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Multi-objective qLPV 'H ../ H, control of a half vehicle

C. Poussot-VassglO. Senamk L. Dugard, P. Gaspé&:, Z. Szabd, J. Bokot

Abstract— In this paper we compare LTI and qLPV H../ H2 limitations according to the importance given between the
controllers. The Pareto limit is useq to show thg cpmpromise H.. and theH- criteria is shown with the Pareto limit.
Fsh_at has to be done when a mixed synthesis is achieved. o haner is organized as follows: in Section Il we
imulations on a nonlinear half vehicle model, with multipke . . . .
objectives, are performed to show the efficiency of the metiip ~ introduce a linear and a nonlinear model of the half vehicle.
LTI and gLPV polytopicH~/ Hz control, based on LMls,
Index Terms— Half vehicle, LMI based multi-objective syn- are presented in Section Ill. The Pareto limit, applied ® th
thesis, qLPV systems, Mixed qLPV polytopicH./ Hz control,  half vehicle provides smart indications in the way to choose
Pareto limit. H~! Ho attenuation parameters according to the desired
performances. In Section IV, validations are done on the

|. INTRODUCTION nonlinear model presented.

The main role of suspensions is to improve comfort by

isolating the vehicle chassis to an uneven ground and to II. HALF VEHICLE MODEL
provide a good road holding to ensure passenger safet
Suspension control of quarter vehicle have been wide
explored the past few years to improve vertical movements Roll dynamic is the main movement that enters when a
either by applying LQ [9], Skyhook [11]H . control [7], driver turns. The half vehicle model involved here is a csass
[16], LPV [4] or mixed synthesis [1], [14]. Roll dynamic is model that catches vertical and roll dynamics [11] (Figure
catched by the half vehicle model and is directly linked tay). It models the left/right vehicle load transfers that e
suspension behavior. Separated synthesis on each suspenguring a steering situation. The model is composed of two
can't guarantee global performances. The aim of the mixeglispensions, each of them modeled by a spring ( ;.,).
H~! Ho control synthesis is to treat the stand&id and g damper ¢4, 4ry = Fe,,, ., in the passive case) or an
H, optimal control problems as separate problems but in gtuator G pry = u{ﬂ_’fr}’ﬂ e, + C{s1,pr), I the active
unified state-space framework. This method yields a compegase) linked to a common ?uszpended mass) (and to a
sator that combines thE> quadratic performance criterion specific unsprung mass.,, andm.,s,, . Tiresk;,, andk,,
for disturbance rejection with th& . performance criterion are linked to the ground and to the unsprung mass,, and

for maximum robustness against destabilizing uncergsnti Mus,, respectively. Note thaty s 7,1, 1, COMES from the
It means, the controller which minimizes th& performance controller synthesized in Section 1.7

index is selected from the suitablé.. controllers, thus the

desired criteria are met by creating a balance betwigen ty ty

andH~, norms [3]. 2
The mixed qLPVH../ H, method is proposed here for

the design of active suspension system, in which different <' <
< Py, uf gy Ufr
$ $

. Model description

-7 msnjm 0

optimization criteria are applied to guarantee the perfor-
mance specifications and the nonlinearity of the suspension
system. The nonlinearity in the suspension system is caused,,
by the changes in the spring and damping coefficients. It =

is assumed that the nonlinear dynamics of road vehicles is F, &
approximated by LPV (qLPV) models, in which nonlinear EL trr
terms are hidden with newly defined scheduling variables?ry 2,

and they are available from calculated signals. The active _ _
suspension based on the LPV model takes the nonlinear Fig. 1. Half vehicle model
dynamics of the system into consideration. Performance

. . . The movements taken into account are the vertical dis-
1 Laboratoire d’Automatique de Grenoble, ENSIEG - Domaine

Universitaire - BP46, 38402 Saint Martin d'Heres - CedexPlacement of the susper_wded masﬁ_i(the unsprung masses
FRANCE, e-mail : {charles.poussot, olivier.senane, (Zus{fl,fr})’ the suspension deﬂectlonsd((f{flym) and the
l'uc. dugard} @ ag. ensi eg. i npg. fr roll angle @) of the center of gravity of the suspended mass.
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B. Model dynamical equations

The model is obtained by simply adding two suspensior
and tires equations with the dynamical equation of the ébas:
as follows. First we derive the suspensiafi{) and tire
(F%2,) forces,

Fthl = ktfl (Z’U«Sfl erl)
FthT = ktfr (ZquT Z’r‘fT 18
FSZfl = kal(zs]cl _Z’U,Sfl)_#fl—’—ufl
Fssz - kaT(ZSfT_Zqu,\)‘F%‘FUfT
where,
Ze; = Zs —typsin(f)
Zs;, = Zs+tysin(f)
Zs; = 25— 0tgcos(0)
Zs;, Zs + Ot cos(0)

then the dynamic of the chassis and unsprung masses (bou
and roll) are given by,

MmsZs = _(FSZfL +thfr +Fdz)
Musp Zusy = Fozp — Py 1
mquT}éusfr. - FSZfT — thfr ( )
1,0 Fo ity — Foop by + Mg,
where Fy, and F.,, {i = fl, fr}, represent the force

delivered by the spring and by the damper (either linear
nonlinear),k;, is the stiffness of the tire ankd, models the
influence of an anti-roll barl,, is the chassis inertia on the
roll axis, ¢y is the distances of the unsprung masses to tt
center of gravity of the suspended mass (table I). Findlly,
Zsy Zusp, andzy,s,, represent the roll angle and the chassis
unsprung mass left and right bounce. Then, and z;,,
represent the road disturbances on the wheEls, My,
represent the load and inertia disturbances. Note that wh
the passive system is considered, = F., anduy = F

fr cfLr

Then, the state space vector of the
linear model is defined by =« =
[ Zus; Zusy Zus;, Gus;, 2s Zs 0 6], the input
are given byw = [zrﬂ Zrs, Fao Maw up g |
and the measured signal used for contrgl =
[ Zdeffl ZdeffT }'

Symbol | Value | Description

ms 315 x 2 kg sprung mass

Mus gy Musp, | 37.5 kg unsprung masses

kg, kg 29500 N/m suspensions linearized stiffness

Cfl,Cfr 1500 N/m/s | suspensions linearized damping

Kt o kg, 208000 N/m | tires stiffness

z 250 kg.m? sprung mass inertia

ly 1.2m distance to the center of gravity

ky 150000 N/m | anti-roll bar (if any)

TABLE |

In the nonlinear model, we assume that the sprifg )(

PARAMETERS OF THE MODEL

and the damperkH;,) forces are nonlinear functions ef.,
andz,.y, respectively [15] (Figure 2). For all the simulationskind of constraints on the output of a system. With this
we will consider the nonlinear model.
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Figure 3 compares frequency behavior of the linear model
with the nonlinear one. The frequency plots of the nonlinear
model are made assuming a sinusoidal inpudf magnitude
10cm over 10 periods (with varying frequency) and by
calculation of the discrete Fourier Transform to evalubge t
gystem gain.
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Fig. 3. Linear (dashed) vs. Non-Linear (solid) half vehia®del open
loop frequency behavior

1. MIXED Hoo/ Ho LMI BASED SYNTHESIS

A. A LTI multi-objective controller

The multi-objective synthesis consists of giving differen

formulation (for the case df{ ./ H>), let describe the system



as follows Then the corresponding mixed problem is similar to the

i A B, By, B z LTI one: minimizey, and~v., subject toX and Z.
Zzoo _ Ccoo DDool %002 EEoo Woo ) r A(p)TK—i—KA(p) KBa Cg"o
2 2 21 22 B wa BL K —v2I D1T | <0
y C Fo F 0 u Coo Dol -1
the controller, AWK + KA(p) KB <0 9)
. . BYK ~1 :
T | | Ac Be | _g 3) L 2
w |7l Dely]” XS,
2
and the closed loop, Trace(Z) < 3, Daz =0
& B CA goo DBQ * 4 The polytopic approach consists of finding a common Lya-
S COO Dool 802 Weo (4) punov functionk and ay.., 7. andZ that solve the previous
22 2 21 I L w2 LMIs (9) problem at each corners of the polytope. Then
The H., |/ Hz synthesis consists of, imposind., = the control to apply is a convex combination of theges
Zoo/Weo|loo < Yoo @NA Ly = ||22/w2ll2 < 2. AENCe the controllers expressed as follows,
|| 200 /Woo || dTy = ||z2/ws| H th Il d as foll
LMI based problem formulation is the following: minimize 5
72 and~y., subject toK and Z. [2], [12] S(p) = Zak(p) { A.. B, ]
[ ATK + KA KB, CL o Cer Doy
BLK —2I DL, | <0 where
Coo Dool _I , .
"ATK + KA KB L |p(§) — compl(coin®y);
BTK _IQ :| <O, (5) O{k(p) _ Hg 1| (Z) — ( : )7|
I 2 [Tj=: (@) — p(5))
K (4
>0,
& Z g
Trace(Z) <72 ,Daa =0 and,

Then solving this problem gives the LTI controller that 2

achieves the desired performances. Note that to relax BMIs Zak(p) =1, ax(p) >0

(5) into LMIs we use the transformation given in [12]. k=1

wherei is the number of varying parameters ahd= 2,

) _ ) the number of corners of the polytope. Let nptandp the
Linear parameter varying theory is useful to tackle measUfper and lower bounds of a parameter respectively. Finally

able and bounded nonlinearities. We talk about gLPV Whe&)mpl(coin@k) represents the complementary@, which
the varying parameters only enter in the dynamic mattix g simply thek' corner of the polytope [15].

of the system. In the suspension system, the measure of the

deflection (used as a controller input) can also be used € Design characteristics and performances on the half

reconstruct the stiffness coefficient [16]. To build a gLPWehicle model

controller, we use the polytopic approach which consists of | the case of a half vehicle, the measure is the suspension
building a controller to thé-corners of the polytope (formed deflection and the selected varying variables are the etin
by all the possible combinations of the upper and lowesf the suspension spring, i.¢; and k. The associated

bounds of each varying parameters) and to schedule thesgsytope is then formed byt = 4 corners (10) andk-
k-controllers by the measure of the varying variables [6], [8 controllers.

The gLPV system is described as follows, wijtta varying

B. A gLPV multi-objective controller

parameter, % % ~
& A(p) Bx B: B x o=| = "1, :f : : [%f“ %f l]] (10)
Zoo _ Coo Dool DooZ Eoo Woo (6) k—fl k=f7” fr AR
zo | Cy Do Dy E wa froRfr
Y C Fy Fy 0 u According to the dissipative theory, each constraint can be
the parameter dependent controller, expressed as a supply function, then translated into an LMI

b ] (A B0 0] _gy ) oo |
w | = | C.p) Dulp) y | = p e The H perfor_mgnce is used to enforce robustness t_o
model uncertainties and to express frequency-domain
and the parameter dependent closed loop, performance specifications
x Alp) B B2 x o The H, performance can be used to minimize energy
Zoo | = Coo  Dso1 Doo2 Woo (8) of the signal (note the equivalence of these norms in
22 Co Doy 0 Wy the frequency domain, but not in the time one)
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Hence, coupled together, these specifications should weproPareto optimality) is used here to characterize the objesti
the single H., constraint. On a half vehicle model theA non-inferior solution is one in which an improvement
performances we want to reach are multiple. As exposed in one objective requires a degradation of an other. In our
[10], [11], some frequency specifications have to be spekificase the objectives ar# ., and H,. To plot the Pareto
concerning the suspension deflection, suspended mass aptimum, applied to our problem, we iteratively fix the,

the unsprung masses (to reduce gain around sensitive lawd minimize they,. The corresponding results are given in
frequencies). Also, weight on the control signal prevettac Figure 5.

ator saturation. To these frequency specifications, egpces

by the H, theory, the addition of{5 constrain is used to LPV vs LTI,/ H, Pareto optimal performance levels
minimize energy of time signals. Hence, the applied weight Wyz
can be the following,
Wzs — 51/(%7‘}W o6k
Wo = momern
Waiim = 21073
Wer iy = 007

nipgm = 0.001

Then, the resulting generalized plant is (Figure 4),

z
Zy z s
2 fe T s Wzs — o

0 Wy — “0

Fig. 5. LTI (solid) vs gLPV (dashed) Pareto limit fér ¢; ry € knom X

D W“{fz,m '_| y [1,1.2],[1,1.5],[1,2]

The achievable combinatios..,y2} is the set of couples
located over the Pareto limit. The Pareto limit is also ukefu
to measure the conservatism of a method and to exhibit

g how much one can decrease the performances with a qLPV
— S(p) Bﬂ_‘n_‘wn{fm‘} W2 app_roach compared to the LTI one. Such_ a Figure can also

- motivate researches on polytope reduction. In effect, the
more you increase the size of your polytope (bounds of
the parameters), the more far you go from the LTI Pareto
optimum (Figure 5), and loose performance.

Fig. 4. Generalized plant

In the mixed synthesis the consideréd,, and Ho IV. SIMULATION RESULTS
controlled output, notedt,, and z, respectively, are the To validate the control design, first, simulations are done
following, in order to show the advantages of mixed synthesis compared

to single’H~, objective, then, we study the influence of the
choice of the couplé~.., 2} on the reached performances.
Finally, we compare the LTI mixed approach with the qLPV
Note that when we will compare the mixed synthesis t@ne. Note that on theses simulations, when a control law is
the 7., one, the controlled outputs of tHK., controller considered, the damper is removed so that the considered
are, zo = [ Zs 20 Zug Zup ] suspension simulated is a real semi-active one i.e. a spring
- (nonlinear) plus an active actuator. In such a way we ex-
D. Pareto limit plicitty model the fact that the damper is replaced by the
It is impossible to minimize both., and~.. In the liter-  actuator. Such a control also justify the choice{éf;, k¢, }
ature, the mixed problem is generally solved by minimizingis varying parameters in the qLPV synthesis.
a convex combination of{, andH- that represents a com-
promise between the two performances. Such a minimizatidh The LTI case
can take the following form, First we show the advantages of the mixetl./ Ho
compared toH., synthesis (for the same.,). In this
simulation we generate a step road disturbance on the first
then on the second wheel, then a roll moment disturbance
Hence a natural problem raises, how to choose in a smamd we compare controllers performances according to the
way «; andas. The concept of non-inferiority (also called passive suspension.

zoo:[zs 20 Zup zuﬂ}
z2:[zs 20 Zup  Pup

min{o1Too + 2T},
where{ay, @z} € 0,1] x [0,1],01 + az =1



Comparison of H_and H_/ H2

Here, we assume bigger road step disturbance to reach the
nonlinear area of the suspension deflection.

Comparison of LTl and qLPV H_/ H2 controller

z,[ml

z, [m]

0 [rad]

— Passive

Passive
R

L[ === LTl controller
——H I, o

qLPV controller

4 5 6 7 8
Time [s]

Fig. 6. Comparison betweeH », (dashed) and Mixed (solid) design with
Passive (solid slim) o 0s

3

15
Time [s]

. . L . Fig. 8. Comparison of LTI (dashed) and qLPV (solid) mixed thgsis
By using the mixed synthesis instead of singte,, we performances

reduce the roll angle due to the roll energy minimization
(Figure 6). Then, we compare the performances of the mixed
synthesis for different coupleSy.., 72} (Figure 7).

Variation ofa, , , . and {k (0., (O}

Mixed synthesis for differents {y_ .y} T T AV e
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N e 02+
i i A i N i
3 5 1

z,m]

n 5 7 B 0 05 15 2 25 3
Time [s] Time [s]
2
0061
QO 18-
0.02
T
S o \ 16F
=)
-0.02]
—— {0.25267 , 4.5} 141
-0.04- Passive
= = ={0.26885, 1.5}
- i i i i i i 1k
0 1 2 3 4 5 6 7 8
Time [s]
! i i i A i
0 05 1 15 2 25 3
Time [s]

Fig. 7. Comparison of mixed synthesis performances accgrii different

{ve0r 72} Fig. 9. Variations ofks; = k1 and ks, = ko (down) and thea (up)

computed by the LPV controller
If one decrease the, attenuation value, then it increases

the 7., one (see Pareto limit Figure 5). The, criteria’s The gLPV synthesis improves the performances achieved
aim is to minimize the energy and variations of & signahy the | T| one. Then, such a control tackle the nonlineagitie
(here, z; but also the control input are limited). Hence We,once enforce robustness [15]. Thevariations shows the
observe that the; variations are smoother by using a smallegheqyling done according to the parameters variation No
atten_uatlon gain on the{, criteria (less oscillations, i.e. {h4t a qLPV approach, even if enforces robustness, exhibits
ameliorate vertical comfort). more complexity than the LTI one because it increases the
number of controllers to be synthesizeif our case) and
B. The gLPV case requires to schedule them ir)wl real-time.(]Then, the) control
LTI and the gLPV controllers are here (Figure 8, 9 and 103ignal looks sensitive to the parameters variations (ligur
investigated for parameteks; ;. varying betweerk,,,,, x  10). Nevertheless, we use in both synthesis (LTI and qLPV)
[1,1.95] (i.e. [kfy s ki, p0]) and for a fixedy,, = 0.25. the same number of measures.



Control signal [8]
oL i
[0l
o [10]
) u‘s 1‘ 1.‘5 ‘z 2‘5 3
Time [s]
[11]
5 1 [12]
] Y [13]
S i
= = =Ll control signal [14]
i i i i —— qLPV control signal
) 05 1 15 2 25 3
Time [s]
[15]
Fig. 10. Control signals; (up) anduy,. (down) for the LTI (dashed) and
gqLPV (solid) controller [16]

V. CONCLUSION AND FUTURE WORKS

In this paper we investigate a multi-objective mixed gLPV
Hoo! Ho control applied to a half vehicle model. A special
interest is made on the advantages of such a synthesis and
on the compromises that have to be done in multi-objective
applications. By using the Pareto limit (non-inferior dan)
we expose a smart way to select the objectives and show the
influence on significative driving situations.

In future works we aim to extend the mixed synthesis to
a full vehicle model, in a global chassis control framework.
Effort have to be made to express precise frequency specifi-
cations to each controlled output (roll, pitch...). LPVdhg
in the global strategy involving steering and braking actua
tors, can also be extended to prevent emergency rollover or
braking situations [5]. Investigations on polytope reduwtt
(reduce conservatism) should also be explored.
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