM th%) )

@3 Posf() = @eh) 5 [ 00 ) ) i+ Oa(e YR,

we notice that for n < I;Om_gaﬁ\ the remainders are of the form O(hY 1) for some fixed Nj.
To prove the bound of Lemma [, we assume n is an even integer, and consider the
individual overlaps

(4.35) (U20m(0; 2y, €), U2 0™ (05 2,11, €) )

Until the end of the section, we will fix z,7;, 2/, 7] and omit them in the notations. On the
other hand, we will sometimes make explicit the dependence on the sequences €', €. We
then need to understand the states U~/2v"(0; €') and U™2v™(0; €).
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4.5.1. Backwards iteration of v™(0; €'). We use WKB approximations to describe the backwards-
evolved state U7v™(0; €'). Before entering into the details, let us sketch the backwards
evolution of the Lagrangian £™ = £"(0; €') supporting v™(0) = v"(0; €') (for a moment we
omit to indicate the dependence in €'). Since £" had been obtained by evolving £° and
truncating it at each step, for any 0 < ¢t < n — 1, the Lagrangian L£"(—t) o g tL™ will
be contained in £"~=1(1 — {t}), where we decomposed the time ¢ into its integral and
fractional part. This Lagrangian projects well onto the base manifold, and is generated by
the function S™(—t) = S"~=1(1 — {¢}) (which satisfies the Hamilton-Jacobi equation for
negative times). This shows that the WKB method of §f£.3.1], applied to the backwards
flow U™" acting on v"(0), can be formally used for all times 0 < ¢ < n — 1. The evolved
state can be written as

~

(4.36) U~'0™(0) = v™(—t) + Ry(—1),
and v™(—t) has the WKB form

N-1
(4.37) V() = bp(=t) ST (—t) = Y R B (—t)
k=0

The symbols b} (—t) are obtained from b} (0) using the backwards transport equations (see

Egs. (3, E9)):

7 —_ n 1/2 n
(4.38) by (—t) = Tsnt(o) by (0) = (Jé‘”(—t)) b"(0) o gg’”(—t) ,
Lo YN
(4.39) bR (—t) = T ) UR(0) — /0 Tyt t)( > 1(—5))(15.

These symbols are supported on 7£"(—t). We need to estimate their C™ norms uniformly
in t. The inverse of the Jacobian Jgn(,t) approximately measures the volume of the La-

grangian L£"(—t). Since the latter remains close to the weak unstable manifold as long as
n —t >> 1, the backwards flow has the effect to shrink it along the unstable directions.
Thus, for n — 1 > ¢ >> 1, £"(—t) consist in a thin, elongated subset of £"*=1 (see
figure [L.2), with a volume of order

(4.40)  Vol(L"(—t)) < C (inf Jhu(_yy(2)) " < C Il (e yyy =€), 0<t<n—1.

When differentiating by (—¢), the derivatives of the flow gg. _, also appear. Since L"(—t)
is close to the weak unstable manifold, the derivatives become large as t >> 1:

102 gl (o (2)] < C(a) ™, where Ay € N\p(1407/2), 0<t<n—1, xenl'(~t).

Hence, for any t <n — 1 and index 0 < m < 2N the m-derivatives of the principal symbol
can be bounded as follows:

Vi<, ()] < C (T () g (" IO o
(4.41) < C Il gy )2 e g (0) || em

SCTY y(ep - enyg)/? ™

1/2
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In the last line we used the estimates of Lemma [.3 for ||6"(0)||cm. ;From now on we
will abbreviate J3_\, (eg---€,_ ;) by Ju_, (€'). By iteration, we similarly estimate the
derivatives of the higher-order symbols (k < N, m < 2(N —k)):

(442) VSl ()] S O ()

We see that the higher-order symbols may grow faster (with ¢) than the principal one. As a
result, when ¢ becomes too large, the expansion (f.37) does not make sense any more, since
the remainder in ([L.36]) becomes larger than the main term. From (f.I(), this remainder
is bounded by

n—

. hN t . .
1B (=0 = =~ /O IAbY_y(=s) | ds < CRY &2V Ju |, ()12

We see that this remainder remains smaller than the previous terms if ¢ < (1=0)|logh]

)

Since we assume n < w, the WKB expansion still makes sense if we take ¢t = n/2.

max

max

To ease the notations in the following sections, we call w™/? & v"(—n/2) the WKB state
approximating U~"/2y™(0), its phase function S™2 = S"(—n/2) and its symbol CZ/Q(x) &
b (—n/2,z), all these data depending on €. The above discussion shows that

(4.43) U2 005 €) — w2 (&) = || By (=n/2)|| < C Y72 T3 (€)H2.

We will select an integer N large enough (N¢ >> 1), so that the above remainder is
smaller than the estimate J¥(€')Y/2? we have on [[v™(€)||.

4.5.2. Evolution by U™?. We now study the forward evolution U™/? v™(0; €). From now on
we omit to indicate the dependence in the parameter ¢ = 0. Using the smooth partition
(B4), we decompose U™/? as:

n/2 __ 2 2 2 def
U/ - Z Pan/2UP04n/2—1U”‘PC¥1U_ZQO"
(a2

i, 1<i<n/2

The operators (Qq) are very similar with the (P,) of Eq. (B-§): the cutoffs Py are replaced
by their squares P2. As a result, the iterative WKB method presented in the previous
sections can be adapted to obtain approximate expressions for each state QQ,, v"™(€), similarly

as in (|L.22):
3n igdn, ..
Qav"(€) = vg”(ea) + Op2(y/Ju(e) BV, v%"(:c; ea) = 0" (r; ear) en ¥ (@ie)
Here ea is the sequence of length 3n/2 with elements €y - --€,0q - - - @y o. That state is

3n
localized on the Lagrangian manifold £2"(ecx). The symbols b} (ea) and their derivatives
satisfy the bounds of Lemma [3. The state U™?v"(e) is therefore given by a sum of
contributions

(4.44) U™ (e) = ng"(ea) + Op2 (RN V).
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FICURE 4.2. Decomposition of (g"/2£"(€)) N T*Qe;l/2 into connected leaves

(here we show two of them, in pink). The leaf ¢ contains the components

L3"(ear), L£3"(eB) while the leaf £, contains £2"(evy). We also show the

elongated leaf g™™/2L"(€') supporting the state w™?(€’) (in blue). This state

might interfere with v%"(e, {p), but not with v%”(e, ?) or any other leaf above
e;/2'

Here Nk is a constant depending on the cardinal K of the partition P, and we assumed

n < ‘/l\oﬂ. The integer N will be taken large enough, such that A=V« is smaller than the

max

remainder appearing in (f.43).

4.5.3. Grouping terms into connected Lagrangian leaves. To compute the overlap ({.33),
we do not need the full sum (f.44)), but only the components e« such that the support of

v2"(ear) intersects the support of w™2(€), which is inside Qu - Thus, we can restrict
ourselves to the set of sequences

A {a L wLi(eo) N Q| A @} c{l,... K\,

For n >> 1, the Lagrangian UQGAE%"(ea), which is a strict subset of g"/2L£"(e), is the

disjoint union of a large number of connected leaves, which we denote by E%”(e, 0),0el,1]
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(see Figure [2). Each leaf £2"(e, ) corresponds to geodesics of length n/2 from €, to
Qe'n p in a definite homotopy class. As a consequence, if p, p/ belong to two different leaves

¢ # ', there must be a time 0 < ¢ < % such that the backwards images g~*p, g~*p’ are at
a distance larger than D > 0 (D is related to the injectivity radius). The total number of
leaves above () ,, CAll grow at most like the full volume of ¢g"/2L(€), so that

Each leaf £3"(e, £) is the union of a certain number of components £2"(ecr), and we group
the corresponding sequences « into the subset A, C {1,..., K }"/ 2,

L£3"(e, ) = U L3 (eq) .

acAy

We obviously have A =| |, A;. All components L3"(ecx) with o € A, are generated by the

same phase function S2"(ear) o S2m(€, (), so that the state

§n i 3n .
(4.45) vi'(ze,0) Y iz ea) = b (v €, 0) €75 D

acAy

is a Lagrangian state supported on E%"(e, ¢), with symbol

b2" (v;€,0) = Z 2" (z; ear) .

acAy

By inspection one can check that, at each point p € E%"(e, ), the above sum over a € Ay
has the effect to insert partitions of unity Y, P? = 1 at each preimage g~7(p), j =
0,...,5 — 1. As a result, the principal symbol will satisfy the same type of upper bound
as in ([L.20):

65" (5. 01 < 0"(g5™ (@) T3 2" (@) 2 < C L @)Y, with S = SP(e,0).

The same argument holds for the higher-order terms and their derivatives. Besides, because
_3
the action of g=3"/2 on £2"(e, () is contracting, for any = € Qu ,, the Jacobian Jg 2"(x) is
of the order of Ji (ea), where a can be any sequence in A, (all these Jacobians are of the
2

same order). We will use

J%n(e,ﬁ) = max J%n(ea) :

3, . .
Hence, the full symbol b} (z; €, {) satisfies the same bounds as in Lemma [3:

(4.46) b2 (w56, 0)] < O™ T8 (e,0Y2, k<N -1, m<2AN—k).
2
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4.6. Overlaps between the Lagrangian states. Putting together ({43, f.45, {.44),
the overlap (f-37) is approximated by the following sum:

(447) (U2 (), U0 (e)) = Y (w™2(€), va"(€,0)) + O(RN/?),  where

7 %n . _qQn/2 L n §n
(4.48) (W™ (€), v2" (e, b)) = / i (877 wiet =52 /2 &) 3" (21, 0).

Each term is the overlap between the WKB state w™/?(e’) supported on g~™2£"(€’), and
the WKB state v%”(e,ﬁ) supported on E%"(e,f), both Lagrangians sitting above QE;/Q

2n
The sup-norms of these two states, governed by the principal symbols cn/ 2( "), b¢ (€,0),
are bounded by

(4.49) Jur (&)l < CTipn(€)'?, 03" (e, )]l < C T, (6,0).

Here C' > 0 is independent of all parameters, including the diameter ¢ of the partition.

The integral (f.47) takes place on the support of CZ/ *(z;€), that is (see (I40)), on a set
of volume O(J} 5(€), 5 - - €,)). 1t follows that each overlap ([.48) is bounded by

(450) [ /3(e), vi(e, )] < CTu(€) 2 T8, (€ 0 Tehpnr- 1 €h).

r n

We show below that the above estimate can be improved for almost all leaves ¢, when one
takes into account the phases in the integrals ([.48). Actually, for times n < %,
there is at most a single term /y in the sum ({.47) for which the above bound is sharp;
for all other terms ¢, the phase oscillates fast enough to make the integral negligible.
Geometrically, this phase oscillation means that the Lagrangians E%"(e, 0), g7"2Ln(€) C
L"?(€') are “far enough” from each other (see Fig. [EJ). The “distance” between two
Lagrangians above QE; p is actually measured by the height

H(LH(e,0, %) & inf [dSi(z;e,0) — dS"(w;€)]

The overlap between “distant” leaves can be estimated through a nonstationary phase
argument:

Lemma 4.5. Assume that, for some §" < §'/2 and n < L‘;Ogh' the height
H(E%"(e,ﬂ),L”/Q(e’)) > hl,;;//

Then for h small enough the overlap

(4.51) [(w™2(€), v2"(e, £))] < C BN W €)J3,(e.0).

The constant C > 0 is uniform with respect to €, € and the implicit parameters z, 2, ny, 1.
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Proof. Let us call s(z) = S2"(z;€,0) — S™/2(x:€') the phase function appearing in the
integral ([.48). Notice that the assumption on the height means that |ds(x)| > h's for
/2 i

all z. We then expand the product ¢, and keep only the first N terms:

2/2( ) b%n(x; €,0) =ap(r) + Remy(z), an(z) = Z 1 ()

From the estimates (f.42,A.4G), we control the sup-norm of the remainder:
|Remy || < CRNY/? \/J €75, (€.0).

Through the Leibniz rule we control the derivatives of ay:

lakllem < Cnm+3k \/J“ )73, (€. 0) e s E <N -1, m<2(N—k).

For each kK < N and m < 2(N — k), we have at our disposal the following nonstationary
phase estimate [[3, Section 7. 7]

’/ exp )) dx’ <Ch™ mg sup (%)

< ORI [T ()T (D).

Here we used the assumption on |ds(x)| and the fact that §” < §'/2. By takingm = N —k
for each k and summing the estimate over k, we get:

)/aﬁ(x) exp< )dx‘ < CHNY \/J J“ (e, 0).

Since ¢'/2 > §”, the remainder Remy yields a smaller contribution, which ends the proof.

O

We now show that there is at most one Lagrangian leaf E%"(e,éo) which can be very
close to L?(€'):

Lemma 4.6. Take as above 6" < §'/2, assume the diameter ¢ is much smaller than the
(A=d)|loghl

max

injectivity radius, and for h small enough take n <
1_6//

If there is some £, € {1,...,L} such that the height H(E%"(G,EO),E”/Q(G')) < h—=,
then for any ¢ # {, we must have H(/l%"(e, 0),L"?(€))

Proof. Assume ab absurdo the existence of p, € L2"(e,0,), p € L2"(e, ) and pl,p2

L"?(€'), such that the Riemannian distances d(p,, p}) < BS" and d(p,ph) <h 2" =~ . When
applying the backwards flow for times 0 < ¢ < 2, these points depart at most like

d(g " pord ') < C™ B < ORI
1—26” S C hé//475///2 .

d(g~'p,d™"py) < Ce
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Besides, on this time interval the points g~%p}, g 'p remain in the small Lagrangian piece
g7 tL™?(€') of diameter < ¢, so that d(g~*p,, g *p) < . Since € has been chosen small, this
contradicts the property that the points g~'p,, ¢g~'p must depart at a distance > D (see
the discussion at the beginning of §[.5.3). O

If there exists a leaf £, such that H(L2"(e, (,), LY2(€')) < hl_Tén, there is a point p, €
L£2"(e, £,) such that g~/ p, stays at small distance from £/279(€') for all j = 0,...,n/2—1,
and therefore satisfies 7g~7p, € Qe P This shows that the set A, contains the sequence

(€1 €s0) 1 &. The overlap corresponding to this leaf is bounded as in ({50), and we

replacing J%‘n(e,ﬁo) by J%‘n(eé’) we obtain

(4.52) [(w™/2(€), v2"(€;L,))] < CTu(€) Ji(e)2.

According to the above two Lemmas, all the remaining leaves are “far from” £"/?(¢€’), and
their contributions to (f.47) sum up to

> (W), v (e 0)) = ORI,
040,

We take N large enough (say, N§” >> 1), such that this is negligible compared with (£.57).
We finally get, whether such an /¢, exists or not:

(U2 €), U0z, )] < O T2(E) Ji(e) V2.

To finish the proof of Lemma [, there remains to integrate over the parameters 7, 7]
in (33). Since x™ (resp. x“") is supported on an interval of length A'=%" (resp.
h'=%¢*9) the overlap of Lemma finally satisfies the following bound:

—n/2 (4n) n/2 (n) —(d+1) .56n £2—25 Tu w( \1/2
(U PPy 6, (2)), UM? Py (2))] < C A0 00 2720 Ju(€') (€)' .

This is the estimate of Lemma .3, with ¢ = 24 5/A\pax. Proposition [[]] and Theorem .23
follow. O

5. SUBADDITIVITY

The aim of this section is to prove Proposition B.J. It is convenient here to use some
notions of symbolic dynamics. Starting from our partition of unity (Py)r—1. _x, we intro-
duce a symbolic space ¥ = {1,..., K}. The shift o acts on ¥ by shifting a sequence
€ = €€y . . . to the left and deleting the first symbol. For € = (¢y - - - €,), we denote [€] C 2
the subset (n-cylinder) formed of sequences starting with the symbols € ...€,. To any
normalized eigenfunction v, we can associate a probability measure pi on 3 by letting,
for any n-cylinder [e],

1 ([€) E P Py (1) - P () Unl|* = || P (—10) Py (—(n = 1)) . Py 3.

If we denote € = (€,€,_1 - - - €0), this quantity is equal to ||ﬁ€* Unll* = || P2 ¥nl|? (see (B:20)).
To ensure that this defines a probability measure on ¥, one needs to check the following
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compatibility condition

K

pr, ([eo - €n]) = Z 1y, ([€0 - - - €n€nya])

ent+1=1

for all n and all €. ..¢,. This identity is obvious from (B.4).

5.1. Invariance until the Ehrenfest time. By the Egorov theorem, if y is the weak-x
limit of the Wigner measures Wy, on T*M, then for every n and any fixed n-cylinder

[€e] € X we have i ([e]) =9, w({€}), where {€} was defined in §8.2.6 as the function
P2 (P? og')...(P?og") on T*M. This means that the measures py converge to a

€n—1 €0
measure 1 defined by 15 ([e]) & u({€}).

Since the v, are eigenfunctions, p is localized on £ and is (g*)-invariant (Prop. B1]), so
that uJ is o-invariant. For i > 0 the measures p3 are not exactly o-invariant; yet, we
show below that u¥ is almost invariant under the shift, until the Ehrenfest time Llog?|

)\max :
def (1—)|log A

As in §6.3, for small v, v > 0 we introduce the time T, 5 = TR

Proposition 5.1. For any given n, € N, any cylinder [€] = [eg€q . . . €,,] of length n, and
any n € N such that n +n, < 2T, , one has

Z 5 ([e—n .. €_1€0€1 . . . €n,]) = pr([€v€r - - - €n,]) + O(RY?).

€,—n<i<—1

The implied constant is uniform with respect to n, and n in the allowed interval. In other
words, the measure puy is almost o-invariant:

ol 1 ([e) = 1 (0" [e]) = px(e]) + O(h?).

Proof. For simplicity we prove the result for n, = 0; the argument can easily be adapted
to any n, > 0.

We use an estimate on the norm of commutators, proved in Lemma [.3. If A is an
operator on L?(M), remember that we denote A(t) = U tAU*. According to Lemma (.2,
for any smooth observables a, b supported inside £¥ = £(1/2 — v, 1/2 4+ v), one has

I[Op5(a)(t), Opp(b)(=t)]l z2(ar) = O(R7) ,
or equivalently

I[Opr(a)(2t), Opx(b)]ll 22y = O(R?),

for any time [t| < T, , 5. This result will be applied to the observables a = P, f, b= P, f,
where f is compactly supported in £ and identically 1 near £. According to Remark [l],
inserting the cutoff f after each P, only modifies pj ([e]) by an amount O(A*). In the
following, we will omit to indicate these insertions and the O(h*>) errors.
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To prove Proposition p.1], we first write
Z N%([E—nef(nfl)---eo]) = Z [Py Pe_y (1) ... P, (n) ¥n?

€,—n<i<—1 €,—n<i<—1

= Z P_,(1)P2P._ (1)]5@ pen](2) Un, ﬁ[t_Q...e_n}(2) V)
=> (P D25, o @0 P, o 1(2) ¥n)
+0<m>[ R VI &

€,—n<i<—2

= Y (BB, @un B, . (20 + O

€,—n<i<—2

We have used the identities . P, (1)> = I and Ze_n,...,e_z”ﬁ[t_g...e_n] Unll* = 1.
We repeat the procedure:

Yo (PP, @ B, (2) Y

€;,—n<i<—2

=D (P @PL PP )3 ¥ Pl (3)90)
Z P[e goen](3) Un, ﬁ[i_g...e_n](?))wh)
+O<m>[ S 1B, e Bl

€i,—n<i<—3

= Z <Pe2oﬁ[t_3e_n}(3) ’l/}hd ﬁ[t_ge_n}(g) wh) + O(h"/) :

€;,—n<i<—3
[terating this procedure n times we obtain
Z M%([E—nef(nfl) s 60]) = <P62077Z)ﬁa @Z)ﬁ) + TLO(h,y) )
e, —n<i<—1
which proves the Proposition for ny = 0, since n = O(|logh|). The proof for any fixed
ng > 0 is identical. O

5.2. Proof of Proposition B.3. For v an eigenstate of the Laplaman the entropy h, (1)
introduced in (B.I5) can be expressed in terms of the measure p}:

n(n) = = > P2 nl|* log|| Pr vn* = Z 1y ([€]) log i, ([€])

|el=n

== 2 e om e hnwh)-

In ergodic theory, the last term is called the entropy of the measure 3 with respect to the
partition of ¥ into n-cylinders. Before using the results of the previous section, we choose
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the parameters v,y appearing in Proposition p.1] such that v = v = §'/2, where ¢’ is the
> (=0)|logh]

max

small parameter in Proposition B.3. This ensures that the time 27, 5,
We then have, for any fixed n, and n such that n+n, <7, s,

(51 hara(p) < hma () + oy (0 1) = B () + i, (1) + O(R7/Y)

The first inequality is a general property of the entropy, due to the concavity of the loga-
rithm. The second equality comes from the almost invariance of u3 (Proposition p.1) and
the continuity of the function x — —xlogz.

The pressure for ¢y, (see (B.1G)) contains an additional term:

Y ui(e) log Jiy, ()

€=€Q.--€ntngp

= > meDlogJi(e)+ Y of ui(le']) log Jy. (€")

€' =¢q...€n €'=en...€ntn,
= > meDlog L)+ > pi(e]) log i (€") + O .
€' =¢€q...€n €'=¢€n...€n4n,

The first equality is due to the factorization property (B.I1]), while the second is again a
consequence of the almost invariance of p3. O

6. SOME RESULTS OF PSEUDODIFFERENTIAL CALCULUS

6.1. Pseudodifferential calculus on a manifold. In this section we present the stan-
dard Weyl quantization of observables defined on the cotangent of the compact d-dimensional
manifold M (see for instance [[(]). The manifold can be equipped with an atlas {fo, V;},
such that the V;, form an open cover of M, and for each ¢, f, is a diffeomorphism from V}

to a bounded open set W, C R?. Each f, induces a pullback f; : C°°(W,) — C>=(V,). We
denote by f,; the induced canonical map between T*V, and T*W/:

(2,) € TVy = fu(w,€) = (fu(x), (Dfelx) 7€) € T'W,,

(AT is the transposed of A) and by f; : C®(T*W,) — C*>(T*V}) the corresponding pull-
back. One then chooses a smooth partition of unity on M adapted to the charts {V,},
namely a set of functions ¢, € C2°(V;) such that ), o, =1 on M.

Any observable a € C*°(T*M) can now be split into a = Zj ag, with ay = @y a, each

term being pushed to a, = (f; 1) a, € C™(T*W,). If a belongs to a nice class of functions
(possibly depending on #), for instance the space of symbols

61)  aesm =g Y {a=ane C=(TM), 02000l < Caph ()",

then Weyl-quantization associates to each a, a pseudodifferential operator on S(R?):

(62) VueSRY,  Opl(ar)ulz) = @Tlh)d / etlen93, (‘” e h) uly) dyde .
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To pull this pseudodifferential operator back on C'*°(V}), one takes a smooth cutoff ¢, €
C>(V,) such that 9,(z) = 1 close to supp ;. The quantization of a € S™F is finally
defined as follows:

(6.3) Yu e C(M), Opyla)u=Y tyx f; oOpy(ar) o (fi ) (ve x u).
)4

The space of pseudodifferential operators image of S™* through this quantization is de-
noted by U™*(M). The quantization obviously depends on the cutoffs ¢, 1. How-
ever, this dependence only appears at second order in h, and the principal symbol map
o WmF(M) — Smk/SmE=1 g intrinsically defined. All microlocal properties of pseudo-
differential operators on R? are carried over to W™*(M). The Laplacian —h?A belongs to
U20( M), with principal symbol o(—h?A) = [€]2.

It will be useful for us to include classes of symbols more general than (6.0]). Following
/], for any 0 < e < 1/2 we introduce the symbol class

(6.4) sk = {a € C®(T"M), 050/ a| < Cqp bk elot? <€>m—lﬁ\} _

The induced functions a, will then belong to the corresponding class on T*W,, for which
we can use the results of [§. For instance, the quantization of any a € S*° leads to a
bounded operator on L?(M) (the norm being bounded uniformly in ).

6.2. Egorov theorem up to logarithmic times. We need analogous estimates to Bouzouina-
Robert’s [{] concerning the quantum-classical equivalence for long times. Our setting is
more general, since we are interested in observables on T*M for an arbitrary manifold M.

On the other hand, we will only be interested in the first order term in the Egorov theorem,
whereas [[] described the complete asymptotic development in power of A.

The evolution is given by the propagator U’ on L?*(M), which quantizes the flow g' on
T*M. We will consider smooth observables a € C°(T*M) supported in a thin neighbour-
hood of the energy layer &, say inside the energy strip £ = £(1/2 — v,1/2 + v) for some
small v > 0. This strip is invariant through the flow, so the evolved observable a; = a o ¢
will remain localized inside £”. If Ay« is the maximal expansion rate of the flow on £ (see
the definition in Thm P.7), then by homogeneity the maximal expansion rate inside £ is

V1420 hax. I we let A, def (1 + V) Amax, the successive derivatives of the flow on £ are
controlled as follows:

(6:5) VLER, Vpe &, |9 (p)ll < Cactier,
Obviously, the derivatives of the evolved observable also satisfy
(6.6) WER, Ve, [9°ap)l < Cone™.

For times of the order of |log fi|, that is, of the order of the Ehrenfest time, each derivative
is bounded by some power of i~!. More precisely, for any v € (0,1] and any & € (0,1/2),
we call T, .,  the following time:

(1 —~)|logh]

(6.7) Ton ="y
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Starting from a smooth observable a = ag, the bounds (b.6) show that the family of function
{a; =aog’ : |t| <T,,n} remains in the symbol class S7°°, with e = 52, Furthermore,
any quasi-norm is uniformly bounded within the family. To prove a Egorov estimate, we

start as usual from the identity

t
(6.8) U™ Opp(a) U" — Opylaog') = / ds U * (Diff a;_) U?,
0
(6.9) with  Diff a, % %[—hQA, Ops(a,)] — Ops({H, a}).

Since —h?A belongs to ¥20 C U230 and Opg(a;) € V.0 for times [t| < T, the
semiclassical calculus of [§, Prop. 7.7] (performed locally on each chart V;) shows that
Diffa, € V> with a = 1 —¢€ = HTV From the Calderon-Vaillancourt theorem on
Yoo [} Thm. 7.11), we extract a constant C, > 0 such that, for any small enough
h > 0 and any time |t| < T, p,
IDiff ;|| < CLh* = C b

We can finally combine the above estimate in (f.8) and use the unitarity of U* (Duhamel’s
principle) to obtain the following Egorov estimate.

Proposition 6.1. Fiz v,y € (0,1]. Let a be a smooth, h-independent observable supported
in E”. Then, there is a constant C, such that, for any time |t| <T, ., one has

(6.10) |U™* Opy(a) U — Opylao gh)|| < Cult| 7.

Let us now consider two observables a, b € C'>°(E"), evolve one in the future, the other in
the past. The calculus in S7°° (with again € = 177“’) shows that, for any time |t| < T, ., 1,
one has

[Opp(acyg’), Opy(bog™)] € S7°77.

Together with the above Egorov estimate and the Calderon-Vaillancourt theorem on W=7,
this shows the following

Lemma 6.2. Fiz v,y € (0,1]. Let a,b € C(E¥) be independent of h. Then there is a
constant C' > 0 such that, for small b and any time [t| <T, ., 1,

I[U™" Opy(a) U*, U* Opu(b) U™ < C'HY.

6.3. Cutoff in a thin energy strip. As explained in §B.2.3, we need an energy cutoff
X9 localizing in the energy strip of width ~ A¢ around &, with € € [0, 1) arbitrary close to
1. As a result, the m-th derivatives of y transversally to £ will grow like A~"¢. The symbol
classes (f.4) introduced in the previous sections do not include such functions if € > 1/2.
Yet, because the fluctuations occur close to £ and only transversally, it is possible to work
with a “second-microlocal” pseudodifferential calculus which includes such fast-varying,
anisotropic symbols. We summarize here the treatment of this problem performed in [23,
Section 4].
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6.3.1. Local behavior of the anisotropic symbols. For any € € [0,1), we introduce a class of
symbols ng;k, made of functions a = ay satisfying the following properties:
e for any family of smooth vectors fields Vi,..., V), tangent to &£, and of smooth
vector fields Wy, ..., W,,, one has in each energy strip & = £(1/2 —v,1/2+ v):
sup |[Vi... Vi, Wi ... Wy, a(p)| = O(h™F<).

peEEY
e away from &£, we have |8§‘8§a(p)| = O(h~*{g)m=18].

Notice that S™* C 5S¢ C SEFif 1> e> ¢ > 0.

To quantize this class of symbols, we cover a certain neighbourhood £” of £ by a family
of bounded open sets V;, such that for each j, V; is mapped by a canonical diffeomorphism
k; to a bounded open set W; C T*R?, with (0,0) € W;. We will denote by (z,&) the local
coordinates on V; C T*M, and (y,n) the image coordinates on W;. The canonical map r;
is chosen such that H o /-@j_l =1, + 1/2. In particular, the image of £ NV; is a piece of the
hyperplane {n; = 0}.

We consider a smooth cutoff function ¢ supported inside £, with ¢ = 1 in £*/2, and a
smooth partition of unity (¢;) such that 1 = Zj @; on U;V;, and supp ¢; € V;. For any
symbol a € ng;k, the function a(1 — ¢) is supported outside £“/2, and it belongs to the
standard class S™* of (B.1]). On the other hand, for each index j the function
i€ adpy)on;
is compactly supported inside W; C T*R¢. That function can be Weyl-quantized as in
(B-2). Although a;(y,n) can oscillate at a rate A~ along the coordinate 7, near {n; = 0},
fora,b € ng;k the product Opj} (a;) Opy (b;) is still of the form Opj(c;), where the function
¢;(y, n) is given by the Moyal product a;ib; and satisfies an asymptotic expansion in powers
of A'=¢ and h.

Mimicking the proof of the Calderon-Vaillancourt theorem in [§, Thm. 7.11], we use the
isometry (in L?(R%)) between Opy (A) and OpY’(A o Tj), where the rescaling
Tw(y,n) = (y1h' 2", y'hY2;mh's", ' hY/2) ensures that the derivatives of a;oT}, are uniformly
bounded in A. As a consequence we get the following

a 1

Proposition 6.3. There exist Ng and C' > 0 such that the following bound holds. For any
symbol a € ng;k and any j, the operator Op} (a;) acts continuously on L*(RY), and its
norm is bounded as follows:

10D} (a)|l < [lajllec +C Z 3 (e [+ [+(1=e)ar+(1+€)B1) Hﬁzj‘@fjaﬂ\m-
1<]a|+|B|<Ng

6.3.2. Global quantization of the anisotropic symbols. We now glue together the various
pieces of a € Sg;k to define its global quantization. First of all, since a(1 — ¢) belongs to
the standard class S™" of (B.1]), we can quantize it as in (.3).

Then, for each index j we select a Fourier integral operator U, : L*(n(V;)) — L*(m(W;)),
elliptic near supp ¢; x k;(supp ¢;) C V; x W;, and associated with the diffeomorphism r;
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(an explicit expression is given in §f.2.1)). Since a; describes the symbol @ in the coordinates
(y,m), it makes sense to pull Opy(a;) back to the original coordinates (z, {) using Uy,. The

quantization of the global symbol a € ng;k is then defined as follows:

def

(6.11) Ope s(a) = Opy(a(l = @) + 3 Uy, Opj(a;) U,

The Fourier integral operators (Uy,) can and will be chosen such that Opg (1) = Id +
Op2_12(h*). The operators Opg j(a) make up a space \If?’ek of pseudodifferential operators
on M. The quantization Opg ; depends on the choice of the cutoffs ®, pj, the diffeomor-
phisms «; and the associated FIOs (Uy,). It is equal to the quantization Op; for symbols
a supported outside the energy strip £¥; otherwise, it differs from Op,, by terms O(h).

¥ is invariant under conjugation by FIOs which preserve the energy layer
iR )2

The space W,
E. We will apply that property to the propagator U = e , which quantizes the flow g'.

One actually has a Egorov property
v Opg p(a) U = Opg 4(b), with b—aoge S;:O’k_l—’—e-

One is naturally lead to the definition of an A-dependent essential support of a symbol
ap € ng;k (we will only consider the finite part of the essential support, the infinite part
at |£] = oo being irrelevant for our purposes). A family of sets (V; C T*M);_o does
not intersect ess — suppay iff there exists y, € Sgio’o, with x5 > 1 on Vj, such that
Xran € Sg,:o’foo. The essential support of ay is also the wavefront set of its quantization,

WFR(Opg,h(ah))-
The above Egorov property can be iterated to all orders, showing that transports the

wavefront set of an operator A € \If;zok is transported classically:
(6.12) WE(UTAU) = g (WF,(4)).

6.4. Properties of the energy cutoffs. Take some small § > 0 and C5 > 0 as in §3.2.9.
One can easily check that the cutoffs x(™ defined in (B.§), with n < Cj|log A, all belong to
the symbol class Sg. >0 From the above results, their quantizations Op(x™) = Ope n(x™)
are continuous operators on L*(M), of norms

(6.13) IOp(x™)Il =1+ O(r"?),

with an implied constant independent of n. We want to check that these cutoffs have
little influence on an eigenstate 1y, satisfying (B.J). For this, we invoke the ellipticity of
(=h2 A —1) € U209 C \Ilz(i away from &. Using [B3, Prop. 4.1], one can adapt the standard
division lemma to show the following

Proposition 6.4. For h > 0 small enough and any n € N, 0 < n < C|logh|, there exists
A e U2 and R\ € Uz such that

Ope (1 —x™) = AV (—h2A — 1) + Ry
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As a result, for any eigenstate 1y = —h> Ay, one has

[4on = Ope (X" )ionll = O(1) (]| -

The implied constant is uniform with respect to n.

This result shows that, for i small enough, the eigenstate 15 belongs to the space H},
defined in (B.7).

We end this section by proving some properties of the cutoffs x™. The general idea is
that an eigenstate 1 is localized in an energy strip of width A, so that inserting cutoffs
x™ in expressions of the type Op(a)yy, has a negligible effect.

Lemma 6.5. The following estimates are uniform for h > 0 small enough and 0 < n <
C(s| 10g h| N

1(1 — Op(x™*™) U Op(x™)|| = O(h>),
Vk=0,...,K, [(1-0p(x™™"))U P, Op(x™)| = O(h™).
Here Py is any element of the partition of unity (B-4).
(

Proof. For the symbols x™ the essential support (which has been defined above in a rather
indirect way) coincides with the support. The first statement of the Lemma uses the
classical transport of the wavefront set (f.13), applied to Op(x™). Since ™ is invariant
through the geodesic flow, U Op(x™) U~! has the same wavefront set as Op(x™). From
the definition (B), the support of (1 — x™*Y) is at a distance > C k¢ from the support
of (™. The calculus on ng then implies that the product (1 — Op(x™*Y)) Op(x™) is in
Ve .

The second statement is a consequence of the first: the calculus on \IIO’E, which con-
tains the cutoffs Op(x™) and the multiplication operators Py, shows that Op(x™) and
Py, Op(x™) have the same wavefront set. O

We draw from this Lemma two properties which we use in the text (see (B.§) for the
definition of P).

Corollary 1. For any sequence € of length n < Cs|log A/, one has
I(1 = Op(x'™)) P Op(x )| = O(r™).
For any two sequence €, € of length n < Cjs|log h|/4, one has
I(1 = Op(x*™)) P2 U™ P. Op(x"))|| = O(h) .

REFERENCES

[1] N. Anantharaman, Entropy and the localization of eigenfunctions, to appear in Ann. Math.

[2] N. Anantharaman, S. Nonnenmacher, Entropy of semiclassical measures of the Walsh-quantized
baker’s map, to appear in Ann. H. Poincaré.

[3] M.V. Berry, Regular and irregular semiclassical wave functions, J.Phys. A 10, 2083-2091 (1977)



[4]

HALF-DELOCALIZATION 39

O. Bohigas, Random matriz theory and chaotic dynamics, in M.J. Giannoni, A. Voros and J. Zinn-
Justin eds., Chaos et physique quantique, (Ecole d’été des Houches, Session LII, 1989), North
Holland, 1991

A. Bouzouina and D. Robert: Uniform Semi-classical Estimates for the Propagation of Quantum
Observables, Duke Math. J. 111, 223-252 (2002)

Y. Colin de Verdiere, Ergodicité et fonctions propres du laplacien, Commun. Math. Phys. 102,
497-502 (1985)

Y. Colin de Verdiere, B. Parisse, Equilibre instable en régime semi-classique I : concentration
microlocale, Comm. Partial Differential Equations 19 no. 9-10, 1535-1563 (1994)

M. Dimassi, J. Sjostrand, Spectral asymptotics in the semi-classical limit, London Mathematical
Society Lecture Note Series, 268. Cambridge University Press, Cambridge, 1999.

N. Dunford and J.T. Schwartz, Linear Operators, Part I, Interscience, New York, 1958.

L.C. Evans and M. Zworski, Lectures on semiclassical analysis (version 0.2), available at
http://math.berkeley.edu/ zworski

F. Faure, S. Nonnenmacher and S. De Bievre, Scarred eigenstates for quantum cat maps of
minimal periods, Commun. Math. Phys. 239, 449-492 (2003).

F. Faure and S. Nonnenmacher, On the mazximal scarring for quantum cat map eigenstates,
Commun. Math. Phys. 245, 201-214 (2004)

L. Hérmander, The analysis of linear partial differential operators I, Springer (Heidelberg), 1983.
A. Katok and B. Hasselblatt, Introduction to the modern theory of dynamical systems, Encyclo-
pedia of Mathematics and its applications vol.54, Cambridge University Press, 1995.

D. Kelmer, Arithmetic quantum unique ergodicity for symplectic linear maps of the multidimen-
sional torus, preprint (2005) math-ph/0510079

W.P.A. Klingenberg, Riemannian manifolds with geodesic flows of Anosov type, Ann. of Math.
(2) 99, 1-13 (1974)

K. Kraus, Complementary observables and uncertainty relations, Phys. Rev. D 35, 3070-3075
(1987)

F. Ledrappier, L.-S. Young, The metric entropy of diffeomorphisms. I. Characterization of mea-
sures satisfying Pesin’s entropy formula, Ann. of Math. (2) 122 (1985), no. 3, 509-539.

E. Lindenstrauss, Invariant measures and arithmetic quantum unique ergodicity, Annals of Math.
163, 165-219 (2006)

H. Maassen and J.B.M. Uffink, Generalized entropic uncertainty relations, Phys. Rev. Lett. 60,
1103-1106 (1988)

Z. Rudnick and P. Sarnak, The behaviour of eigenstates of arithmetic hyperbolic manifolds, Com-
mun. Math. Phys. 161, 195-213 (1994)

A. Schnirelman, Ergodic properties of eigenfunctions, Usp. Math. Nauk. 29, 181-182 (1974)

J. Sjostrand and M. Zworski, Asymptotic distribution of resonances for convexr obstacles, Acta
Math. 183, 191-253 (1999)

A. Voros, Semiclassical ergodicity of quantum eigenstates in the Wigner representation, Lect.
Notes Phys. 93, 326-333 (1979) in: Stochastic Behavior in Classical and Quantum Hamiltonian
Systems, G. Casati, J. Ford, eds., Proceedings of the Volta Memorial Conference, Como, Italy,
1977, Springer, Berlin

S.A. Wolpert, The modulus of continuity for To(m)/H semi-classical limits, Commun. Math.
Phys. 216, 313-323 (2001)

S. Zelditch, Uniform distribution of the eigenfunctions on compact hyperbolic surfaces, Duke
Math. J. 55, 919-941 (1987)



40 N. ANANTHARAMAN AND S. NONNENMACHER

UNITE DE MATHEMATIQUES PURES ET APPLIQUEES, ECOLE NORMALE SUPERIEURE, 6, ALLEE
D’ITALIE, 69364 LYON CEDEX 07, FRANCE
E-mail address: nanantha@umpa.ens-lyon.fr

SERVICE DE PHYSIQUE THEORIQUE, CEA/DSM/PHT, UNITE DE RECHERCHE ASSOCIE CNRS,
CEA/SAcCLAY, 91191 GIF-SUR-YVETTE, FRANCE
E-mail address: snonnenmacherQcea.fr



