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ON A SPIN CONFORMAL INVARIANT ON MANIFOLDS WITH
BOUNDARY

SIMON RAULOT

ABSTRACT. Let M be an n-dimensional connected compact manifold with non-empty boundary
equipped with a Riemannian metric g, a spin structure o and a chirality operator I"'. We define
and study some properties of a spin conformal invariant given by:

Amin(M, OM) = inf [X{(g)[Vol(M, g) ",
g€ld]
where )\it (9) is the smallest eigenvalue of the Dirac operator under the chiral bag boundary

condition B:yt. More precisely, we show that if n > 2 then:
)\min(M, 81\/[) S Amin(Sz, 881)

1. INTRODUCTION

On a compact Riemannian spin manifold without boundary (M", g), several results (see [Hij8(],
[Lot9d], [Bar9g) or [AmmO3H] for instance) have been devoted to a spin conformal invariant inde-
pendently introduced by Hijazi and Lott and defined in terms of the smallest positive eigenvalue
of the Dirac operator. This invariant is given by:

)\+

min

(M. [gl.o) = inf A} ()Vol(M, )", (1)
g€lgl

where [g] and o are respectively the conformal class of the Riemannian metric g and a spin

structures on M (they also define this invariant from the largest negative eigenvalue of the Dirac

operator). In [Lot9d] and [AmmO03d], the authors proved that A*. (M, [g],o) > 0 using pseudo-

differential operators and Sobolev embedding theorems. Moreover, in [Amm034] and [ATIMO0J]

it is shown that:

n 1
)‘r—;in(Mv [9]7 U) < )‘min(Sna [gst]a Ust) = 500777 (2)

where S™ is the n-dimensional Euclidean sphere with standard conformal and spin structure
and w, stands for its volume. In [AHM], Ammann, Humbert and Morel proved that Inequal-
ity (B) is strict under some geometrical assumptions. More precisely, they introduced the mass
endomorphism on locally conformally flat manifolds which is the constant term of the Green
function of the Dirac operator and they showed that if this endomorphism is not identically zero,
n # 3mod4 and ker(D) = {0} then Inequality (J) is strict. The strict inequality has several
applications; first using the Hijazi inequality (see [Hij86] and [Hij91])), it gives a spinorial proof
of the Yamabe problem (see [LP87]); secondly one can obtain solutions of a nonlinear partial
differential equation in a way analogous to the Yamabe problem. Note that this equation is
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2 SIMON RAULOT

critical in the sense that the Sobolev embeddings involved are critical. For a complete review of
these results, see [|A q].

In this paper, we define and study an analogous spin conformal invariant in the context of com-
pact manifolds with boundary. On such manifolds, the Dirac operator has an infinite dimensional
kernel and a closed image with finite codimension so we have to impose some boundary condi-
tions on the restriction to the boundary OM of the spinor fields on M. More details on elliptic
boundary conditions for the Dirac operator can be found in [BBW9J], [HMROZ] or [FS9q]. In
order to define a well-posed spin conformal invariant, we have to choose some adapted boundary
condition, i.e. a conformally invariant boundary condition. The chiral bag boundary condition
is such a condition and so on a compact Riemannian spin manifold with boundary we let:

Amin(M, OM) 1= inf |\F(g)[Vol(M, g),
g€ld]

where Af(g) is the smallest eigenvalue of the Dirac operator under the chiral bag boundary
condition IB%:; (see Section ), g (resp. [g]) is a Riemannian metric (resp. the conformal class of
g) and o a spin structure on M. The main result of this article is the following:

Theorem 1. Let (M",g,0) be a connected compact Riemannian spin manifold with smooth
boundary equipped with a chirality operator I'. Then:

1
n n n(Wp\n
)\min(M7aM) S )\min(S+7aS+) = 5 (7) ) (3)

where wy, stands for the volume element of the standard sphere S™.

The proof of this theorem is given in four steps. First in Section [, we give a variational char-
acterization of this invariant. Then in Section [, we will compute explicitly its value on the
standard hemisphere and in particular we will construct Killing spinor fields which satisfy the
chiral bag boundary condition. Section [ is devoted to the construction of a trivialization of the
spinor bundle over the manifold M equipped with a Riemannian metric which sends (locally) a
spinor field on the flat space to a spinor field over an open set of M. Finally from a Killing spinor
field and this trivialization, we will obtain an adapted test spinor to evaluate in the variational
characterization of A\pin(M,0M). In [RauO6H], we give a sufficient condition for a certain type
of manifolds for which Inequality (f]) is strict. This condition is based on the construction of
the Green function for the Dirac operator under the chiral bag boundary condition.

This invariant is closely related to the Yamabe invariant involved in the Yamabe problem on
manifolds with boundary. This problem could be stated as follows: given (M",g) a compact
Riemannian manifold of dimension n > 3, does there exist a metric g conformal to g for which
the scalar curvature is constant and the mean curvature is zero? This problem has been solved
in many cases by Escobar [Esc92H]. Solving the Yamabe problem is equivalent to finding a
positive smooth function f of the following boundary value problem:

Lof = %Agf_{'Rgf =CfN-1 on M
By fion == 72559 + Hyf =0 along OM

where R, (resp. Hy) is the scalar (resp. mean) curvature of (M, g) (resp. (OM, gjam)), N = 20

and C' is a constant. The existence of a smooth positive solution to this system is based on the
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study of the Yamabe invariant defined by
Ju GEIVul? + et Rou?)du(g) + [ Hyu?ds(g)
2 .
(el du(9) ™

This number only depends on the conformal class of g and if u(M,OM) > 0 it can be expressed
as

M,OM) =  inf
M( ) uGCll(rl\l/I),u;téO

p(M, M) = inf 1 (Lg)Vol(M, g) 7,

where the infimum is taken over all metrics g conformal to g and where p1(Lg) is the first
eigenvalue of the eigenvalue problem:

Lyu=pi(Lyu  on M (@)
Bgujon =0 along OM

In [Esc92l], Escobar shows that:

p(M,OM) < (ST, 08%) = n(n — 1) ()" (5)

Moreover, he proves that if this inequality is strict then the Yamabe problem is solved. To point
out the relation between A, (M, M) and this problem, let us recall some results. If n > 3, then
the Hijazi inequality on manifolds with boundary [Rau06d] relates Ali (g) to the first eigenvalue

1 (Lg):

+/.3\2 n
> ——u (L
and equality holds if and if only (M, g) is isometric to a half-sphere. Using the Holder inequality
gives:

)\min(M’ aM)Q 2 M(M’ 8M) (6)

4(n —1)
Acknowledgements: 1 would like to thank Oussama Hijazi and Emmanuel Humbert for their
support. I am also very grateful to Marc Herzlich and Sebastian Montiel for their remarks and
their suggestions.

2. CHIRAL BAG BOUNDARY CONDITION

In this section, we give some standard facts about compact Riemannian spin manifold with
boundary and chiral bag boundary condition. This condition has been introduced in [GHHPS]
to prove some positive mass theorems for black holes (see also [Her9q]). Note that this condition
has also been studied in a serie of papers by Gilkey, Kirsten and others (see [BGKS03], [EGKO0]]
and [GKO03]). For more details on boundary conditions for the Dirac operator, we refer to
BBW93] or [HMROZ] .

Let (M™, g) be a compact Riemannian spin manifold with boundary, denote by ¥ (M) its spinor
bundle, V its Levi-Civita connection and “” its Clifford multiplication. The spinor bundle is
endowed with a natural Hermitian scalar product denoted by (, ) compatible with V and with
the Clifford multiplication. The Dirac operator Dy is then the first order elliptic differential
operator acting on ¥4(M) locally given by:

n
Dyp = Z €i - Ve,
1=1
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for all p € I'(X4(M)) and where {e1, ..., e, } is a local g-orthonormal frame of the tangent bundle.
Since the boundary is an oriented hypersurface of M, there exists a unit vector field v normal
to OM and then the boundary is itself a spin manifold. We denote by S, := X (M)|au the
restriction of the spinor bundle of M to the boundary. This bundle is also endowed with a
Levi-Civita connection VS, a Clifford multiplication and a natural compatible Hermitian scalar
product.
Now suppose that there exists on the manifold M a chirality operator I', i.e. an endomorphism
of the spinor bundle satisfying:
Vx(y) =I(Vxy), X Ty =-I'(X- )

for all ¢, ¥ € I'(£4(M)) and X € I'(TM). Since the endomorphism v - I is involutive, we have
an eigenbundle decomposition S; = V' @& V™~ where V¥ is the eigensubbundle associated with
the eigenvalue +1. We can then check that the projection:

By L(S,) — LA(V)

© — %(Idil/-F)gp,

defines an elliptic boundary condition for the Dirac operator called the chiral bag boundary
condition. Indeed, in [FS94] the authors show that:

Dy : HE = {p € H} / BY (¢om) = 0} — L?(Z4(M)) (8)

defines a self-adjoint Fredholm operator, i.e. the kernel of Dy is finite dimensional and its image
is closed in L? (EQ(M)). Then we have an L2-orthogonal splitting:

H, = Ker™(Dy) @ Cy, 9)

where C;t is the L2-orthogonal of Keri(Dg) in H;t. It is easy to check that C;t is closed in H;t.
Moreover, under this boundary condition, the spectrum of the Dirac operator D, with domain
H;t consists of entirely isolated real eigenvalues with finite multiplicity and it admits a spectral
resolution:

L’ (EQ(M)) = EB NAi(g)(Dg)7 (10)

At (g)eSpec* (Dy)

where Spect(D,) is the spectrum under the boundary condition IB%;E and Nyz(g)(Dy) is the
eigenspace associated with the eigenvalue A*(g). In [Rau06d], we show that this set of eigenvalues
satisfies the Hijazi inequality (f). We are now ready to define the chiral bag invariant.

Definition 1. The chiral bag invariant is given by:

AL (M, 0M) := inf |\f(g)|Vol (M, g)n,

g€lg]
where Ali(g) is the smallest eigenvalue of the Dirac operator under the chiral bag boundary
condition IBB;

Remark 1. This definition seems to depend on the boundary condition chosen IB%;‘ or B,

however it doesn’t. Indeed, we are going to check that Spec’(Dy) = —Spec™ (Dy) and then
A (M, OM) = A, (M, OM). Let ¢ € I'(X,(M)) be an eigenspinor for the Dirac operator under
the B, boundary condition, then it satisfies the eigenvalue problem:

Dgp = Ap on M
v-Toiom = ¢jom along OM
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We can then decompose the eigenspinor following the chirality decomposition, i.e. ¢ = T+~
where pt = %(1 + I')y. Since the Dirac operator sends positive spinors to negative ones and
conversely, an easy calculation leads to Dy = —A\@, where ¢ = ¢ — ™. Using the boundary
condition, the chirality decomposition and since Clifford multiplication by v interchanges the
chirality of spinor fields, we can easily check that v - <p|iaM = iap‘ng. We deduce that:

V'P&|8M:V"P‘BM"’_V"P‘?@M:‘P‘BM_‘P‘BM:_@\@Ma

and then —\ € Spec™(Dy). In particular, we have Ker™(D,) ~ Ker™ (D) and Clifford multipli-
cation by v sends C; onCy .

Taking this into account, we will denote by Apin (M, M) the chiral bag invariant in the rest of

this paper and we will consider the B, condition.

3. VARIATIONAL CHARACTERIZATION

The aim of this section is to give a variational characterisation of the chiral bag invariant. More
precisely, we prove that:

Proposition 2. We have:

2n n+l
1 D ntid "

Amin(M,OM) := inf |7 ()|Vol(M,g)* = inf {(fM‘ |1 dv(9)) 3 (11)
gelg] pecy U | [y Re(Dye, )dv(g)|

In order to prove this proposition, we need a variational characterization of the first eigenvalue
of the Dirac operator under the chiral bag boundary condition. So we first show:

Proposition 3. The square of the first eigenvalue of the Dirac operator is given by:

_ o f Ju Dol *dv(g)
= w5 e

We omit the proof of this proposition which can be seen as a direct application of the Rayleigh
quotient. However, we refer to [Rau06d] for a rigorous proof. We can easily deduce from the
Cauchy-Schwarz inequality and from the preceding proposition the following result which is very
useful for the variational characterization of Api, (M, OM).

peCy

Corollary 4. The first eigenvalue of the chiral bag boundary condition is given by:

fM !Dgw\de(g) }
| Ju Re(Dgt, v)du(g)| I

From now on, all quantities which depend of the metric are written with their reference metric.
We now briefly recall some conformal aspects of spin geometry. Let § = f?¢ be a metric in the
conformal class of g, then there exists an isomorphism F between their respective spinor bundles
¥4(M) and X5(M). We can also relate the Dirac operators D, and Dy (see [Hit74] or [Hij3d])
by the formula:

AT(9) = inf {
Yec;

_n+1

Dy(F(v)) = 5 F(Dy(f*7 ). (12)

The chiral bag boundary condition transforms nicely under conformal change of metrics. Indeed,
if there exists a chirality operator acting on ¥4(M), then the map

T:=FoloF !:%3(M) — Z5(M)
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defines a chirality operator on the spinor bundle over M endowed with the metric g.Thus the
orthogonal projection

—*
B> : L*S;) — L*V))

® — %(Id +7 1),
also defines elliptic boundary condition for the Dirac operator. Then using the conformal co-

variance of the Dirac operator and that of the chiral bag boundary condition, we easily check
that:

¢ € Ker(D,) <<= fﬁnTilF&b) € Ker(Dy).

Its L2-orthogonal complement also transforms naturally as:

1

Ypec, f*%F(zp)GCE‘.

Proof of Proposition B: The proof is closely related to the one given in [Amm03d]. First we
note that since the Dirac operator under the chiral bag boundary condition admits a self-adjoint
L2-extention, we can identify the orthogonal of the kernel with the image of Dg. With a slight

abuse in the notations, let ¥ = f _nTHF(Lp) € C; and then using Corollary f and the preceding
discussion, we can write:

VI Ju 19 2dv(g)
AL (@) = \1;12(2—{ ‘ fM ReI\ZI\I/,Dy_l\I/>dU(§)|}
o Sy lf T F ()] fdv(g) )
wee; U| [ Re(f~ "2 F( ,Dgl(ffL ©)))frdv(g)|

_ inf{ Juf 1|¢|2dv) } (13)

pec; U [y Re(w, Dy le))dv(g)]

Now note that, using the Holder inequality, we have:
n+1 n_
2n_ n 11 12 n+1 1
([1e™at) ™ < ([ 1 IePante) " volong)r,
M M

for all f € CP(M), ¢ € C; and with equality if and only if f = c|g0|%+1 or ¢ = 0. We then
obtain that:

1
et AL e ane) ol | = el

2
for p € C; . However, if the spinor field ¢ has no zeros we can let f = || »+1 and then we have
equality in the preceding inequality. Otherwise we can easily find a sequence f;, : M — R’ such
that if g, = f7g then:

_ _n_ N _
(/Mfk 1’(,0’2d?)(g1)) "+yvol(M, gy, ) kjc:o H‘PH%%/(nﬂw for all ¢ € Cg .
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Using all these arguments and the fact that § = f2g, the chiral bag invariant is then given by:

1
Amin(M,OM) = inf |\ (g)|vol(M,g)=
( ) fec(f(M)! 1 (9)|vol(M,79)
= inf  inf vol(M y)l}
| Jui Rew, Dy o) du(g)| ’

FeCEM) pecy,

{ (S [ HelPdu(g))
(Ja fHelPdu(g))
| [y Relp, Dy o)du(g)|

_ inf{ (J el E1du(g)) }
p€Cy UMRe@aDEl@d”(g)‘ .

3=

(
= inf inf vol(M, g
peCy fGCi"(M){ ( (M.9)

j

4. THE CASE OF THE HEMISPHERE

In this section, we consider the particular case where the manifold is the hemisphere endowed
with its standard spin structure and conformal class. In fact, we show that on S7, we can
construct Killing spinor fields satisfying the chiral bag boundary condition. Thus we will be
able to compute explicitly the value of Anin (S, 0S% ). First we prove the following result:

Proposition 5. On the half-space R} endowed with the standard Euclidian metric &, there
exists a spinor field * € F(Eg(R’}r)) which satisfies the following boundary problem:

D¢yt = £2fy*  onRY
B, (w\iaR’;) =0 along OR}

where D¢ is the Dirac operator on R, and f is the real-valued function given by f(x) = H%
with 12 = 22 + ...+ 22 if v = (21,...,Tn) € R’t. Moreover, we have the following relations:
IDep™[> = f™*' and [F)? = (14)

Proof: Fix ®g a parallel spinor on ¥¢(R") and for = (x1,...,x,) € R}, we define:

1 »
:l: n
z)=—7f2(x)1F2x) Po(x).
V@) = @)1 F 0) - Bolo)
An easy computation using the parallelism of ®q and the relation 0; - 9; + 0; - 9; = —20;; for all
1 <4,57 <n leads to:

Detp™ () =

n

2v/2

ferl @)z @+ %f%(ﬂf) (2= f(@)r®) Do.

Note that:
2 — f(z)r* = f(x)
and then:

Dev (&) = 5 f(a)v* (o). (15)

The preceding calculation depends only on the parallelism of the spinor field ®g, so we now
show that this spinor can be chosen satisfying the chiral bag boundary condition. In fact, if we
let ¥g = %(‘1)0 +v-I'®g) where v is a smooth extension of the normal field v, then, since IR} is
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totally geodesic in R"}, the spinor field W is also parallel hence it also satisfies (15). Now using
the properties ([]) of the chirality operator, we have:

1 »
+ L.z _
U P¢|8R1 = §f2 () -T(1—2) (Po+v- r@o))‘am = ¢|3R1-
Finally, we can easily compute that this spinor field satisfies the relations ([[4). ]

Using this result, we can now construct a Killing spinor field on the standard hemisphere S’
satisfying the chiral bag boundary condition. Indeed, we have:

Corollary 6. On the standard hemisphere ST, there exists a Killing spinor Y= € I'(Z,,, (ST))
satisfying the following eigenvalue problem:

{ D% (o) = +2o* on S
0

_ 16
Bgst(@\iasi) = along OS", (16)

where D% is the Dirac operator on St.

Proof: First recall that if ¢ € 0S", then the stereographic projection of pole ¢ gives an isometry
between (R’}r, 12 geucl) and (S’}r \ {q}, gst), where f is the function given in Proposition fj. The
bundle isomorphism F described in Section ] allows to identify the spinor bundle over R? with

that over S7 \ {¢}. So if we let p* = f_nT_lF(iﬁi) where ¥ is the spinor field constructed in
Proposition [, the conformal covariance of the Dirac operator (1) gives:

D% (¢t) = ¢t
and the one of the chiral bag boundary condition leads to Bgst(gpliagn) = 0on St \ {¢g}. Now
+

we show that this spinor field extends to the whole hemisphere. For € > 0 let 7. : U — [0, 1]
be a cut-off function with support in an open set U of S} and with ¢ € U. More precisely, we
suppose that 7. = 1 on BX(g), supp (n.) C Bj.(q) and |Vn.| < C/e where C is a positive real
number. Observe now that for ® € H_ we have:

/ (0% D B)du(ge) = / (6%, D% (0B + (1 — 1)®))du(ger)
U U
— / (6%, D (1 = 1)®) ) do(gse) + / (%, 0D BYdu(gst)
U U

+ /U (%, Ve - BYdv(gae). (17)

Since T satisfies the chiral bag boundary condition on ST\ {q}, we get:

/U@i,Dsi(a_ng)q>)>dv(gst) = ig/U@i,(l ) ®)dv(ga) — ig/U<<pi’<I>>du(gSt).

On the other hand, an estimation of the second term in Identity ([[7) leads to:

‘/<80i,775DSK‘1>>dU(9st)‘ < ||80i||L2(BQ+)||DSK‘I)||L2(BQ+)-
U : :

It is then easy to conclude that the righthand side of this inequality goes to 0 when ¢ — 0. Let’s
now look at the last term in ([[7). We have:

1 n_
\/U<<pi,Vne - @)dv(gst)| < vol(B3.(a)) ? [|Virelleo 19 [z 1912 < Cllo™[[pagps 2~
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and since n > 2, it converges to 0 when ¢ — 0. Hence, we have proved that the spinor field p*
satisfies, in a weak sense on U, the eigenvalue boundary problem ([[f). The classical regularity
theorems allow to conclude that it is satisfied, in a strong sense, on S'}. O

We can thus easily compute the value of the chiral bag invariant on the hemisphere. Indeed we
have the following result:

Corollary 7. The chiral bag invariant on the hemisphere S} is given by:
1

Amin(S7, 8S™) = g(%)_ (18)

Proof: First, we note that using the Hijazi inequality () we have:

n2

2
. n n 2>L ny_ v ﬂ n
Muin( 8,981 > g lST) (5"

Moreover (see Corollary [), since a Killing spinor is an eigenspinor for the Dirac operator under
the chiral bag boundary condition, we obtain:

1
. _ n — 1L n 1 N/Wnp\n

Amin(S1, 08L) 1= _inf | 21(3)[Vol(S, 9)* < [\i(gw) [VOL(ST, gw) ¥ = 5 (5)
ge[gst] 2 2

and we can easily conclude. O

5. A TRIVIALIZATION OF THE SPINOR BUNDLE

In order to prove Theorem [ll, we have to construct a trivialization of the spinor bundle over M

endowed with a Riemannian metric around a boundary point. This trivialization arises from

a bundle isomorphism introduced by Bourguignon and Gauduchon [BG9Y] to identify spinors

on a Riemannian spin manifold endowed with two distinct metrics and from an adapted chart
of the manifold around a boundary point, the Fermi coordinates. We follow more particularly

[AHMOS).

Let ¢ be a boundary point and let (z1,...,2,-1) be normal coordinates on OM at this point.
Let t — ~(t) be the geodesic leaving from (z1,...,2z,—_1) in the orthogonal direction to OM and
parametrized by arc length. Then:

Fq: UcTM — VCM
(xl,...,a:n_l,t) — m

are called the Fermi coordinates at ¢ € OM. Moreover in these coordinates, the arc length ds?
is given by:

ds? = dt* + gij(z,t)dx'da?, (19)
forall 1 <i,5 <n—1and (z,t) € U. Now let:
G: VM — $2(n,R)={A € M,(R)/A symmetric and positive-definite}

m — Gy = (gij(m))lgi,jgn

the smooth map which associates to any point m € V the matrix of the coefficients of the metric
g at this point in the basis {01, ...,0,—1,0;}. In Fermi coordinate, we can also write:

G 0 ith G
G, = < 0 1 > ,  with G, = (gz‘j(m))lg,jgn—l‘
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Since the manifold M is Riemannian, the metric is positive-definite and symmetric at each point
m € V, hence G,,, too. In a same way, the matrix G,, is also positive-definite and symmetric.
So there exists B,, € S?(n — 1,R) such that:

B%n = G;m17
which depends smoothly on m. If we let:

_ ]§m 0 2
Bm—< 0 1>€S(n,R),

then this matrix satisfies B2, = G,,!. Note that for all X,Y € R", we have:

'BmX)Gm(BrY) = "X LY =¢(X,Y), (20)
where § stands for the standard euclidian metric on R’}. We then have an isomorphism:

Bt (TryU=REE) — (TwmV,gm),

which, by construction, depends smoothly on m. We can now identify the SO,,-principal bundles
SO(U, &) and SO(V, g) of oriented £ and g-orthonormal frames of (U,§) and (V,g). In fact, the

following diagram is commutative:

SO(U, &) —— SO(V, g)

UcTM

7 VcM

where ( is given by the natural action of B on SO(U,¢). This diagram commutes with the right
action of SO, then the map ¢ can be lifted to:

Spin(U, £) —— Spin(V, g)

UcT,M

VcM

q

Hence, we obtain an identification between the spinor bundles ¥¢(U) and ¥4(V) given by:
Ye(U) == Spin(U, &) x,, By — Eg(V) := Spin(V, g) X,, Xy,
b= s, ¢] — ¢ =1[C(s), ¢l

where (pp,%,) is the complex spinor representation. In the same way, we can identify the
boundary spinor bundles S¢(U) := Eg(U)\UmaRi and Sy(V) := 3y(V)vnom-

(21)

Now we are going to relate the Dirac operator D, acting on sections of ¥,(V) with the Dirac
operator D¢ acting on those of ¥¢(U). First, let:

—
€; ‘= biaj,

where bg are the coefficients of the matrix B,,, and then {ej, ..., e,} is a local orthonormal frame
of (TV,g). We can also suppose that the unit vector field e,, is the inner unit vector field v := 9,
normal to OM and then we have b}, = §J, and bl = o for all 1 <i,j < n. Denote by V (resp. ?)
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the Riemannian and spinorial Levi-Civita connection on (U, &) (resp. (V,g)) and the Christoffel
of the second kind I’fj are defined by:

ffj = g(veieﬁ ek)'
We can then easily check that Clifford multiplications on 3¢(U) and ¥4(V) are related by:
m =€; - Ea

for all ¥ € %¢(U). Moreover, for a spinor field ¢ € I'(3¢(U)) then ¢ € I'(34(V)) and by
construction of the spinorial Levi-Civita connection, we have:

o 1 ~ _
Ve b = ei(y) + 1 Z I ejex . (22)
1<5,k<n

Using the local expression of the Dirac operator Dg, we get:

Dy = D§¢+Z } —60)0; - Vo, 0 va¢+— Z IFeiej e . (23)

,7=1 1<z Jk<n
We can then prove the following statement:

Proposition 8. If D¢ and Dy are the Dirac operators acting respectively on 3X¢(U) and X4(V),
then we have

_ n . ) _ - _ -1 _ —
Dy =Deih+ > (0] —6))0 Vo b + W - Y+ T - 0+7-7Z- 9 — ”THtu-w, (24)
ij=1
where v € I'(TM) is a local extention of the inner normal vector field v € T'(TMgy) and where
W € D(A3(T*V)), T € I'(T*V) and Z € T(A%(T*V)) are given by

1 _
wo= o > Bo )b e e en
1<i,j,k<n—1
i£jFk

Z (ng - ng) €j

1<i,j<n—1

> (On®HO ] + BT (07 € e
1<4,j<n—1
ij

N

with Hy the mean curvature of OMy := {O4(z,t) / t is constant} and where, for any point m € V,
the coefficients (b_l)g€ are the coefficients of the inverse matriz of By,

Proof: In order to compute the second term of formula (), we decompose the sum into tan-
gential and normal parts. An easy calculation using the fact that I'’, = 0 leads to

n—1
Z F%ei-ej-ek-@ = Z Z]el €ej e - )+ meez ej - P

1<i,j,k<n = ij=1
n—1

= E NJ' e 4T E T e .0, -

—v- Iy, ei-ej-p+uv- Lijei-ej-v
i,j=1 6,j=1

n—1 . B _ -
i=1
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Now note that we have ff] = —fgk, fim = 0 by construction and :
I, = ei(g(§7 ﬂ)) - g(ei,v,jﬁ) =-I7,

hence f?n =0 for all 1 <7 < n. Then the preceding equality gives:

Z l]el €j e T/)— Z Fljez €€ ¢+V Z 2fzn)ezeﬂE

Jk= i,5,k=1 t,j=1

However, the last term of this expression can be simplified using the fact that f’m = —f’m =0
to give:

n—1 . " .

vy (T4 +T0, —T4 ) ei-ej- 0 —2(n — 1H, ¥,

ij=1

i
where H; = Ll S 11 g(—Ve,7,€;) is the mean curvature of 9M;. A direct computation gives:

Z cirejrenh o= Y Theiejen w+§j (T% = T%) ¢ - 9,
k= i#jFkF ty=1

then combining all the above results, we have:

(1)

1 n—1 _ - 1n—1 . . _
Dy = D§¢+Z b} = 0))0 - Vob+ 7 Y Theirejen-dty Y (T —Th) e o

i,j=1 i,j,k=1 i,j=1
i#j £k
"_1H 1/1+— Fj + T8, T Vei-ej- 0
tV | 78 ni Jn in €; ej .
t,j=1
i#]

()

We are now going to give the expansion of the preceding expression in terms of the coefficients
(bi)lgw <n. First consider (1); by construction of the b] we have I’k er = Fk bl 01 and otherwise:

Iher = Ve,ej = bV, (b50,) = b9, (b5)9; + bibsTL0),

1Yjtrs
where the Christoffel symbols 'L are given by I'L, = ¢(Vp, 05, 9;). We then have:
Tfep = (070, (b)) + bbSTL,) 0,

175  rs
and so:
Bl = (670, (0}) + 0[bTL) (0 (25)
The term (1) is hence given by:
n—1 -
Z FZ e ej e = Z (b} 0, bl + bfbjl“f,s)(b_l);§ e;-ej- ey .
i,5,k=1 i,5,k=1

itk i#itk
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Using the symmetry of the Christoffel symbols and the relation e; - e; = —e; - ¢; for @i # j, we
easily check that (1) is given by:

n—1
1 ~ — 1 . 7 _
1 2. Dheirerenv=2 > 0o e e en b =W-1
i,J,k=1 1<i,j,k<n—1
iEj#k iEjFk
with W € T(A3(T*V)). For (2), note that we have I, = (8,(b}) + 0/ T%,.9,) (b=")] and:

The; =T0,bl0 = Ve, = b V5,0, = b, 0,

jnYi jtrn

so identifiying the two parts leads fén = b;l“f,n(bfl)li. The symmetry of the Christoffel symbols
allows to conclude:

n—1

1 —1\J r —1\i o~ A

@ = 7 > (GO O] + UL 07) eives 0 =720,
i,j=1
i#]

where Z € T'(A*(T*V)). O

6. MANIFOLDS OF DIMENSION n > 3
In this section, we use all the preceding results to prove the following theorem:

Theorem 9. Let (M, g,0) be a connected compact Riemannian spin manifold of dimension
n > 3 with non-empty smooth boundary equipped with a chirality operator I'. Then

1
n n n/Wp\n
)\min(M,aM) < Amin(SJraaSJr) = 5( 2 ) ) (26)

where wy, stands for the volume element of the standard sphere S™.

The proof of this theorem is based on the computation of the first terms of the Taylor develop-
ment of the Dirac operator in the trivialization introduced in Section fl. The final step consists
of the construction of a test spinor satisfying the chiral bag boundary condition using the one
of Section [i.

6.1. Expansion of the metric. Here we give the development of the metric in Fermi coordi-
nates around a boundary point in order to obtain the Taylor expansion of the Dirac operator
in the trivialization of Section f in terms of curvatures. Let ¢ € M and for any point m with
V 5 m ~ (z,t) € U, denote by r = |(z,t)| the distance from ¢ to m. Recall that in Fermi
coordinates in the neighborhood of ¢, we have the following development of the inverse g—' of

the metric g (see [Esc924)):
g7 = 09+ 209 (q)t — §R', 57 (0) 207 + 970 (a) 7t
+(3h™ (@) ? (@) + R'an’ () 2+ O(r%),

forall 1 < id,5 < n - 1 and where h” = g“fgjlhkl (hg; are the components of the second

(27)

fundamental form), R’ aﬁj (resp. Riaﬁj ) those of the Riemann curvature tensor of the manifold
M (resp. of the boundary M) and gi{ta := 0,0;g". Then we write:
Gy' =1Id+ Gy + Ga + Gz + G4 + O(r?),

(G)7 =20 (q)t,  (G2)7 = —3R',5(q) 2°”
(G3)" = g"0(q) z°t, (G4)" = (3R (q)hm ? (q) + R"ni (q)) °.
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Using the fact that G,,G,.! = Id, an easy computation gives:
gij = 0ij = 2hij(@)t + Riap; ()27 + gijra(q)2°
+ (him(@)h™;(q) = Rinjn(q))t* + O(r).
In order to have the Taylor development of W € T'(A3(T*V)), T € I'(T*V) and Z € I'(A%(T*V))

of Proposition [, we first consider the development of the b]-coefficients. Writing:

B,, =Id + By + By + B3 + By + Bs + O(r?),

(28)

with:
(B1)ij = Bijaz®, (B2)ij = Bijit
(Bs)ij = Bijapr®2”, (Ba)ij = Bijarz™t,
(Bs)ij = Byjeet?,

and the relation B2, = G, yields to:

bl = ol -0t = R (0) 707 + 597 (0) 20t

Z +3 (20 ()l 7 (q) + R (q)) £2 + O(r?). (29)
An analogous computation gives the following inverse (bil)g -coefficients expansion:
(7)) =6 = W (@)t + § R 5 (0) 2%0” — 597, (q) 2%t — 3R (@) 2+ O(%)  (30)
We also need the first derivaties developments:
bl = —L(R. () + R () 2 + 397, (0) t+ O(r?) (31)
and: . .. . . .
ab; = hY(q) + 39%a(a) 2 + (20" (@) hm ' (@) + R'un’ (9)) t + O (). (32)

We are now ready to prove the following statement:

Proposition 10. The fields W € T'(A3(T*V)), Z € T'(A?(T*V)) and T € T(T*V) given in
Proposition |§ satisfy: |W| = O(r?), |Z| = O(r?) and |T| = O(r).

Proof: First consider the 3-form W; using Proposition § and Identity (B2), and since 3k(b§») has
no constant term, we can observe that any term of order 1 in bg@r(bé»)(bfl)f is a product of
O-order term of b] and of a term of 1-order of 8r(b§»), then we have:

W = i Z (@(bf) + O(’I“2)> e €j - e.

1<i,j,k<n—1
i#i#k
Moreover since 8Z~(b§?) = 8Z~(b{;) and for j #k, ej - e, = —ey, - €5 then
Z @(b?)ei-ej-ekzo
1<i,j,k<n—1
i#i#k
and |[W| = O(r?). We now investigate the 2-form Z; because of the expression of Z, we first

develop the Christoffel symbols I, for 1 < r,1 <n — 1. Recall that:

1
Fi’n = §glk (8rgnk + Ongrk — 8]997’11)

and since 1 < k,r < n — 1 then g, = grn = 0, so we have I'L, = %glkﬁngrk. Using (29), we
deduce that:

8ngrk = _2hrk(Q) + grk,ta(Q)xa + Q(hrm(Q)hmk(Q) - ﬁrnkn(‘]))t + 0(72)-
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Similarly, we compute:

Tl = —ha(@) + 39m0(0) 7 + (Ku(q) — 20" (q)hei(q))t + O(r?),
where K, = hpp k™, — Ry and finally with the help of (29) and (BQ), we obtain:
OiTL, (07 = —hij(@) + 39ij.00(0)z” + (Kji(q) — 20 (q)hij(q))t + O(r?).

The first term an(bli)(b_l){ in Z is given by:
(YOI = (Wl (q) + 39" 1a(@)z® + K (q)t + O(r2)) (8] — WY (q)t + O(r?)
= h(q) + 19”70 (0)2* + (K¥(q) — hi(q)h7'(q))t + O(r?).

where K = 2himp,_ ! 4+ Ri ! Combining these two developments leads |Z| = O(r2). To
conclude we examine the 1-form T; first we are going to relate the Christoffel symbols Ffj with

the Christoffel symbols of first kind I‘fj = g(%i 0j,0k). Using the classical formula:

1
Ffj = §gkl (Digji + 0594 — D19i5)

and a simple derivation on the development (R§) of the metric tensor components gives:

1
Okgij = 3 (Rikaj (@) + Riakj(@))x® + gijun(Q)t + O(r?)

and then it yields to:

P% = %(ijk(Q) + Rjaik(q) + Rijak(q) + Riajk(q) — Rikaj(q) — Rmkj(Q))wa

+5(9jk i (@) + Gik 15 (@) — gijun(@))t + O(r?).
The symmetries of the Riemannian curvature tensor give:

1 L1
Ffj =3 <Rikaj(Q) + Riakj(Q))w t3 (910 (@) + Gintj (@) — gijar(@))t + O(r?),

Using Proposition § and the fact that Ffj has no constant term, we have:
IY = 9;(bf)+ T +0(?).

The 1-form T then clearly satisfies T = O(r). Moreover, we can give an explicit computation of
the development of T. Indeed, we get:

n—1
1 . o 1/\/ 2
T= ; < — ZRIC(Q)a]‘ﬂU — §Rlc(q)tjt + O(r )) €j,

where we used the Codazzi equation:
Rijkn = hik,j — hijk,i (33)

and the formula g;;; = —2h;;. O
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6.2. The Estimate. In this section, we give the proof of Inequality (Rf]). However, we need
the following lemma which gives the existence of an adapted test spinor in the trivialization
constructed in Section fj:

Lemma 11. Let U and V be the open sets of the trivialization constructed in Section B and let
o) € I’(Eg(U)) be a parallel spinor such that v-T'®q(q) = ®o(q) for one point ¢ € OVNM. Then
we have:

v -T®9ven = Pojgvan,
1.€. 85(60‘8\/01\4) = 0

Proof: Consider the function f(p) = |v-T®g — ®g|?(p) defined on V, then we have to show that
f vanishes along the boundary OV N M. However, for 1 <i <n — 1 we have:
ei(f) = ellv-TPo— Pof?)

= 2 62‘(|§0|2 + Re<l/ . F§O,60>)
Note that the spinor field ®¢ is parallel, so we can assume that |<I>2|2 = 1 and since the triv-
ialization is a fiberwise isometry, we have [®g|> = 1 and then ¢;(|®o[?) = 0. Now using the
compatibility of the Hermitian metric with the spinorial Levi-Civita connection and the prop-
erties ([i)) of the chirality operator I', we get:

€; (Re(y . P60,60>) = Re(veiy . PE(), (I>0> + 2Re(y . P(vei$0),$0>.

However since the spinor field @ is parallel, Formula (PJ) leads to:

5 = Zl’we] ex - Do
]k 1

and thus we have 2Re(v - I'(V,,®), ®¢) = %Z?k:l ffj Re(v - T'(ej - ef - @g), Pp). We can now
split this sum with respect to the tangent part and the normal part. Indeed, we write:

n—1 n—1 n—1
E szej er - Do = g sze] e, - o — E Fmej v-®y+ g sze] v-®y— Fm<1>0
J,k=1 7,k=1 J=1 j=1
and since in Fermi coordinates we have I'/; = —IJ and ', = 0, we obtain:
n n—1 n—1
Z Tk o Z Tk 5 Z~n } 5
Jk=1 jk=1 =1

This leads to:

_ _ 1 - _
Re(v - I'(Ve,®0), ®o) = Re(Ve,v-T'®o, o) + 5 > TiRe(v-T(e; e - Bp), B)
1<j#k<n—1

——<Zr ) Re(v - Ty, Bp) + Zr" Re(v - T(e; - v - o), B)
7=1
and since fij =0 and f?jej = —V,,v, we conclude that:

eilf) = > TERe(v-T(e;-ex - Do), Do)
1<j#k<n—1
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An easy computation using the properties of the Hermitian metric and those of the chirality
operator show that:
(v-T(ej-ex Do), Do) = —(v-T(ej-ex- Do), Po)-

Thus we have Re(v - T'(ej - ey, - @), @o) = 0 and finally e;(f) = 0 for all 1 <i < n— 1. Moreover
since f(q) = 0, the function f vanishes identically on OV N M, i.e.:

v-I'®yavrm = Pojovim-

We are now ready to prove the main theorem of this paper.
Proof of Theorem [§: Using Proposition f], there exists a spinor field ¢ € I’(Eg(Ri)) satisfying:
n
Dev = 2f v

where f(z) = H% and r2 =234+ ...+ 22 | +12 [¢] = fnT_l and |Dgyp| = fnT+1 Recall that this
spinor field is given by:
1 n

P(z) = Eff(ﬁﬂ)(l —z) - ®o(x)

where @ is a parallel spinor which is chosen to satisfy:
v-T®(q) = Po(q), (34)

at one point ¢ € VN OM. From this spinor field, we construct an adapted spinor on M for our
problem. So let  be a cut-off function given by = 1 on B*(g,46), n = 0 on M \ B*(q,24)
where § is a positive number such that 6 < 1 and B*(q, z) is the half-ball of center ¢ and radius
z contained in the open set V defined in Section [|. Moreover, without loss of generality, we
can assume that 7 satisfies |[Vn| < Cr, where C' is a positive real number. In the following, the
symbol C' will stand for positive constants which can differ from one line to another. Let € > 0
be a small positive number, then we set:

A A (.%',t)

Tetat) = (D) e r(z,0m).
Since the spinor field @ satisfies (B4), Lemma [T and the properties ([f)) of the chirality operator
lead to:

v-Tgom = Vepomr-

Using Proposition § and Proposition [[0, we have:

D (rt) = Fn5( D) 4y, (5(ED))

= () LR LY (-0
i,j=1
w320 4 1 (D) 45z 5(2D)
(),
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with [W| = O(r?), |Z| = O(r?), |T| = O(r). Since the chiral bag invariant is independent of the
metric chosen in the conformal class of g, we can assume that g is such that R, is of constant
sign and Hy = 0. For this, one only needs to choose the conformal factor as being a solution of
the eigenvalue problem (f]) and thus we obtain |H;| = O(r). We now develop the third term of
the preceding identity. In fact, we can easily check that:

> (0 - a ey = Y - 1), -

ij=1

3

where X = f 371, ( 5g )2;0; € T(TM). Using the development of bg given in (RY) yields to:

%f% Z (b - 1)Ty = %f%(O(r))% (35)

Then we develop:

Dy (z,t) = (I)+ II)+ (III)+ IV)+ (V) + (VI)+ (VII) + (VIII) + (IX) + (X)
H(XT) + (XII) + (XIIT) + (XIV) + (XV) + (VI) + (XVII) + (XVIII)
HXIX)+ (XX)+ (XXI) + (XXIT) + (XXIIT) + (XXIV) + (XXV)
+HXXVI)+ (XXVII) + (XXVIII),

where:

(0 = (VPR

(i = HEPEEREY

(I11) = G0, (0] = 67)3: - Vo, ul? (22)
vy = pIWPEEED)

V) = TRRR(eR)

VD = PR

(VII) = n2h2[p2(122)

VIIn = m2p(E)Re(Ty . p(ED), ()

(IX) = &y (0] - 6)Re(Vy-(22),5; - Vo0 (22
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(X) = 2Re(Vy- (L), Wy (=)

(XI) = 2nRe(Vn-p(22), 7. 5(L22))

(XII) = 2pRe(Vn- (@) 5.7 (&)

(XIII) = 2hnRe(Vy-$(2),5.3(2))

(x1v) = () S (0 - o) Re((22). 0 Vo, 0 (122))
@xv) = L f(CRe( (i), W (L))

v = nTf(ED)Re(p(1E0), T p(5))

@vin = nLf(ERe(m(8), 72 (L))

(VI = (S Ref(E2), 15 T(2L))

(XIX) = T2 (b = 8] Re(@, - Vo, (), W -(2))
(XX) = LY (0 - 6)Re(@ Vo, u (1), T (1))
(XXI) = TN (0 = 8)Re(@ - Vo0 (122),7- 2. % (122))
(XXIT) = Lh Y7 (6] = 6))Re(@; - Voo (122),7- (L))
(XXIIT) = 2p°Re(W - (&) 7.7 (L2l))

(XIV) = 2Re(W -3 (&) 5. 7.y (lzd))

(XV) = 2mPRe(W-3(1%22), 7-9(%)

(XVI) = 2pRe(T-¢(&), 7. 7. p( &)

(XVII) = 2hpRe(T- (&) 5. y(lzl))

where h = —"T_lHt. Since Vn and T are 1-forms and Z is a 2-form then:

(VIIT) =0, (XVI)=0, (XVIII)=0 (XXVI[)=0 and (XVIII)=0.
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Using this development, the properties of the fields W, T, U and & given in Proposition [ and
since we assumed that |Vn| < Cr and r < 0 < 1, one can check that:

o N+UIV)+(WV)+(VI)+ (VII)+(X)+ (XI)+ (XII)+ (XIII)+ (XXIII)+ (XXIV)

(ma,t )

+(XXV)+ (XXVI) < Cr2 Y

o (IX)+(XV)+ (XVII) + (XIX) + (XX) + (XXI) + (XXIT) < Cp2pr () | Cp2 pni1 (20
o (II)+ (IIT)+ (XIV) < 2 ot (&ddy o G prtt (@) 4 2 pn (@),
We can then write:
— 2 t C t C o (2,t
0< DL t) < gt (D) 4 Gopren(@l)y 4 G (21

+§T2fn( x;t)) —i—gTanH((x’t)) —i—Crzf"_l((x’t))

2fn+1(( ))[1—|—A],

<
= 4e? €

where A = Cr 4+ Cr2f~ ((m ) + Cer? 4+ Cref~ ( ) + Cr2e?f~ ( zt ) Note that since
|Dgtb.|? > 0, then A > —1. On the other hand, if z > —1 we have:

(1+x)nL+1§1+nilx,
so we get:
_ om 2
[Dyel 757 () < (4€2f"“( 0y [1+A]T
() =D e )
ie.:

2n

DI = (3 He D) o )

_ ,t ne (@t
+Cnilr2fn 1((‘T6 ))+Cniler2f (('I ))

6T,2fn—1((x, t)) + C

C
+ n+1 €

Integrating the last inequality leads to:

Dy anldvg < a_n2+n1 A+B+C+D+E+F|,
gve
M
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where:

_ w(@))
A = /B;(%)f( ) au(g)

B n no(x,t)
B = Cn+1/]3q+(25)rf ( )dv(g)

C = n 2 pn—1 (x’t) d
O [y I 0

€
n (z,t)
D = C 5/ r2 (L do
n+1 B (20) ! ( € ) (g)
n 1, (x,t)
E = C 6/ r2 () do(g
n—i—l B,;L(Qé) ( g ) ( )

n o (z,t)
F = C 52/ r2 2 () do(g).
n+1 By (20) ! ( € ) (9)

Now we have to estimate these terms. Let’s start with A. Note that since the function f is
radial, spherical coordinates lead to:

A = wn_l/ r"_lf"((x’t))S(r)dr,
2 JBF(28)

where:

Sy = 2 /S Aet(geads(x).

Wn—1

However with the help of the development of the volume form of (M, g) (see [Esc924]), we have:

S(r)<1+Cr,
and thus:
n— - % i
A < w 1[/ P lfn((x ))dT+C ,rnfn((x ))d’l“}
2 Ut € B (29) €
A simple change of variables gives:
20 25
A < —wnlen[/ - T"lf"(r)dr—l—Ce/ - T"f”(r)dr].
2 0 0

Some calculations show that if n > 1:

+o0
/25 L r)dr = o(1),

€

25
/E rf*(r)dr = o(Ine).
0
We finally get:

Wh—

< St [Tt o)
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We now give an upper bound for B. In the same way, we compute:

x,t
B = C rf"(u)dv(g)
B (26) €
B{ (20) € B (26) €
ie.:
25 25
B < Ce”“/s T"f”(r)dr—i—CenJrz/E T"+1f"(r)dr.
0 0

We can easily check that if n > 1 then B = o(e™). For the quantity C, we write:

—~

C = C Tan—l( .%',t)
B (26) €

S C T'an_l((x7t))d$+c ’I"an_l((x7t))d$
B (20) € B (20) €

)dv(g)

which after a change of variable gives:

28 25

C < C’E"H/8 7“"+1f"_1(r)dr+06"+3/5 r"+2f"_1(7")d7".
0 0

We can thus conclude that if n > 3, C = o(¢™). The term D satisfies:

_ 2 rn (x’t)
D = 08/13;(25)T f (—6 )dv(g)
2 (x’t) 3 fn (:C,t)
< Ca/Bqﬂ%)rf (2 )dm+ca/Bq+(25)rf () da

and then:

20 20

D < an+2/s r"“f"(r)d?“%—Ce"”/E Tn+2fn(7’)d7‘.
0 0

So we have shown that if n > 1, D = o(e"). In the same way, we compute that if n > 3, then
E and F satisfy E = o(c") and F = o(¢"). Finally we get that for n > 3:

2n o
— 2n N\ ntl Wp—1 nn=l) n—1gn
[ I < (5)7 e [T a4 o],

and so:

+1 +1
n+1 n2 n+1

Do #iTdu(g)) © < T (L) e (14 o(1)), (36)
" 4\ 2

where [ := fooo r"~1f7(r)dr. We are now going to estimate the denominator of the variational
characterization of Api, (M, 0M). Indeed we have:

Re(Dy¢, .y = (I')+ II')+ 1)+ V') + (V) + (VI') + (VII'),
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We then easily check that since:

we have:

where we let:

Al

B/

C/

D/

However using Proposition [[(], we have |W|

SO:

(1) = mre@y- () 500y,
(ary = Sowetr (gl plly
(11 = 1in?(b{ 5 \Re(@; - Vo w((x;t)),w((xj)»
) = wre(w - H(2Y) 50y,
v = ez 5(0Y) pD))
vy = arer B2 5l
wiry = prep- w20 gy,
(I')=0, (VI')=0 and (VII')=0

‘ / Re<Dgw€,E€>dv(9)‘ —A+B +C +D,
M

- / Re(7-Z- 3
B (20) €

= O(r?) and |Z| = O(r?), thus:

C/+D/ - C 2fn 1(($ t))d’l}(g),
By (20) <
JuReDgte, ) dv(g) = 3 fB;(Qa (5% ))d” +CfB+(26)T e ( ) dv(g)

+% > e fB;r(Qé) (bi - 5?)Re<8i : VBJ-T:Z)(QCTJ))’E( ﬁt ))dv(g).
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As done for the numerator, we compute:

t)
A= 2 D (g
2e JB}(20) ( € )dv(9)
— ﬁ fn((x’t))dw—i-g rf"((x’t))dx
2¢ /B (20) € € JBF(20) €

and for n > 1, we conclude:
A = %wn_llan_l (1+o0(1)).

Using the estimate of the term B, we check that:

/_g rn( )
B — /Bmf( )do(g)

€

and so B’ = o(¢"7 1) if n > 3. An similar calculation shows that C' + D’ = o(e""!) if n > 3
Finally we get:
—_ — n wWnp—1
| [ Reddvt)| = 5 (14 o).
M
Now using the variational characterization of Ay, (M, 9M) given in Proposition ], we obtain:

(fiy Dy #edv(g)) =
mln a - .
Anin ML OM) S 2 D By dolg)

The estimate of this functional allows to write:

— 2n ntl n?2 (wn_1) n 72l 51
(fuIDJT. i) 5 (25) "1
8 = (1+0m).

‘ fM Re<Dgwe’ Ee>dv(g){ B

which gives:

Auin(M 00 < LD o0 ety ))nz‘l < g(”"‘l)iﬁ (1+0(1)).

; ‘fMRe g%ﬂ/ﬁ (9)

However since w,, 11 = w,, we get:

Amin (M, OM) < (5 >%(1+o (1)) = Auin(S2,98%) (1 + (1)),

Amin (ST, OST). O

and we can thus conclude that A\pin (M, OM) <

Remark 2. This result gives in particular a spinorial proof of Escobar’s result given by ()
Indeed, using the Hijazi inequality (§), we note that:
2 2

n n2 s 2

s VL M) < Ay (M, OM)? < Ain (ST, 08%)2 = - (20)"

and thus

Sy

11(M, &M) < n(n — 1)(“’2") = u(S",08™).
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7. THE CASE OF SURFACES WITH BOUNDARY

We can show that Inequality (R6)) still holds if M is a compact Riemannian surface with connected
boundary. However, the test spinor needs a slight modification. We follow the argument given

in [IGHOQ] (see also [AHMO03]). In fact, we show:

Theorem 12. Let (M2, g) be a compact Riemannian surface with connected boundary. Then
the chiral bag invariant satisfies:

Amin(M, OM) < Apin(S%,0S%) = V2. (37)

Sketch of proof: First note that since M is a surface it is always spin and it is equipped with a
chirality operator given by the complex volume element of the spinor bundle. Moreover we can
assume that g is locally conformally flat and since the boundary is connected it is umbilic. Now
let 0 < e < a < ¢ be real numbers and consider the positive function defined by:

2¢2 :
e if r<ao
fe(@) :{ X

T if >«

where r = d(q, ) and ¢ € OM. Using Proposition [, there exists a spinor field ¢ € F(Eg(Ri))
which satisfies:

D¢t = fy
where f(r) = HQTQ € C*°(M) and the spinor ¢ can be written:
1

=—f(1—2xz)- P,
where @ is a parallel spinor field such that B, (®¢)(¢) = 0. Now let 1 a smooth function on M
such that:
1 on BI(d)
_ q
() { 0 on M\ B/ (20) and

with BJ(20) C V and V is an open flat subset of M defined in Section f]. We then consider the

T

test spinor given by . (x) = n(x)y(£) (which by construction satisfies B (1. iom) = 0) and so
using Corollary ] we have:

V| <

SN

St D=0 2 S dv(ge)
M) S T RelDLb, By dv(e.)]

where Ai(g:) is the first eigenvalue of the Dirac operator D. under the chiral bag boundary
condition in the metric g. = f2g € [g]. We can then estimate this ratio and we obtain:

Mi(g:) < <+ o).

Now we compute the volume of the surface M equipped with the metric g.; we clearly have:

Vol(M, g-) = /Mffdv(g) = e2w1(1 + 0(6)).

Combining these estimations leads to:
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