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GLOBAL WELL-POSEDNESS FOR THE KP-I EQUATION ON
THE BACKGROUND OF A NON LOCALIZED SOLUTION

L. MOLINET, J. C. SAUT, AND N. TZVETKOV

ABSTRACT. We prove that the Cauchy problem for the KP-I equation is globally
well-posed for initial data which are localized perturbations (of arbitrary size) of
a non-localized (i.e. not decaying in all directions) traveling wave solution (e.g.
the KdV line solitary wave or the Zaitsev solitary waves which are localized in z
and y periodic or conversely).

1. INTRODUCTION

We study here the initial value problem for the Kadomtsev-Petviashvili (KP-I)
equation

(1) (Ut + Ugpg + ULz ) g — Uyy = 0,
where u = u(t, z,y), (z,y) € R?, t € R, with initial data
(2) w(0,2,y) = ¢(x,y) + ve(w,y),

where 1), is the profile! of a non-localized (i.e. not decaying in all spatial directions)
traveling wave of the KP-I equation moving with speed ¢ # 0. This 1. could be for
instance the line soliton of the Korteweg- de Vries (KdV) equation

)

(3) Ye(z,y) = 3¢ COSh_2<

In () the KdV soliton is of course considered as a two dimensional (constant in %)
object. Another possibility to see (f]) as a solution of KP-I is to consider (fl) posed
on R x T. Global solutions of ([l) for data on R x T, including data close to ([
were recently constructed in a work by Ionescu-Kenig [[3]. In (), the function .
may also be the profile of the Zaitsev [Bf] traveling waves (see also [B(]) which is
localized in = and periodic in y :

— 1902 1 — B cosh(ax) cos(0y)
(4) Ye(z,y) = 12 (cosh(az) — [ cos(3y)

IThis means that 1 (z — ct, y) solves (ﬂ)
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where
(Oé,ﬁ) G]Oa OO[X] - 1? 1[’
and the propagation speed is given by

24—

1-p32°
Let us observe that the transform o — icv, 6 — 48, ¢ — ic produces solutions of ([l
which are periodic in = and localized in y. The profiles of these solutions are also

admissible in (f), under the assumption |3| > 1. Notice that for 3 = 0, () coincides
with (§).

C=«

The global well-posedness of ([)-(]) with data given by (f) which will be proved
in this paper can be viewed as a preliminary step towards the rigorous mathemat-
ical justification of the (conjectured) nonlinear instability of the KdV soliton with
respect to transversal perturbations governed by the KP-I flow. This question is,
as far as we know, still an open problem (see however [[] for a linear analysis of
the instability and [I{] for a linear instability analysis in the framework of the full
Euler system). The instability scenario of the line soliton seems to be a symmetry
breaking phenomenon : the line soliton should evolve towards the Zaitsev solitary
wave (f]). Note that Haragus and Pego [[L1]] have shown that this solution is the only
one close to the line soliton which is periodic in y and decays to zero as x — oc.

The question of solving ([[) together with the initial data (f) when v is the profile
of the KdV line soliton, has been recently addressed by Fokas and Pogrobkov (], by
the inverse scattering transform (IST) techniques. However, the Cauchy problem is
not rigorously solved in [§] and it is unlikely that it could be solved for an arbitrary
large data ¢ using IST since the Cauchy problem with purely localized data has
been solved by IST techniques only for small initial data (see [B3, BS]).

On the other hand, PDE techniques have been recently fruitfully used to obtain
the global solvability of the KP equation with arbitrary large initial data, starting
with the pioneering paper of Bourgain [d] on the KP-II equation (that is (fl) with
+uy,y instead of —uy,). In H, the global well-posedness of the KP-II equation for
data in H*(R?), s > 0 is established. The result in [{] is obtained by performing the
Picard iteration scheme to an equivalent integral equation in the Fourier transform
restriction spaces of Bourgain. The situation for the KP-I equation turned out to be
more delicate. We showed in [R7] that the Picard iteration scheme can not be applied
in the context of the KP-I equation as far as one considers initial data in Sobolev
spaces. Sobolev spaces are natural, since the conservation laws for the KP-I equation
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control Sobolev type norms. In [R3], a quite flexible method is introduced that allows
to incorporate the dispersive effects in a context of a compactness method for proving
the well-posedness. The work [P was in turn inspired by the considerations in [f]
in the context of the Nonlinear Schrodinger equation on a compact manifold which
is solved in [f] as a semi-linear problem (i.e. by the Picard iteration scheme). The
main point in [PJ] is to realize that the idea of [f] can also be used in the context of
a quasi-linear problem. The method of [RZ] turned out to be useful in the context of
the KP-I equation (and some other models such as the Schrédinger maps [[5, [9))
and the first global well-posedness result for the KP-I equation has been obtained
by the authors of the present paper in [Pg]. This result has been improved (i.e. the
space of the allowed initial data is larger) by Kenig [[7]. Together with the idea of
B, a new commutator estimate for the KP-I equation is used in [[[7]. The main
point in Kenig’s result is the proof that KP-I is locally well-posed for data in the
space
{u € L*(R?) : 9, u, € L*(R?), |D.|*u € L*(R?), s> 3/2}

All papers [{], 6] and [17] consider the KP equations in spaces of “localized” (zero
at infinity) functions.

The main goal of this paper is to prove that, for a large class of 1., the Cauchy
problem (fl), (B)) is globally well-posed for data ¢ € Z, where

Z:={u¢€ L2(R2) : 8:;2%3/ € L2(R2), Ugy € L2(R2)}'

(notice that u € Z implies u, € L*(R?) and 9, 'u, € L?(R?)). More precisely, we
have the following result.

Theorem 1. Let ¢.(z — ct,y) be a solution of the KP-I equation such that
e : R2— R

is bounded with all its derivatives®. Then for every ¢ € Z there exists a unique global
solution u of (1) with initial data (Q) satisfying for all T > 0,

[u(t,z,y) — Ye(x — ct,y)] € C([0,T]; Z), Ozlu(t,z,y) —e(x — ct,y)] € L%“L?z)/'
Furthermore, for all T > 0, the map ¢ — u is continuous from Z to C([0,T);Z)).

2

Since the KP-I equation is time reversible, a similar statement to Theorem [l| holds
for negative times as well. Let us notice that the assumptions on 1. in Theorem [I] are
clearly satisfied by the line or the Zaitsev solitary wave. In the proof of Theorem [I,
we write the solution u of ([]), (B]) as

u(t,z,y) = Ye(x — ctyy) + v(t, z,y)

2The bounds can of course depend on the propagation speed c.
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where v is localized. This v satisfies the equation

(5) (Ut + Vpge + VU + ax(wcv))x — VUyy = 0, U(07 T, y) = ¢($a y)-

Our strategy is then to adapt the proof of 2§, [[7]. Starting from the local well-
posedness result, we implement a compactness method based on “almost conserva-
tion laws”. New terms occur with respect to [R6] but they are controlled since 1)
and its derivatives are bounded. It is of importance for our analysis that equation
(B) does not contain a source term.

We refer to the work by Gallo [[] and the references therein, where non vanishing
at infinity solutions to one dimensional dispersive models are constructed.

Let us notice that the framework considered in Theorem |I| is also a convenient one
for a rigorous study of the interaction of a line and lump solitary waves (see e.g. [{]).

The rest of this paper is organized as follows. In the next section, using a compact-
ness method, we prove a basic well-posedness result for (ff). In Section 3, inspired by
the formal KP-I conservation laws, we provide bounds for some Sobolev type norms
of the local solutions. These bounds are however not sufficient to get global solu-
tions. For that reason, in Section 4 we prove a Strichartz type bound. This bound is
then used in Section 5 to get a first global well-posedness result. In Sections 6 and
7 we extend the well-posedness to the class Z introduced above. The last section is
devoted to the “usual” KP-I equation. We show how the estimates of Section 4 can
be used to give a slight improvement of the Kenig well-posedness result [[[7].

2. LOCAL WELL-POSEDNESS FOR DATA IN H® (R?), s > 2

In this section, we prove a basic local well-posedness result for ([). The proof fol-
lows a standard compactness method. We however need to work in Sobolev spaces
of integer indexes, in order to make work the commutator estimates related to the

term Oy (1)cv).

By H*(R?), s € R, we denote the classical Sobolev spaces. The local existence
result for () will be obtained in the spaces H*® | (R?) equipped with the norm

el 2= 2y = 1L+ 117D UEN+ Inl)*aic€m) ez,

where (-) = (14]- |2)% and @ denotes the Fourier transform of u. The spaces H* ;(R?)
are adapted to the specific structure of the KP type equations. In the estimates it
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will appear W™*-norms of . defined for any integer r > 0 by
[Ycllwroe = > 10279y el Lgs,
0<]al=|(e1,a2)|<r

Consider the “integrated” equation ([)

(6) Ut + Uggw — agluyy + uugy + 0y (Yu) =0,
with initial data
(7) u(0,7,y) = é(z,y).

For the solutions we study in this section, () may be substituted by (). For

conciseness we skip the ¢ of ¥, in () and we suppose that ¢ = 1 in the sequel. Of

course, the case ¢ # 1 can be treated in exactly the same manner. We have the
following local well-posedness result for ().

Proposition 1. Let s > 2 be an integer. Then for every ¢ € H*{(R?) there exists
T 2> (1+]|¢||zrs) " and a unique solution u to () on the time interval [0, T) satisfying

ue C([0,T]; H¥(R?), wue L>®([0,T]; H,(R?)).
In addition, fort € [0,T],
B Nt < Clollne) exp (el Vayulliyus, + 0l ).
Moreover if ¢ € H?(R?) where o > s is an integer then
u € C([0,T]; H(R?)).
Finally, the map ¢ — ug is continuous from H*(R?) to C([0,T]; H*(R?)).

Proof of Proposition [I. The process is very classical (see [[[J] for a closely related
result). For € > 0 we look at the regularized equation

(9) us + eA%uE = —ul,, + Q,?luzy —utul, — 0x(Yu®)
where A = 92 4 0} is the Laplace operator. Equation (f) with initial condition
pe = (1 - \/EA)71¢

can be rewritten under the form
t

(10) w(t) = L°(t)pe — / Lf(t—7)(1+ aAz)_l(uE(T)u‘;(T) + 8x(¢(T)u€(T))dT,

0
where

LE(t) := exp ( ~#(1 4+ eA2)"HOE — a;laj)) .
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Notice that, thanks to the regularization effect of (1 +eA?2)~L, for e # 0, the map
u—> (1+ e5A2)71(uum + (9x(¢u))

is locally Lipschitz from H*(R?) to H*(R?), provided s > 2. The operator L*(t) is
clearly bounded on H*(R?) and therefore by the Cauchy-Lipschitz-Picard theorem
there is a unique local solution

(11) u® € C([0,T); H*(R?))
of ([Q) with
TZ (14 [l¢ellms)™ > (1 + [l olms) ™"

Thanks to the perfect derivative structure of the integral term in ([L0), we also obtain
that

uf € C([0,T); H® | (R?)).

Notice also that, thanks to the assumption s > 2, (1 — /2A)u belongs to H*(R?).
We next study the convergence of u® as ¢ — 0. For that purpose, we establish a
priori bounds, independent® of £ on ||uf(t,-)||gs on time intervals of size of order

L+l olas)

Multiplying (f) with u?, after an integration by parts, we obtain that

d

(12) St )3 + 28w (6 32] S Iballooe a2, 12

Let us recall a classical commutator estimate (see e.g. [[d]).

Lemma 1. Let A be the Laplace operator on R™, n > 1. Denote by J° the operator
(1 — A)*/2. Then for every s > 0,

117%, Flallze@ny S NV Fllpee @y 17 gl 2 eny + 17° £l 22y 9] oo ey -

Using Lemma [ll, we obtain for fixed y,
1107, w(z, ue (2, M1z S lue(@, o | J7ulz, )| L2

where J7 = (1 — 3%)3/2. Squaring, integrating over y and integrating by parts, it
yields

(13) s e e R P B
R2 Y Ty

3Notice that the bounds on [|[u®(t, -)||ms resulting from the Cauchy-Lipschitz theorem applied to
(E) are unfortunately very poor (depending on €).
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On the other hand, by Leibniz rule and integration by parts (recall that s is an
integer), we get

(14) [ ooz

Therefore applying 9% to (f), multiplying it with 95u® gives

< W llwemsoe | T30l

d £ S £
(15) = [195F (8, ) + el0rau(t, )] €

S (It Y eoe + e oo ) 1305 8 )2 ey

Next we estimate the y derivatives. In the same way, using Lemma [ll, we obtain
that for a fixed x

(16) 1105, ue, o, )z S
S (I, Mage + g (o, Mage ) (15 o) g + 15, )z )

where J; = (1— 35)5/ 2. Squaring ([[f), integration over z and an integration by
parts yield

S I Vagullng lulFs ey

‘/]R? 0, (uuz)Oyu
On the other hand, by Leibniz rule and integration by parts,

/11&2 0, (Yu) - 0pu
Therefore applying 9, to (B) and multiplying it by Oju® gives

S I llwso< llulls e

d S S
(A7) 105t e +ellogdus (eIl €

S (It Yloe + lbllweos ) 0 () e gy

Since for s integer
[ull s & l[ull 2 + (05wl L2 + 105ull L2,

combining ([[d), (1§) and ([[7) gives

d
[ ey + 180 ) e ey |

dt
S (I 2 Yoo + 196l )l 2, ) o e
and therefore using that

e 370 2y + €l Ade o g2y < 16030 (g2
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by the Gronwall lemma for every T° > 0 on the time of existence of u®,

(18) [ nse ms (r2) < |9l ms (m2) €xP (CHV:::,yueHLlTng + CT||7,Z)HWS’°°) :

which is the key inequality. Since s > 2, using the Sobolev embedding, we get
T

(19) /0 IV yu* (7, ) |oe dm < CT([u (L, )| Lo 1o (r2) -

Using ([1§), (19) and the continuity of u¢(t) with respect to time (see ([])), we obtain
that there exists C' > 0 such that if

TS (L + (19l s z2)) ™

then
T
(20) | IVl oy < ©
and
(21) [l s 2y < Clldl| s r2y -

We next estimate the anti-derivatives of u®. Let v := 9, 'u®. Then, using ([[d), we
obtain that v* solves the equation

v(t) = L°(1)0; ' 6e — / Lot —7)(1+ 6A2)*1(%(u5(7))2 +p(T)u(7))dr .

0

Therefore, since s > 2, using the Leibniz rule and the Sobolev inequality, we get the
bound

(22) [|v°]|pgems(m2) < |’3§1¢HHS(R2)+CT”U€HL§>9HS(R2)<”U€”L39HS(R2)+Hlﬂuws»w) :

Coming back to the equation (f), we infer from (RJ) that the sequence (0;(u®))
is bounded in a weaker norm, say in L H*72905(R?). Therefore from the Aubin-
Lions compactness theorem (see e.g. [R]), we obtain that u® converges, up to a
subsequence, to some limit u in the space L? ((0,T) x R?) which satisfy (§) and

loc

T
(23) /0 IV gl )| o iy < C-

Thanks to (BJ), we obtain that (up to a subsequence) 9, 1u® converges in D’((0, T') x
R?) to a limit which can be identified as 9, 'u. By writing the nonlinearity wu, as
%(9:,3(112), passing into a limit in the equation ({) as ¢ — 0, we obtain that the
function u satisfy the equation (f]) in the distributional sense. Moreover thanks to

(BT) and (£9), we obtain that
ue L([0,T); H2, (R?)) .
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In addition, thanks to the Lebesgue theorem, ¢. converges in H®,(R?) to ¢ as
e — 0 and thus u satisfies the initial condition ([f). Next, if ¢ € H?,(R?) with
o > s, o € N, then as above, we get the estimate (§) with o instead of s which,
in view of (B), yields the propagation of the H?(R?) regularity. We next estimate
the anti-derivatives of u in H° by invoking () (with o instead of s) in the limit
e — 0. The uniqueness is straightforward from the Gronwall lemma and (PJ). The
continuity of the flow map and the fact that the solution is a continuous curve in
H*(R?) can be obtained by the Bona-Smith approximation argument [§. We do
not give the details of this construction in this section since a completely analogous
discussion will be performed later in this paper. O

Let us next state a corollary of Proposition [il

Proposition 2. Let s > 2 be an integer. Then for every ¢ € H* (R?) the local
solution constructed in Proposition [] can be extended to a mazimal existence interval
[0, T such that either T* = oo or

tl_i}r}l* va,yuHL,}ng = .
Proof. Tt suffices to iterate the result of Proposition [[] by invoking (§) at each itera-
tion step. O
It results from Proposition [l that the key quantity for the global existence in
H?(R?), s> 2is | Vayult, )| pee.
3. A PRIORI ESTIMATES USING CONSERVATION LAWS

In this section we control the growth of some quantities directly related to the
conservation laws of KP I. Recall that the solutions obtained in Proposition [l| satisfy

(24) Ut + Ugpgg + UUg + am(T/)u) - a:;luyy =0.

In [B7], it is shown that the KP-I equation has a Lax pair representation. This in
turn provides an algebraic procedure generating an infinite sequence of conservation
laws. More precisely, if u is a formal solution of the KP-I equation then

2l

where x1 = u, xo =u+ i(?;layu and for n > 3,

n—2
Xn = <Z Xk Xn—l—l—k) + OpXn—1 + i@;lay)(nfl .
k=1

For n = 3, we find the conservation of the L? norm, n = 5 corresponds to the energy
functional giving the Hamiltonian structure of the KP-I equation. As we noticed
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in [2q], there is a serious analytical obstruction to give sense of g as far as R? is
considered as a spatial domain.

Inspired by the above discussion, we define the following functionals

1 1
M) = [ wr, B =g [ g [ @tup - [ @
]RQ RQ RQ RQ

3 5 B 5 B
FYu) = §/H§2u§x+5/wu§+642(a$2uyy)2_E/Rﬂmgczuyy
5 5 5
_9 9~y )2 _/ 2 _/ 4
6/[[%2“( wty) g L e gy

5 _ ) _
e R LR I ICRh ey
R2 R2

Recall that the functionals M and E corresponds to the momentum and energy
conservations respectively while the functional F'¥ is motivated by the higher order
conservation laws for the KP-I equation associated to x7. Let us notice however that
the functional F’ w() contains two supplementary terms involving 1 with respect to
the corresponding conservation law of the KP-I equation.

and

We denote by H(R?) the intersection of all H*;(R?). The next proposition
gives bounds on the quantities M, E and FY for data in spaces where the local
well-posedness of the previous section holds.

Proposition 3. For every R > 0 there exists C > 0 such that ifu € L>=([0,T]; H> (R?))
is a solution to () corresponding to an initial data ¢ € Z N H*(R?), [|¢llz < R
then E(u(t)) and F¥(u(t)) are well-defined and ¥t € [0,T],

(25) M(u(t)) < Cexp(Ct)M(¢)
(26) [E(u(®))] < Cexp(CH|E@)] +g1(F)
(27) [FYu(t)] < Cexp(CHIF(¢)] + ga(t)

where g1, g2 : Ry — Ry are continuous bijections depending only on R.

Proof of Proposition [J. Before entering into the proof of Proposition f], we state an
anisotropic Sobolev inequality which will be used in the proof.

Lemma 2. For 2 < p < 6 there exists C > 0 such that for every u € H*(R?),
6=p p=2 1 p=2
2 — 2

(28) lull o) < Cllull Zioy T B sy 105 2l F
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Proof. We refer to [} for a proof of (R§) and for a systematic study of anisotropic
Sobolev embeddings. For a sake of completeness, here we reproduce the proof of
(Bg) given in BJ]. Inequality (RY) clearly holds for p = 2. By convexity, it suffices
thus to prove it for p = 6. Following the Gagliardo-Nirenberg proof of the Sobolev
embedding, we write

xT
u?(z,y) = 2/ uz (2, y)ulz, y)dz

—00
and therefore using the Cauchy-Schwarz inequality in the z integration, we obtain
that for a fixed y,

4 oo
swplute)l] <4( [ temis) ([
zeR — 00 —oo
Therefore by writing u® = u*u?, we get

(29 /[R WSz, ) dady 54/00 (/OO (2. y)dz) (/OO (2. y)dz) dy.

o —00 e}

e}

uz(z,y)dz) .

Next, using Fubini theorem and an integration by parts, we obtain

/_ZUQ(Z,y)dZ = 2/_2/_:u(z,w)uy(z,w)dwdz
= 2/y /OO u(z, w)uy (2, w)dzdw
- / / (2, w) 8 "y (2, w)dzduw

An application of the Cauchy-Schwarz inequality now gives
9 2 2 1, 2
sup ([ (=) < Al 10; w2
yeR oo Ty Ty
Coming back to (R9) yields

[ b a)dady < 16]uslfy 0
R2 ry Ty

which is (B§) for p = 6. This completes the proof of Lemma [ (]

3

Let us return to the proof of Proposition f. Note that since u satisfies (), one

has
ug € C([0,T); H*(R?)), VseN.
First, taking the L2—Scalar product of (ff) with u, one obtains

1 2
2dt /Rz R2 Yty = 2 /Rz Yau
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and thus
(30) lu@)llz2 < exp(Ctl[Yz L) @]l L2 -

We will use, following [B4]], an exterior regularization of () by a sequence of smooth
functions ¢° that cut the low frequencies. More precisely, let ¢® be defined via its
Fourier transform as

(31) Fem) = {

1 ife<lfé<Lande<|p <,
0 otherwise.

Note that thanks to the Lebesgue dominated convergence theorem, if u € H® | (R?),
s € R then ¢° * u converges to u in H®|(R?). Thanks to the Sobolev embedding
similar statements hold for u € LP(R?), 2 < p < oo.

Taking the convolution of (f) with ¢, one gets
(32) @ * U+ 9 * Uy + 0 * Oy (Yu + u?/2) — ¢ % 95 My, =0
Setting
ut = ¢° *u,
multiplying (B2) by

_ 1
0 g 0,207 ) — S (7 0

and integrating in R?, one obtains that

(33) %%[A&Q(u;)h/w(a;lu;)?_/ﬂ@ %} _

3 Lo e —wr)ui+ [ e o,

1
= [ s wuortug, 5 [ (o s (e )
=1+I1T+1IT+1V.

Our aim is to passe to the limit ¢ — 0. Let us first estimate I. This argument is
very typical for the present analysis and a similar situation will appear frequently in
the rest of the proof of Proposition fJ. Using equation (B3) and the Cauchy-Schwartz
inequality, we can write

1S Mg lpeee l9® * u® = (u)? [ p2re)
2

S (lellae, ey + Il o) ) 167 = 02 = ()2 | 2ee) -



KP-I ON THE BACKGROUND OF A NON LOCALIZED SOLUTION 13

Next, we write using the triangle inequality and the Sobolev inequality,

2 - U2HL2(R2) + [Ju® — (UE)2HL2(R2)

— |l pamz) + llu — w2 ([lull Lo + Ju )

% % u® — (u¥)*[lr2@e) < Il xu
l¢® *u

S 2
S e *u

2 - u2HL2(R2) + [lull g2 w2y llu — wfl 2 -

Since u € H%(R?), we can apply the Lebesgue dominated convergence theorem to
conclude that

lim ||@° * u® — (ua)zHLz(Rz) =0.
e—0

Therefore the term I tends to zero as € tends to zero.

Next, we write

1= [ g+ [ e @, - e

= [ et [ vt [ 6 e = )l

= 3 [ i g [ e+ [ ¢ e — )
and

1 = —/ (wuf)xagzuzy—/ [0 (Yu)z — (Yu),]8; 2uy,
_ / ot = [ 1 ), - (0,0
_ / w05 = [ st = [ 16 (b, — (0105

and

1 c c 1 B 5 5 €
vV = §/Rz(¢u ) (u®)? + 5/]1%2[(% * (Yu)) (¢ * u?) — (Pus)2(u®)?]

L € 1 € £ € €
= g/ﬂ@ Ve (u )3+§A2[(¢x*(¢u))(¢ *u2) — (Yu®)z(u )2]

Similarly to the analysis for I, thanks to the Lebesgue theorem, all commutator
type terms involved in I1, I11, IV tend to 0 as € — 0. Using Lemma [, we get the
bound

3/2 12 1 1.
/ [ul® < Cllul[ sl 2105wy 2 < 3 luallZe + 7105 My l172 + Clluls
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We therefore obtain that
1 1.,
B > Flluels + 7107 w2 — Cllulfa
Integrating (B3) on (0,¢) for ¢ € (0,7] gives

[E(u(t) — Eu(0))] < /0((IlwzHLoo+H¢yHLoo)(|E(u€(T))I+Hu€(7)\|i2)

t
+anelli + Wl () Yar + [ 14,

where lim._,g A.(7) = 0 for every 7 € [0,t] (A-(7) corresponds to I and the commu-
tator terms involved in I1, IT1I, IV'). Passing to the limit ¢ — 0, we infer that

[E(u®))| = [E@)] < /0<(||1/)zHLoo+||wy||L°o)(|E(U(T))I+HU(T)||6L2)

([Wazslz + ¥yl () 32 )dr
By the Gronwall lemma and (B(), it follows that
[E(u(®))] < exp(CH|E(9)] + 9(b).

where g(t) is an increasing bijection of R} which depends only on ||| 2.
We now turn to the bound on F¥(u(t)). It is worth noticing that

5 _ ) _
o) = Fu) = [ ouoruy, — 5 [ o)

where F' is the corresponding conservation law of the KP-I equation (see [R€]). The
introduction of two additional terms in F¥ is the main new idea in this paper.
Indeed, if we multiply (BJ) by the multiplier used in [R§], we obtain terms which can

not be treated as remainders (see A; and Ay below). The term

5 -2
3 o PYudy “uyy
is introduced in the definition of F¥ in order to cancel such “bad” remainders. The
second additional term in the definition of F¥ is needed for the proof of the contin-

uous dependence of the flow map on the space Z.

As in [Pq], a difficulty in the sequel comes from the fact that the variational deriv-
ative (F'¥)/(v) contains a term cdy 20y, (v* + 2¢v). Recall that the formal derivation
of the conservation laws consists in multiplying the KP-I equation with F’(u) where
u is a solution. This procedure meets a difficulty since 9,2 acts only on functions
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with zero x mean value which is not a priori the case of v? 4 21v. We overcome this
difficulty by introducing the functional F¥¢ defined by

(e = PUae0) + 3| [ 0 020,00 = [ (o« 0)0:%,(0)]
5[ 0,0~ [ o s wuw)oru, o).
(recall that u®(t) := ¢ *u(t)). We are now in position to state the following lemma.

Lemma 3. Under the assumptions of Proposition [3,

SRl = ——/ U025 i+ [ 0705, (P + 20,
3 Q,Z)u (0,2 / T,Z)ya Uy, )
(34) +G¢(u€)+/RQ(3x u‘;y)Aa(u)—i—/RQ Ke(u)

where Gy, is a continuous functional on
X ={veS® : |vllpz + 105 vyll2 + llvaallz2 + lvyllL2 < 00}
Moreover

(35) sup IAc(u®)]? — 0 and  sup A (u(t))] — 0.
te[0,7] JR2 e—0 te[0,7] JR2 e—0

Proof of Lemma [J. After a direct computation, using (B2) and the definition of F'¥>¢,
we obtain the identity

d 5 d
0 GFw = —3 5 [ e, - g [ e

/]RQ(A + B) (U py + ¢° * (utg) — 9; 10,

[ O iy + 67 ) — 974
/RQ [ufu; — % * (uuy)]0; *uy,

+/R2 A(p® % 0, (Yu)) + /]R2 B(¢® x 0x(vpu))

5
42 / W07 uS) (o * (u)y)
3 ]R2
=1+ 1T+ 1T+ IV+V+VI+VII+VIII

+

W ot

_l’_

W | Ut
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where
5 5 5} _
A= 3 9 g, + 6 O 2pe yy + u? + 3 U0, g,
and
5 5 5 5
B = 6(8;11@)2 — 6(u8)3 — 3ug, + 10u2y — §u5u§x — Z(u‘g)fm

Next one can check that (see [P, Lemma 1] for a similar computation)

II+1V+V = /R2 (0, %u5, )AL (u) + | Al(u)

R2
where
ML) = —2 % » () — w0+ 2 [ * (utz) — wu s,
and
Al(w) = [gpe * (uug) — uaui} X
< (207 — 2~ Bu + o, — i, — ()2, )
+g {gpe * (uty) — uauf/] u'ga;luz

Using the Lebesgue dominated convergence theorem, we obtain that

/ |A;(u)|2 — 0, / |1~X;(u)| — 0, te€][0,T].
R2 e—0 R2 e—0

]

Let us next compute the five other terms in the right hand-side of (B) one by one.

Vi- [ A o) = 3 [ 6 wuort,

-2 [ ) @; g

5

43 [ e 02,

= A1+ As+ A3
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3
5)

3 Jpe
5 2. €
—5 | (07 7ug,)

R2

vy

r=—3 % L) = 5 [ (008 ww)u
V(02 i

5

3 /RM () — (Yu) )0y 2,

= C1+ 0+ 0340y
with
: 5
Cy = § /11&2(8;282(‘06 * (wu))ugx _ g /]R2 (3;285906 % (wu))a 1uzy
5
/RQ(agzazgpf s (1hu)) (¢ * (uug)) + 3 /R2(a;285906 % (b)) (¢F * By (ur))
5

= 5/ (aggpe * (Yu))ul, — Ay — A+ 0
]RQ

+

W | ot

As mentioned before, here is the crucial cancellation, thanks to the first additional
term in F¥. Next

5 [0 s = 3 [ o +§ [ 356 ) = 330
= / T;Z)m / (¢yyu +¢yu)

+2 /R [ () — B2

Therefore,
5 £, €
VI+Cr = - T,Z)yyuu + ¢y

6 J ¥

5 2

+3 /R 2 R~
+2 [ [ — B (wu)|u

3 R2
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On the other hand,

G, = /¢8 Uy U3 — 5 /1/’3

wo [ v, (v« (@) +W>)
6 R2
= C9 + Coa + Co3

First,
o -2, €
Coo = = V(0 “u
6 Jr2
Next,
5 -1 5 2, €
Cor = —5 w(ax 1/%5 Uy xx
3 R2
5)
:5/ Uy, uf, + /q/)zﬁlue /1/)1(92u€ U,
= o [ =5 [ i
6 R2 v Y 3 R2 Nz
—g/me(aluEu——/ wggagu /wy
_ 15 € 8_ € a— € €
- E RQ%(%) _6 R2¢£BZB£B( T uy) _g R2¢5B( z Uyy
_§ €,,€ _§ £\2 §/ -1,
3 Jo Yy Uy Uy G/RQ Vayy (u)” + 3 Jeo Vaay(0; u
Since ¥y = —1)y,

5
Cy = 3 Pous (0 *us,)
R2
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Now

S gy = 5 [ gy
R2 w(a'r uy) - 6 Jpe wt(am uy)

6 dt
+2 /R GRS
43 [ 0O )+ ()
+3 [ 00« (v,

) _ _
-5 [ vort)er,)
= Dy +Dy+ D3+ Dy+ Ds

Since 1y = —1), and X — L*(R?), by involving two commutators, we infer that

Dy + D3+ Dy =G (u) + K?(U)
R2

where (G1 is a continuous functional on X and

/|7x§(u) — 0, tel0,T).
R2 0

E—>

On the other hand,
D2 = ——/ ¢:B 8_1 6 — ¢Uy zy

)
= 3 | a0 g+ /wm R R,

15 15 — 15
= E - ’l/}x(uy) - 6 /RQ Ing(ax 1uy)

and
Dy = §/ Wy (97 1) (9, 2us )—|—§/ Y0 s, ) (9,2us,)
3 Jgo  vr e ey Ty L P e Byl Ty

) -1 —92 5 -2 2
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Note that the last term above canceled with Cos. Summarizing, we infer that
I+IT+VI = ——/ Ve (07 %us, Ju / (0, u, ) (1) + 29uf),
w3 [ o0 + 5 [ v @:,)
3 R2
/ 0y (05 5) (07%45,) + G ()
+ [ unw + [ R
R2

RQ

where (G5 is a continuous functional on X and

|AZ(u)| —>o /|A3 t € [0,T).
R2

Since clearly
VIII = Gs(uf) + / A (uw),
R2

where (g3 is a continuous functional on X and

/|K§<u>|—»o, te0,7],
R2 e—0

it remains to estimate VII. We notice that

5 1 e\2s e 5 e\3( ¢
VII = —¢ /RQ(@C tug)? (5 * (Yu)) — 6 /R2 () (¢ * ()

- / Ul (95 * (Yu) — 10 / uy (7 * (Yu)y)

3 [ e ) - § [ 02 « ()

We now observe that we can write

VII=Gy(u®) + [ Aiw),
R2

where G4 is continuous on X and and

[ Rl — 0 te .l
R2 e—0
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For example,
-9 /Rz uix(@; * (wu)) = -3 /]R? “im(%ua + T,Z)u;i)
-3 /RQ [p° * (Pu)e — (Pu®)s]ug,
RQ
_3/ 0% * (Yu)e — (Yu”)a]u,

= g sl [ w3 [ v,
_3 /R 67 (u)e — (u)sus,

All other terms in the representation of VII can be treated similarly. This achieves
the proof of Lemma f§. O

Now, since

§ s 2o

there exists a constant C' > 0 such that for € small enough,

5 oe
(lullze + lulZ21917) + 75195 *ugy 172,

(37) FUe(u(t) > o107, (03 — C, Vi € 0,7).

We thus deduce from Lemma | and (B7) that
d

T F®) S [l [F¥(u(t))] + Ry (u®) + Ac(t)

where Ry is continuous on X and |A¢|; — 0 as € — 0 uniformly for ¢ € [0,7]. Here

we used that thanks to Lemma [,

_ _ 1/4 1/2
10, || o S 1105 S 06" s 1551105 2

(38)

1/4
Uyl 2

and
1/4 1/2” H1/4

[

luzlize S lluz 2

and thus,
2 (0 2ug) | S Wl lu®l| o llug |l 210 2wy Il 2

S IFYE(u)| + Ry (uf)

J.
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and in the same way

/.

YO up)utug| S e llut | pa g | pall O gl o g s

S IFYE ()] + Ry (u)
Hence,
(39) [FYE(u(t)] S exp(CHIFY(¢)] + exp(Ct).
Letting ¢ tends to 0, F¥¢(¢) — F¥(¢) < oo and thus

sup  F¥¢(u(t)) < 1.
t€[0,7],e>0

;From (B7), one infers
sup |7 * 8;2uyy(t) <1
te[0,7],e>0 2

and thus

0y 2uy, € L°°(0,T; L*(R?)) ,
by the Lebesgue theorem. It is then easy to check that

FP(u(t)) — F¥(u(t)), t€[0,T).
e—

and thus (27) follows from (B9). This completes the proof of Proposition fj. O

It follows from (B7) and the Lebesgue theorem that, for u € C([0,T]; H> (R?)),
9, 2ug,, tends to d; uy, in L([0,T]; L?(R?)). Therefore we can pass to the limit in
¢ in Lemma [ which leads to the next Proposition.

Proposition 4. Let u € C([0,T); H* (R?)) then
(40) lu®)llz < g(t)

where g is an increasing continuous one to one mapping of Ry only depending on
||u(0)||z. Moreover,

FP(u(t)) = F¥(u(0)) =

t
/0 , T/Jx(am_Quyy)um

R
! -2 2
v [ vertu)(w? + 20,
0 JR2
t

_l’_

)
| Lvwortun) +3 [ oo,

(a1) | Lo wesu + [ Gutw.

+
Wl ot WUt O] Ut WL
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where Gw is continuous on X.

4. DISPERSIVE ESTIMATES

Let us first extend some linear dispersive estimates established in [2§] for anti-
derivatives in z of the free group of KP. A similar argument was used in RJ]. Let

U(t) := exp(—t(02 — 3*135))

xT

be the unitary group on H*(R?) defining the free KP-I evolution. Let D, be the
Fourier multiplier with symbol |£|. Then we have the following Strichartz inequality
for the free KP-I evolution.

Lemma 4. Let T > 0. Then for every 0 < e < 1/2, we have the estimates

_ed(r)
(42) 1Dz > UM)¢lrary, S 9l
and
t _gd(r)
(13 |[ o ve-trrwiar| 1Py,
0 LLrr Ty
T xy

provided r € [2,00], and

with

Proof. Since U(t) and D, commute, using the Minkowski inequality, we obtain that

(E3) follows from ({). Let us now turn to the proof of (f2). For r = 2, (E2) follows
from the unitarity of U(t) on L?(R?). It suffices thus to prove it for r = oo Let us
set

G(z,y,t) == / et @Etyn) (it(€2—n?/€) d¢ dn.
RQ

Then
U(t)¢ = G(? K t) * ¢7

where * denotes the convolution with respect to the spatial variables x and y. Inte-

grating a gaussian integral with respect to 1 (see [R§]), we get for 0 < e < 1/2,

o
ID;° G(x,y, ) reg, S 1t~ sup ‘/ |2 €+ ge| |
r€R 0

xy N

Next using the Van der Corput lemma as in [R(], we infer that
IDz*G (2, y. ez S It7HH/?

Ty N
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and thus
(44) 1D U (t) bllres, S 6721 s,

zy N

which is the key dispersive inequality. Let us now perform the duality argument
which provides ([i2)) for 7 = co as a consequence of the dispersive inequality ([i4).
We first fix the g corresponding to r = oo, i.e.

2

2_ | €

q 3
Set

A:=D;PU(t).

Our goal is to show that A is bounded from Liy to LLg;. Denote by A* the
operator formally adjoint to A. Then

T
AAX(f) = /0 DUt —t)f(t)dt .

Using the dispersive estimate (f4) and the Hardy-Littlewood inequality in time, we
infer that

(45) HAA (P ez, S WMy s -

where ¢ is the conjugate of ¢, i.e.

q q

Recall that L7} can be seen as the dual space of L}Cy. It is not true that L%L;y can

be seen as the dual of LqTng but however, it is easy to see that for ¢ < co, we can
write

(46) IAfll e = sup [(Af, g)|
lgll o), <1
Ty

where (-,-) denotes the L%Lgy inner product. Let us next write by the Cauchy-
Schwarz inequality

(47) AL @) = (7 A%9)] < [1Fl1iz, | A%l 2,

where (+,) denotes the Liy inner product. Next, using (), we obtain

14%glzs, = (A*g, A%g) = (AA*(g), g) < 1AA (9 g e 9l gy < Clgl?

LyLL,
Coming back to (#6) and (E7) ends the proof of (§2) for » = co. This completes the
proof of Lemma J. O
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We next state the crucial dispersive estimate.
Proposition 5. Let v € C([0,T]; H*(R?)) be a solution of
(48) Vit + Vpgg — levyy = F,
Then for every € > 0 there exists Ce such that
1/2 1/2
(49) [0llpypes < Ce(1+ T)||J3/** Vllrge 1z, + Ce|l 7/ +6FHL1TL§_U

Proof. We consider a Littlewood-Paley decomposition in the z-variable

o= 3w

A —dyadic

where vy := Ajv and the Fourier multipliers Ay are defined as follows:

o~ _ [ e} otem), A=2Fk>1,
Aav(t:6m) = { x(g)@(t,&n), A=1,

where the nonnegative functions x € C§°(R) and ¢ € C5°(R*) are defined as in [RZ.
For A > 2 fixed we write a natural splitting

[0, 7] :UIJ

where I; = [aj, b;] are with disjoint interiors and |I;] < A~1. Clearly, we can suppose
that the number of the intervals I; is bounded by C(1 + T)A. Using the Holder
inequality in time, we can write

_1_¢
||U>\HL1TLgoy S Z ‘|U)\||L}ng<§ SAT2TE Z ||U>\HL§;{L;<5 )
j j

where 1/g. = 1/2 — /6. Next, we apply the Duhamel formula in each I; to obtain
on Ij,

t
ux(t) = D;2U(t — a;) D/ vy (aj) — / DU (t — t")[A\DEO, F)(t') dt’
aj
Using the Strichartz estimates established in Lemma i, it yields
loallg s S 1D %0a(@))llz2 + [ANDE“Fllpy 1o .
J J
Therefore

HUAHL}ng@ S )‘_1/2+6/3”UA(GJ)”L2 + )\1/2+56/6HA>\FHL}ngy

~
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and summing over j,

(50) oallzgrgy S A2 Noallgerz, + A2 UANE Iy 1,
J
<AL T a2, + NP AF 1y 12

Moreover, again by Duhamel formula and Strichartz estimates

(51) 1Al gy e S (0 + D) (1A10O) |22, + 1A F Ly 12))

Hence, by Minkowski and Bernstein inequalities and (0)-(F1), for any
0<aexl,

we get

HUHLlTng; S Z”UAHLlTL;oy
A

S Awlpy e + > AT A oAl pes
A>2

[e%
[ArollLy pee + i‘ég)\ loallLere

AN

~

< A DI | gy TR
This completes the proof of Proposition . O

5. A FIRST GLOBAL EXISTENCE RESULT

In this section, we use the dispersive estimates of the previous section and the a
priori bounds of Section 3 to show that the local solutions with H°(R?) N Z data,
obtained in Section 2 are in fact global in time.

Proposition 6. Let ¢ € H>(R?)NZ. Then there exists a unique global solution u
of [8) with initial data ¢, such that

we C(Ry; HS (RD) N LSR5 Z), s € C(Ry; H(R2)).

Proof. From the local theory of Proposition [] and Proposition f to prove that the
local solution u can be extended on R, it suffices to show that ||V, u(t)||r can
not go to infinity in finite time. From the propagation of regularity obtained in
Proposition [l and Proposition [, we deduce that u is bounded in Z as long as it ex-
ists. Unfortunately ||V yu| /L~ is not controlled by ||u| 7z for an arbitrary function
u. But thanks to the key Proposition [§ will be able to control ||V, ,ul|~ whenever
u is a solution of (). This is the crucial dispersive effect in our analysis.
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According to [[[d] and (|2}, Theorem A.12), we have the following generalizations
of the Leibniz rule.

Lemma 5. Let 1 < p < oco. Then for s >0,
15 (flrwny S N2 Fllo@myllgll Loe ®ny + 11 £l Loo @) |7 9l oo (m)
and for 0 < s <1,
1T (f ey S N7 fllLe@ylglle®y + 1l oo ) 1779l o (r)
Proposition [ yields the following estimates on smooth solutions to (4).

Lemma 6. For every 0 < & << 1 there exists C- such that if u € C([0,T]; H> (R?))
is a solution to ([§) then

3 3
5te 5+e

(52) luall oy oy S Co(1+T+ ull gy + T2 Wllaoe + [19l0) )12 e 2,

and
byl s, S Co(U+ D2 Pyl e,
+ O (172 54 e + Iyl 192 ull e 2,
(53) O (192l e + 1l 192ty e,

l.c
+ Ce(lull Ly g, + 122 ull g oo )18 uyllpge rz, -
Proof. We have that u, satisfies (I§) with
F = 0, (Yu +u?/2).

Estimate (b9) follows from ([[J) and Lemma [J applied in the z variable. More
precisely, for a fixed t,y, we have that

1. 1, 34 34
17270 (u)ll 2 = 1727 (Yors + V)l g2 S (18l + 192 bl 1J2 ™ ull e

1 3
where we use that ||.J7 +87/1”Lg;° S Yl pee +IJ2 +EwHLgo (see Lemma [] below). Taking

the LlTLfl norm of the last inequality gives
1y 3 3
19270 ()l gy 12, S T(I1E llee + [@llzee) 192 ull oo 13, -
Further, for a fixed t,y, Lemma  yields

lie 31e
1727 00 (w®/2) 22 S Nullzge 192l 22
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. 1 2 .
Taking the L7 L; norm gives

lye 34c
19270 (u® /2 1,2, S Null g pos 17 ullpgere, -

This proves that (5) follows from (). We next estimate u,. Notice that u,, satisfies

(£g) with
F = 0,(u +u?/2).
Using Lemma [}, we obtain

122420, (b +u?/2) gy g2, = 192/ 24E (g + dhuy + wuy) |y g2
< (2l + Iyl ) 172 ull ez,
(12 Wl + 0l 192y e,
llull gy o 192wy llige 2, + 172 ¥l oy pos gl e,
which implies (5J). This completes the proof of Lemma [g. (]

1
In order to control ||J2 JrEuH Ll.Lg We will need the following lemma.
zy

Lemma 7. For every 0 < s <1 there exists C' such that for every u € L3y satisfying
Uy € L;‘Z’/ one has the estimate

1 7ull e, < Clllullgs, + lluallss) -

Ty —
Proof. Consider a Littlewood-Paley decomposition with respect to the x variable
u = Z A)\ u.
A—dyadic

We have that J;A; is bounded on LZ7. Moreover one can directly check that there
exists C' > 0 such that for every A > 2,

MAxullrg < Cllugl|zgs, -
Therefore using the triangle inequality and the Bernstein inequality, we obtain that

[ Jsullzes < I15Avullnes + D T3 ANul Lo

A>2
S ulloe + D MlAul e
A>2
S lullog + >0 A g
A>2

S lullgg + luellrg, -
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This completes the proof of Lemma [f. O

Let us now return to the proof of Proposition [§. Noticing that ||u| = is controlled
by |lullz, using (F3) with ¢ = 1/2 and Proposition [, we obtain the existence of an
increasing continuous function* g; from R, to R, such that

(54) letallzy s, < 1(T)

as long as u(t) exists. Notice that, thanks to Lemma [j, estimate (54) also provides
a bound for

[ J7ull e, 0 <s<1.

Next, using ([[3) and ([[4) and the Gronwall lemma, we obtain that for every integer
s

(55) 103u(t, Mzz < 1036] 2 exp (tall 2 1gs, + Elllwe)

Therefore using Proposition | to bound |u(t,-)|| 2 we obtain that there exists an
increasing continuous function gs from R, to R, such that

(56) 1Tz, iz, < g2(t)
as long as u(t) exists. Noticing that
112 uy e = lluyllzz, + \||£|1/2+577ﬂ(£,77)\|%§n
= gl + I/ € a2,
4 -2
< luylliz, + 12l 2, 105 gy 12,

we deduce from (B4), (), (F4), Lemma [ and Proposition [] that there exists an
increasing continuous function gs from R+ to R such that

luyllpy e < 93(t)

Therefore ||V yull LL.Le, can not go to infinity in finite time 7'. Thanks to the well-

posedness Proposition [l| we deduce that u can be extended on the whole real axis
which completes the proof of Proposition fi. O

4The important point is that this function does not go to infinity in finite time.
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6. WELL-POSEDNESS IN H?9(R?)

The next two sections are devoted to the global well-posedness of (E) in Z, i.e.
we remove the condition ¢ € H°(R?) of Proposition . A considerable part of
the analysis will be devoted to the continuous dependence with respect to time and
the initial data. For s € R, we denote by H*°(R?) the anisotropic Sobolev spaces
equipped with the norm

ull o m2y = [T ull L2 (r2)

For an integer s > 0 an equivalent norm in H*°(R?) is given by
lullL2®2) + [|0zull L2 ®2) -

We have the following well-posedness result.

Proposition 7. Let ¢ € H**(R?). Then there erxists a unique positive T depending
only on ||¢|| 2.0 and a unique solution u of () with initial data ¢ on the time interval
[0,T] satisfying

(57) we C(0,T); H*(R?)), wu, € LYL.
Furthermore, the map ¢ — ug is continuous from H*?(R?) to C([0,T]; H*°(R?)).
6.1. Uniqueness. The uniqueness follows from the next lemma.

Lemma 8. Let u,v be two solutions of ({J) in the class defined by (7). Then
lu = vllzgerz, < exp(Clluallzy g, + Cllvell oy rgg, + CTIallz ) [14(0) = 0(0)l1 13, -
Proof. We set

Further we define

ut =" xu, VT =gt xu, W=t rw,

where ¢° is defined by (B])). Then w* solves the equation
1
Wi 4 Wiy, — O, W, + 5836 (w (u+v)) + On(Yw)—

— 3x((%(u+v) + P)w®) + @, * ((%(u—i—v) + )w) =0

Taking the L? scalar product of the last equation with w® gives

1d €112 _ 52_1 £\2
sl e = = [ vy -3 [ vaw)

45 [ (Baltw ot 2000) = 5 -+ v+ 20)0]
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Thus, by Gronwall Lemma,
I 2, S exp(Cllualipy pgy + Cllvallzy pgy + CTlew e ) [l (0) 12

*|

Oul(u+ v+ 20)w] = 5 * [(w+ v + 20 )|

&
LlTL%wa HLgSLgy

Passing to the limit in € — 0, it follows from Lebesgue theorem and the assumptions
on u and v that the commutator term in the right-hand side of the last inequality
tends to 0. Thus

(58)  lwl3zrs, S exp(Cllueliyiay + Clivall oy o + CTlbwlio )l (0) 3,

which completes the proof of Lemma §. O

6.2. Existence. Let ¢ € H?9(R?). We set

P =" % @,

where ¢ are defined by (BI)). It is clear that ¢. € H> N Z and that ¢. — ¢ in
H*P(R?). By Proposition [], the emanating solution . is global in time and belongs
to C'(R4; H>). We will show that there exists T' = T'(||¢]| y2.0) > 0 such that the
sequence {J,u.} is bounded on L%FL?Z’/. On the level of H%? regularity we do not
control the LZ7 norm. Using a Littlewood-Paley decomposition in the z variable
and Lemma [, we can however write

uellpirse < AU L1 poe + ) Nullzs poo
T zy T xy T zy
A>2

S Avuelpy e + Z A 0su, Lt zes
A>2

S [7-NUR PR R

Next, as in (b)), Duhamel formula and Strichartz estimates of Proposition [ yield
for0<T <1,

[Avuellprrge S I0:lc2, + [0ntell iy pgs luellzgerz, + 19l Loelucll e 2, -
T Y Y T Y T Y T Y

Therefore, thanks to the L? control (R§) of Proposition [J we obtained that there
exists a constant C' depending on bounds on ¢ and its derivatives in L but inde-
pendent of ¢ such that for 0 < T <1,

ltellpy ree S ellrz, + 1+ l¢ellz MOpuellny o -
T zy Yy Y T xy
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Using ([(3) and ([[4) with s = 2 we obtain that there exists a constant C' depending
on bounds on ¥ and its derivatives in L°*° but independent of ¢ such that

d
(59) C0Ruc(t, )3 < C(Iwuet, e + C) 1Tt ) e,
and therefore thanks to the L? bound on u. provided by Proposition f| and the
Gronwall lemma, we obtain that
120312, S 1720213, exp(Cllosuellyy o +CT)
Let us set
F(T) = lluellpy g + 10zt p1 1o -
We deduce from the last estimates and (F2) that for 0 < T < 1,
(60) F(T) S (1+ 6llz, ) 0ucll s 1 + 16z,
S 126z, (1 + 16122, ) exp(CH(T))

We notice that for o > 0 small enough the continuous map

g9 yr—y—aexp(Cy)
satisfies g(0) < 0 and that g(yo) = 0 for some 0 < yp < 1. Since

T — f(T)

is continuous and satisfies f(0) = 0 and (6(), we deduce that for

17262l152, (1 + 16l z2,)

small enough, 0 < f(T) < 1 for all T € [0,1]. Therefore, if ||J2¢||;2 < 1 then for
0<T<1,

(61) letell oy e+ 100tellps o < 1.

We next use a scaling argument to show that a bound of type (F1]) holds for || J2¢|| 2
of an arbitrary size. Notice that u(¢,x,y) is a solution of

(Ut + Ugge + Uty + Op(YU))z — Uyy = 0
with ¢(z,y) as initial data if and only if for every (§ € R,
ug(t, z,y) == B*u(Bt, Bz, B%y)
is a solution to
(Orug + O3ug + ug Oyug + 0y (Vgug))s — doug = 0,

with initial data

op(x,y) = 82¢(Bz, B%y)
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and
Vst e,y) = B2(Br — 5%, B%)
instead of ¢(x — t,y). One can check that for 0 < 8 <1,
1726552, S BY21T20 1,
and for s € N,
1T5¢slless, < B2 T30l s, -
Let us set
Ue,a(t ,y) = Pu (6%, B, 5%y) .

In view of the above discussion for
B (Ut [ 20el2,) 2 — (L 2012,

one has the bound

1
[ )1, + 00, e < 1
which leads to
63
| 10e0lazg + 10,005 e < 1/6°
0
We thus obtain for T' ~ (1 + HJgngL%y)*(i and e small enough,

(62) el oy, os + 10ntell s roe < (1+ 19760 12,)°

33

which is the substitute of (B1]) in the case of an arbitrary initial data. Therefore we
deduce that {uc} is bounded in LP H*(R?) and {d,u.} is bounded in LLL35. Tt

then follows from Lemma {§ that
e — uerl|perz, — 0
as €,/ — 0. Hence, there exists

u € O([0,T); LA(R?)) N Cy([0, T]; HO(R?))

with u, € L%FL?;/ such that u. converges to u in C([0,T]; L2(R?)). It is clear that u

satisfies ([]) at least in a weak (distributional for instance) sense.
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6.3. Continuity with respect to time. Now the continuity of u with values in
H?%(R?) as well as the continuity of the flow-map in H*%(R?) will follow from the
Bona-Smith argument. Note that here we are not in the classical situation since u
does not belong to L>(0,T; H**(R?)). Let u be a fixed solution of (f]) with initial
data ¢ € H*O(R?). Recall that u. is the solution to () with ¢. = ¢° * ¢ as initial
data. We will show that {u.} is a in fact a Cauchy sequence in C([0, T]; H*?(R?))
which will prove that u € C([0,T]; H*°(R?)) . First by straightforward calculations
in Fourier space, one can show that for ¢ € H>%(R?), 0 <e < 1 and r > 0,

(63) ”(pe * ¢HH2+T70(R2) S 57T|’¢HH2,0(R2)
and
(64) " * & — Bllma-ro(ea) < o(") |0l 2o r2)

ase — 0. For 0 < ey <e1 <1, we set
W= Ugy — Uey -
It follows from the estimates of the previous subsection applied to u., and u., that
p 1 2
lwllpy pee + l[wallpyree < €
and that for any s € N, s > 2,
[ Tuellzgerz, S 1 T7ue(0)ll 2, S e?

The issue is to show that ||J2w|| Lger2, is not only bounded but that it tends to zero
as €1 tends to zero. Using Lemma E, we obtain that for 0 < T <1

(65) [wllzeerz, S w02, S o(eF) -
Next, we observe that w solves the equation
(66) Wt + Wypy — a;lwyy + a$(¢’ll}) — WWg + u818$w + waﬂ:uel =0.

Note that since €2 < €1, we privilege us, to u., when writing the equation (Bg). We
next apply 92 to (66) and multiply it with 2w. Using ([3) and ([4) and Gronwall
lemma, we obtain that

(67) T30z S exp(CllOute, oy 1 + ClOuwl 1y 155, + CTI wos )

|

T2 (N2 + lwall2y g 1720 e 2, + 012y poc 1730, e ]
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On the other hand, according to (66), (#9), (F§), Lemma 7 and (63) applied to u,,
and u., , one infers that for 0 <7 <1,

lollzyrgy S (14 ey + eyl oo + Tl lwroe )12 wl o,

T+
(14103 (e, + )l a5 ) Il 2,

3

(63) < e

where in the last step we used that, by (b5) and interpolation argument, for
O0<a<?

one has the bound

(69) Igwlprs, S I2wl3e s el <<t

Observing that w, solves the equation
1
(0 + 03 — 0,1 92wy + D2 (Yw) + iag%(w(ug1 + ue,)) =0,
another use of ({9) with (69) and (F§) in hands yields

heeliyie, S (1 ey + ueyllig o + Tl 1Y/ 0] e 2,

34
H1J2 T (e, + ey o2 wll £y ree

T “xy
13
S el tef
1
(70) S et

Since, according to (p3J), HJquHL%oL%y < g7t we deduce from (F7) and (fQ) that
for 0 <T <1,

120l 12, S (17262 — 622)lz2, + 0]
which proves that {u.} is a Cauchy sequence in C([0,T]; H*°(R?)).
6.4. Continuity of the flow map. Let {¢,} C H*°(R?) be such that

on — @

in H>9(R?). We want to prove that the emanating solution u™ tends to u in
C([0,T); H*>Y). By the triangle inequality,

lu — u"”L;?H?»O < - Ue||L39H2»0 + [Jue = U?HL%OHZO + [Juf — UHHL%OHZO
Using the argument of the previous subsection, we can obtain the bound

(71) [u = vellpge 2o S [[u(0) — uc(0) || 20 + (1) = o(1),
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where o(1) — 0 as ¢ — 0. In the bound for u — u. we privilege u. to u exactly as
we privileged u., to ue, in the previous subsection. Next, privileging u! to w,, and
using that u”(0) converges to u™(0) as € — 0, uniformly in n, we infer the bound

(72) lug = u"l[Lge 20 S flug (0) — u™(0)][g20 + o(1) = o(1),
where o(1) — 0 as € — 0. Finally, no matter which of the solutions is privileged, we
get the bound
Jue —uZ|lzeem20 S |lue(0) — uZ (0)|| g2 + o(1)
(73) = e * (u(0) = w™(0)) [ g20 + o(1)
S ¢ = énllgzo +o(1)
where again o(1) — 0 as ¢ — 0. Collecting ([71), (72) and (7J) ends the proof of the

continuity of the flow map. Thus the proof of Proposition [f is now completed.

7. END OF THE PROOF OF THEOREM [[] : CONTINUOUS DEPENDENCE IN Z

In this section, we complete the proof of Theorem [ll. The existence and uniqueness
are obtained as in Proposition [{. Indeed, let us notice that Z — H?" and thus
thanks to Proposition [], the approximated solutions wu. satisfy

lus(t)llz < g(t)
which ensures that ||u|| 2.0 can not go to infinity in finite time. According to Propo-
sition [] , this implies that the solution u is global in time and satisfies

uwe L®(0,T;2), uz € L'(0,T;Ly), VT >0

It remains to prove the continuity of ¢ — w(¢) with values in Z and the continuity of
the flow-map. By Bona-Smith type arguments as in the preceding section, one can
see that ¢t — u(t) as well as the flow-map is continuous with values in X where

X ={ve s [vllazo + 1107 uyllr2 + luyllr2 < 0o}

It remains to prove the continuity of ¢t — 9, 2u,, with values in L?(R?). This
continuity property is more delicate since we can not apply 9,2 to the equation
satisfied by the approximate solution. Thus a different argument is needed. Recall
that . .
-2 2 2 -2
P =5 [ 10sunl = 3 [ 0+ 200020, + 0

where r is continuous on X.

We start by proving that ¢ — F¥(u(t)) is continuous on [0, 7]. As in the preceding
subsection we denote by u, the solution emanating from ¢. = ¢ x ¢. First it is easy
to prove that for any v € L?(R?) and any a > 0 fixed, the sequence of functions
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t— (0,

xT

Cu ([0,

ug, (t), Pa * v) 2 is equi-continuous on [0,7] and thus 9, 2ug, — 0 2uy, in

7L2(R2)) Hence, for any ¢ € [0, 7]

/ (0 (02020 (0= [ 00002 (0)

/\3 Uyy ( \2<hm1nf/ 10,2

Thus passing in the limit in ¢ in (f]), we obtain
FY(u(t)) < lim iglf FY(us(t))
E—

=m0 =3 [[ velo u) ves
// V(0 2uyy) ((w)? + 2¢u),

+§/ u( 8 Uyy) + / (Yu)pu(0; uyy)

R2
//wyauyauyy /G

Taking wu(t) as initial data and reversing time, we get the reverse inequality and thus

2
vy
]

1) ) = 0 =3 [ 00, s

+g/0t/R2¢(8;2uyy) (w)? + 2¢u)s / / Pu(d; )
2 [ [ e + 3 [ o w)o: ) + [ 6w

It follows that t — F¥(u(t)) is continuous on [0, T]. Now, since 9 2u,, € C, ([0, T]; L*(R?)),

t— / u?9; 2u,, € C([0,T])
R2
and thus the continuity of ¢ — F¥(u(t)) forces t — [po[0; 2uyyl* to belong to
C([0,77). It follows that
t = 8, %uy, € C(10,T]; L*(R?)))

which proves that u(t) describes a continuous curve in Z.
Now, let {¢,} C Z such that ¢, — ¢ in Z. Since F?¥ is continuous on Z,
FY(¢,) — F¥(¢). Moreover, using that the emanating solutions u,, converges to u
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in C([0,T]; X) and that 0, *uy, converges to 9, %uy, in Cy([0,T]; L?(R?)), we infer
from (f4) that

FY(u"(t) = F¥(¢n) — F*(u(t)) = F*(¢), Vte€[0,T]

This convergence clearly forces

[0 = [ 10 w0, vee o.1)
R2 R2

which permits to conclude that v — w in C([0,T7]; Z). O

We end this section by an important remark. Notice that our result requires a
control on ||V, ul LiLg In order to have the basic global well-posedness theorem

of Section 4. But once this global in time result is established, further improvements
of the local well-posedness theory in the spaces H*?(R?), or in the spaces considered
in [[7, only requires a control on ||u:v||L1TLg<§ in terms of ‘|J£u‘|L%°L§y-

8. WELL-POSEDNESS OF THE KP-I EQUATION IN H%0(R?), s > 3/2

The aim of this section is to extend Kenig’s local well-posedness result by showing
that KP-I equation is locally well-posed for initial data in the space

H*Y(R?) := {u € L*(R?) : |D,|*u € L*(R?)} with s > 3/2,

that is no y derivative is needed. Consider thus the KP-I equation

(75) (Ut + Ugze + UUz )y — Uyy = 0
with initial data
(76) u(0,z,y) = ¢ € H(R?).

Thanks to the estimates established in Section 4, we have the following modest
extension of Kenig’s result [[[7].

Theorem 2. The Cauchy problem ([73)-(78) is locally well-posed in H*°(R?) for
5> 3/2.

Let u be a H°(R?) solution to the KP-I equation. Then thanks to Proposition [,
we obtain that for T' < 1,

34 3+te
(77) HUHLlTLgoy + HumHLlTng; < Ca(HJxQ UHL%OL?W + HUHLITngHJf UHL%OLgy> .

Applying J? to ([§) and multiplying it with J3u gives after applying the Kato-Ponce
commutator estimate in x,

d s s
S5t e S Nt )l ee [ T5u(t 72
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and the Gronwall lemma gives the bound

(78)

[ Tzullpge 2, < 120l L2 exp(Cllue| Ly 1 ) -

Bounds (f7) and (7d) enable one to perform a compactness argument as we did
in the proof of Proposition [[] which shows that the flow map of (FH)-(fd) can be
extended to a map on H*%(R?), s > 3/2 with a life span depending only on a bound
on ||JS¢||z2. The continuity of the trajectory in H*°(R?) as well as the continuity
of the flow-map can be derived as in Sections f.36.4
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