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SEMI-CLASSICAL LIMIT OF SCHRODINGER-POISSON
EQUATIONS IN SPACE DIMENSION n > 3

THOMAS ALAZARD AND REMI CARLES

ABSTRACT. We prove the existence of solutions to the Schrodinger—
Poisson system on a time interval independent of the Planck constant,
when the doping profile does not necessarily decrease at infinity, in the
presence of a subquadratic external potential. The lack of integrability
of the doping profile is resolved by working in Zhidkov spaces, in space
dimension at least three. We infer that the main quadratic quantities
(position density and modified momentum density) converge strongly as
the Planck constant goes to zero. When the doping profile is integrable,
we prove pointwise convergence.

1. INTRODUCTION

We consider the semi-classical limit ¢ — 0 of the Schrodinger—Poisson
System:

2
(1.1) ieOu® + %Aus = Vextu® + Vyus,  (t,z) € R x R™,
(1.2) AVS =¢q (\us\Q — c) ,
(1.3) iy = af(z)e e,

where Vet = Vext(t, ) is an external potential (harmonic potential for in-
stance), ¢ = c(x) is a doping profile (or impurity, background ions), and
q € R represents an electric charge; Vi, ¢ and ¢ are data of the problem
(see e.g. [R0]). We consider the case where the space dimension is n > 3.
This is due to a lack of control of low frequencies for the Poisson equation
(L) when n < 2.

The conditions we impose to solve the Poisson equation ([L.9) will be given
according to the different cases we consider.

The doping profile ¢ is supposed to be bounded, and does not neces-
sarily goes to zero at infinity (see Assumption [] or Assumption f below).
Suppose for instance that ¢ = 1. Then ([L1))([.2) is reminiscent of the
Gross-Pitaevskii equation (see e.g. [[L§, [[3] and references therein):

2
(1.4) iedyu® + %Aus = (Ju]* = 1) v
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2 T. ALAZARD AND R. CARLES

For this equation, the Hamiltonian structure yields, at least formally:

& (levur @)1 + Il )P ~1]2) =o.

A natural space to study the Cauchy problem associated to ([.4) is therefore
the energy space

E={ucHL(R"); Vuec L*(R"), |u|* —1¢€ L*R")}.

For this quantity to be well defined, one cannot assume that ¢ is in L?(R™);
morally, the modulus of u® goes to one at infinity. To study solutions
which are bounded, but not in L*(R"), P. E. Zhidkov introduced in the

(]

one-dimensional case in [BF] (see also [Pq]):
X*(R") = {u € L®[R") ; Vue H YR}, s>n/2

The study of these spaces was generalized in the multidimensional case by
C. Gallo [[[1]. They make it possible to consider solutions to ([[.4) whose
modulus has a non-zero limit as || — oo, but not necessarily satisfying
|us(t,-)|*> — 1 € L3(R").

Recently, P. Gérard [[L3] solved the Cauchy problem for the Gross-Pitaevskii
equation in the more natural space E, in space dimensions two and three.
The main novelty consists in working with distances instead of norms, in
order to apply a fixed point argument in F. In particular, the constraint
|uf(t,-)|*> — 1 € L?(R") is satisfied (and propagated).

We have to face a similar issue, when solving the Poisson equation. Mim-
icking the approach of [I§, [[], it is natural to work with the property:

[u(t,)|* = c(-) € L*(R™).

We shall always assume that this holds at time ¢ = 0. We prove that this
property holds on [0, 7] for some T' > 0 independent of ¢, provided that we
consider an external potential whose unbounded part is linear in . However,
our analysis shows that in the presence of a quadratic external potential, this
property is not relevant off t = 0 (see Section [J).

Note that we make no assumption on the sign of ¢ (which models the
charge of the element considered in a semiconductor device). This is in
sharp contrast with the mathematical analysis of the semi-classical limit
of the nonlinear Schrodinger equation. When the Poisson term V5 (¢, z)u®

is replaced with the nonlinear term f(Juf|*)u®, E. Grenier [[§] proposed a
strategy to obtain a phase/amplitude representation of the solution u°. This
leads to study a quasi-linear system whose principal part writes:

Op = 872 — div(f'([u**) V).

Hence, to prove that the Cauchy problem is well-posed, one has to assume
that the nonlinearity is defocusing and cubic at the origin (f’ > 0), except for
analytic initial data [[[Z], for which one can solve elliptic evolution equations.
Here, we are not restricted to the case when ¢ > 0. As will be clear below,
the reason is that the quasi-linear operator Ly is replaced with the semi-

linear operator 82 — AT 'V ((|uf]* — 1) div -).
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Notation. Recall that for s > n/2, Zhidkov spaces are defined by:

XS(R™) = {u e L®R") ; Vuec H(R")}-
We denote

[ullxs := [Jullee + [Vl s

We write H® = H*(R"™), X° = X*(R"), H® := NgenH?*, X := NgenX®.
We do not use specific notations for vector-valued functions: for instance,
we write abusively V2f € H* when szkf € H* for every 1 < j,k < n.
Remark 1.1. Zhidkov spaces contain all the functions of the form

v+ v, with v = Const. € C and v € H*(R").
The converse is not true, as shown by the following example:

x1

1+ [z|?
On the other hand, if n > 3 and u € X* for some s > n/2, then there exists
v € C such that u — v € L%(R”) (see Lemma P.1 below).

In this paper, we consider the system ([[.])—(L.3) in three cases:
e The external potential and the initial phase are sub-linear in x, and
the mobility ¢ is in Zhidkov spaces (Part [[).
e The external potential and the initial phase are sub-quadratic in x,
and c is a short range perturbation of a non-zero constant (Part [).
e The mobility is integrable, and the external potential and the initial
phase are sub-quadratic in x (Part [J).
In the first two cases, we construct a solution to ([L1)-([L.3) in Zhidkov
spaces, and describe the asymptotic behavior of the main quadratic observ-
ables as ¢ — 0. In the last case, we construct a solution in Sobolev spaces,
and give pointwise asymptotics of the solution as ¢ — 0.

u(z) = x = (x1,72,13) € R®.

In this introduction, we describe more precisely the results corresponding
to the first case. We emphasize the fact that if we simply assume Vi €
C(R; H*®) and &y € H, then our analysis becomes much simpler. The
unboundedness of Vi and ®g require some geometrical description that
complicates the technical approach. Yet, this makes our assumptions more
physically relevant (see e.g. [L4] and references therein).

Assumption 1. Recall that n > 3.
e External potential: Vi € C°(R x R™) writes

Vext (t,2) = E(t) - & + Vpert (t, ), with E € C(R) and VVpery € C(R; H™).
e Doping profile: ¢ € X°.
e Initial amplitude: a{(z) = ao(x) + r°(z), where ag € X is such that
lao|? — ¢ € L2(R™), and ¢ € H™®, with
lr€|lgs — 0, Vs> 0.
e—0
e Initial phase: we have &g € C°(R™) with
Oo(z) = ap - + Po(x), with ag € R™ and Vg € H™.

IFor general s > 0, another definition is used, see [@]
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Lemma 1.2. Under the Assumption [l, there exists a unique solution ¢ep €
C>(R x R") to:

1
(1.5) Orbeik + §\V¢eik\2 +E({t)-2=0 ; ¢eik(0,2) =ag-z+ F.

This solution is given explicitly by deik(t, x) = a(t) - @ + B(t), where:

alt) = ag — /O Brdr o Bl = /O a(r)2dr.

We skip the proof of this lemma; a more general result is proved in Sec-
tion E We will see that if Viy and/or &y have a quadratic dependence on
x, then we have to consider an eikonal phase ¢g which is quadratic in x.

Theorem 1.3. Let Assumption [| be satisfied. There exists T > 0 indepen-
dent of € €]0,1] and a solution u® € L>=([0,T] x R™) to (IL1)-(L.3), with

VVi(t,z) =0 as|z| — o0, V;(t0) =0,

and such that |uf|?> — ¢ € L°([0,T); L?). Moreover, one can write u® =
afelPeixtd)/e yhere:
e a® € C®([0,T] x R") N C([0,T); X*°), and |a®|* — c € C([0,T]; L?).
o ¢° € C™([0,T] x R™) and V¢* € C([0,T]; X°).
e We have the following uniform estimate: for every s > n/2, there
exists M independent of € €]0, 1] such that

||a€||L°°(O,T;XS) + H|a’€|2 - CHLOO(O,T;LQ) + ||v¢€||L°°(O,T;X5) < Ms.
Remark 1.4. We could not prove a uniqueness result for u®.

Remark 1.5. The above conditions to solve the Poisson equation are similar
to those given in [P4]. We explain at the end of Section B.3 why in our
framework, we cannot impose V(t,2) — 0 as |[z| — oo (as in [}, BJ] for
instance).

Besides the uniform bounds, even the existence of such a solution wuf®
is new. First, the presence of the external potential seems to have never
been studied rigorously before. As we already mentioned, this makes the
proof more technically involved. Next, in most of the previous studies, u®
is supposed to be in L?: see e.g. [[, BI]. In [2J], the author considers
the case ¢ € L' N H®. As we will see in Section H, this case makes the
analysis easier, and also makes it possible to have ¢ € L?. The main
difficulty in the analysis lies in the fact that when ¢ ¢ L'(R™), the condition
|uf|? — ¢ € L?(R™) is somehow “more nonlinear”, as in [[LJ).

The general idea to prove Theorem [[.3 consists in adapting the idea of
[(3): with techniques from the hyperbolic theory, we construct a solution to

1
0, 9° + iyvqﬂ? Vet +V5 =0 5 &y = Py,
1
(1.6) Opa® + VO°© - Va® + §a6A<I>E = i%AaE ;g = ag-

AVE =q(ja°]?—¢) ; VVi(t,x) —0 Vi (t,0) = 0.
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Following [{], we write ®° = ¢ + ¢°: with the unknown (a%, %), ([L.6)
becomes (we keep the term Agey, which is zero here, for future references):

1
09" + Vi - Vo + S VO " + Voert + Vi =05 ¢ = do-

1
(1.7) 01a® + V (¢° + beix) - Va' + iaaA (¢° + deik) = nga5 : aft:o = ag.
AVE =q(ja*]*—¢) 5 VVi(t,z) — 0, VE(£,0)=0.

|z|—o0
Proving the existence and uniqueness of solution to (|L.7) as we do in the
proof of Theorem [[.3 is one of the main results of this paper. Because of the
difficulties pointed out above, and the fact that one can easily be mistaken
by using the usual approach, we give full details for the construction of the
solution to ([.7). Passing formally to the limit, it is natural to consider:

1
at¢ + v¢eik . v¢ + §‘V¢’2 + Vpert + Vp =0 ; ¢\t:0 = ¢0-

1
(1.8) 0a+ V(¢ + deik) - Va + §aA (¢ + deik) = 0 ;5 ap—o = ao.
AV, =q(la* —¢) ; VVp(t, ) o 0, V(t,0) = 0.

Notation. The symbol < stands for < up to a positive, multiplicative con-
stant which depends only on parameters that are considered fixed.
We shall also denote LY for L*>([0,T];Y).

Theorem 1.6. Under Assumption [l there exists a smooth solution (a, )
of (I.§) such that a,V¢ € C([0,T]),X>®), |a]*> —c € C([0,T)], L?), and

|a® — allgems + IV (67 — &)l Lgo xs 5——>0>07 Vs > n/2.
In particular:

|u€|2eﬂ—>o|a|2 in LFH®, and

eIm (uVus) — 0V (¢eix + @) in LEX5, Vs > n/2.

Recall that in general, none of the terms a or af is in L?(R™). Though,
the difference a® — a is in L?(R"), and asymptotically small as ¢ — 0. Note
that (p,v) := (|a]?, V(¢ + ¢eik)) solves the Euler-Poisson system:

dp+V-(pv) =0,
AVo=q(p—c) ; VV(t,z) — 0, V,(t,0) =0.

|| —o0
The existence of solutions to ([.9) under Assumption [] is new.

This paper borrows several ideas from [ff], [[J] and [[[§]. As we have al-
ready mentioned, an important difference with [[§] is that the underlying
wave equation associated to ([[.f)) is semi-linear, and not quasi-linear. The
reduction to ([[.7) is similar to the approach in [ff]. Several important dif-
ferences should be pointed out. First, we work in Zhidkov spaces instead of
Sobolev spaces, an aspect which requires some extra care. Integrating the
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Poisson equation, especially when we have AV € L?(R™) and not neces-
sarily AV € L'(R"), is also a new problem. Finally, the propagation of
the initial assumption |a§|? — ¢ € L?(R™) turns out to be different from the
phenomenon studied in [[3]. As we shall see in Section [], the presence of
quadratic “geometric” quantities (such as an external harmonic potential)
requires a highly non-trivial adaptation of the approach in [f.

The rest of this paper is organized as follows. In Section [, we collect
various technical estimates, in order not to interrupt the proofs later on. In
Section fl, we prove Theorem [L.J. Theorem [L.§ is proved in Section f. In
Part f| (Sections f}-fi), we consider the case when ¢ — 1 € L' N H*, and the
external potential and the initial phase contain quadratic terms. In Part [J
(Section f), we assume ¢ € L!(R"), and prove a refined convergence result.

Remark 1.7. Before leaving this introduction, let us explain why we concen-
trated on the whole space problem. Indeed, some problems require consid-
ering the periodic case (see [l and the references therein), where the space
variable belongs to the torus T™. As a matter of fact, the periodic case is
easier. This follows from two observations: first, the computations below

apply mutatis mutandis in the periodic setting; and second, for all o € R,
the operator A1V is well-defined in H°(T").

2. ESTIMATES IN LEBESGUE, SOBOLEV AND ZHIDKOV SPACES

This section serves as the requested background for what follows. The
proofs of easy or classical results are left out. We first recall a conse-
quence of the Hardy-Littlewood-Sobolev inequality, which can be found in
[d, Th. 4.5.9] or [[L3, Lemma 7]:

Lemma 2.1. If ¢ € D'(R") is such that Vo € LP(R™) for some p €]1,n],
then there exists a constant y such that p—vy € LY(R™), with 1/p =1/q+1/n.

This shows that under Assumption [, the doping profile is of the form
2n
¢c=+v+¢, where is a constant, and ¢ € L»-2(R"), Ve € H*.

Define the Fourier transform as

Fol6) = (€)= —— /R ()

(27T)n/2
Lemma 2.2. Let n > 3. For every s > n/2, there exists Cs such that
(2.1) lpllzee < Csl[Vepllgemr, Vo € HY(R™).

Remark. In space dimension n < 2, low frequencies rule out the above
inequalities. For instance, in space dimension n = 1, the function

flx) = / ———— = argsinh(z)

0 V1+y?
is not in L*°(R), but its derivative is in H*>°. In space dimension n = 2,
consider the function

f(z1,22) =log |log(x% + x%)| )
One can check that Vf € H*®, while clearly, f ¢ L°°(R?).
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Warning (Homogeneous Sobolev spaces). It may be tempting to restate
Lemma in terms of homogeneous Sobolev spaces. Recall that, for s >
0, the homogeneous Sobolev space H* is defined as the completion of the
Schwartz space S(R™) for the norm

el s = M€l L2

More precisely, one might want to replace the right-hand side of (R.1)) with
Il 1 + |l ;75 and consider ¢ € H' N H* only. This is extremely delicate,
since H* is not a Hilbert space when s > n/2.

Lemma 2.3. Letn >3, q > 2 and s > n/2—1. There exists C = C(n,q,s)
such that for all ¢ € LY(R™) with Vy € H*(R"),

el < C(llllze + [IVellms) -
Proof. The usual Sobolev embedding yields, for any o > n/q,
lellzee < llellze + 1Vl La-
On the other hand, for k = n(1/2 —1/q),
IIVIZelize S NIVITellme S IV ellmrso-r,

provided that o > 1. If s > n/2 -1, o given by s =n(1/2-1/¢) + o — 1
is such that 0 > n/q and 0 > 1. The above two estimates then yield the
lemma. (]

Lemma 2.4. Letn > 3. For every s > 0, VA™! maps LY(R") N H*(R") to
HTY(R™): there exists Cs such that

VA ol gssr < Cs (@l + llllas), Voo € LYR™) N H(R™).

The following variant of the classical Kato-Ponce estimates can be found
in [[7, Theorem 5]:

Lemma 2.5. Let n > 1 and s > n/2 + 1. Denote A = (I — A)'/2. There
exists a constant Cy such that, for all f € X*T1(R") and all u € HS~Y(R"),

2.2)  f8u = A (fu)ll gz < Cs IV Fll oo 1l o + IV Fll o ull o) -

Lemma 2.6. Let s > n/2. The Sobolev space H*(R™) and the Zhidkov
space X5(R™) are algebras: there exists a constant Cs such that, for all
u,v € H¥(R™) and a,b € X*(R"),

lwoll e < Csllullgs 0llgs 5 Nlabllxs < Csllallxs [1bllxs -
There exists Cs such that for all v e H*(R™) and a € X*(R"),
lav]l s + lavlixs < Csllvllgs llallxs -
There exzists Cs such that for all a € X*(R™) and b € X5THR"),
1aVbl[ s < Cs llall x 16]] xs+1 -
In order to use Arzela—Ascoli’s theorem, we will invoke:

Lemma 2.7. Let 0 > n/2 and (p;)jen be a bounded sequence in X7 (R™).

For all o' < o, there exists a subsequence which converges in Hf{),C(R")
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Proof. This follows from the fact that, for all test function x € C§°(R"),
(X¥j)jen is a bounded sequence in H?(R"™). O

Remark. Tt might seem more natural to state a precompactness result in

Xie(R") = {o € Li.(R") ; Vi € HI 'R |-

loc

Actually, one can check that for o’ > n/2, X7 (R") = Hf.

loc

(R™).
Lemma 2.8. Letn 3 and s >n/2.
e For all p > =%, there exists C' = C(s,p,n) such that:

||A71Vf\|LP SClfllas, VfeH.
e There exists C = C(s,n) such that:
17 (A7) pr S ClFllues ¥f € HY.

Proof. Essentially, we use the property ]? € L? for low frequencies, and
f € L' for high frequencies (F(H®*) C L' if s > n/2). For p > 2n/(n — 2),

- L
=g N 1 e [ Py
The norms involving [¢|~! are finite since p > 2n/(n — 2). For s > n/2,
11, s[@ 7, = 1.

The first point follows from the Hausdorff~Young inequality:

ATV 1p
A fll < mwj

The second point is straightforward, with p’ = 1. U

Part 1. Sublinear eikonal phase
3. PROOF OF THEOREM

Our first task is to construct a solution to ([[.7]). As explained in the in-
troduction, it is convenient to introduce the “velocity” v® = V¢°. Denoting
Veik = V Peik, and recalling that vy is a function of time only, we infer from

(L) that (a®,v%) has to solve:
Opv° + (Veik + v°) - VU + VViery + VV5 =0,
(3.1) 0ra® + (Veix + %) - Va© + %aev S = i%Aae,
AV = q(la"]* —¢),
together with
(32) VVS(tz) — 0 ;5 V5(t,0)=0 ; vj_o=Veo; aj_o=ag.

|z|—o00

In the context of Assumption [, we show that the solutions of (B.1))-(B.9)
exist and are uniformly bounded for a time interval independent of €.
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Proposition 3.1. Let Assumption [ be satisfied. Let s > n/2. For all
M > My >0, there exists T > 0 such that, if for all € € [0, 1],

(3.3) IV ollpreve + [[lagl* = ¢l 12 + llagll xosr < Mo,

then the Cauchy problem (BJ)-B.2) has a unique classical solution (v¢,a®)
in C([0,T] x R™) such that

2
(3.4) [0 | Lo o2 + [la®] — CHL39L2 + [la®ll pso xrser < M.

As suggested by the above statement, we construct VV;S (only the gradi-
ent of V7 is present in (B.1)), and the condition V5 (t,0) = 0 is given only to
insure uniqueness for V7 (even though it is not stated in the above result).
Therefore, we shall neglect this condition for a while.

3.1. Regularized equations. Let j be a C* function of £ € R”, with

0<y<L, ) =1for [¢] <1, y(§) =0for [(] =2, () =(=F).
Set g5 (&) = g(h&), for h > 0 and & € R™; jy, is supported in the ball of radius
2/h about the origin. Define Jj as the Fourier multiplier with symbol jp:
Jn = g(hDy).

Also, for our purpose it is interesting to introduce a family of operators
that cut the low frequency component of a function. Indeed, the Poisson
term VV5 = gA"'V(|af]* — ¢), is not well defined in general. We replace
the operator gA~'V by a family of operators R,V well defined on Sobolev
spaces and prove that, in the end, there is no need to estimate the low
frequency component of VV;S. To do that, we set

Gh =1- Jl/ha
that is, G, is the Fourier multiplier with symbol 1— 3, ,, which is supported
in {|¢| > h}. Consequently, the operator

Ry = qA_lGh,

is bounded in all Sobolev spaces (with operator norm going to 400 when
h tends to 0). More precisely, there exists a constant C' such that, for all
>0,
HAilGhHHUHHUH <Ch™%
Consider the following approximation of (B.I)):
O + Jh (Veite + ) - VInv5) 4+ VViert = — RV ([a5|* — ¢),
(3.5) 1
0ra5, + Ji (v + V) - VJna§) + S5V - f, = igAJ,fa;.
We keep the same initial data:
(3.6) vfm:o = Vo ; a‘,g”tzo = ag.
Note that Assumption [l implies that vf” +—o 18 iIn H® and is independent of
e €[0,1] and h €]0, 1], while @, 4—o 18 In X°°, and uniformly bounded in X*
for any s > n/2, for € € [0,1] and h €]0,1].
The point is that the regularized equations (B-§)—(B.) have been chosen

so that the Cauchy problem can be solved as in the standard framework of
Sobolev spaces:
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Lemma 3.2. Let s > n/2. For all ¢ € [0,1] and all h €]0,1] there exists
T7 > 0 such that the Cauchy problem (B.H)-(B.6) has a unique solution
(v, a) € CH([0, T HEH*(R™) x X*HH(R™)).

Proof. The proof is based on the usual theorem for ordinary differential
equations. Set u5, = (v5,a5) and we rewrite (B.J) under the form

815112 = Fl(ea h, uZ) + F2(t)ui + F3(7f,$),

where Fj(e,h,u) is at most quadratic in u, and we have used the property
that vey is a function of time only. We have to verify that the functions F'
are smooth. This follows from Lemmas P.2 and R.6, and the fact that the
operators Ry, and AJj, are of order —2 and 0 respectively:

1T (oF, - VIoR)lgrese S I05 | preee IV In0h | reve S B0 051 pese
190 (05 - VInai)lxser S 0ill gress 1V Inaqllxeer $ A7 07 e Naf | xcosn
1@V - Vil xesr S 0l grove 1@l xse s

805 15 Pl gess S A2 1052 5 25 e

~ ~

[ATRaG ]| orr = 1TnATna5 | xoer < NAThaG | o S 072 0] xar -

~

(]

3.2. Uniform bounds. To prove Proposition B.1, the analysis of (B.3) con-
tains at least two parts: first, an existence and uniform boundedness result
for a time independent of the small parameters € and h; and second, a con-
vergence result when h — 0. Here, we prove that the solutions (v}, aj) exist
and they are uniformly bounded for a time independent of the parameters
€ and h. Below, TF* denotes the lifespan, that is the supremum of all the
positive times T such that the Cauchy problem for (B.5)—(B.6) has a unique
solution in C1([0, T¢]; H¥T2(R™) x X*T(R")).

Proposition 3.3. Let s > n/2. There exists a continuous function g: R —

R* such that, for all e € [0,1] and all h €]0,1], the norm M : [0,T*] — R%
defined by

ME(T) = llagllgexesr + (|15 = el oo 2 + VRl 50041,
satisfies the estimate: Mg(T) < M5 (0)eT9Mia(T) vT € [0, T5*].

Proof. Before we proceed, two comments are in order. Firstly, the functions
(v5,a5) are smooth (C' in time with values in Sobolev/Zhidkov spaces), so
that it is easily verified that all the following computations are meaningful.
Secondly, it is useful to note that, in view of Lemma R.9, it suffices to prove
that

(3.7) mé (T) < mé (0)eT9EM) vy e [0, T8,
where
g

mi(t) = |Vajllog ms + lail* = el oo 12 + IV0R Il Lo e,

and
M5(T) := My(T) + [Jvgll oe (jo, 77 xR -



SEMI-CLASSICAL LIMIT OF SCHRODINGER-POISSON 11
Indeed, Lemma R.J provides us with a constant C such that M{ < CsMg,
and we have:

Lemma 3.4. Let s > n/2 and ¢ € X*°. There exists a constant K such
that, for all T > 0 and p € X*°,

@117 ey < K [l = €| 12 + KVl + Kllel xo+-
Proof. By Lemma P.3, we have:
el = ell oo S MMl = el 2 + [V (Ll = )] .-
Since s > n/2,
2
IV (Ie? = )| o S Il IVl e + 1Vl 7 + 1Vl s -
Triangle inequality yields
2 2
lelzoe S (Il = cll 2 + el e 1Vl e + [V lls + el xes
hence, the desired result follows by Young’s inequality. U
With these preliminaries established, to prove (B.7), we begin by estimat-
ing the L? norm of |a5|? — c¢. To do that, we start from
d 2 2
g lllail” = ellze < 2l[lail* = ell 2|9k (Jai* = €) ]
The second factor in the right hand side is estimated by
2
[0 (lar” = o) || o< 2llagll o< |Oeall 2 -
Directly from the equations, we find that for bounded times,
10cagll e S (U4 vhllpee) 1VaRll 2 + lag ]l oo VORI L2 + 1 Aaz] 2 -
Consequently, we obtain
d 2 2
(38) Do — el[2 < a7 (14 MY
We now turn to the estimate of the H® norm of Vaj. Set Q) := A°V, where
A = (I —A)Y2. Since [V,Q] = 0 = [J,Q], by commuting Q with the
equation for aj, we find:
€
0 Qa5 + Jp, ((Veix + v5,) - VJIRQaj) — 2§AJ,2LQ(12 = fr,
with
1
Fiv = In ([0, Q) - VInaj) = 5Q(aRV - v).

Notice that Jj, is self-adjoint. We use the following convention for the scalar
product in L?:

(f.0)= [ @i

We have, since Vg = 0:
Re(iAJ? Qa5 , Qa
2( Jp ((veik + v5,) - VIR Qa3), Qa

) = Re(iAJp Qa5 , JpQaj, ) =0,
) = 2( (veix +vy) - VIuQag,, JnQaj, )
= —((V - v,) JnQaj,, JnQaj, ).

>m >0
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Therefore,

d

7 1Qaj |72 = 2Re( Qa5 , Qaj, )
= Re((V - v},)JnQaj, JoQaj, ) + 2Re( f1., Qayj, )
< IVl oo 10 Qa5 N7 + 21 £l 12 1 Qa5 1

We now have to estimate the L? norm of f. The first term is estimated by
way of the commutator estimate (R.J) and the Sobolev embedding:

[T ([vh, @) - VIpai )l L2 S [l[vh, @1 - VInah | 2

S VRl oo + VU se1) IV Thag |l s
SAIVoRllgen IVagllgs -

To estimate the last term, we use Lemma P.6, to obtain

1Q(aV - o) || 1> S NaiV - Vil e S llafll o V0l g -
We infer that
1fille S VORI st llagll st -
Therefore, we end up with

d
(3.9) EHVQ?LH%JS S IV llssillag 3o

The technique for estimating Voj in H st1 is similar. Indeed, the analysis
establishing the previous estimate also yields

%HWZH?FH S U+ Vil ser) V0517
+ IV Voert o1 + IVRAV (a5 = €) [ Fos1-
Since VR,V is uniformly bounded from H*T! to itself, we obtain
LIV e S U I o) 1905 s 1+ (052 = el s
Next, noting that
a7 ? = el| gorr S lail? = ¢l| o + Vel + [V lag | s
S ai* = efl 2 + 1+ lag 7o + [Vai 17
S Mail = efl 2 + 1+ llaf 5o
we conclude that
(310) SNV 3peis SOOI VR et + COE).

Summing over (B.§), (B.9) and (B.10), Gronwall lemma yields the uniform
estimate (B.7). O

Lemma B.9 and Proposition B.3 yield the following result:

Corollary 3.5. Let Assumption [| be satisfied, and let s > n/2. For all
M > My > 0, there exists T > 0 such that, if for all € € [0,1],

[V 0ll rs+2gmy + 165 = €O paqgeny + bl xos1 ey < Mo,
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then the Cauchy problem (B.H)—(B.6) has a unique classical solution (v§,a5) €
CH([0,T); H**2(R™) x X*TYR™)) satisfying

2
||Vvi||L§>9HS+1 + H|@i| - CHL%oLQ + ||a2HL%°XS+1 <M.

Remark 3.6. Refining the above computations thanks to Moser’s calculus
and tame estimates, we can see that the above existence time 7" can be taken
independent of s > n/2 (see e.g. [I9, Section 2.2] or [, Section 16.1]).
This explains why we did not emphasize its dependence upon s, and why
we consider different values for s below, without changing the notation 7.

3.3. Convergence of the scheme. We first claim that d;v; and 0;aj are
bounded in C([0,T]; X*~1), uniformly for h €]0,1]. To see this, by us-
ing Lemma PR.9, (B.§) and Corollary B.H, the point is to verify that the
term R,V (|a‘,§|2 — c), in the equation for Ovj, is uniformly bounded in

C([0,T]; L*>). Denote
Wi = RpV (|aj|* —c).
From Corollary B.5, W € C([0,T]; H**2), and VW[ is bounded in C([0, T]; H*T1).
In particular, Lemma R.3 shows that W} is bounded in C([0,77]; L™).
From Lemma .7 and Arzela—Ascoli’s Theorem, for a subsequence h' of
h,
(3.11) v5, — v° and af, — af in C([0,T); HL.,), as b — 0,

for any s’ < s — 1. Moreover, we have v®,a® € C,([0,T]; X*). We can then
pass to the limit in all the terms in (B.5), except possibly the Poisson term,
that is, the right hand side in the equation for vj.

To claim that (v°,a®) solves (B.1])~(B.9), we introduce the Poisson poten-
tial

VE = qA'Gy (|a5)* —¢) .
Then (B.H) can be rewritten as:
atvi + Jh ((veik + UZ) : VJh’Ui) + vvpert + vv]f = 0,

1 €
(3.12) Ol + Jn (Ve + V7)) - ViJpa) + a3V - v, = ZEAJ,faz,
AVE = qGy, (|a5)* —¢) .

A subsequence of W} converges in D' to some W¢ € L*([0,7] x R™). Since
V x Wy =0 for every h €]0,1], we deduce that V x W¢ = 0. We infer that
there exists V7 such that W& = VV[ (see e.g. [@, Prop. 1.2.1]), and we note

(3.13) V2VE € Cy([0,TT; H?).

On the other hand, Corollary B.§ and Fatou’s lemma imply that |a®|> — c €
L>=([0,T); L?). To prove that (v,a®) solves (B.1))~(B.9), we now just have
to check that AV —q (\aE\Q - c) = 0. We proceed in two steps: first, we
prove that this quantity is a function of time only. Then, since it is in
L>=([0,T); L?), we conclude that it is necessarily zero. We have

IV (AVS =g (| = €)) || = <liminf [V (AV = g (|aG]* = )] 2



14 T. ALAZARD AND R. CARLES

The last quantity is equal to:
gl [V Ty (lail = o) 2 -

This goes to zero with h, since |a§ |> — ¢ is uniformly bounded in L3 L?:

¥ i = )l 5 s () 7 il = )

We infer that

Sh|F (laif2 =) S b
L2

V(AVS —¢ (|a€|2 —¢c)) =0,
that is, AV —g¢ (|a5|2 - c) is a function of time only. We conclude that
(%, ) solves (BD)-(ED).

We prove additional regularity for (v®, a®) by showing that (v; —v°, aj —a®)
(and not a subsequence) goes to zero in L ([0, 7]; X*+2 x X*+1). We will
use:

Lemma 3.7. Let ¢ € H'. Then:
(1) HJl/hngLQ — 0 as h — 0.

(2) 1T = In)ell e + | = TR)el| 2 < 20Vl 2.
(3) There exists C > 0 such that for all h €]0,1], |RLV? |22 < C.

Remark 3.8. Note that in the first point, ¢ is supposed to be independent of
h. Otherwise, the conclusion needs not be true, which is easily checked by
considering ¢, (z) = h™/2U (hx), where U € S(R™): HJl/hcthLQ = ||2FU|| 12,
is independent of h. In the second point, ¢ may of course depend on h.

Proof. For the first point, we write

[ Tiynel 2 = HJ (%) ¢

and we conclude with the Dominated Convergence Theorem. Next, we have:

I = Jn)ellz = (1 =2 (h€)) @l 2 < A (1 =2 (hE)) €121 2

since the function 1 — j(h¢) is supported in {|¢| > 1/h}. The second term
in the second point is treated similarly. The last point follows from the fact
that the symbol of the Fourier multiplier A='V? is bounded. U

)

L2

Denote (wj,,d}) := (vj, —v%,a; — a®), and for s > n/2 + 1, introduce
Pr(t) = [ ()l oo + VWi (Ol s + lda )l 75 -
By construction, pf,(0) = 0. Write the equation for (wj, Vw5, dj) as:
Owi, + (Veik+vy,) - Vwy, + wj, - Vo© =
= =RV (I = Jyn) (a7 ” = [a*[) + S5,
XVWS + (Ve +v5) - V2w, 4w, - V2© + Vs, - Vo,
(3.14) +VO° -V, = =Ry VA = Jy ) (Jaf [P = [a*]?) + VST,

1
Ody, + wj, - Vag, + (veik + v°) - Vdj, + 3 (dV - o5, +a°V - wyp)

:igAd;JrzE,



SEMI-CLASSICAL LIMIT OF SCHRODINGER-POISSON 15

where the source terms are given by
Sy =vy, - Vi — Jp (v5, - VJpos) + qA*IVJl/h (\a€]2 — c) ,
€
b =V Vg, = Ju (v, - VJpay) — i AT = J?)as.
The error term 77 may seem to involve too many quantities (too much
regularity), compared to the classical approach explained for instance in
[[9, 2. The usual approach would consist in estimating (wf,d5) in L?

only. We cannot get such estimates because of the Poisson term in S}: we
can prove it goes to zero in X*, but not in L?. We proceed in two steps:

(1) We show that we can apply Gronwall lemma for 7§ (¢), with sources
terms S} and Xj.

(2) We show that these source terms go to zero with A in the norms
involved at the first step.

To estimate the first term of 7}, integrate in time the first equation in (B.14),
and use Corollary B.j:

t t
e (8) 120 < /0 IV (7| e + /O ()| e

t t
+/0 HRhV(I - Jl/h) (‘az’Q _ ‘aa‘z) (T)HLOO dr +A ”SZ(T)”LDOdT

Estimate the third term of the right hand side thanks to Lemma P.9, Corol-
lary B and the last point of Lemma B.7:

| RV (I = i) (la5* = 1a°?) (7)]]
SIVRVU = Jin) (a5 = 1a*1?) (7)]] 1yeos
ST = Jum) (s = e ) (7))

S H(ail* = 1a°) ()]l .
< ll(ah, = a)(7) -

Using Sobolev embedding for the term in Vwj, we end up with:

t t
(315) wi Ol 5 [ rimdr+ [ ISi@ledr

0 0
Now estimate the H® norm of Vw;. From the second equation in (B.14),

d

E”ASVU}ZH%Q = 2Re (A°*Vw§, 9, A*Vws)
< [Re (A*Vwf, A (vf, - VPw5))| + [Re (A*Vw;, A (wf, - V*0F))|
+ (0 + PR () R VAT = Juyn) A (ag)? = [a*?) || o
+ PR IV Syl s -

Write the first term of the right hand side as:

Re (A*Vw§, A*(vf, - VZw§)) = Re (A*Vwj, vf - V2ASw; )
+ Re (A*Vwj, A% (vf, - V2uj) — vf, - VPASuf) .



16 T. ALAZARD AND R. CARLES

Integration by parts and Kato-Ponce estimates (R.9) yield:
[Re (A*Vwg, A*(vf, - V2wp))| S o7 (1) + 05 (O Vg | oe [V 20 | o1
+ PR OV s | V20| S 05 (1),
where we have used Corollary B.§ and Sobolev embeddings. Similarly,
Re (A*Vw§, A*(wf, - V%)) = Re (A*Vw§, wf, - V2A*0®)
+ Re (A*Vws, A*(wf, - V30F) — wj, - VEAST)
and:
|Re (A*Vuwj, A*(wf, - V20%))| < 0, (6) + pf (D) IV wi | oo V207 || o1
+ oL (O VW o1 [ V205 | oo S 05 (1)
We also have
[V = i) A" (lai]” = [0 P) | 2 S A (00l = 10*F) || 2 S PR (D),
and we infer:

d
(3.16) IVwillzr < 207 + P () VSl -

Proceeding similarly for d5, we find:

d
(3.17) iz < P + o) 15l -

Summing over (B.1§) and the time integrated Equations (B.16) and (B.17),
we complete the first task of the program announced above:

(3.18)
) S / o5 (r)dr + / IS5 e + VS5 e + 155 (7)) dr.
0 0

Since S5 € H®, Lemma P.9 implies:

¢ t
A0 S [ o+ [ ISHE e+ 1)
It is an easy consequence of Corollary B. and Lemma B.7 that we have:
IVSillLge s + |23l Leems — 0 as h — 0.

We infer from Gronwall lemma that p; — 0 as h — 0, uniformly on [0, 7.
Therefore, we have:

(oF,a%) € C(0.TE X x X*) ; |a* = c € C(0,T]; L2),

and the existence part of Proposition B.1] follows by a bootstrap argument
(to prove the extra smoothness).

Uniqueness follows from the above computations: up to changing the
notations, we have the same estimates as above, with now 5S¢ = 3¢ = 0.
Uniqueness then follows from Gronwall lemma.

To see that there exists ¢° such that v®* = V¢*, apply the curl operator
to the equation satisfied by v* (B.]). Energy estimates then show that
V x v = 0. We conclude thanks to [[, Prop. 1.2.1].
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Before being more precise about the properties of ¢° (we already know
that V¢ € C([0,T]; X*°)), we examine the Poisson potential V5. We have

AVS =q (la*]* = ¢) € C([0,T]; H).
We infer from Lemma P.§ that
Fy—e (VVE) € C([0,T); LY).
We deduce VV5 € C([0,T] x R"), and Riemann-Lebesgue lemma implies

that
VVS(t,z) — 0.

|z|—o0
So far, we have worked with VV7 only, and we know that it is smooth. At
this stage, V7 is determined up to a function of time only. The condition
Vs (t,0) = 0 fixes the value of that function, and yields a unique, smooth,
Poisson potential (so far, only its gradient was unique). As announced in the
introduction, we explain why we cannot (in general) impose the behavior
(3.19) Vi(t,z) — 0,

|z|—o00
instead of Vi£(¢,0) = 0. We know from Lemma P.§ that for all ¢ € [0, 7],
VVi(t,-) € LP(R™), for p > 2n/(n —2). We can then apply Lemma .1 only
when n > 5. The following example shows that in space dimension n = 3,
we may have Vf(x) — 0, Af € H®, and f(z) — +oc:

|z|—00 |z|—o00

f(z)=log (1+[z*), =zeR%

Note also that in the case ¢ € L'(R™) discussed below, we have the additional
property AVS € C([0,T); L* N H*®), which makes it possible to impose
(B:19). Back to ¢°, we have:

1
v (at& + Veir - VO£ + §’V¢E’2 + Viert + v;) = 0.

We infer:
1
at‘lse + vQseik : VQSE + §|v¢€|2 + Vpert + V; = F,
where F' = F'(t) is a function of time only. In the above equation, all the
terms are uniquely determined, except 0;¢° and F. Imposing ¢\€t:o = ¢o,

and replacing ¢° with ¢° + fg G(7)dr if necessary, we may assume that
F = 0. This condition fully determines ¢°. This completes the proof of
Theorem [L.3.

4. CONVERGENCE AS € — 0: PROOF OF THEOREM [[.§

In this section, we prove Theorem [L.f. First, the existence of (a, ¢) solving
(L.g) follows from the proof of Theorem [.3, since ([.§) is nothing but ([L.7)
with € = 0. Denote

w;, :=v"—v=V¢*—Vo ; w, :=a —a.
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The pair (we,ws) solves a system similar to (B.14):
dyw;, + w - Vo + (veix +v°) - Vwi + V (V5 — V) = 0.
oyw, + wi - Va + (veix + v°) - Vwg + % (WiV -0 +aV-wl) = i%Aaa.
A (Vs =V) =a(ja** = af).
V (Vs —=Vp) (t,z) = 0as |z] - oo ; wi‘t:o =0 ; w2|t:0 —

Let s > n/2+ 1. Mimicking the computations made in Section B.J, we find:

d
= (SO ssn + e OlF) S lwl Ol + w5 @) 17
tellAa| s wi (Ol s + IV (V5 = Vo) [lxssa lwg (8) |1
From Theorem [[.3,
”Aaa”L%)Hs S 1.
To estimate the term corresponding to the Poisson potentials, write:
IV (V5 = Vo) lixers SV (V5 = Vo) llzee + 1A (V5 = Vo) 1o
We estimate the first term thanks to Lemmas R.1 and .3 we have
A (V; — Vp) =gq (\aE\Q — \a!2) =gq (]a€]2 —c+c— \a!2) .
Therefore, A (VE—1V,) is bounded in LPH®. We see from (B13) that
afk (Vg —V;) is bounded in L§H* for every pair (j, k). Lemma R.1 (with
p = 2) shows that there exists a function v (t) of time only such that
2n_
0; (Vlf — Vp) (t,-) —7; () € Lr—2(R").
On the other hand, for all ¢ € [0, 7],
8j (V6 — Vp) (t,x) — 0.

P |z|—o00
Therefore, 75(t) = 0, and 0; (VE-W) () € L2 (R™). The critical
Sobolev embedding then shows that

IV (Vs = W) SIA (V5 =) llze.

I, 2n,
Along with Lemma R.9 (with ¢ = 2n/(n — 2)), this yields:
IV (Vs = Vo) Il S IA (Vs = V) s,
and we have:
IV (Vs = Vo) lxsrr SNA (V5 = V) s S Nlwg |-

We infer:

d

pn (lws (151 + lwg (O Frs) S Nwg (0 5srr + llwg (8)[[7rs + el (8)][| a5
By assumption,

105 0) et + 5 (0) s = s —30,

and we conclude with Gronwall lemma:

lwillpgexcser + llwgllogms S € + [ [las-
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The strong convergence of the quadratic quantities described in Theorem [L.§
follows easily. Note that a similar convergence has been obtained by P. Zhang
B3], when Vo = 0 = ag (hence ¢ec = Bp) and ¢ € LY(R™). The conver-
gence in [R3 is proved is a weaker sense though (in the sense of measures),
due to a different technical approach based on the use of Wigner measures.

To conclude this section, we note that one must not expect aet(¢+%ei)/
to be a good pointwise approximation of u¢ = e (?"+%eix)/e We have:

uE — et Peiktd)/e — jeoilPeit¢) /e _ oiPeikt)/e
— (af — a) eGertd)/e | geidein/e <6z‘¢>6/s _ em/e) .

The first term is O(g) in L? N L™ (we avoid differentiation because of rapid
oscillations). The modulus of the last term is of order

. ((756 - ¢>‘
S11 .
£

Note that our results do not allow us to estimate the argument of the sine
function. Formally, it should not be smaller than O(1) in general, so we must
not expect ae’(®eikt9)/e to be a good approximation for uf. To have a good
approximation, we would have to compute the next term in the asymptotic
expansion for (a,¢%) as e — 0. We leave out this question at this stage
here, because we do not have completely satisfactory answers for that issue,
and resume this discussion when ¢ € L'(R") below, a case where we have
more precise information at hand.

lal

Part 2. Subquadratic eikonal phase

We now allow the external potential and the initial phase to have qua-
dratic components. After some geometrical reductions, the analysis boils
down to the previous one. This reveals some differences though: for in-
stance, even if |aj|? — ¢ € L?, one must not expect |uf(t)|?> — ¢ € L? for
t>0.

Assumption 2. Recall that n > 3.
e External potential: Viiy € C°(R x R™) writes

‘/ext(ta 1’) = unad(ty .%') + Vpert (t7 .%'),
where Vauag € C®(R x R™) is a polynomial of degree at most two in x
N?’unad = 0), and VVpert S C(R; HOO)
e Doping profile: it is a short range perturbation of a constant. For simplic-
ity, we assume that this constant is 1:
c=1+¢ where¢e L' N H™.
e Initial amplitude: it has the following expansion,
ag(z) = ag(x) 4+ r°(x),
where ag € X is such that |ag|> — 1 € L2(R™), and r* € H>, with

17| s {-:—~>O>0’ Vs > 0.
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e Initial phase: we have &g € C°(R™) with
‘I)O(CC) = gbquad(x) + ¢0(x)a

where Gquad 15 a polynomial of order at most two, and Voo € H*.

Ezample (External potential). We may take
n
unad (ta CC) = Z >‘j (t):c?,
j=1

an anisotropic harmonic potential with smooth time-dependent coefficients.
Of course, we may take Vpery € C°(R; H™).

5. THE EIKONAL PHASE AND THE ASSOCIATED TRANSPORT OPERATOR
The generalization of Lemma [[.9 is:

Lemma 5.1. Under the Assumption [§, there exists T* > 0 and a unique
solution e, € C°([0,T*] x R™) to:

1
(51) at(ﬁeik + §‘v¢eik’2 + unad(t7 .%') =0 ) ¢eik|t:0 = (bquad .
This solution is a polynomial of order at most two in x: V3¢eir = 0.

Proof. The first part of the lemma was established in [f]j. Consider the
Hamiltonian flow associated to

1
5‘5’2 + unad(t7 x)a
which yields z(t,y) and £(t,y) solving:

(5:2) O(ty) =€ (ty) 5 z(0,9) =y,
. 8t£(t, y) = _V:quuad (t’ CE(t, y)) ; 5(0’ y) = v¢quad(y)'

Following this flow and using a global inversion theorem (see [ for these
general results), we construct ¢ex, locally in time, but globally in space.
The idea for the global inversion is to notice that V,x is the identity, plus a
perturbation which is uniformly bounded in space, and continuous in time
with initial value equal to zero: there exists T* > 0 such that, for all ¢ €
[0,7%], y — xz(t,y) is a global diffeomorphism. We denote by y(t,x) its
inverse. This yields ¢eix € C°([0,T*] x R™), with

(5.3) V(ﬁeik(u .%') = 5 (ta y(tv 1‘)) .

As a byproduct, the function ¢y is sub-quadratic: 0%¢ei € L ([0, T*] xR™)
as soon as |a| > 2.

Differentiating (b.1]) three times with respect to any triplet of space vari-
ables, we see that U = V3¢, solves a system of the form:

(O + Ve - V)T = MU ;T =0,

where M € L*°([0,7%] x R™) (M is a linear combination of derivatives of
order at least two of ¢ek). Note that the absence of source term and initial
datum follows from Assumption f. Since Ve is given by (£.3), we can

then use the method of characteristics: setting W(¢,y) = V(t,z(¢,y)) (which
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makes sense since z(t,-) is a global diffecomorphism), the above equation
becomes

QY =MU 5 TU_g=0 ; MeL(0,T"] xR").

We conclude with Gronwall lemma that ¥ = ¥ = 0.

Alternatively, one can prove that ¥ = 0 by an elementary integration by
parts argument. Namely, since V¢ € L°([0,T*] x R™) and ¥(0,-) =0 €
L?(R™), we have ¥ € C([0,T*]; L?(R")) together with the energy identity:
for all ¢t € [0,T7],

t
/|\I’(t,:ﬂ)|2 dx :/ /(Agbeik(t',x) + 2M(t', z)) ‘\I’(t',x){z dxdt’.
0
Hence, again, the desired result follows from Gronwall lemma. O

In view of the energy estimates performed in Section [}, we will not con-
sider (b.J), but a nonlinear perturbation of this equation. Indeed, if we try
to mimic the computations after Lemma B.4], and after having changed vari-
ables to work on the characteristics, we have to estimate D;aj in L?. From
the equation,

IDsai Iz S (L4 lopllpee + IVl L2) (lahl e + VAR 2) + 1A 2
+ llah Adeik | 2

The last term is new, since now Adek is a non-trivial function (of time
only). This means that we must not even expect the last term to be finite!
To overcome this difficulty, we proceed as on the baby model

1
oia + §aA¢eik =0,

where from Lemma .1, A¢ei is a function of time only. It is convenient to
introduce the auxiliary function

a(t,z) = a(t, z) exp (% /0 t A¢eik(7)d7> .

Therefore, it is tempting to replace the condition |uf| —1 € L¥L? with a
condition of the form

wee I3 Adanmiar|® _ g ¢ L¥L2.

Apparently, we have solved the issue mentioned above, but the price to pay
is that we no longer consider the quantity which is natural in view of the
Poisson equation. The idea is then to introduce a “ghost Poisson potential”:

V;:/‘};E—F‘/g—{-‘/g, where
2
_1>,

Av;z-: — ge f(f Adeir (T)dT ( uae% fot Adeix (T)dT

AVg =g (e* fot Adeir(T)dT _ 1> ’
AVg = q’&



22 T. ALAZARD AND R. CARLES

In particular, AVj is a function of time only: V; is quadratic in z, and we
may choose

(54) ‘/g(t’ Qj) q ’2‘ < fo A¢elk(T) T _ 1) .

Following the idea of [f], it is consistent to replace Vyyaq with Vyyag + Vg in
(B1), since Vg is quadratic and cannot be considered as a perturbation or
a source term. Even though V, depends on ¢k, it is reasonable to try to
extend Lemma p.1. Indeed, if we consider the iterative scheme

2
1) 1) X (9)
atqsglj 2 ‘VQSg]:r ‘ + unad(ta :C) = —C]‘%L ( fo A¢e1k (ra)dr _ 1) )

g+
¢eik\t:0 - gbquad,

with (ﬁgioﬁ = Qquad, We see that applying Lemma B.1 inductively shows that
every iterate is a smooth, sub-quadratic function. We have precisely:

Proposition 5.2. Under Assumption [3, there exists T* > 0 and a unique
solution ¢ec € C°°([0,T%] x R™), polynomial of order at most two in x

(V3peik = 0), to:

1 z|? t A
atgbeik + §|V¢eik|2 + unad(ta x) = _Q% <ei fo Adeir(T)dr _ 1) R

(5.5)
¢eik|t:0 = ¢quad .
We denote:
¢
(56) olt) = 5 [ Adutryar

Proof. Inspired by Lemma p.1, we seek directly ¢eix of the form
beix(t,z) = 2 M(t)x 4+ oft) - = + B(t),

where M € M, xn(R), @ € R” and § € R. Plugging this expression into
(F.3) and identifying the coefficients of the polynomials in x, we find:

NE(t) +2M ()7 + Q(t) = =5 (e 20 ™M 1) 1, M (0) = My,
a(t) +2M(Hat) + EX) =0 ; «a(0) = g,

B+ loP +4() =0 A(0) = o
where
Vauad (t, ) = "2Q(H)z + E(t) -z +(t) ; ¢quad(9€) = " Moz + ag -+ [o.

Introducing the unknown function R(t fo T)dT, we see that the equa-
tion in M can be solved thanks to Cauchy—LlpSChltz Theorem applied to
(M(t),R(t)). Then a(t) and B(t) follow by simple integration. O

The above proof shows that unless Q(t) = 0 = My (a case which boils
down to Part [I), ¢ is a non-trivial function of time.

The previous result implies that the characteristics associated to the
transport operator 9y + Ve - V present in (.7) can be described very
easily.
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Corollary 5.3. Let x(t,y) be as defined in (5.9). There exist o« € C*®([0, T*];R™),
and A € C*([0,T*]; Mpxn(R)), symmetric, such that, for all t € [0,T7],

z(t,y) = 'y +a(t).
Proof. By Proposition p.3, Veix(t,7) = M(t)x + a(t) for some symmetric
matrix M. Since
atx(t7 y) = v¢eik(t7 1’(t, y))a
the result follows by integration. O
Remark 5.4. Under Assumption [, Vi is a function of time only, and the
transport operator 9;+V ¢eik - V is trivial. In the above proof, M = 0, and we

have z(t,y) = y + fg a(7)dr. This relation is reminiscent of Avron—Herbst
formula (see e.g. [{]).

6. MAIN RESULTS

The analogue of Theorem [L.3 is:

Theorem 6.1. Let Assumption [} be satisfied. There exists T > 0 indepen-
dent of € €]0,1] and a solution u® € L>°([0,T] x R"™) to (IL1)-(L.3), with
-€ -€
VV, (tx) =V (V5 - Vy—Vz) (t,x)H—> 0, V, (t,0)=0,
Tr|—00
and such that |[u®ed|> — 1 € L>([0,T); L?), where g is given by (5.6). More-
over, one can write u€ = afe'(PeictP)/e yhere:
e a° € C([0,T] xR")NC([0,T]; X>°), and |a®ed|* -1 € C([0,T); L?).
® ik 1S given by Proposition .
e ¢° € C([0,T] x R™) and V¢ € C([0,T]; X°).
e We have the following uniform estimate: for every s > n/2, there
exists M independent of € €]0, 1] such that

lla® || Lo (0,7,x5) + H|‘L€6g|2 - 1HL°°(O,T;L2) IVl Lo 0,7,x5) < M.

Remark 6.2. We impose conditions on /V;E, and not on V. This is related
to the arbitrary choice (5.4) to integrate the “ghost Poisson equation” (this
equation introduces additional degrees of freedom), since we will impose

VVg(ac)H—> 0 ; Vizx) — 0.

|z|—o00
Note that since g is non-trivial, the above result shows that one must not
expect |u®(t)|> — 1 € L? for t > 0.
Proceeding like before, we want (a®,v%) to solve:
0v° + (Veik + v°) - VU© 4+ 0° - Vi + VViert + VVpE =0,

6.1 0ra® 4 (Ve + v°) - Va® + 1aEV (Ve +0°) = iEAaa,
2 2
AVID‘2 = q(\aa\z — c),
together with

- € - €
(6.2) VV, (t,z) ‘x‘jgo() ;o Ve (6,0)=0 5 vy = Vo ; aj_ = ap.
With this existence result, we can study the asymptotic behavior as € — 0
of the solution we construct:
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Theorem 6.3. Under Assumption[3, there exists a smooth solution (a, @) of
(b.1) with € =0, such that a,V¢ € C([0,T], X>), laed|? —1 € C([0,T), L?),
and
la® —allgems + V(6" = @)l xs —0, Vs >mn/2.
e—0

In particular, the position density and the momentum density converge:

|uf|? = la*> in LH®, and
E—

eIm (uae—i%ik/av (uee*id’eik/E)) — la>’V¢ in L X, Vs > n/2.
£—

Remark 6.4. We slightly altered the usual notion of momentum density, by
removing first the eikonal phase ¢ejk. Indeed, we do not prove that

‘aa‘zvéeik 5——>0> \aIQVqﬁeik in L%O)(S7

since V@i may grow linearly in z, while |a|? morally goes to 1 as |z| — oo,
hence |a]?V e & LFX5.

We first show that the solutions of (.T]) exist and are uniformly bounded
for a time interval independent of ¢.

Proposition 6.5. Let Assumption [ be satisfied. Let s > n/2. For all
M > My >0, there exists 0 <T < T* such that, if for all € € [0,1],

2
(6.3) IV ol sz + [[ladl” = 1| o + lafll a1 < Mo,

then the Cauchy problem (b)) has a unique classical solution (v¢,a%) in
C>([0,T] x R™) such that

(64) Il pgxers + [lae? 1| 0%l xen < M

L3 L2
We perform some geometrical reductions so that the proofs of the above
results follow from Section JJ.

7. REDUCTION TO THE FIRST CASE

We begin by proving that (f.])) is equivalent to a system which does not
involve the operator e -V, thanks to Corollary F.3. Resuming the notations
of Section [, define, for any function f of time and space:

fty) = f @zt y).
Working with f instead of f, the characteristics associated to wvey - V are
straightened so that:

Ocf(t,y) = (O + veirc- V) f (£, 2(8,9)) -

The good news for us is the fact that the above change of variable does not
change the structural properties of (B.1]). Indeed, Corollary f.3 implies that

(7.1) Vity) = e 2OV (t.y),

for some symmetric n x n matrix A(t) which is independent of y.
We are now in position to make precise the fact that the change of vari-
ables does not change the structural properties.
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Lemma 7.1. Fizt € [0,T7*] and set 6; := e 2V, where A is as in Corol-
lary B.3. The following properties hold:
(1) For all u € H*(R™) and all v € W1°(R") one has:

Re(id;oru,u) =0 5 2(v-du,u)=—((0w)u, u).

(2) The Fourier multiplier ¥V (—8;0;)"16; is well defined and bounded on
Sobolev spaces: for all ¢ > 0, there exists a constant K, independent of
t € [0, T*] such that:

|V (=6760) " 6eu|| o < Ko llullye,  Vu € H(R™).
(3) For all function u: R — R,
u(z) — 0 < wu(z(t,y)) — 0.

|z|—o0 |ly[—o0

Proof. By integrating by parts, the first property follows from the fact that d;
is a linear combination of spatial derivatives whose coefficients are constant
symmetric matrices. The property (2) is immediate using Fourier transform.
The property (3) is obvious. O

Notation. Introduce the operator d by, for all u: [0,T%] — S'(R™),
(Bu)(t) == e 2O Tu(t).

The difference between the above notation and Lemma [.] is that d; is
defined for fived t € [0,T*]. Following what we did in Section [, introduce

a=ae 5 V5= /‘};6 + Ve + Va
Since ¢ € L' N H*>®, A~'¢ is well defined as a temperate distribution:
A= —F (67 FE).

Setting ‘N/pert = Vpert + gA~'¢, we still have V‘N/pert € C(R;H*®), from
Lemma P.4. With these notations, (6.1) is equivalent to:

Opv° 4 V% - OV° + 1% - Ovgi + 3‘7pert + 8?; =0,
~ e 1 € ko~
(7.2) O +v° - O + S0 - F = —2%3 o,
OV, = —gqe ([ - 1).
Note that the fact that the right hand side of the equation for a® is skew-
symmetric remains, from the first point of Lemma [[.]: following the idea of

E. Grenier [[[5], this is crucial in the proof of Theorem [[.3. This is so thanks
to Corollary .3, and would not be if ¢ was not exactly polynomial.

Directly from Corollary p.J, we verify that, for all & > 0, there exists C,,
such that, for all ¢ € [0,T%],

(7.3)  Cot lu(z(t, Nge < lullgs < Collula(t, Dy,  VYue HO(R").
Similarly, there exists a constant C' such that
O Ju(a(t, Dl < ullpe < Cllul@(t, g, Yue L2R").

Note that (7.9) is very similar to (B.1]). The transport operator is simplified,
but we have two new features:

e The term v¢ - Jug in the equation for v°.
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e The factor e29 in the Poisson equation.
The latter changes very little computations, since g is a function of time

only. One can check that the term v° - Qug does not require a modification

of the proof given in Section f; unlike for d;a, we do not estimate 9;v° in
L?. Therefore, Theorem follows. Similarly, Theorem 6.3 follows like in
Section [, up to some slight modifications; like for the proof of Theorem .1,

replace (a%, V, Vpert) With (565/;67 Vpert)-

Part 3. Integrable doping profile
8. INTEGRABLE DOPING PROFILE

There are many results concerning the case when the doping profile ¢ is
decaying at spatial infinity, say ¢ € L'(R™). We refer for instance to [pJ] and
references therein. We restrict our attention to the case n = 3 for simplicity.

Assumption 3. We consider the case n = 3.
e External potential: Vi € C°(R x R3) writes

‘/ext(ta 1’) = unad(ty .%') + Vpert (t7 .%'),

where Vaguaa € C®(R x R3) is a polynomial of degree at most two in x
NBunad =0), and Vpert € C(R; H®).

e Doping profile: ¢ € L'(R3) N X*°.

e Initial amplitude: af(z) = ag(x) + a1 (z) +eri(x), where ap,a1,r] € H>,
with
|75 1| s 70, Vs > 0.
E—

e Initial phase: we have &g € C°(R™) with
q)O(CC) = gbquad(x) + ¢0($),

where Pquad 15 a polynomial of order at most two, and ¢g € X°.

Our goal is to state a convergence result which is more precise than The-
orem [[.§: we shall need some properties of ¢°, and not only V¢¢. This is
why we change the boundary conditions to solve the Poisson equation: we

consider
2
1ediu’ + %Au8 = Vet u® + Vp’gue, (t,z) € R x R3,

(8.1) AVS =¢q (|u'g|2 —¢), VV5(t,x) = 0and Vi (t,z) — 0 as |z] — oo,
Uiy = a () e,

With these boundary conditions (which are as in [, R3] for instance), we
can define A~! as:
1

8.2 ATlf=——=xf

(52 =gt

Theorem 8.1. Let n = 3. Under Assumption B, assume furthermore that
Vpert € C(R; X°°), ¢ € LY(R3), ag € L2(R3) and ¢o € L®(R3). There exists
0 < T < T* independent of € €]0,1] and a unique solution u® € C*°([0,T] x
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R3) N C([0,T); H*) to (Bd]). Moreover, one can write u® = ae*(®eixt7)/e,
where:
e o € C([0,T]; H®).
o Gk s given by Lemma [5.1.
o & € C(0,T]) X).
o We have the following uniform estimate: for every s > 0, there exists
M, independent of € €]0, 1] such that

lla®||Lge s + (6%l Lge x= < M.

Note that existence and uniqueness for (B.J)) can be established in a larger
class of functions, thanks to Strichartz estimates. We refer for instance to
[ﬂ] for the case with no external potential, and simply recall that similar
Strichartz estimates are available in the presence of a smooth, subquadratic
external potential ([I(], see also [ff]). Note also that the term A~'c can be
treated as a “nice” linear potential, thanks to Lemma R.4 and the following:

Lemma 8.2. The operator A~ defined by (B:3) maps L' N L*(R3) to
F(L'(R®)), where F denotes the Fourier transform. Moreover, there ex-
iwsts C' such that

|F (A7) | <C Ul +llelizz), Yo € LTN LAR).

Uniqueness for (B.1]) follows easily:

2
1e0suf + %Aue = Vet tt© + gA™? (|u€|2 — c) u®.

Let u® and v® be two solutions in C'([0, T¢]; H*) of the above equation, with
the same initial data, for some 7° > 0. Note that the dependence upon ¢ is
irrelevant, since € > 0 is fixed. The difference w® = u® — v* solves

2
ie0yw® + %Awe = Vogw® + gA™! (|u‘3|2 —c)uw® + gA~! (|u‘3|2 - |v5|2) v°.

The basic energy estimate yields:
d _
e lwfllza S |ATF (lu* = [0°%) oF| o w2
SNAT (P = 10°1P) || oo 107l 22l | 2
S (NP = 1P| o+ 1 = 10 1) 1"l 2 [l [ 2
< (1wfllzz + 0%l 22 + lufll oo + [[v° | poe) [|w®[[72 |07 2.

Uniqueness then follows from the Gronwall lemma.
To prove the existence part of Theorem B.1|, we consider

1
09" + Vi - Vo + S VO " + Voert + Vi =05 ¢ = do-

1
(8:3) ia° +V (6° + fea) - Va* + 5a°A (¢° + dar) = iz Aa” ; afy_g = ap.
AVy = q(|a’5|2 —c) ; VVi(tx) | |—> 0 and V; (¢, ) ‘ ‘—> 0.

The geometrical reduction presented in Section [fj makes it possible to trans-
form the transport operator 0; + ve - V into d;. Unlike in Section E, we
may keep the term Agg. Since Aggx is a function of time only, and since
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we work with a® € C([0,T]; H®), the term a®*Ag¢ek can be treated like a
perturbative term.

Since the proof of Theorem involves more classical arguments, we
essentially skip it, so that we can focus our discussion on the semi-classical
limit € — 0.

After the geometrical reduction, (B.3) becomes what we would have found
directly in the case Viyuad = 0 = @quad, up to terms which can be treated by
Gronwall lemma. We may for instance resume the approach of Section [,
and replace X*® with H®. This way, we construct a®,v* € C([0,T]; H*).

To complete the proof of Theorem B.1], we finally notice that ¢° € C/([0, T]; L>),
from Lemma B.9 and (B.3) integrated along the characteristics.

We can now establish the analogue of Theorem [L.§, with a pointwise
description. To do so, we introduce the solution to

1
at¢ + V¢eik : V¢ + §’v¢‘2 + Vpert + Vp =0 ; ¢|t:0 = ¢O-

1
(84) G+ V(¢ + beir) - Va+ 50D (¢ + deix) =0 5 ay—o = ao.
AV, =q(la* —¢) ; VVp(t, ) | |—> 0 and V,(t,z) — 0.

|z|—o0
This system has a unique solution (¢, a) € C([0,T]; X*° x H*). As pointed
out at the end of Section [, the triplet (e, ¢,a) does not suffice to describe
the pointwise limit of u® as e — 0. This is the reason why in Assumption [,
we want to know a® up to o(e) instead of o(1) only. Consider the linearized
system:

O1p1 + V(@eik + @) - V1 +V =05 ¢14—0 = 0.

1
0tb 4+ V (¢ei + ¢) - Vb + §bA (Peix + @) +
(8.5) ) .
+V¢1 -Va + 5@A¢1 = §Aa ; b‘t:O =aj.

AV =2qRe(ab) ; VV(t,z) — 0, and V(t,z) — 0.

It has a unique solution (¢1,b) € C([0,T]; X*° x H*).

Theorem 8.3. Under the Assumption [}, the solution to (B]) can be ap-
prozimated at leading order by ae'®tet(Peixte)/e.

Remark 8.4. In general, ¢ is not trivial provided that a; # 0, and the
amplitude of u® is, at leading order, ae’®*. This phenomenon is due to
the fact that from the point of view of geometric optics, (L.1)-([.3) (or
(B1)) is supercritical: to describe the exact solution at leading order as
in Theorem .3, it is necessary to know its initial data up to o(¢). This
phenomenon may lead to instability results as in [{]: modifying a§ at order
/€ for instance, affects the solution u® at order O(1) for times of order /e.

uE — ael¢1 el(¢elk+¢)/€ — O as € — O.

LS (L2NL>)

Sketch of the proof. The idea is to resume the approach of Section [I. Set
w, =V (¢ —p—cp1) ; w,=a"—a—ecbh
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Proceeding as in Section [, we find, for s sufficiently large:

105 | e xeorr + Il g rs S € + ellr [l

As above, we infer an L? estimate for w::

105 | e o1 + @ llLge s S € + ellrillare,

and directly from the equation,

165 — ¢ — €1l oo o1y xks) S €% +ellrfllms = o(e).

We conclude:

UE — aeiP1 oi(@eikto)/e afelP/e _ qeif1pid/e

: <¢5—¢—6¢1)‘
sin
€

S elbl + |wg| + af x o(1).

az—:eid)E/e _ aei(¢>+€¢>1)/e

A

e[l + |we| + lal

The result follows by taking the L? or the L norm in space. O
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