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Abstract

We investigate properties of locally finite languages introduced by
J-P. Ressayre in [Res88]. These languages are defined by locally fi-
nite sentences and generalize languages recognized by automata or
defined by monadic second order sentences. We give many examples,
showing that numerous context free languages are locally finite.
Then we study closure properties of the family LOC' of locally fi-
nite languages, and show that most undecidability results that hold
for context free languages may be extended to locally finite languages.
In a second part, we consider an extension of these languages to infi-
nite and transfinite length words. We prove that each a-language
which is recognized by a Biichi automaton ( where « is an ordinal
and w < o < w* ) is defined by a locally finite sentence. This result,
combined with a preceding one of [FR96], provides a generalization of
Biichi’s result about decidability of monadic second order theory of
the structure (a, <).

1 Introduction

In the sixties J.R. Biichi established some ties between monadic second order
logic and finite automata, [Biic60]. When a word over a finite alphabet is
considered as a structure in a natural manner, a finitary language is recog-
nized by a finite automaton if and only if it is the class of finite models of a
monadic second order sentence. And the distinction between first order and
second order sentences is here very significant: first order sentences define
the important class of star free languages, [Pin96] [Par83].



In 1974 R. Fagin proved that the class NP is characterized by existential
second order formulas, [Fag93]. Since then, many complexity classes like P,
PSPACE, LogSPACE, NLogSPACE, have been proved to be character-
ized by different versions of second order logic with the use of, for example,
fixed point operators or transitive closure operators [Tho96]. This led to
the now called descriptive complexity theory, (see [Tho96], [Fag93], [Imm87],
[EF95] for more results and references). A logical characterization of context
free languages has been recently found by C. Lauteman, T. Schwentick and
D. Therien, involving second order quantifications over some special binary
relations called matchings, [LST94]. A logical characterization for Petri Net
languages had been found by M. Parigot and E. Pelz, [PP85].

To prove the decidability of the monadic second order theory of one successor
over the integers, and further over the structure («, <), for a a countable
ordinal, J.R. Biichi and D. Siefkes studied w-languages ( and a-languages )
which are recognized by finite automata reading infinite ( and transfinite )
length words. An a-language is shown to be accepted by a finite automaton
iff it is defined by a monadic second order formula, [Biic62] ,[BS73]. Since
then the expressive power of other logics, such as temporal logics, over infinite
words has been studied, and many results have been stated. See [Tho90],
[Tho96], [Pin96], [PPI8], [Stad7], [LT94] for more results and references.

The case of transfinite length word languages appear in the theory of traces
for the modelization of concurrency [DR95] and in the work about timed
automata when one consider that an infinite number of actions may happen
during a finite period of time [AD94], [BP97]. The languages of transfinite
length words which are recognized by finite automata have been recently
studied by N. Bedon in [Bed96], [Bed98| where the extension of the equiva-
lence between first order sentences and star free languages is shown.

To extend these results, J-P. Ressayre, in order to apply ideas and machinery
of model theory to the study of formal languages, introduced in [Res88] the
locally finite sentences and the locally finite and free locally finite languages.
He showed that these latter languages may be seen as a class of finite struc-
tures satisfying a strong finitary analogue to the properties of a universal and
complete class of first order structures equipped with elementary embeddings.

Locally finite sentences are first order, but they define locally finite languages,
via existential quantifications over relations and functions which appear in
the locally finite sentence. And these second order quantifications are much
more general than the monadic ones as the following results show:
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Each rational language is locally finite, [Res88].

Each quasirational language is locally finite, Theorem 2.21 below.

Each w-language which is accepted by a Biichi automaton is a locally
finite w-language, [Fin89] and Theorem 5.7 below.

And there exist much more locally finite (w-)languages, see section 2
below and [Fin89],[Fin99.

But syntaxic and semantic restrictions (a locally finite sentence is equivalent
to a universal one and its models satisfy simple structural properties) make
locally finite w-languages keep important properties of rational w-languages.
The pumping lemma of [Res88] is an analogue for each locally finite w-
language of the property : 7 A rational w-language is non empty if and
only if it contains an ultimately periodic word ”. And this lemma implies in
a similar manner the decidability of the emptiness problem for locally finite
w-languages. And similar results exist for a-languages, where « is an ordinal
< w¥, [FRI6].

And other pumping lemmas based on the existence of indiscernables in a
model imply decidability of problems like: is a finitary locally finite language
infinite?

We study here first the finitary locally finite languages.

In section 2, we give many examples. The question to know whether every
context free language is locally finite remains open contrary to that is asserted
in [Res88]. But Dyck languages and quasirational languages as many other
context free languages are locally finite. We then study two hierarchies which
are located between context free and context sensitive languages: there are
locally finite languages at each level of these hierarchies.

In section 3, classical closure properties are investigated. Locally finite lan-
guages are closed under union, concatenation product and star operation
[Res88]. We show that the class LOC' of locally finite languages is closed
under substitution, morphism, alphabetic inverse morphism, but not under
intersection, complementation, intersection with a rational language, inverse
morphism. These latest results are obtained by the use of the notion of
rational cone.

In section 4, numerous undecidable problems for context free languages are
shown to remain undecidable when locally finite languages are considered.
In particular, given an alphabet Y containing more than two letters, it is



undecidable to determine, for arbitrary given locally finite languages L(¢p)
and L(1) over 3, whether L(p) N L(¢)) is empty, infinite, rational, context
free or locally finite, whether L(¢) C L(v), whether

L(¢) = L(v), whether L(¢p) is rational, whether L(y), the complement
of L(y), is empty, infinite, rational, or locally finite.

In section 5 and 6, we consider an extension of locally finite languages to
infinite and transfinite length words. We show that every a-language which
is recognized by a Biichi finite automata, (with w < a < w®), is a locally finite
a-language. This gives a new decision algorithm for the emptiness problem
for Biichi a-languages. And this permits us to consider other new decidability
results based on the use of indiscernables in a model. This shows also that
the expressive power of the formulas IR;...Rp(R;...Ry), where p(R;...Ry,)
is locally finite in the signature {<, Ry, ..., Ry}, is stronger than that of the
monadic second order formulas while keeping decidability properties for the
structure (o, <), w < a < w*. Hence this provides a generalization of Biichi’s
result.

2 Examples of locally finite languages

2.1 First definitions

We briefly indicates now some basic facts about first order logic and model
theory. More information may be found in textbooks, like [CK73] or [Sch67].

We consider here formulas of first order logic. The language of first order
logic contains (first order) variables x, y, z, ... ranging over elements of a
structure, logical symbols: the connectives A (and), V (or), — (implication),
- (negation), and the quantifiers V (for all), and 3 (there exists), and also
the binary predicate symbol of identity =.

A signature is a set of constant, relation ( different from = ) and function
symbols. we will consider here only finite signatures.

Let Sig a finite signature. We define first the set of terms in the signature
Stg which is built inductively as follows:
1. A variable is a term.

2. A constant symbol is a term.

3. If F'is a m-ary function symbol and ¢, ts, ..., t,, are terms, then F(ty, ..., t,,)
is a term.



We then define the set of atomic formulas which are in the form given below:
1. If t; and ty are terms, then t; = t5 is an atomic formula.

2. If ty, g, ..., t;, are terms and R is a m-ary relation symbol, then R(t1, ..., t,,)
is an atomic formula.

Finally the set of formulas is built inductively from atomic formulas as fol-
lows:

1. An atomic formula is a formula.
2. If p and 4 are formulas, then ¢ A, 9 V1), ¢ — 1 and - are formulas.
3. If x is a variable and ¢ is a formula, then Vz¢ and dz¢ are formulas.

An open formula is a formula with no quantifier.
We assume the reader to know the notion of free and bound occurrences of
a variable in a formula. Then a sentence is a formula with no free variable.
A sentence in prenex normal form is in the form p = Q1x1...Q,z,p0(T1, ..., T,),
where each (); is either the quantifier V or the quantifier 4 and the formula
©p is an open formula.
It is well known that every sentence is equivalent to a sentence written

in prenex normal form.
A sentence is said to be universal if it is in prenex normal form and each
quantifier is the universal quantifier V.

We then recall the notion of a structure in a signature Sig: A structure is in
the form:
M = (IM], (a")aesig)

Where |M] is a set called the universe of the structure, and for a € Sig, a™
is the interpretation of a in M:

If fis a m-ary function symbol in Sig, then f is a function: M™ — M.
If R is a m-ary relation symbol in Sig, then RM is a relation: RM C M™.
If a is a constant symbol in Sig, then aM is a distinguished element in M.

When M is a structure and ¢ is a sentence in the same signature Sig, we
write M |= ¢ for 7 M is a model of ¢ ”, which means that ¢ is satisfied in
the structure M. More details about these notions may be found in [CK73|
or [Sch67].

When M is a structure in the signature Stg and Stg; is another signature such
that Sig; C Sig, then the reduction of M to the signature Sig; is denoted



M)|Sig;. It is a structure in the signature Sig; which has same universe
|M| as M, and the same interpretations for symbols in Sig;. Conversely
an expansion of a structure M in the signature Sig; to a structure in the
signature Sig has same universe as M and same interpretations for symbols
in Sig;.

When M is a structure in a signature Sig and X C |M]|, we define:

Cll(X7 M) =XU U{f n—ary function of Sig } fM(Xn) U U{a constant of Sig }a’M
"X, M) = c'(cd™(X, M), M) for an integer n > 1

and cl(X, M) = U, 5, "(X, M) is the closure of X in M.

Let us now define locally finite sentences:

Definition 2.1 A first order sentence ¢ (in the signature S(p)= non logic
symbols appearing in ¢ ) is locally finite if and only if (iff):

a) M = ¢ and X C|M| imply cl(X, M) |= ¢

b) In € N such that VM, if M = ¢ and X C |M|, then cl(X,M) =
cd™(X, M), where cl(X, M) is the closure of X in M and cl™(X, M) is
the subset obtained from X applying at most n times the functions of
S(). (closure in models of ¢ takes less than n steps).

Notation. For a locally finite sentence ¢, let n, be the smallest integer
n > 1 verifying b) of the above definition.

Remark 2.2 Because of a) of Definition 2.1, a locally finite sentence ¢ is
always equivalent to a universal sentence, So we may assume that we are still
in that case.

Let us now introduce basic notations for words.

Let X be a finite alphabet whose elements are called letters. A finite word
over ¥ is a finite sequence of letters: x = ag...a,, where Vi € [0;n] a; € X.
We’ 1l denote x(i) = a; the i + 1™ letter of x. The length of z is |z| = n + 1.
The empty word will be denoted by A and has 0 letter. Its length is 0. The
set of finite words over ¥ is denoted ¥*. ¥ = ¥* — {A} is the set of non
empty words over . A (finitary) language L over X is a subset of ¥*. Its
complement (in X* ) is °L = ¥* — L. When x = qy...a, is a word over X
and the a; are letters, we denote zf* = a,,...ay the word obtained from z by
the reverse operation. The usual concatenation product of u and v will be
denoted by w.v or uv. N will be the set of non negative integers. For V' C ¥*
we denote  V* ={v;.v,/neN and v, €V Vie[l;n]}.
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A word over ¥ may be considered as a structure in the following usual man-
ner:

Let ¥ be a finite alphabet. We denote P, a unary predicate for each letter
a € ¥ and Ay the signature {<, (FP,)sex}. Let o be a word over the alphabet
Y, |o] is the length of the word 0. We may write that |o| = {0, 1, ...., || —1}.
o is identified to the structure (|o|, <7, (P?)qex) of signature Ay where

P? = {i < |o|/ the i + 1" letter of o is an a }.

Definition 2.3 Let X be a finite alphabet and L be a language of finite words
over the alphabet ¥, L C ¥*.

Then L is a locally finite language «—— there exists a locally finite sentence
¢ in a signature A 2O Ay, such that o € L iff IM, M = ¢ and M|As = 0.

( where M|Asx; is the reduction of M to the signature Ay).

We then denote L = L¥(p) , and to simplify, when there is no ambiguity,
L = L(p) the locally finite language defined by ¢.

The class of locally finite languages will be denoted LOC'.

The empty word A has 0 letter. It is represented by the empty structure.

Remark 2.4 The most natural convention concerning the possibility for a
structure to have an empty domain is that an empty structure of signature
A exists if A does not contain any constant symbol. A sentence of A is then
true in the empty structure if under prenex form it begins by V and false if
it begins by 4.

Let then L(p) be a locally finite language. If A € L(yp), let d ¢ S(¢) and
¢ = p A (d=d), then ¢ is locally finite, S(¢') = S(¢) U {d} where d is a
new constant symbol. And it holds that L(¢’) = L(p) — {\}.

Conversely assume that A ¢ L(p). We then replace each constant symbol
¢ of ¢ by a unary function symbol ¢(u), each occurrence of ¢ in ¢ by c(u)
for each constant ¢, we place Yu in front of ¢ and we add to ¢ the sentence
Vuv A\, c(u) = c(v).

The resulting sentence ¢’ is locally finite and verifies L(¢’) = L(p) U {A}.

Remark 2.5 We call locally finite sentences the above defined sentences by
analogy with the notion of a locally finite group. Each finite subset of a
locally finite group generates a finite subgroup. Here each finite subset of a
model of a locally finite sentence generates a finite submodel and moreover
with a uniform upper bound over the iteration number which is necessary to
obtain the generated submodel.



The notion of locally finite language seemingly looses its initial signification
because a subword of a finite word always generates a finite word.
Nevertheless, there is moreover a uniform bound, and we may also consider
words of infinite and even transfinite length of which each finite subword
generates a finite subword. We’ 1l then keep the notion of language defined
by a locally finite sentence.

The notion of locally finite language is very different of the usual notion of
local language which represents a subclass of the class of rational languages.
But whenever the things are well defined and precised, in a precise context
and when there will be no ambiguity, we’ll always call local languages the
locally finite languages. So in the course of this paper.

2.2 First properties

Proposition 2.6  a) The set of local sentences is recursively enumerable.

b) It is undecidable to determine whether an arbitrary sentence ¢ is a local
one.

Proof of a). Let T,,(¢) be the set of terms obtained by applying at most n
times the functions of S(¢) and T'(¢) = Up>1T5 ().
We express by a first order formula the statement ” T,,(¢) generate T'(¢) " :

/\ v \/ J(sequence v of points of @) f(t1(a)...tg(w)) = t(v)

{f functioneS(p),t1,....s€Tn(p)} teTh (p)

Then we enumerate all the proofs, checking whether they prove that:

o F [Th(p) generate T(p)], for some n € N

If ¢ is local we obtain such a proof for some n > n,,.
For an exact definition of a proof, see for example [CK73].

Proof of b). By Church’s Theorem, it is undecidable to determine whether
an arbitrary sentence ¢ is consistent, (recalling that a first order sentence is
said to be consistent if it has at least one model, otherwise the sentence is said
to be inconsistent). From this result we can deduce b): Indeed otherwise,
admitting that a non consistent sentence is local, two cases may happen:
First case: ¢ is not local, then ¢ is consistent.

Second case: ¢ is local. As in the proof of a), we can find an integer n > n,,



and therefore, if there exists a model of ¢, we find one such model which
cardinal is finite and bounded by an integer m obtained from n. Otherwise
 is not consistent.

In each case the algorithm determines whether ¢ is consistent, But 7 ¢ is
consistent ” is undecidable, then a contradiction would appear.

This negative result does not depend on the convention we have chosen:
” a non consistent sentence is local 7. Indeed:

Proposition 2.7 There does not exist any algorithm A which, for every
sentence 1, decide whether v s local and consistent.

Proof. Otherwise let p be a propositional variable an let ¢y be a consistent
local sentence . Using A, here is an algorithm which, for every sentence 1,
decide whether 1 is consistant.

We put (=p A1)V (o Ap) =6 as entry for A.

—If A answers that 6 is local and consistent, we find n > ny as in the preceding
proof, then we look for a model of ¢/ which cardinal is bounded by a bound
depending on n. If we find such a model, then 9 is consistent, otherwise v
is not.

— If A answers that 6 is not ” local and consistent ”, then 1 is consistent
(because # being consistent as 1)y is, the answer of A means that v is not
local, then 1 is consistent).

In a similar manner, we obtain:

Proposition 2.8 There does not exist any algorithm A which, for every
consistent sentence 1, decide whether 1 s local.

Per contra to these negative results, there exists a "recursive presentation”
up to logical equivalence of all local sentences ( two sentences ¢ and ¥ in the
same signature are said to be equivalent iff they have the same models, we
then write ¢ = ¢ ):

Theorem 2.9 There exists a recursive set L of local sentences and a recur-
sive function F such that:

1) ¢ local — ' € L such that b =)'.
2) ¢I€L—>n¢/:F(@//).



Proof. The elements of L are the 1 A C,,, where 1 run over the universal
formulas and C,, run over the universal formulas in the signature S(¢)) which
express that closure in a model takes at most n steps.

Y A C,, is local and nyac, < n. Then we can compute nyac,, considering
only finite models of cardinal < m, where m is an integer depending on

n. And each local sentence v is equivalent to a universal formula 6, hence
Y=0ANC,,.

These results are due to J-P. Ressayre.

From now on, in the sequel of this paper, we’ 1l assume that the local sen-
tences, whenever they are not explicit, belong to this recursive set L.

2.3 Examples of locally finite languages

Remark that in the following examples, to prove that a language is local, we
sometimes use the closure properties of the class LOC which will be shown
in the next section.

Example 2.10 Rational languages. Recall that every rational language
is a local language. This result is proved in [Res88] by induction on the
complexity of a regular expression defining a rational language. It is clear
that each language containing only one word of length 1, a € X, is defined
by the local sentence Vz[z = AA P,(A)] in the signature {<, P,, A}, where A
is a constant symbol. Then each rational language is local because LOC' is

closed under union, concatenation product and star operation ( see Theorem
3.1 below ).

Example 2.11 Dyck and Antidyck Languages.
Recall the following:

Definition 2.12 The Antidyck language over two sorts of parentheses is
the following language: Qy = {v € (Y UY)*/v —* A}, where Y = {y1, 1},
Y = {41,5} and —* is the transitive closure of — defined in (Y UY)* by
Yy € Y, yuigvy — vivg if and only if (iff) vy € Y*.

Remark 2.13 This language may be seen as constituted by words with two
sorts of parentheses, such that: ” the first parenthesis to be opened is the first
to be closed”

Definition 2.14 The Dyck language DY is defined in a similar manner but
with v1yyve — v1ve, Yo, ve € (Y UY) .
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Remark 2.15 This time we have: 7 the first opened parenthesis is the last
to be closed”.

These definitions are generalized to Dyck and Antidyck languages D" and
Q' with n sorts of parentheses , n > 1. Then we show the:

Proposition 2.16 These languages DJ¥ and Q' are local.

Proof. Let us show that D* is a local language. D’* is a language over the
alphabet ¥ = {y1, ..., Yn, Y1, ..., Un - The letters y;

represent here the open parentheses, and the letters y; represent the closed
parentheses corresponding to the y;.
We give a sentence ¢, in the signature S(p,) = {(Pa)acs, <, s}, where s is a
unary function symbol.
vy is the conjunction of the following sentences:

o Voyz[(z <yVy<a)ANz<yAy<z—z=y)ANlze<yAy<z—
xr < z)]
(this means: “ < is a linear order "),

Ve [(Vaes Fa(2)) AN (Nanesz arar (Fal®) A Par(2)))]

( this means: (FP,)qes form a partition ),

o Vz[P,(z) — o < s(x)], for each i € [1,7],
o V2z[(P,,(x) A Py, (2) Aw < 2) — s(2) < s(x)], for all i, j € [1,n],
o Va[P, (z) < P, (s(x))], for each i € [1,7],

o Va[s(s(z)) = a].

v, is equivalent to a universal formula and closure in its models takes only
one step because Vz[s(s(z)) = x]. Then ¢, is a local sentence and we easily

verify that L(y,) = D.r.

Remark 2.17 In the sequel, (< is a linear order) and ((P,)aex form a par-
tition) are abreviations for the corresponding first order sentences written
above.

Example 2.18 L = {a"ba"2b...a"»ba"*'c...a">c/n; > 0,p > 1} is local.

Proof. This context free language is given by the local sentence ¢ which is
the conjunction of:
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e (< is a linear order ),

e (P,, P, P., form a partition ),
o Vay[(Fy(x) A Pely)) — @ <y,
o Va[Fe(z) < Pys(x))],

o Vals(s(z)) = al.

o ValPy(z) — s(x) = 1],

o Vz[z < dA P.(d)].

@ is given in the signature S(¢) = {<, P,, Py, P, s,d}, where s is unary
function symbol and d is a constant symbol.

@ is equivalent to a universal formula and closure in its models takes only
two steps because it suffices to add the element which interprets d and then
to take the closure by s in one step to obtain the closure in a model of .

Example 2.19 The language L = {0"17/0 < n,p < 2"} is local over the
alphabet 3 = {0, 1}, while its complement °L = {ul0v/u,v € ¥*}U{0"17/0 <
n,p > 2"} is not local.

The language L is local: let ¢ be the following sentence which signature
is {<, Py, P, € [}, where f is a binary function symbol and € is a binary
relation symbol.

@ is the the conjunction of:

e (< is a linear order ),

(Py, Py, form a partition ),

Vay[(Fo(x) A Pi(y)) — = <],
Vayl(x € y) — (Po(z) A Pa(y))],
Vr[f(er) € < Pi(x)],

Voy[(z # y A Pi(x) A Pi(y) — ((f(ey) € 2 A f(zy) ¢ y) vV (f(zy) €
y A flzy) & )],

Vay[Po(z) V Po(y) — f(zy) = min(zy)].
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A model M of ¢ is formed by two successive and disjoint segments P} and
PM. One may consider that P} is a subset of the set of nonempty subsets
of PM. In fact, there is an injection j : PM — 27" — { emptyset }, defined
by j(z) ={z € M/z €M x}.

This property in particular implies that card(PM)< 2¢ard(H %"). The function
fM defined by ¢ is then a choice function which permits to see that j is
injective.

© is equivalent to a universal formula and closure in its models takes only one
step. And we easily see that L = L(¢) U L(p).1 and so L is a local language.
But if L was local, for sufficiently large integer n, the word 0"12"*! of ¢L
would have a strict subword containing 0™ and also being in L (because the
closure of 0™ in 0"12"*! would take at most n, steps, where n, does not
depend on n).

This example is due to J-P. Ressayre.

Example 2.20 Quasirational languages.

The quasirational languages, also called non expansive, finite index, super-
linear, have given rise to a great interest. With its two subfamilies of ul-
tralinear and bounded languages, the family of quasirational languages has
been more or less the subject of a large part of the work done about context
free languages. The main advantage of these languages is the richness of
their algebraic structures. Their various characterizations, using some very
diverse concepts, like automata, grammars, closure under operators, alge-
braic expressions, provide efficacious investigation tools which generally fail
in language theory. More, quasirational languages take a fundamental place
into the context free languages general theory.

The family of quasirational languages is the closure under substitution of
the cone of linear languages. It is also the family of languages which are
generated by finite index context free grammars [Cre73].

Then we shall prove the following;:

Theorem 2.21 Fvery quasirational language is local.
Proof. First state a lemma:
Lemma 2.22 FEvery linear context free language is local.

Proof. Let L(G) be a linear context free language, over a finite alphabet ¥,
which is generated by the linear grammar G of which production rules are:
A; — wBv; for 1 < i < n, and C; — w; for 1 < i < k, where Vi,
u;, v, w; € X*. The variables A;, B;, C; not necessarily are distinct, but are

13



variables taken in a finite set given by G.

Let us now associate to L(G) another linear language over the alphabet
' = {c1,...C,d1, ... dy, €1, ..., ex ). This new language is generated by the
grammar G’ of which the production rules are:

A; — ¢Bid; for 1 <i<n,and C; — ¢; for 1 <i <k.

This language L(G') is the set of words in the form ¢, ...c;;e;d;;...d;, , where
1 <i <k and iy,...,i; are integers in [1,n], n > 1.

The set {c;,...ci,e;/ci,...ci,eid;;...d;; € L(G')} is a rational language, gener-
ated by the grammar of which production rules are A; — ¢;B; , 1 < i < n,
and C; —e; , 1 <1<k,

Therefore this language is local, defined by a local sentence ¢. It is now easy
to see that L(G’) is defined by a local sentence v, associating a word of L(v))
with each word of L(y):

Let S(¢) = {P,a,s}US(p)U{P;,/1 <i<n},where P is a unary predicate
symbol, a is a constant symbol and s is a unary function symbol.
Then 1 is the conjunction of the following sentences:

e (< is a linear order ),
o ((P.)i<i<n, (Pi;)1<i<n, (Pe;)1<i<k) form a partition,
o Vay[P(z) A=P(y) = <y,

o Vri..x; € Plpo(, ..., z;)], where ¢ = Vay..x;00(21, ..., ;) with ¢y an
open formula,

o Vuy..x, € P[f(x1,...,xm) € P, for each m-ary function f of S(y),

o Vii.xn[V cicr, "P(xi) — f(x1,...,xn) = min(zy, ..., 2,,)], for each
m-ary function f of S(y),

e P(c), for each constant ¢ of S(¢p),

o P(a) AVaz(P(z) — z < a),

e s5(a) =a,

e Vz € Plz # a — —P(s(z))],

o Vay[P(z) A P(y) ANz <y — s(y) < s(z)],

o Vz[s(s(z)) = z],

o Vz[P(z) A P, (z) < Py,(s(x))], for each integer i € [1,n).
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1 is equivalent to a universal formula and closure in its models takes at most
n, + 2 steps: one takes closure under s then by the functions of S(¢), and
then again by s. One can check that L(1) = L(G’) holds by construction.
Let now the morphism h : I'* — ¥* defined by h(¢;) = w;, h(d;) = v;, for
1 <i<n,and h(e;) = w; for 1 <i < k. Then h(L(G")) = L(G) hence L(G)
is the image of the local language L(t)) by the morphism h and, using the
fact that LOC is closed under morphism (proved in next section), we can
infer that L(G) is local.

Then each linear context free language is local.

To end the proof of the Theorem, recall that the family of quasirational
languages is the closure under substitution of the family of linear languages.
LOC being closed under substitution, ( result proved in next section ), the
preceding lemma implies that quasirational languages are local.

Remark that context free languages L such that each word in L is in the
form zcal®!, where a € 3, ¢ ¢ X, ¥ is a finite alphabet and x € ¥*, are
important languages for the syntax of many programming languages. The
set {x/xcal®! € L} is in that case rational hence local, and this permits to
easily prove that L is local.

In a similar manner, the context free languages of which each word is in the
form xcx, important for programming, are local.

Example 2.23 Denote C'F the class of context free languages, and OC' the
class of one counter languages. Then RAT C OC C CF [Ber79].

RAT C LOC.

{a"b"/n > 1} is in LOC and in OC' — RAT.

The Dyck language with two sorts of parentheses is in CF —OC and in LOC.

Then many context free languages are in LOC', but it is an open question to
know whether every context free language is local.

Example 2.24 The cone of Greibach languages is the closure under substi-
tution of the family LIN UOC', where LIN is the family of linear languages
and OC' is the family of one counter languages. We have seen that there are
local languages which are generators of the family of context free languages,
like the Dyck languages D/, for n > 2.

There are local languages in NGE — GRE, the family of context free lan-
guages which are neither generator nor Greibach languages.

An example is given by the following language:
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Let Z, = {21, oy 20y 21y ooy Zn} = Zn U Zy,
Where Z, = {z1,...,2,} and Z,, = {Z1, ..., Zn}.
Let us define the substitution s over Z, by:
s(2z) = z and s(2;) = 2, Z% for 1 <i < n.

The image 8, of the Dyck language over the alphabet Z, (with n sorts of
parentheses) by the substitution s is then context free and, for n > 2, ¢, €
NGE — GRFE holds.

This language is local, because the Dyck languages and the languages z;Z*
are local, and LOC' is closed under substitution by the Theorem 3.3 of next
section.

The question is open to know whether OC C LOC, which would imply that
GRE C LOC.

Example 2.25 The Hardest Context Free Language or the non deter-
ministic version of the Dyck language.

This language is defined over the alphabet ¥, = Z, U {[,],+}; A block is
a word in the form [uy + ug + ... + u,]; So the set of blocks is the rational
language [(Z, U {+})*].

A factor u in a block ( maximal factor over Z, ) is called a choice in this
block. Then f € H, iff f = fifs...f. where: each f; is a block and there
exists a choice u; in every block f; such that ujus...u, € D

All these languages H,, are context free and, for n > 2, H,, is a generator
of the rational cone C'F. These languages have been studied because they
generate the family C'F without using direct morphisms. Indeed Shamir-
Greibach Theorem states that:

A language L is context free iff there exists a morphism A such that:
L—{\} =h7'(H,).

Let us show that H,, is local.

Consider first the sentence 1, which is the conjunction of:

e (< is a linear order),

((P,)aes, form a partition),

Vay(P(z) — = <),

Vry(F(z) —y < ),

Vr(P(x) = Vez, Fal)),
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Vo (P(x) < by <z < by),
[} P[(bl) V P+(b1)>

B(ax) A Baz),
o Fi(b2) V Pi(b2),

The signature of ¥, is S(¢,) = {(Pa)aes,, <, P,b1,b2,a1,a2} , where P is a
unary predicate symbol and by, bs, a1, as are constant symbols.

A model M of ¢, provides a block M|Ayx, and PM|Ay, gives a choice in this
block.

Let then the signature S(,) = {(P)aes,, <, P, I, s,b1,bs,a1,as}, where P
is a unary predicate symbol and I, s, by, by, ay, as are unary function symbols.
Let ¢ = Vxyzpo(zyz) a local sentence defining D with ¢y an open formula,
S(p) = {(Pa) ez, < s}, s a unary function. (See Example 2.11 )

Now define :

on = VXN [Veyz € P po(zyz)] AVz(—P(x) — s(x) = z),
where 1) is the conjunction of:

e (< is a linear order),

((Py)aes,, form a partition),

o Vay[(I(y) < y) ANy <o — I(y) < I@) AN(y) Sz <y — I(z) =
I(y))];

° ny[](x) = I(y) — e(aj) = €(y)], for e € {bl,bg,al,ag},

o Vayhl
where 97 is the local sentence 1, in which the constants by, by, a1, as
are replaced by the terms by (z), ba(x), a1(z), az(x) and each quantifier
is relativized to the set {y/I(y) = I(x)}.

©n is equivalent to a universal formula and closure in each of its models takes
at most two steps: (take first closure under s, then by by, b9, a1, as and I.
Hence ¢, is local and, by construction L*"(,) = H,, holds.

We’ll see in next section that LOC' is not closed under inverse morphism;

Then we cannot use this result in order to prove, by Shamir-Greibach The-
orem, that CF C LOC.

17



Example 2.26 Languages of bigger complexity than that of context free
languages.

Let NEST be the family of languages which are recognized by a non erasing
stack automata, ST be the family of languages which are recognized by a
stack automata, and C'S be the family of context sensitive languages which
are generated by a context sensitive grammar.

It holds that: CFF C NEST C ST C CS. [Ogd69].

There are local languages in each family of this hierarchy.

{a”’b"/n > 1} is in NEST — CF.
{b"a” /n > 1} isin ST — NEST.
{a" "¢ /n > 1} is in CS — ST. [0gd69).

Proof. We shall prove that the language {b"a" /n > 1} is local; some
analogous methods proving that {a™’b"/n > 1} and {a”’ "’ ¢ /n > 1} are
local.

Let S(¢) ={P,, P,,<,d, f,p1,p2} where f is a 2-ary function symbol, p; and
po are unary function symbols and d is a constant symbol.

The sentence 1 is the conjunction of:

e (< is a linear order ),

e (P,, P, form a partition ),

o Vay[(Fy(x) A Fa(y)) — & <y,
By

o Vayzt[(Py(x) A Py(y) A Bo(2) NBy(t) Az # 2V y #1) — (floy) #
f(2t) N Po(f(zy))],

Vay[(Pa(z) V Pa(y)) — f(zy) = 2,

a(2) = Py(p1(x)) A Po(p2(2)) A f(pr(@)p2(2)) = 2],
o Vz[Py(x) — pi(x) = pa(z) = 2],

o Vz[x <d.

1 is equivalent to a universal formula and closure in each of its models takes
at most three steps: ( one first takes first closure under d, then under p; and
pe, and then under f ).

Hence 1 is local and L(1)) = {b"a™ /n > 1} holds by construction.

o ValP,

Example 2.27 In comparison with Kasai Hierarchy
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We investigate here another hierarchy of families of languages which are
located betweeen C'F' and C'S, introduced by Takumi Kasai, [Kas70].

Many programming languages cannot be represented by context free lan-
guages, hence he studied grammars which are more powerful than the context
free ones: the state grammars. Making restrictions over these grammars, Ka-
sai obtained an infinity of AF'L ( Abstract Family of Languages ), families of
state languages which are closed under rational operations U, ., 4+, and under
rational transductions.

Definition 2.28 ([Kas70]) A state grammar is a sextuple G = (K, V, %, P, pg, 0)
where:

(1) K is a non empty finite set (of states).

(2) V is a finite set of symbols and ¥ C V.

(3) o is an element of V — X.

(4) po is an element of K.

(5) P is a finite subset of K x (V —X) x K x VT where V* = U2, V"

An element (p,&,q,u) of P is called a production and is usually written
(p, &) — (q,u). V — X is the set of variables and a variable ¢ is said to be
applicable under a state p if (p,£) — (q,u) is in P for some ¢ € K and u in
V*. Let G = (K,V,%, P,pg,0) be a state grammar, and let = be a relation
on K x V* defined as follows:

Let p € K and w = z€y € V*. If this £ is the leftmost occurrence of
applicable variables in w under p and (p,&) — (q,u) is in P, then we write
(P, 28y) = (¢, vuy). |

If this ¢ is the j-th variable in w, then we sometimes write 2 instead of =.
For a and 3 in K x VT | write o = 3 if either o = /3 or there exist oy, ...,
such that g = @, o, = 3, and a; = a1 for each i. The sequence ay, ..., a,
is called a derivation (of length r) and is denoted ag = ... = «,.

The subset of ¥+, L(G) = {w € X% /(po,0) = (q,w) for some ¢ € K} is
called a state language, generated by the grammar G.

Definition 2.29 ([Kas70]) Let G = (K,V, %, P, py,0) be a state grammar

and let n be a positive integer. A n-limited derivation is a derivation:

ap 9 Qg LY a, such that j(i) < n for each i.

In this case we sometimes write o N o, instead of oy = a,, in order to
indicate that it 1s realized by a n-limited derivation.

Then L(G,n) = {w € ¥*/(po, 0) N (q,w) for some q € K}

G is said to be a state grammar of degree n iff L(G) = L(G,n).
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A state language is said to be of degree n iff it is generated by a state grammar
of degree n. Otherwise this state language is of infinite degree.

Ly is the family of context free languages which do not contain the empty
word.

L, is the family of state languages of degree n.

Lo = Up>1L, is the family of state languages of finite degree.

L, is the family of state languages which is equal to the family of context
sensitive languages.

T. Kasai proved that all the following inclusions are strict:

L1 CLyC...CLyC Lyt C...C Lo C L.

Let us cite a property of finite degree state languages:

If L € L, for some n > 1, then {|w|/w € L} is an ultimately periodic set of
integers. In comparison with local languages, it holds that:

Proposition 2.30 There exist local languages at each level of this hierarchy;
more precisely, Yn > 1, there ezists a local language L(py,) in L, 1 — L, and
there exists a local language in L, — L i.e. a (context sensitive) state
language of infinite degree.

Proof. The language {afa5...a%, ,/k > 1} over the alphabet ¥, = {a1, ..., ant2}
isin L,y 1 — L, , forn > 1.

And the language {b"a”" /n > 1} over the alphabet ¥ = {a, b} is in L, but
not in L ,[KasT70].

Now it is easy to check that these languages are local.

Example 2.31 There exist NP-complete languages in LOC.

This result is stated in [Res88|.

For example the NP-complete language CLIQUE is a local language:

For a finite graph G and an integer n > 1, (G,n) € CLIQUEF iff G contains
a clique of cardinal n (i.e. a set C of vertices of cardinal n such that every
edge between two vertices of C'is in G ).

A graph G = (V,E) is defined by the set V' of its vertices and the set
E CV xV of its edges, with Y(u,v) € V?[(u,v) € E — (v,u) € E] and
() ¢ B).

We code a word in CLIQUE in the following manner:

card(V') zeros followed by an a followed by (cardV')? letters in {0, 1} coding
E followed by a b followed by n times the letter 1.

If V.= {v1,...,u,}, we obtain the following word:
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0Pafv vy |[v1v2]... [V1Up] [U2v1 | [V2v2]... [Vavy]... [UpU1 | [Upa)... [UpV, | D1™
where [v;v;] = 0 if (v;,v;) € E and [vv;] = 1 if (v;,v;) ¢ E.

Let then ¢ the following sentence, conjunction of:

e (< is a linear order),

e (P, Py, P, P,) form a partition,

e (P,Q,R,P,,P,) form a partition,

o Vryz[P(x) NQy) NR(2) < A<y < B <z,
o P(A) AVz(Py(z) < x = A),

e P,(B) AVa(Py(z) < z = B),

o Vayz € Ply <z — f(zy) < f(z2)],
o Vayzt € Ply < z — f(yt) < f(zx)],
o Vay € P[Q(f(zy))],

e pi(A) =p2(4) = A,

e pi(B) = p2(B) = B,

o Vzy[=P(z)V =P(y) — f(zy) = min(zy)],

o Vz[R(x) — P(i(x))],
o Vay[R(z) N R(y) N #y — i(z) # i(y)],
o Vay[R(z) N R(y) Ao #y — Po(f(i(x)i(y)))],
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o Vay[P(z) A P(y) — (Ro(f(zy)) < Po(f(yx)))],
o Vu € P[P (f(zx))].

The signature of ¢ is S(¢) = {<, Py, P, P., P, P,Q, R, f, A, B,i,p1,p2} ,
where P, (), R are unary predicate symbols, A, B are constant symbols, f is
a binary function symbol and i, p;, po are unary function symbols.

© is equivalent to a universal formula and closure in each of its models takes
at most two steps: one takes the closure under A, B, p, ps2, 7 and then under

f. Hence ¢ is a local sentence .
We then check that L(p){¢*01 = CLIQUE.

Another example of NP-complete language: The language which is connected
with the problem V' ” Vertex Cover ”.

Let G = (V, E) be a graph and let k£ be a non negative integer < card(V).
(G, k) € VC « 3V’ C V such that card(V') < k and V' covers the graph,
i.e. for each edge (u,v) € E, {u,v} NV’ is not empty.

We code a word of V(' in the same manner as for CLIQUE.
Let then S(v) = {<, Ry, P, Pu, P,, P,Q, R, V', f, A, B, s,p1,p2} , where V', P,Q, R

are unary predicate symbols, A, B are constant symbols, f is a binary func-
tion symbol and s, p1, p2 are unary function symbols.

Let then v the following sentence, conjunction of:

e (< is a linear order),

(Py, P1, P,, P,) form a partition,

(P,Q, R, P,, P,) form a partition,

V[P, (z) « = = A],

Va[By(z) < x = B,

Veyz[P(x) NQy) NR(z) 2 < A<y < B <z,

Vryz € Ply < z — f(zy) < f(x2)],

Vayzt € Ply < z — f(yt) < f(zz)],

Vry € PIQ(f(xzy))],
Ve[Q(x) = f(pi(2)pa(2)) = 2],
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o Vz[Q(z) — P(pi(x)) A P(pa(2))],

o Vz[-Q(z) — pi(z) = pa(z) = =,

o Vz[P(z) — Fy(x)],

o Vz[Q(z) — Py(x) V Pi(z)],

o Vz[R(z) — Py()],

o Vay[P(z) A P(y) — (Fo(f(zy)) < Po(f(yx)))];
o Vz € P[P(f(zx))].

o Vz[V'(z) — P(x)],

o Vz[V'(z) — R(s(x)) A s(s(z)) = ],

o Vz[R(x) — P(s(x))],

o Vay[R(z) A R(y) ANz #y — s(z) # s(y)],

o Vz[-R(z) A-V'(z) — s(x) = ],

o Vay[P(z) A P(y) A Bo(f(zy)) — V() vV V' (y)].

1 is equivalent to a universal formula and closure in each of its models takes
at most three steps: one takes the closure under A, B, p1, ps and then under
s, then under f. Hence v is a local sentence .
By construction we can check that in a model M of v, V'™ represents a
subset of PM of cardinal < k < card(PM), k = card(RM), which covers the
graph. Then it holds that L(y){**01 =V (.

Example 2.32 There exists a set of integers in P which is not the spectrum
of any local language, as {2"/n > 1}. (Result of J-P. Ressayre)

Recall that the spectrum of a first order sentence ¢ is the subset of N defined
by: Sp(p) ={n € N / IM [ ¢ such that card(M) = n}.

Example 2.33 By methods which are similar to those used in example 2.26,
we easily show that p(N) is a spectrum of a local language for every poly-
nomial p with coefficients in N. And more generally if A is the spectrum of
a local language, then p(A) is the spectrum of a local language, for every
polynomial p with coefficients in N.
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Let us show that L = {a"/n is a non prime integer > 0} is a local language.

Let S(p) = {<, P,, P,b,c, f,p1,p2} , where P is a unary predicate symbol,
b, c are constant symbols, f is a binary function symbol and py, p, are unary
function symbols.

Let then ¢ the following sentence, conjunction of:

e (< is a linear order),

o VaP,(z),

o Vay[P(x) A=P(y) — z <],

e P(b)ANP(c)Nc<b,

o Vay[P(z) A P(y) Ny <b— =P(f(zy))],

o Vayzt[P(x) NP(y) NP(2) APt) Ny <bAt<bA(z#2zVy#t) —
flzy) # f(2t)],

o Vay[~P(z) Vb <y — f(zy) = al,
o Va[P(2) = pi(x) = pala) = al,
o Va[~P(z) = [(pi(2)pa(2) = @ Apa(a) < b A P(pi(a))].

We then check that this sentence ¢ is local because it is equivalent to a uni-
versal formula and closure in each of its models takes at most two steps: one
takes the closure under p1, ps and then under f.

If M &= ¢ and card(PM) = m, then card(M) = m + nm with 1 < n < m.
Hence card(M) = m(n + 1) with 2 < n +1 < m. Conversely we check that
for every non prime integer in the form m(n + 1) with 2 <n +1 < m, there
exists a model of ¢ of cardinal m(n + 1). Therefore the spectrum of ¢ is
{n >4 /nis a non prime integer }. ;From what we easily deduce that the
language L = {a" / n is a non prime integer > 0} = {\,a} U L(yp) is a local
language.

So the spectrum {n € N /n is non prime } is the spectrum of a local lan-
guage.

Its complement, {n € N /n is prime } is not the spectrum of a local lan-
guage, because the spectrum of an infinite local language always contains a
set in the form p(N), where p is a polynomial with positive integers as coef-
ficients, [Fin99]. Indeed a result of number theory states that a polynomial
with coefficients in N cannot take only prime number values over N.
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Remark that the question to know whether the complement of a spectrum is a
spectrum is connected with the algorithmic complexity problem NP = co — NP.
This problem has a negative answer when it is restricted to spectra of local
sentences. See [Fag93] for more results and references about spectra of first
order sentences.

3 Closure properties

Recall the following:

Theorem 3.1 ([Res88]) Loc is closed under union, catenation product, and
operation x.

Proof. the proof of closure under union and catenation product is easy.

To prove closure under star operation, J-P. Ressayre defined a new operation
over local sentences:

For each local sentence ¢, ¢* is a local sentence in the signature S(¢*) which
is the signature of ¢ to which is added a unary function symbol I and in
which every constant symbol e is replaced by a unary function symbol e(z).

For a local sentence ¢, ©* is the sentence defined by the conjunction of:

e ( < is a linear order ),

o Vyz[l(y) <yand (y <z — I(y) < I(2)) and (I(y) < 2 <y — I(2) =
I(y))),

o Vay[l(x) = I(y) — e(z) = e(y)], for each constant e of the signature
S(p) of ¢,

o Vai.xn[(V; j, [(@i) # I(z5)) — f(z1...20) = min(zy...z,)] , for each
n-ary function f of S(y),

o Y1 tnl(Auyen 1(51) = 1(23)) = I(f(21-2,)) = I(21)], for cach n-ary
function f of S(¢p),

o Vrp® where ¢* is the local sentence ¢ in which every constant e is
replaced by the term e(x) and each quantifier is relativized to the set

{y\I(y) = I(x)}.

Remark 3.2 The models of p* are essentially direct sums of models of ,
and L*(¢*) = (L*(¢))"
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We shall prove the following:

Theorem 3.3 The class LOC of local languages is closed under substitution,
morphism, inverse alphabetic morphism. LOC is not closed under intersec-
tion, intersection with a rational language, complementation, inverse mor-
phism.

LOC s neither closed under quotient, nor under quotient by a context free
language, but LOC is closed under quotient by a finite language.

Proof.

a) Closure under substitution.

Let then ¥ = {ay,...,a,} be a finite alphabet and let f be a substitution:
¥ — P(I™), a; — L; where Vi € [1;n], L; is a local language defined by
the sentence ¢;, over the alphabet I'. More assume that the empty word
is not in L;. We may also assume that the signatures of the sentences ¢;
verify S(p;) N S(p;) = {<, (Pa)aer} for i # j. Let now L C ¥* be a local
language defined by a local sentence ¢. We'll denote by @), the unary
predicate of S(¢) which indicates the places of the letters a; in a word of L,
so as that if a; € I'MY for an indice ¢, there will be two distinct predicates g,
and P,,. We’ 1l also assume, possibly differently naming function, constant,
and other predicate symbols of S(p), that Vi € [1,...,n], S(p;)NS(¢) = {<}.
Then we now construct a local sentence ¥ which defines the language f(L):
¥ is the conjunction of the following sentences, which meaning is explained
below:

e “ < is a linear order ”,

o Vay[(I(y) <y)AN(y<a— I(y) <I@)A(y) <oz <y— I(x) =

I(y))],
o Va[l(z) =z < P(v)],
e P(c), for each constant ¢ of S(yp),

o Vri.xkx[R(z1...xx) — P(x1)A.... A P(x})], for each predicate R(z1...xx)
of S(¢),

o Vui.x;[(P(z1) A ... AN P(z;)) — P(f(z1...x;))], for each j-ary function
symbol f of S(¢p),

o Vi1, {(Vsgyey ~P() — F(o1ts) = min(ay.ay)), for each jary
function symbol f of S(yp),

26



o Vri.xp[(P(x)A AP(2p)) — @o(x1...x)], where ¢ = Va;...x0m00(21...70)
with g an open formula,

o Vo2V, o ;(I(7:) # [(zx)) — f(21..75) = min(zy...7;)], for every
function f of S(ip;) for an integer I < n,

° mel---yj[(/\lglgj I(y) = I(z)) — I(f(y1...y;)) = I(x)], for each j-ary
function symbol f of S(y;) for an integer i < n,

Finally, for each i < n:

o Yoy Yp[(Arcie, I(W) = 1(2) A Qu,(I(2))) — @7 (y1--yp) A {(e5(y1) =
I@)Afi(yr-Yp) = AR (Y1 Yp) AN\ oses(on) €i(91) = €i(x); where n >
J # 1, and e;, fj, R; run over the constants, functions, and predicates

of 5(p;)}],

Above , 1) to each constant e, of S(¢;) is associated a new unary function
ei(y) and 2) whenever ¢; = Vy;...y,%;(y1...y,) with ¢; an open formula, ¢! is
¥; in which every constant e; has been replaced by the function e;(y).

Construction of ) :

Using the function I which marks the first letters of the subwords, we divide
a word into subwords. In every model M of v, the set of the "first letters of
subwords” , P, grows richer in a model of ¢ ( therefore will constitute a
word of L ).

Then we "substitute” : for each letter a; in PM, we substitute a word of L;,
using for that the formula ;.

Then if closure takes at most m(y) (respectively m(p;) ) steps in every model
of ¢ (respectively of ¢;), then closure takes at most [m(¢) + 2sup;(m(p;))]
steps in each model of .

Therefore 9 is a local sentence and by construction i defines the language

f(L).

When the languages L; may contain the empty word A,

consider a substitution f: ¥ — P(I'*), a; — L; as above and let ¢ ¢ ¥ UT.
Define f¢by: f¢: ¥ — P((T'U{c})*),a; = L;if A ¢ L; and a; — L;—{ }U{c}
otherwise. By the preceding proof, the language f¢(L) is local. The local
sentence defining f¢(L) contains the unary predicate P. which marks the
places of the letters ¢ in every word. The "projection” of the models of
this sentence on the predicate —P,. gives the local language f(L). Indeed
according to a result of J-P. Ressayre: if L(p) is a local language over an
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alphabet ¥ and P is a unary predicate of S(y), then {oc € ¥*/3IM = ¢ and
M|PM|Ay, = o} is a local language.

b) Closure under morphism.
This is a particular case of the preceding one.

b) Closure under inverse alphabetic morphism.

Let f be an alphabetic morphism: ¥ — I' U {\}, where ¥ and I' are finite
alphabets.

Let X' = {a € X/f(a) = \}.

Let L(¢) € I'* be a local language.

We first replace in ¢ the letter predicates (P,)qer by (Qa)acr-

Then 1 is the conjunction of the following sentences:

e (< is a linear order),

((Py)aes form a partition),

Var..an € Pleo(wran) A Noer(Qa(@1) < Vi gpr(q) Fe(21))], where
@ = Vry...xh00(x1...2,) With g an open formula,

((P,)aesy form a partition of =P ),

Vor..2[(V i<y ~P(2:)) — f(z1..25) = 1], for each j-ary function
symbol f of S(y),

The sentence v is equivalent to a universal sentence, and it is local because
in its models closure takes at most n, = n, steps. And L(¢) = f~1(L(y))
holds by construction.

d) Closure under inverse morphism, intersection, complementa-
tion.
The proof uses the notion of rational cone of which we now recall the defini-
tion:

Definition 3.4 A rational cone is a class of languages which is closed under
morphism, inverse morphism, and intersection with a rational language. (Or,
equivalently to these three properties, closed under rational transduction).

Then recall the following:

Proposition 3.5 ([HUG69], exercise) A class of languages closed under
morphism, inverse morphism, union and concatenation product, is a rational
cone.
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Now we can state the next Proposition:
Proposition 3.6 The class LOC' is not a rational cone.
Proof. It uses the following result:

Proposition 3.7 ([FZV80]) The Antidyck language Q5 is a generator of
the rational cone of the recursively enumerable languages.

But we have seen that the Antidyck language Q3 is local, but there ex-
ist many recursively enumerable languages which are not local, for example
{a®" /n > 1}, or the language °L of the above example 2.19.

Then from Propositions 3.5 and 3.6, we infer that LOC' is not closed under
inverse morphism. Now recall the following:

Theorem 3.8 (Nivat [Ber79]) A class of languages which is closed under
alphabetic morphism, inverse alphabetic morphism, and intersection with a
rational language, is a rational cone.

LOC is a class which is closed under alphabetic morphism, inverse alphabetic
morphism but which is not a rational cone, therefore it is not closed under
intersection with a rational language, and it is also neither closed under
intersection, nor under complementation.

d) Closure under quotient.

Recall that the left quotient of Ly by Ls is Ly\L; = {w/yw € L; for an
Yy < Lg}

And the right quotient of Ly by Ly is L1/Ls = {w/wy € Ly for an y € La}.

Let then R = a{b'a’/i > 0}* and L = {a'b* /i > 0}*.

R and L are local and context free languages and it holds that:

R\LNb*t = {b* /n > 0} then R\L is not local. Because if R\L = L(p) was
local, the formula ¢ A VzP,(x) would be local and would define R\L N b*,
but {b*" /n > 0} cannot be defined by a local sentence .

The proof is similar for the right quotient.

e) Closure under quotient by a finite language.

whenever the language is finite and contains a single word a of length 1, the
language {a}\L(yp) is local, by projection of the models of ¢ on a predicate.
Furthermore we then use the formulas:

LlLQ\L = LQ\(Ll\L) and (L1 U LQ)\L = (Ll\L) U (LQ\L)

29



4

UNDECIDABLE PROBLEMS

Return to Chapter 4 of [Gin66] about undecidable problems for context
free languages . Showing that languages which appear there are local, we
can prove the following undecidability results about local languages.

Theorem 4.1 Let Y be an alphabet containing at least two letters. It is
undecidable to determine for arbitrary local languages L(p) and L(1)) over 3

whether :
1. L(p) N L(Y) is empty
2. L(v) N L(Y) is infinite.
3. L(p) N L(v) is rational.
4. L(v) N L(y) is context free.
5. L(p) N L(3) is local: more precisely, there does not exist any algorithm

10.

11,
12,
13,
1.
15,

R N S R

which answers , either L(¢) N L(1) is not local, or L(v)NL(y) is local,
giving 6 local and ng such that L(¢) N L(v) = L(0). (closure taking at
most ng steps in the models of 6).

in X% ).
() is rational.
() is context free.

“L(p) is infinite.
() is local . ( with the same precision as for 5) ).

L(p) is a linear context free language . (X has here

at least three letters ).

30



16. L(p) contains an infinite rational language.

For arbitrary local sentence ¢ and rational language R:
17. L(¢) O R.

18. L(¢) = R.
Proof. We return to the Post correspondance Theorem :

Theorem 4.2 Let Y be an alphabet with at least two elements . Then it is
undecidable to determine for arbitrary n-tuples (wq,..,wy) and (y1,....yn) of
nonempty words in X* whether there exists a nonempty sequence of indices
0, ..., I Such that w;, ... w;, = Yi,...Yi, -

Let ¥ = {a,b,c}. For all n-tuples z = (z1,...x,) and y = (y1,..yn) of
nonempty words of {a,b}* , let:

L(z) = {ba'™...ba" cx;,...x;, [k > 1,1 < i; < n} and L(z,y) = L(z)cL(y)~,
where for a language L, L® = {uf/u € L} and uf' = w,...upu; whenever
U = Uyls... Uy, u; being a letter Vi.

Let I' = {c,a4,...an, c1, ...c,} a new alphabet. And let h be the morphism
[ — 3* defined by : ¢ — ¢,a; — zj,¢; — ba’. And let:

L ={c,...ciyca;,...a; [k > 1,1 <i; <n} . Lis alocal language defined by
the following sentence v of signature S(¢) = {<, (P.,)1<i<n, Pes (Pr;)1<i<n, d, S},
where P,,, F., P,, are unary predicate symbols, d is a constant symbol and s
is a unary function symbol.

1 is the conjunction of :
e (< is a linear order)
e (P,,P.,P.,1<i<n)form a partition,
Va(P(z) < Vigicp Pei(2)),
Vz(Q(x) < Vicicy Pai(2)),
Vayz(P(z) AQ(y) A Pu(z) — . < 2 <y),

Vay(Pe(z) A P.(y) — = =y),

Vi (s(s(z)) = x),

Ve (P (x) o Pu(s(@)), 1 <i<n,
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o Vo (P.(x) — s(z) = x),
o P.(d),
o Vay(P(z) ANP(y) ANz <y — s(y) < s(x)).

Then the language L is local, and L(x) = h(L) is also local because the image
of a local language by a morphism is local. L(z,y) is a local language: We
easily see that A local implies A% local from what we deduce that L(y)% is
local and by concatenation product that L(z).c.L(y)® is local

Define now L, = {wicwycwlewl /w, and wy € {a,b}*} , ¥ = {a,b, c}.

Let us prove that Lg is a local language: The language {a,b}*c{a,b}* is
rational then local and it is defined by the sentence 7 = [Va(P.(z) — = =
d)] N [P.(d)] A [P,, Py, P. form a partition ] A [< is a linear order |, where d is

a constant symbol.

The language L is defined by 1, which is the conjunction of :

e (< is a linear order),

(P, By, P., form a partition),

(P,Q, R, form a partition) ,

o Vay(R(z) A R(y) — z =y A Pu(x)),

o Vayz(P(z) AQ(y) AR(z) — = < z < y),
o P(d),

o Va(s(s(z)) = z),

o Vz(P(z) — Q(s(z))),

o Vz(R(z) — s(z) = z),

o Vr € P(P.(x) <z =d),

o Vay(P(x) NP(y) ANe <y — s(y) < s(x))
o Va(Fu(x) < Fu(s(x))),

o Vi(Py(z) — Py(s(z))),
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o YV (P.(x) < P.(s(x))).

With S(¢,) = S(7)U{P,Q, R, s}, where P, @, R are unary predicate symbols
and s is a unary function symbol. ), is equivalent to a universal sentence
and closure takes at most two steps in every model of it, hence v is local.

L(z,y) N Ly consists of all words in the following form:
ba'™...ba" ey, ..x; eyl yficab...a*b where:

Then L(z,y) N L, is empty if and only if there is not any solution to Post
Correspondence Problem for z,y. In the other case L(x,y) N Lg is infinite.
From this fact we can deduce a), b), and c):

It is undecidable to determine , for arbitrary L(zx,y):
a) Whether L(x,y) N Ly is empty.
b) Whether L(z,y) N Ly is infinite.

¢) Whether 7(L(x,y))N7(Ls) is empty, where 7 is the morphism {a, b, c}* —
{a,b}* defined by : a — bab, b — ba®b, ¢ — ba®b.

c) results from the fact that 7(L(z,y)) N 7(Ls) is empty iff L(z,y) N Ly is
empty.

Lemma 4.3 7(L(z,y)) N7(Ls) doesn’t contain any infinite context free lan-
guage.

Proof. In [Gin66]

So we can deduce that 7(L(z,y)) N7(Ls) is context free iff it is rational iff it
is empty iff it is not infinite.

L(z,y) and Ly being local languages, and the image of a local language by
a morphism being a local language, 7(L(z,y)) and 7(Ls) are local languages
over the alphabet {a,b}. (From this we deduce 1),2), 3), and 4) of our
Theorem , because one cannot decide whether 7(L(z,y)) N 7(Ls) is empty,
infinite, rational or context free.

Let us show 5):
Suppose there exists an algorithm which, for any arbitrary given local lan-
guages L(¢) and L(1) over an alphabet ¥ = {a, b}, answers: either L(y) N
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L(%) is not local , either L(y) N L(v)) = L(#) giving a local sentence # and
Ng.

Then there are two cases:

1. First case. L(p) N L(¢) is not local, and then L(p) N L(¢) is not
empty because the emptyset is a local language.

2. Second case. L(yp) N L(y) = L(#), and then following [Res88] we
could decide whether L(#) is empty so whether L(y) N L(1)) is empty.
The proof of 1) shows there would be a contradiction, so 5) is proved.

Let us prove 6) —14).
First show that {a,b,c}* — L(x,y) is a local language. It is the union of six
languages M;,1 <1i < 6. Let z = (z1,...,x,) and y = (y1, ..., y,) and let:

M, = {a,b}* U{a,b}*c{a,b}* U[{a,b}*)*{a,b}* U [{a,b}*c|*{a,b, c, }*

{a,b,¢, }* — M; consists of all the words of {a,b,c, }* with exactly three
occurrences of c.

Let My = {a,c}{a,b,c}* U{a,b,c}*{a,c} U{a,b,c}*c*{a,b, c}*.

Then M consists of all the words beginning by a or ¢ or finishing by a or ¢
or containing ¢® as a subword.

Let M3 = {a,b}*b*{a,b}*c{a, b, c}*U{a, b, c}*c{a, b}*b*{a, b}*U{a, b}*bc{a, b, c}*U
{a,b,c}*cb{a, b}

Ms consists of all the words with either b? before the first ¢, either b after
the last ¢ , either b immediately on the left of the first ¢ , either immediately
on the right of the last c.

Let My = {a,b}*a" ™ {a,b}*c{a,b, c}* U {a,b, c}*c{a,b}*a" ™ {a, b}*.

M, consists of all the words with some a”, h > n + 1, either before the first
c or after the last c.

Each language M;,1 <1 < 4, is rational, hence local.

Let H = {a,b,c}* — UL M;.
H consists of all the words in the following form: ba®...ba’*cucvca’*b...a’™b,
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where u and v are nonempty words of {a,b}*, k >1,m >1,1<4i, <n,1 <
Js < n.

{a,b,c}* — H = U'_| M; is rational then it is local.

We are going to add two languages M5 and Mg to {a, b, c}* — H in order that
the resulting union be {a, b, c}* — L(z,y).

Define for every nonempty word w of {a, b}*:

D(w) ={u # M u € {a,b}*, |u| < |w|} and

J(w) = {u# Mu € {a,b},u £ w, Ju] = ]}

Next for each n-tuple w = (wy, ...w,,) of nonempty words w;, we define:
M(w) = c{a, b}*{a,b} U b{a,b}*c UUi<i<n Unep(w:) (ba’cu U ba'b{a,b}*cu) U
Ut<i<n Unes(wy) (ba'c{a, b} u U ba'b{a, b}*c{a, b}*u).

M (x) is a rational language (because for each i, D(w;) and J(w;) are finite
sets ), hence local and generated by a grammar G = (V,X, P,o). Let G' =
(V',3, P, 0"), where ¢’ isnot in V and P’ = PU {0’ — 0,0’ — ba'c’z;/1 <
i <n}.

It holds that M5 = L(G").c.{a,b, c}*.

Remark that if h is the substitution {a,b,c}* — P({a,b,c}*) defined by
a — {a}, b — {b}, and ¢ — M(z) then h(L(x)) = L(G’). But L(z) and
M (z) being local, and local languages being closed under substitution, we
can infer that L(G’) is local and then by concatenation product that Ms is
a local language.

Each word of L(G’) contains exactly one occurrence of ¢, L(G') N L(x) is
empty and L(G’) contains the set of words {ba’...ba" cw/w # x;,...z; , w €

{a,b}"}.

M; N H consists of all the words of H in the form ba’...ba" cucvca?b...a’™b
with u € {a,b}* and u # x;,...x;, .

In a similar manner , let Gy = (V1, X, Pp, 01) be a grammar generating M (y)*~.
Let Gy = (V{, X, P[,01) , where o] is a new symbol not in V; and P| =
PyuU{o} — 0,0, — yRolaib/1 <i <n}. Then Mg = {a,b,c}*.c.L(Gy).

And if A" is the substitution {a,b,c}* — P({a,b,c}*) defined by a — {a},
b— {b}, and ¢ — M(y)® , then L(Gy) = I'(L(y)%).
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L(y)® and M (y)" are local languages therefore L(G5) is local by substitution
and we deduce by concatenation product that Mg is a local language.

Mg N H consists of all the words of H in the form ba’...ba" cucvca’b...a’™b
with o £y, ..y .

Therefore [{a,b,c}* — H|UMsU Mg = US_, M; = {a,b,c}* — L(z,y) is a local
language.

Then considering the previous morphism 7, 7[{a,b, c}* — L(z,y)] is a local
language, which is equal to 7[{a, b, c}*] — 7[L(x,y)].

The language {a,b}* — 7[{a,b, c}*] is a rational language hence it is also a
local one. But local languages are closed under union, then {a, b}*—7[L(z, y)]
is also a local language. And if ¥ contains at least two elements, then ¥* —
[L(z,y)] is a local language.

Let us show now that {a,b}* — 7[L] is a local language:
{a,b,c}* — Ly = M| U M} U M}, Where:

M is the set words of {a,b,c}* with less than three or more than three
occurrences of c. M| is rational then local.

M is the set of words wycwycwscw,y where each w; € {a,b}* and where
wy # wi. This language is the union of the following languages :

o My = {wcwscwscwy/w; € {a,b}* and |wy| < |wql},

o Mo = {wicwscwscw,/w; € {a,b}* and |wy| < |wy|},

o My 3 = {wicwrcwscwy/w; € {a,b}* and |w;| = |wy| and wy # wit}.
M, is defined by the following local sentence 151, conjunction of:

e (< is a linear order)

(P,, Py, P., form a partition),

(P, Q, R, form a partition) ,

Vayz(P(z) AQ(y) A R(z) — = < 2 <y),

Vr(P(x) — P,(z)V Py(x)),
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Va(Q(z) — Pu(z) V By(x)),

Ve(R(z) — ¢ < < c3),

R(ci) AR(c2) AR(cs) Ay # ca Ay # 3 Aca # ¢,
o V(P(z) mrx = Vo =cVr=cs),

Vay((P(x) A P(y) Ao # y) — i(x) # i(y)),

o Vi(P(r) — Q(i(x))),

o Vi(R(z) VQ(r) —i(z) = x),

o Q(d) ANVx(P(x) — i(x) # d).

This sentence is equivalent to a universal sentence, its signature is

S(e1) = {<,P., Py, P., P,Q, R,i,c1,c2,c3,d} where P,Q, R, are unary
predicate symbols, i is a unary function symbol, and ¢, o, c3, d , are constant
symbols. Andif M = 151 and X C |M]| then cl(X, M) = cl* (X, M).Therefore
o1 is local and the language L(v2 ;1) = Ma; is local.

In a similar manner, M, o = M is a local language.

M, 5 is defined by the following local sentence )5 3, conjunction of:

e (< is a linear order),

e (P,, By, P., form a partition),

(P, @, R, form a partition ),

o Vayz(P(z) AQ(y) AR(2) —» x < z <y),
o Va(P(z) — Puy(z) V Py(x)),

o Vz(Q(z) — Fu(z) V Py()),

o Vz(R(z) — c1 <7 < c3),

® R<C1> A R(CQ) VAN R(Cg) Ny 7é co N\ C1 # c3 N\ Co §£ C3,

o Vi(P.(x) mx=c Ve =cVI=cy),
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o Va(R(z) — i(x) = ),
o Vey(P(x) NP(y) N <y —i(y) <i(x)),
e P,(d) A By(i(d)).

the signature of 153 is the same as S(t)21). ¥23 is equivalent to a universal
sentence and closure takes at most two steps in each of its models. So this
sentence is local and the language L(t93) = My 3 is local.

Then by union the language M) is local.

Then M} = {a,b}*.c.M}.c.{a,b}*, where M} is the set of words wycws , where
wy and w3 € {a,b}* and w3 # wi. By analogous methods as in the case of

M, We show that Mj is local , then by concatenation we can deduce that
Mj is local.

Therefore, as the union of the local languages M, M) and M}, the lan-
guage {a,b,c}* — Ly is local. Then by an analogous reasoning as in the case
of {a,b}* —7[L(x,y)], we show that {a,b}* —T[L] is a local language, Where
7 is the above morphism.

Now , For ¥ an alphabet containing at least two elements a and b, let:
Mi(z,y) = ¥ = (7[L(z,y)] N 7[Ls]) = (X% = 7[L(2,y)]) U (5 = 7[L]).

M;(z,y) is a local language as the union of two local languages, and
X = Mi(z,y) = 7[L(z, y)] NV 7[L]

Then from our proof of 1), 2), 3), and 4), we can deduce 8), 10), 11), 12) and 13)

because T[L(z,y)] N 7[Ls] is context free iff it is rational iff it is empty iff it
is not infinite, and this is undecidable.

And M;(z,y) is a rational language iff ¥* — M;(z,y) is a rational lan-
guage because the class of rational languages is closed under complementa-

tion, and this implies 9).

For 14) we reason as for 5).

8) implies 7) which implies 6).

8) implies also 17) and 18).
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To prove 15) we follow [Gin66, exercise 16, p.128].

Let Y containing at least three elements and let ¢ € ¥. For an arbitrary
context free language L C (¥ — {c})*, LeL is a linear language iff L is
rational. Then when M (z,y) = {a,b}* — (7[L(z,y)] N 7[Ls]) it is undecid-
able to determine whether the local language M (x,y)cM;(z,y) is a linear
language.

To prove 16) let us utilize Lemma 4.3.4. of [Gin66] :

For some n-tuples of nonempty words of {a,b}* : vy = (y1,...,y,) and z =
(21, .., 2n), consider the language M (y, z) = Ui<r<oo|dL(y)|"[dL(2)]".

It is undecidable to determine whether the language M (y,z), ( over an
alphabet containing at least four elements a,b,c,d) , contains an infinite
rational language.

Then by Lemma 4.3.4. of [Gin66] , if 7/ is the morphism {a,b,c,d}* —
{a,b}* defined by 7/(a) = bab , 7'(b) = ba®b, 7'(c) = ba®b, 7'(d) = ba’b ,
it is undecidable to determine whether the language 7'[M(y, z)] over {a, b}
contains an infinite rational language.

Then it suffices to show that 7/[M (y, z)] is a local language and, because the
image of a local language by a morphism is local, that M(y, z) is local.
The language L = {e"f"/1 < n} is local . And if k is the substitution
{e, f}* — P({a,b,c,d}*) defined by e — dL(y) and f — dL(z) , then
k(L) = M(y,z). Therefore M(y,z) is local because L is local and local
languages are closed under substitution.

5 Definitions and review of transfinite length
word languages

5.1 words of infinite and transfinite length

We shall assume the reader to be familiar with the elementary theory of
countable ordinals, which may be found in [Sie65].

Let ¥ be a finite alphabet, and a be an ordinal. A word of length o (an
a-word) over the alphabet ¥ is an a-sequence (or sequence of length «)
of letters in ¥. In a similar manner as in the case of finite words, we’ 11
identify a word o of length v over ¥ with the structure («, <7, (P?)4ex) which
signature is Ay = {<, (P,)asex} where the unary predicate P, is interpreted
by P? = {i < a such that the i + 1% letter of o is an a}.

Let then « be an ordinal > w. We’ 1l denote X¢ the set of a-words over the

alphabet 3. And we define an a-language over ¥ as a subset of ¥*. We can
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now set the following definition:

Definition 5.1 Let L be an a-language over the alphabet . L is a locally
finite a-language iff there exists a local sentence @ in a signature A O Ay
such that: (o € L) «— (IM, M = ¢, M of order type o and M|Ax = o).
(where M|Asy, is the reduction of M to the signature Ay ).

Notation. Let us denote L2 () (or Lo(p) if there is no ambiguity about
the alphabet ¥ ) the a-language defined by the local sentence ¢. And we’ 1l
note L>q(p) = Upsalg(p) and Lsqo(p) = UgsaLs(p).

5.2 Automata over words of length w

Recall first the notion of Biichi automaton reading words of length w, [Eil74],
[Tho90], [PP9S].

Intuitively a Biichi automaton is a finite automaton which reads infinite
words, the acceptation condition for an w-word being that during its reading
( or during one of its readings, in the non deterministic case ), one of the
“final” states appears infinitely often.

Definition 5.2 A Biichi automaton over the alphabet X is of the form Aut =
(@, qo, A, F) where @Q is a finite set of states, qo is the initial state € Q@ , A
is the transition relation ( A C Q x ¥ X Q ) and F is a subset of Q called
the set of final states.

A run of Aut reading an w-word o = o(0)o(1)...0(n)... of X¥ is an w-sequence
a = a(0)a(l)...a(n)... such that «(0) = qo and (a(i),o(i),a(i + 1)) € A for
1 >0.

The run is called successful if Inf(a) N F # () ,where Inf(a) is the set
of elements of () which appear infinitely often in the w-sequence «. The
automaton Aut accepts the w-word o if there exists a successful run of Aut
over o.We denote L,(Aut) = {0 € X¥ \ Aut accepts o} the w-language
recognized by Aut. If L = L,(Aut) for a Biichi automaton Aut, L is called
a Biichi w-language .

Recall now some of the essential results about Biichi w-languages:

Theorem 5.3 The class of Biichi w-languages is the omega-Kleene closure
of the set of rational languages , i.e. the class of languages in the form
U U; V¥ Jwhere n is a non negative integer, and for each i€ [1,n/, U; and
Vi are rational languages.
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Theorem 5.4 ([Tho90]) The emptiness problem for Biichi w-languages is
decidable. (this means that: “For an arbitrary Bichi automaton Aut, is
L,(Aut) empty? “is a decidable problem. )

Remark 5.5 Muller defined another class of automata reading words of
length w. the difference between Bichi and Miller automata is the notion
of acceptation of an w-word . A Muller automata is in the form Aut =
(Q, qo0, A, F') where Q, qo, A are defined in a similar manner as in the Biichi
case and where F' C P(Q), (F is a subset of the power set of Q). A run of
the automata is defined as above but a run o« of Aut over o is successful if

Inf(a) € F.

Theorem 5.6 (Mac Naughton). An w-language over the alphabet X is Muller
recognizable iff it is Biichi recognizable.

The advantage of Muller automata is that the deterministic version has the
same expressive power as the non deterministic version, while this is false for
Biichi automata.

5.3 Bichi w-languages are local w-languages

We shall show the following result:

Theorem 5.7 FEvery Biichi w-language is a local w-language and, if B is a
Biichi w-language, there exists a local sentence ¢ such that L,(p) = B and

L>w(90) =0.

Proof. We shall use the characterization of Biichi w-languages by w-regular
expresssions. Let B be a Biichi w-language over the alphabet Y. Then there
exist some rational languages (U;) and (V;) over X, where 1 < i < n, such
that B = U ,U;.V¥. Recall that for V' C ¥*, we denote V¥ = {a € ¥\ o =
a1 QoQg... Q... With a; € V) Vi > 1}.

Recall The following Lemma [Fin89]: If U is a rational language over X,
Then there exists a local sentence ¢ such that U = L*(¢) and LZ(¢) = 0 for
« ordinal > w.

This is proved by induction on the complexity of a regular expression defining
a rational language.

Let then some local sentences ¢; and v;, 1 <7 < n, such that
Vi € [].,TL], L(g&z) = U17L<¢Z> = ‘/z and LZw(@z) == Q) and sz(lp,) = @
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Recall also that for two local sentences ¢; and 5 defining local languages
L(p1) and L(p2), we can easily define the local sentences ¢1.¢9 and ¢1 U @
such that L(p1.¢2) = L(p1).L(gp2) and L(p1 U p2) = L(p1) U L(p2).

Remark that for words of transfinite length, we get:

Lo(p1-02) = U(g,48y=a) Lp, (01)- L, (02)

La(p1Upa) = La(p1) U La(p2).

Recall also (see proof of Theorem 3.1) that for any local sentence ¢,

©* is defined in the signature S(¢*) which is the signature of ¢ to which
is added a unary function symbol I and in which every constant symbol e is
replaced by a unary function symbol.

™ is the sentence defined by the conjunction of:

(< is a linear order),

Vyz[I(y) <yand (y <z — I(y) < I(z)) and (I(y) <z <y — I(z) =
1(y))],

Vay[l(z) = I(y) — e(z) = e(y)], for each constant e of the signature
S(p) of ¢,

Ver..an[(V jon 1) # I(z))) = f(@1...20) = min(x;...z,)] , for each
n-ary function f of S(i),

Vsl Ao 1) = 1)) = 1(F(@12,)) = I(ay)], for each n-ary
function f of S(¢p),

Vre®, where ¢* is the local sentence ¢ in which every constant e is
replaced by the term e(x) and each quantifier is relativized to the set

{y\ I(y) = I(x)}.

Remark 5.8 The models of p* are essentially direct sums of models of ¢ ,
and L*(¢*) = (L*(¢))".

Remark 5.9 These three operations over local sentences : o, — p.a) then
©, Y — UV and p — ¢*, already permit us to construct a sentence defining
the Biichi language B.
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We have B = U \U;.V}¥ and U; = L(y;), Vi = L(;) for 1 < i < n. Let
then the local sentence U p;.(¢F) = ¢. We easily verify that L,(p) =
Uit L(@i) - L (¥7), e Lu(p) = Ui L(wi). L(4hi)* = UL, Ui Vi? = B.

Remark 5.10 The hypothesis L>,(¢;) = 0 and Ls,(¢;) = 0 was necessary
to state that L, (v}) = L(1;)* and that L, (go) " L(pi). Ly, (7).

Remark 5.11 FEvery Buchi w-language is then a local w-language. For the
continuation, we’ll show that we can obtain ¢ such that L,(p) = B and
Lo, (p) = 0. for that, let us define a new operation over local sentences.

Definition 5.12 Let ¢ and v local sentences such that S(p*)NS(Y) = {<}.
We define the sentence %) in the signature S(¢*) U S(1) U {P}, where P
is a new unary predicate symbol . %) is the conjunction of :

e,
o Vz[P(z) & I(x) = ],

o Vai..x, (Al P(z;)) — ti(z1...z,)], where ¢ = Vi .z, (21...2,)

and 11 is an open formula,

o Vxl...xk[(/\f;l P(z;)) — P(t(zy...zx))], for each k-ary function t of
S@),

o Vri.xk[Q(z1..xx) — P(x1) A ... N P(zy)], for each k-ary predicate
symbol Q of S(y)

e P(a), for each constant a of S(i),

o Vai..x,[(Vie, ~P(x:)) — t(z1..xn) = min(xy...x,)], for each n-ary
function t in S(w)

Remark 5.13 The models of o*¥) essentially are direct sums of models of
© , these models being ordered by the order type of a model of 1.

Recall now the following result:

Lemma 5.14 ([FR96]) There exists a local sentence ¢, with <€ S(p,),
which has a model of order type w (for <) and no model of order type an
ordinal o > w.
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We can then modify the expression of ¢ we are looking for: Let ¢ =
U?Zlgoi.wi(w“). We have then L,(p) = UL U;. V¥ = B, and this time ¢

has not any model of order type > w.

Remark 5.15 The same proof shows that every w-language in the form

U U; V¥ where U; and V; are local languages , is a local w-language.
then the w-Kleene closure of the set of local languages is included in the set
of local w-languages. We have shown that local languages extend far beyond
rational languages , that many context free languages are local, and many non
context free also. So the above proof implies that local w-languages extend far
beyond Biichi w-languages [Fin89] [Fin99).

6 Automata over words of transfinite length

So as an automata to be able to read words of length > w, we must add
to the automaton a transition relation for limit steps: after the reading of a
word which length is a limit ordinal, the state of the automaton will depend

on the set of states which cofinally appeared during the run of the automaton
[BS73], [Hem92], [Bed96].

6.1 First definitions

Definition 6.1 A generalized Biichi automaton is a sextuple (2, Q, qo, A, 7, F)
where: Y is a finite alphabet , Q) is a finite set of states, qo is a state in @)
called initial state, A C Q x X X @, is the transition relation, v C P(Q) X Q.

3, Q. qo, A and F' keep the same signification as before, the signification of v
is given by the :

Definition 6.2 A  run  of the generalized  Biichi  automaton
Aut = (3,Q, qo, A, 7y, F') reading the word o of length «, is an (a+1)-sequence
of states x defined by : x(0) = qo and fori < o, (x(i),0(i),z(i+1)) € A and
for i a limit ordinal, (Inf(x,i),x(i)) € v, where Inf(x,1) = {qg € Q \ Vu <
i, v < i such that p < v and z(v) = q}.

Inf(x,1) is the set of states which cofinally appear during the reading of the
1 first letters of o.

A run x of the automaton Aut over the word o of length « is called successful
if v(a) € F. A word o of length «v is accepted by Aut if there exists a success-
ful run of Aut over o. We denote L,(Aut) the set of words of length o which
are accepted by Aut. An a-language L is a (generalized) Biichi a-language if
there exists a generalized Biichi automaton A such that L = L,(A).
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Remark 6.3 When we consider only finite words, the language accepted by
a generalized Biichi automaton is a rational language. And the notion of
w-language accepted by generalized Biichi automaton corresponds to that of
w-language accepted by Muller automaton and then also by Bichi automaton.

6.2 w?-languages accepted by generalized Biichi automata
are local w?-languages

Let Aut = (%,Q,q0,A,7, F) be a generalized Biichi automaton, and let
L.2(Aut) be the w?-language recognized by Aut.

We shall decompose the reading of an w?-word by Aut into blocks of length
w.

Let o be an w?word. Aut reads the word o: after the reading of the first w
letters, Aut is in state x(w), after the reading of w.2 letters, Aut is in state
x(w.2) and so on...

Define now the following w-languages :

For ¢; € Q,q; € Q and E C @, L(g;,q;, E) is the w-language of words u
such that there exists a reading of u by Aut such that Aut reads the word
u, beginning in state g;, it is in state ¢; after the reading of v and the set of
states in which the automaton has been (g; and ¢; comprised) is the set E.
We easily see that these w-languages are recognized by Muller automata
therefore also by Biichi automata.

Consider now a new alphabet: I' = {(¢;,¢;, E) \ ¢ € Q,q¢; € Q,E C Q} =
Q x Q x P(Q) and consider the w-language over I' of the w-words such that:
The first letter is in the form (qo, ¢, F) and each letter (g;, ¢;, E) is followed
by a letter (¢;,q,G) with ¢ € Q,G C Q. And such that X = {¢ € Q\ there
exists a letter (¢;,gj, G) which appears infinitely often with ¢ € G} satisfies
(X,qp) € yforagseF.

This w-language over I' is a Biichi w-language. Denote it by LY .. Re-
mark that if we substitute in LY, the w-language L(g;, ¢j, E) for each letter
(¢i,q;, F) , we obtain the w?-language recognized by Aut, i.e. L 2(Aut).
From the preceding results, there exists a local sentence @' such that LE (') =
LYy and Lo, (") = 0. In the same way there exist local sentences (g, 4,5
such that LE(@(Q@Q;',E)) = L(a, 45> E) and L>w((p(qz',q]',E)) = 0.

We then use the substitution method established in the above section :’
sure properties of local languages ”.

We'll now assume that the signatures of the sentences ¢y, 4, &) satisfy:

S(Paig; ) N S((qa,n) = {< (Pa)aest for (4,45, E) # (43, 45, E').

)

clo-
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Let Q, be the unary predicate in S(¢'), which indicates the place of the
letter a € I'. We also assume, possibly differently naming the function, con-
stant and other predicate symbols of S(¢") that S(pg,q,.m) N S(e") = {<}

for every (¢i,q;, E) € Q x Q x P(Q).

Let us now construct a local sentence defining the language L2 (Aut):
¥ is the conjunction of the following sentences ( the meaning of which is
explained below):

e (< is a linear order),

<

wyl(Iy) Sy Ay <a—Iy) <I@)A(y) <z <y—I(z) =
I(y))],

o Vz[l(z) =z < P(x)],
e P(c), for each constant ¢ of S(¢"),

o Vri.xk[R(z...x) — P(x1)A.... AN P(x})], for each predicate R(z...xx)
of S(¢"),

o Vri..z;[(P(z1) A ... N P(x;)) — P(f(z1...x;))], for each j-ary function
symbol f of S(ph),

o Vr1..75[(V i, ~P(%:) — fla1..25) = min(z;...7;)], for each j-ary
function symbol f of S(¢"),
)

o Va .2 [(P(z)A AP (20)) — @b (21...0)], where b = Va,..2,08 (21...7,,)
with ¢} an open formula,

o V1.2V pe; (I (i) # I(xg)) — [(21...25) = min(zy...z;)], for every
function f of S(¢(g,.q,.2)) for (¢, ¢, F) € Q x Q x P(Q),

. Va:yl...yj[(/\lglgj I(y) = I(z)) — I(f(v1...y;)) = I(x)], for each j-ary
function symbol f of S(¢(g, q,.)) for (¢, q;, E) €T,

e Finally, for each letter (¢;,¢;, £) and the associated sentence ¢, =

o Yoy Yp[(Aicie, ) = 1(2) A Qu(I(2))) — w5(y1--yp) A {(en(yn) =
(@) A fo(yr--yp) = y1 A= Ro(Y1-9p) A Neoespn) €a(y1) = €a(x); Where
b # a, and e, fp, R, run over the constants, functions, and predicates

of S(Qpb) }] )
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Above , 1) to each constant e, of S(g,) is associated a new unary
function e,(y) and 2) whenever ¢, = Yy;...yp0(Y1...yp) With 1, open,
¢ is 1p, in which every constant e, has been replaced by the function
€q.

At last we have the following conjunctions:

Voy[(P(z) A P(y) Ax < y) — (z < h(zy) <y A =P(h(zy)))],

Veyz € Pl <y <z — x < h(zy) < h(zz) < y],

Vay[(=P(z) V =P(y)) — h(zy) = 2],

o Vay[(P(z) A P(y) A ~(z <y)) — h(zy) = z].

Above h is a new binary function, P a unary predicate, I a unary function
added to S(1)).

Construction of ¢ :

Using the function I which marks the first letters of the subwords, we divide
a word into subwords. In every model M of v, the set of the "first letters of
subwords” , PM | grows richer in a model of ¢! ( therefore will constitute a
word of LY,,)-

Then we "substitute” : for each letter (¢;, ¢;, ) in P, we substitute a word
of the associated language L(g;, g;, E), using for that the formula ¢, 4, r)-
The last four conjunctions imply that in a model M of ¢ of order type
w?, (PM being of order type w because the ©(g1,45,E) have not any model
of order type > w ), every subword is of order type w, and therefore is a
word of the associated Biichi language L(g;, ¢;, £). Then it really holds that
L.2(v) = L2 (Aut).

Remark 6.4 This sentence is local because it is equivalent to a universal
one, and closure takes a finite number of steps in a model of 1: one takes
the closure by I, then by the functions of S(p"), then by h, afterwards by the
functions of the S(¢(q,.q,.5))-

Remark 6.5 By construction, the sentence v has not any well ordered model
of order type > w?, because ' and the P(gi.05,E) have no well ordered model
of order type > w.

qi,45,
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6.3 w"-languages recognized by generalized Biichi au-
tomata are local w"-languages

We shall prove the following result:

Theorem 6.6 Whenever n is an integer > 1, every w™-language which s
recognized by a generalized Biichi automaton is defined by a local sentence
which has not any well ordered model of order type > w".

Proof.
We reason by induction over n. The cases n = 1 and n = 2 were solved in
preceding paragraphs.
Suppose the result be established for the integer n — 1.
Let then a generalized Biichi automata Aut = (X,Q,qo, A, 7, F') reading
words of length w™ with n > 2.
We now use a method which is analogous to that one used in the preceding
case:
We can divide a word of length w” into w subwords of length w™~1.
Let as above the new alphabet I' = @) x @ x P(Q) and the w-language over
I Lgut = LUJ(()OF)
And let L" (¢, g;, E), the w" !-language of the w™ *-words u such that if
Aut reads the word u beginning the reading in state ¢; , it finishes the reading
in state g; and the set of states entered by Aut during the run is £, (¢; and
q; comprised in E ).
We easily see that the languages L™ *(g¢;, ¢;, F) are w™!-languages recognized
by generalized Biichi automata.
Then remark that if one substitute in the language LI, , the

language L" (g, g;, E) for the letter (¢;, ¢j, E), we obtain the w"-language
L (Aut).
By induction assumption, each language L" '(g;, q;, E) is defined by a local
sentence go?q;;r ) we have L Yq;,q;,E) = Lfn_l(go?qzlqj’ B)-
We then use the substitution method as above: we obtain the sentence
of preceding paragraph, where we replaced the sentences ¢y, 4, 5) by the
sentences 907(1(1:,2]-, ) and the four last conjunctions by the conjunction of the

following sentences (where h is a n-ary function symbol ).

o V1. 20[(V cicn 7P (i) = h(z1..1,) = 24],
° vxl'--an\/zgign (1 < ;) — h(xy...x,) = 24].

o V1. Zn[(Aicicn P(Ti) A Ngcicn(T1 < 24)) — = P(h(z1..2))]
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° Vxl...a:n[(/\lgign P(z;) A /\2Si§n(l’1 <z)ANPly)y ANy <y) — 21 <
h(%ll’g...xn) < y],

o vxl"‘xnvyl"‘yn[(/\lgign P(fi)/\/\lgign P(yi)/\/\2§i§n 1 < $i/\/\2§ign Zy <

Yi A Algigj Ty =Y A Lj+1 < ijrl) - h(xlxn) < h<y1yn)]7 for each
integer j such that 1 < j <n.

The principle is the same as before: if M is a model of order type w” of ¥,

PM ig of order type w because every sentence gp?_l ) has no well ordered

9,95,

n=1 " and then the function h ensures that every

model of order type > w
subword is of length w™™!.

M]|Ay, is then a word of L, (Aut) and the converse is true: every word of
L (Aut) grows richer in a model of ¥». Then it really holds that: L%, (¢) =
L (Aut).

More, by construction, 1) has no well ordered model of order type > w™. This
achieves the proof by induction.

Remark 6.7 The construction of the sentence 1 may be done in an effective
manner from the automaton Aut.

6.4 a-languages (w < a < w“) recognized by
generalized Biichi automata are local a-languages

We shall prove the following

Theorem 6.8 Let o be an ordinal such that w < a < w®. Then every a-
language recognized by a generalized Bichi automaton is a local a-language.

Proof. Let a be an ordinal such that w < a < w*. The ordinal o admits a
decomposition into the Cantor normal form [?]:

a = wPkn, +wPrtng_1 + ... +wPl.ng + ng
where p;,n;, k are integers such that pp > pr_1 > .... > p1 > 1 and ny >
0,n; >1forl1<i<k,and k > 1.
let Aut = (X,Q,q0,A,7, F) be a generalized Biichi automaton reading a-
words over Y. We reason as above, dividing this time an a-word into ny
subwords of length wP*, then n;_; subwords of length wP*~! and so on ... up
to ny subwords of length w”' and a finite subword of length ng.
Assume ny > 0, the case ng = 0 being treated in a similar manner.
Let then L"(¢;,q;) be the w"-language of the w™-words ¢ over ¥ such that
there exists a run of the automaton Aut reading the word o where Aut begins
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the reading of o in state ¢; and finishes it in state ¢; (where ¢; € Q,¢; € Q).
And let R, the rational language of finite words o such that if Aut begins to
read o in state ¢, it finishes the reading in a final state of F.

Let then the (finite) language L of finite words, of length ny+mny_1+..n1+1
over the alphabet A = {L"(¢;,q;)\ ¢ € Q,q; € Q,1 <1 <k}U{R,\q € Q}.
L is constituted of the words which begin with a letter in the form LP*(qo, ¢;),
such that the ny first letters are among the LP+(g;, ¢;) and such that a letter
LPx(q;, qp) is followed by a letter LP+(q;,qy). The following ny_; letters are
among the letters LPx=1(q;, q;) then the ny_ following letters are among the
LPx=2(q;, q;), until the n; letters among the LP'(g;,q;) followed by a letter
among the R, ¢ € Q. And always a letter LP"(qg;, q) is followed by a letter
LPm(q,q;) or by a letter LP™=1(q;, q;), and the latest letter of the word being
R, if the last but one letter is in the form L'(g¢;, q).

By construction, if one substitute in the language L for each letter LP™(g;, ¢;)
or R, the associated language (over ¥ ), we obtain the a-language L, (Aut).
The language L is finite then it is local and it is defined by a local sentence
¢ which has no model of cardinal > ng +nj,_; + ....ny + 1.

Each language LPi(q;, qn) is recognized by a generalized Biichi automaton
therefore (from preceding paragraph) it is defined by a local sentence ¢, (¢i, Gm)
such that L. (¢p,(¢is Gm)) = 0.

For ¢ € @, the language R, is rational then it is defined by a local sentence
1, such that Ls,(v,) = 0.

Again with the “ substitution method ”, we obtain a local sentence v, such
that L= (1,) = Lo(Aut).

6.5 Conclusion

We have proved in [FR96] the following:

Theorem 6.9 let ¢ be a local sentence with a symbol < in S(p), and « be
an ordinal such that w < a < w*, has ¢ a well ordered model (for < ) of
order type a? is a decidable problem.

The proof relies upon the existence of indiscernables in a model which re-
duces the existence of a model of order type a to the existence of a finite
model of another local sentence which is effectively obtained from .

The preceding method, which associates a local sentence to a Biichi a-
language then allows to decide the emptiness problem for a Biichi a-language.
The a-languages which are recognized by finite automata were first studied
by Biichi in order to obtain a decision algorithm for the monadic theory of
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(a, <).

The preceding result ( Theorem 6.9 ) allows to obtain a decision algorithm
for the sentences in the form 3R;....3R;p, where ¢ is local in the signature
S(p) = {<,Ry,...Ry}, where Ry,...R) are relation or n-ary function sym-
bols with n > 1. Theorem 6.8 shows that this is actually an extension (for
a < w”) of Biichi’s result.

In fact local a-languages extend far beyond Biichi a-languages: all Biichi
w-languages are, considering topological complexity, boolean combination of
Gs-sets, then AJ-sets, when there are local w-languages in each Borel class
E%, for 3 an ordinal < w? and there are even some Y1-complete analytic local
w-languages, [Fin99].

Transfinite length word languages occur in the field of concurrency modeli-
sation with the trace languages [DR95] and also in the work about timed
automata where one consider that infinitely many actions may happen dur-
ing a finite period [BP97] [AD94]. Beyond the decidability of the empti-
ness problem, we may hope to obtain other decidability results about Biichi
a-languages, using results of model theory of local sentences, particularly
some stretching theorems based upon the notion of indiscernables in a model
[FR96].

In a second paper, we focus on local w-languages, [Fin99]. We show that:

e Local w-languages are neither closed under intersection nor under

complementation.

e Most undecidability results that hold for locally finite languages may be
extended to locally finite w-languages, in particular the inclusion, the
equivalence problems are undecidable, as the problem of the rationality
of a local w-language is.

We then study topological properties of these languages, showing:

e There are local w-languages in each Borel class of finite rank and even
in Borel classes of infinite rank < w?.

e For any Borel class G, it is undecidable to determine whether a local
w-language is in the class G.

e There exist local w-languages which are analytic but not Borel sets.

e One cannot decide whether a local w-language is a Borel set.
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