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The degree of polarization (DOP) is an important tool in many optical measurement and imaging applica-
tions. We address the problem of its estimation in images that are perturbed with both speckle and photon
noise, by determining the Cramer—Rao lower bounds (CRLBs) when the illuminated materials are purely
depolarizing. We demonstrate that the CRLBs are simply the sum of the CRLBs due to speckle noise and
Poisson noise. We use this result to analyze the influence of different optical parameters on DOP estimation.
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Polarization imaging is increasingly used in medica%
imaging,” remote sensing,” and industrial control.
For example, this technique can reveal contrasts be-

tween regions of a scene that have the same intensity

reflectivity but different polarimetric properties.2’3

These systems often measure the degree of polariza-
tion (DOP) of laser light backscattered by a scene.
Images are thus corrupted with speckle noise, which
is inherent to coherent imaging.4 Moreover, in some
configurations of practical interest, the number of de-
tected photons is so low that photon noise must also
be taken into account.

The influence of the speckle noise on intensity and
DOP estimation was analyzed in Ref. 5. The influ-
ence of coupled speckle and photon noise on target
detection on low-flux-intensity images was also stud-
ied in Ref. 6. Our purpose in this Letter is to address
estimation of the DOP in the presence of both speckle
and photon noise. We will determine the Cramer—Rao
lower bounds (CRLBs) and use them to analyze the
influence of the mean photon flux and the speckle or-
der on DOP estimation. We will assume throughout
the Letter that the observed materials are purely de-
polarizing.

Consider an active polarimetric imaging system in
which the scene is illuminated with collimated and
purely polarized laser light. Two images are thus ob-
tained: X={X;,i €[1,N]} (N being the number of pix-
els in the image) is formed with the fraction of the
light polarized parallel to the incident state, and Y
={Y;,i €[1,N]} is formed with the fraction of the light
in the orthogonal state. In the following mathemati-
cal developments, one-dimensional notation will be
used for simplicity, and bold symbols will denote
N-dimensional vectors.

The problem we address is the following. One as-
sumes to have observed a sample y of size N pixels,

defined by X={nX,1 YNy 1,Mx2,0y2,--- X N> nY,N}a
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where ny j,ny; represent, respectively, the number of
photons measured at pixel j in images X and Y. One
will assume that all the elements of the sample are
statistically independent. The ny; are assumed to
have the same average value Ix, and the ny; the av-
erage value Iy. Since the illuminated materials are
assumed to be purely depolarizing, these values can
be expressed as a function of the total intensity I,
(expressed in number of photons) and of the DOP P
as® Iy=I,(1+P)/2 and Iy=I,(1-P)/2. Our goal will be
to estimate the two parameters I, and P from the
sample Y.

The probability distribution function (PDF) of the
sample values is classically determined by using a
semiclassical model of light. Since illumination is co-
herent, in the absence of photon noise, the reflected
intensity I measured in one pixel of image U=X,Y is
modeled as a Gamma-distributed random variable
with mean Iy and order L, whose PDF is

o LEfE-1 ( LI)
ul )—F[L]I%] exp _E (1)

with U=X,Y. For a given realization of the intensity
I, the number of detected photons is an integer-
valued random variable n distributed with a Poisson
PDF: P(n|I)=exp(-I)I"/n!. The PDF of the number of
photons averaged over the possible realizations of 1
can be expressed as’ Py(n)=[{"P(n|I)Py(I)dl with
U=X,Y. An explicit expression of this integral can be
computed7:

I'(L +n) L\™" Ig\ %
Pyn)=———|1+— 1+— | . (2
rorn+1) Iy L
It represents the PDF of the photon number mea-

sured for a light of average intensity I;; in the pres-
ence of speckle noise of order L.
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To analyze the precision of estimation of param-
eters I, and P from this sample, we determine the
CRLBs® that represent the lowest variance that can
be reached by any unbiased estimator. It is an effi-
cient way to characterize the intrinsic difficulty of an
estimation task. To determine the CRLBs, one first
needs to calculate the Fisher information matrix

& 7
- ﬁl(x) \ P alol (x)

J= (92 &2 > (3)
- aPaIOZ(X) - 3%1()()

where I(x) :Ef\il log{ Px(nx ;)Py(ny ;)] is the
loglikelihood® of the sample and () corresponds to

statistical averaging. Let P(x) and I o(x) be some esti-
mators of, respectively, the polarization P and the in-

tensity I,. They are unbiased if (P(x))=P and (Iy(x))
=I,, and one can define their covariance matrix I as

(P(y) - PYTo(x) - 1))
(T - 10

(P(y) - P)?)
(P(Y) - PYTo(x) - 1))

4)

The diagonal elements of this matrix are the vari-
ances 0% of the DOP and o’?o of the average intensity.

The Cramer—Rao theorem® states that for unbiased
estimators the covariance matrix I and the inverse of
the Fisher information matrix J~! are related by the
following inequality: vIT'v=v'J-lv, where v can be
any vector. From this inequality, one gets 0%2 Kpp
and 0-%0 > Kp,1,, Where

Kpp KpPI,
J 1= . (5)

KPI, KIl,

These values are called the Cramer-Rao lower
bounds® (CRLBs). We first determine the CRLBs
when only photon noise or Gamma noise is present.
We then address the case where the image is per-
turbed by both types of noise.

In the absence of speckle noise, the number of pho-
tons is distributed with a Poisson PDF. A direct ap-
plication of Eq. (3) leads, after some calculus, to «p;
=0 and to

1-p? I,

Kpp= —NIO ) KIgly = 7y (6)

where the superscript 7 stands for Poisson. On the
other hand, in the absence of photon noise, the mea-
surements are distributed with the Gamma PDF de-
fined in Eq. (1). A direct application of Eq. (3) yields,
after some calculus,
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I3(1+ P?

2LN ™

Kioly =

and Kf,lo =1/(2LN)I P(1-P?), where the superscript S
stands for speckle. In contrast to the Poisson noise
case, one can expect correlation in the fluctuations of
the estimation of P and I, since the nondiagonal el-
ement of J~! is nonzero.

In the presence of both speckle and Poisson noise,
the data are distributed with the PDF defined in Eq.
(2). By application of Eq. (3), a somewhat involved,
yet direct calculus yields

1
KM = ﬁ(l - P%)(1-P%+2L/I,),

I
K, = ﬁ(l +P%+2L/1,), (8)

and «py =IP(1-P?).

Several remarks can be made about this expres-
sion. Let us first consider the case L/I,>1, in which
light intensity is very low and Poisson noise is domi-
nant. In this case, it is seen that Egs. (8) lead to the
CRLBs of the Poisson noise case [see Eqs. (6)]. On the
other hand, if L/Ij<1, speckle noise is dominant (the
photon flux is high), and it is seen that the CRLBs
reduce to that of the speckle-only case. More unex-
pectedly, one can notice the following property:

Kpp = Kpp + Kpp, K%IO = K[ 1y KT 1, 9)
The CRLBs in the presence of mixed speckle and
Poisson noise are simply the sum of the CRLBs that
result from each source of fluctuations. It can also be
noticed that the nondiagonal term of J~! in the mixed
case is due only to speckle.

Let us first consider estimation of intensity /. The
signal-to-noise ratio (SNR) can be defined as 7;

=1,/ \/K%IO. When only photon noise is present, the

SNR is proportional to I, (a well-known property of
the Poisson noise) and is independent of P. On the
other hand, when only speckle noise is present, the
SNR is independent of I, but decreases as P in-
creases. It is higher for totally depolarized light. Let
us define the ratios

S
Il I kpp Iy
pr=——=——(1+P?, pp=—=——(1-P?,

(10)

For intensity estimation, the crossover between the
two regimes characterized by a dominant Poisson
noise or a dominant speckle noise can be defined as
pr=1. As expected, this crossover depends on L and I
only through the ratio L/I,. The value of I, corre-
sponding to this crossover (in the case of L=1), de-
noted g([ ), has been plotted as a function of P in Fig.
1 (dashed curve). For totally depolarized light,
speckle noise overcomes Poisson noise when the
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Fig. 1. Base-10 logarithm of the crossover intensity be-

tween Poisson-dominant and speckle-dominant regimes
plotted as a function of P when L=1. The solid curve corre-
sponds to the crossover intensity I g(P) for the estimation of
P; the dashed curve corresponds to the crossover intensity
I§(D) for the estimation of I,
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Fig. 2. CRLB for the estimation of P plotted as a function
of P for different values of the speckle order L. (a) I,=0.1,

(b) Iy=10. Curves correspond to L=1,3,10,100 (from top to
bottom).

number of photons is larger than 2L, whereas for to-
tally polarized light the crossover takes place as soon
as the number of photons is L.

Let us now consider estimation of the DOP. Since P
is a parameter without dimension, its estimation pre-
cision is characterized by the CRLB. As for estima-
tion of the intensity, the CRLB decreases with I, and
L [see Eqgs. (8)]. However, it is seen to decrease as P
increases and even to become null when P=1. The
value Ig(P) of I, corresponding to the crossover be-
tween the speckle and the Poisson regimes for esti-
mation of P, defined as pp=1, has been plotted in Fig.
1 (solid curve). It behaves quite differently from I OC(I )
(dashed curve). Indeed, it increases with P and even
tends to infinity as P tends to 1, since in this case the
contribution of speckle tends to zero faster than that
of Poisson noise [see Eqs. (6) and (7)]. For P=0 the
crossover occurs for I OC(P) =2L photons, and for P
=0.9 it occurs for Ig(P):10.5L photons, whereas it
remains around L photons for intensity estimation
[see Egs. (10)]. Photon noise thus has a greater influ-
ence on the estimation of the DOP than on the esti-
mation of the intensity. A practical consequence of
this fact is that even if photon noise is negligible for
intensity estimation, it may not be so for DOP esti-
mation, especially when light is highly polarized.

Let us now concentrate on the estimation of the
DOP. For a given value of P, the signal parameters
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that influence the estimation precision are the aver-
age number of photons, I, and the order of the
speckle L. We have plotted in Fig. 2(a) the CRLB ng
as a function of the actual value of P for I,=0.1. The
four curves correspond to different values of L. For
such a low value of I, the photon noise is dominant
whatever the value of L. Thus increasing L, which re-
duces the fluctuations due to speckle noise but not
those due to photon noise, does not significantly re-
duce the CRLB. Figure 2(b) corresponds to I;=10. In
this case speckle noise is dominant, and thus increas-
ing L significantly reduces the CRLB.

To get a synthetic view of the respective influence
of I, and L on the estimation precision of P, let us
consider that P=0, which corresponds the worst situ-
ation for DOP estimation. In this case it is easily seen
from Eq. (8) that the DOP estimation precision is con-
stant when 1/1+1/2L is constant. From this expres-
sion it is clearly seen that when photon noise is domi-
nant ([j<2L) performance is more improved by
increasing I, than L. For example, estimation preci-
sion is better for I;=0.7 and L=1 than for /;=0.5 and
L=100. On the other hand, when speckle noise is
dominant (I,>2L), it is more efficient to increase the
speckle order. For example, estimation precision is
better for I,=3 and L=10 than for ;=100 and L=1.
If the average number of photons is large enough to
be in the speckle-dominant regime, increasing the
speckle order is thus an efficient way of improving
the estimation precision of the DOP.

When we have both photon and speckle noise, it
has been shown that photon noise has a greater in-
fluence on DOP estimation than on intensity estima-
tion, especially when light is highly polarized. More-
over, at low intensity levels, increasing the speckle
order is not efficient for improving precision. It will
be interesting to analyze different measurement
strategies and to compare their performance with
those analyzed in this Letter. Taking into account
possible correlation of the two components of the re-
flected light is also a challenging problem.

The authors thank the Physics and Image
processing team. P. Réfrégier’s e-mail address is
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