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distributions spaces

Stéphane Labbé and Emmanuel Trélat*

Abstract

The aim of this article is to propose a generalization of the finite dif-
ference scheme suitable with solutions of Dirac distribution type. This
type of solution is for example encountered in earthquake or explosion
simulations. In such problems, the difficulty is to catch sharply a moving
singular front modeled by a Dirac type distribution. We give a general
framework to deal with numerical methods, and use it to build finite dif-
ference methods in distribution spaces. Numerical examples are provided
for a one-dimensional wave equation.
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1 Introduction

In this article, we propose a generalization of the classical finite difference
method suitable with the approximation of solutions in subspaces of the Sobolev
spaces H~°, s > 0. We implement the proposed method for the one-dimensional
wave equation with nonregular initial data of Dirac type. A concrete situation
where such a method happens to be relevant is the simulation of an earthquake
or an explosion front in which an accurate approximation of the singular front
of the solution is required. These objects, from a mathematical point of view,
are modeled by Dirac type distributions.

In the classical finite difference method, the Dirac type distributions are
usually approximated by smooth functions. This type of approximation, when
injected in a temporal processus, becomes swiftly incorrect, due to the fact that
the scheme is built on a regular approximation of the solution. Then, the high
frequencies are ill-estimated and tend to disperse. The idea is to build a scheme
dealing specifically with Dirac type distributions and their derivatives.

To illustrate the problem, consider the one-dimensional boundary value prob-
lem

W(@) + claulz) = f(2), € (0,0) "
u(0) =u(l) =0,
where ¢ and f are continuous functions on [0, 1]. The classical finite difference
scheme is the following. Let N be a positive integer, h = 1/N, and x; = ih,
i=0,..., N, be discretization points on [0, 1]. Note that, if the function wu is of
class C? on (0,1), then
u(z + h) — 2u(z) + u(x — h)

u'(z) = 2 +O(h?),

for every z € (0,1). Hence, in order to solve numerically the problem ([, we
are naturally led to the numerical finite difference scheme

Uip1 — 2u; + U1
72
ug = uy = 0.

+C($1)Uz:f(l'z), 7::15"'7N715

In order to ensure a convergence property of the classical finite difference method,
a strong regularity of the solution is usually assumed. For instance, recall that,
if c(z) > 0, for every € [0,1], and if the solution u of ([]) is of class C* on
(0,1), then there exists a positive real number C, independent on N (and h),
such that

max |u(x;) —u;| < Ch?.

0<i<N
In this paper, an analysis of this discretization problem suitable for nonregular
solutions is achieved, leading to a numerical scheme whose convergence is proved.

The structure of this article is the following.



In Section 77, we recall the classical finite difference method. We then intro-
duce in Section ?? the concept of discretization process, and provide a unified
mathematical framework for projective discretization methods, ensuring conver-
gence of the methods. We investigate the 1-D wave equation, first recovering the
usual finite difference method, and then extending this method to distribution
spaces. Finally, in Section 77, the method is implemented and simulations are
provided for nonregular initial conditions of Dirac type.

2 Discretization processes: a projective approach

2.1 Generalities

Let W and V be separable Banach spaces, and A : W — V be a bounded linear

operator. For f € V| we consider the problem of determining © € W so that
Au = f. (2)

In this section, we introduce an abstract framework in order to define rigorously
a discretization process of problem (E), so as to obtain a numerical scheme of
the form

Apun = fn, (3)

where f, € Vj,, where Ay : W), — V,, is a bounded linear operator representing
a discretization of the operator A, in a sense to be made precise next, and
where W}, and V}, are suitable vector spaces approximations of W and V. The
discretization parameter h is chosen in a given nonempty open subset H of
(0,4+00)? such that 0 € H, with p integer (for instance, p = 2 for the finite
difference method on a time dependent problem on a space interval).

Definition 2.1. A discretization process is a triple D = (W*, (W, Py)hen, W),
where:

e W* and W are separable Banach spaces such that W is a dense subset of
W=,

e W}, is a vector subspace of W*, for every h € H,;
e P : W* — W, is a projection operator;
e if P; denotes the canonical injection from W3, in W*, then

lim || Py o Pou — ullw+ =0,
h—0

for every u € W,

e the norms of the operators P, and P (with respect to the norms W* and
W},) are bounded, uniformly with respect to h.

Remark 2.1. By definition, P, o P¥ = idw, and P}, o P, = Pj.
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Figure 1: Commutative diagram

The commutative diagram of Figure @, for every h € H, illustrates the
definition.

Let (W*,(Wh, Pr)ner, W) and (V*, (Vi, Qp)nen, V) be two discretization
processes. For every h € H, set

Ay = Qo A* o P,

where A* : W* — V* is a linear operator extending A. Set moreover f, = Qpf.

We obtain in this way a discretized version of problem (B), of the form (f).
An important property is the well posedness of the discretized problem (E)

A scheme is said to be well posed if () admits an unique solution, for every h.

A continuous problem will be said to be well posed if A is bijective.
The following result is obvious.

Lemma 2.1. Assume that ker Qp N (A* o P (Wh,)) = {0}, for every h € H.
If the extended operator A* is surjective, then the discrete problem (ﬁ’) has a
unique solution.

Note that the well posedness of the continuous problem is not sufficient in
general to ensure the well posedness of the discretized problem.
We next recall the definition of a consistent, stable, and convergent scheme.

Definition 2.2. The numerical scheme () is said to be consistent with () if

%in% |Q; o Ap o Pou — Aully- = 0,

where u is the solution of (f]).

Definition 2.3. The numerical scheme (E) is said to be stable if there exist a
connected open subset Hy of H, with 0 € Hy, and positive constants C' and
go such that, for every e € (0,g¢), every h € Hy, and every e, € V3, such that
llerllv,, < e, for all up, @y, € W), satisfying

Apup, = Qnf,
Aptp = Qnf + en,

there holds
||uh — 'ah”Wh S Ce.



Assume that the problem (f]) is well posed.

exists a connected open subset Hy of H, with 0 € Hy, such that the problem
(E) is well posed, for every h € Hy, and

Definition 2.4. The numerical scheme (B) is said to be convergent if there

1' —_— * — 0
pepitflup —uffws =0,
where uy, is the solution of (ff).
If there exist p > 0 and C' > 0, depending only on u, such that there holds
moreover
[un — ulw+ < C |f?,

for every h € Hy, then the numerical scheme () is said to be of order p.

As usually, the consistency and stability properties imply the convergence
property, according to the following theorem.

Theorem 2.1. Assume that ker(Qp) N (A* o P¥(W3)) = {0}, for every h €
H. If the numerical scheme (ﬂ) is consistent with (E) and stable, then it is
convergent.

Proof. For every h € H, set
en = Qn(Qj, o Ap o Pru — Au),

where u is the solution of (E) From the consistency property, threr exists C' > 0
such that, for every £ > 0, there exists » > 0 such that, for every h € H with
|h| < r, we have

||ehHVh < Ck,

where C'is a positive real bounding || P, || for every h € H. By definition of ey,
one has

Ap(Pr(u)) = en + Qnf.
The stability property implies that, for every h in Hy,

lArw — up|lw, < CCie,

where (' is the constant introduced in the Definition , and wup, is the solution
of (). The hypothesis on the kernel of P, implies, using Lemma (R.1), that uy,
is unique. Then, using the properties of the operator P o Py, there holds

| Prup — wl|w- | Pfup —uw+ P o Py(u) — Py o Py(u)|w-
[Py o Pr(u) — ullw~ + (| Py (un — Pr(u))|[w+
[Py o Pr(u) — ullw~ + [Py |l [lun — Pu(w)|w;

155 © Pr(u) — ullw- + [ B[ CCre.

ININIA I

The term || P} o P, (u) —u|lw+ converges to zero by hypothesis, and this concludes
the proof. O



Theorem 2.2. If A* : W* — V* is boundedly invertible, then the numerical
scheme (ﬁ‘) built on (E) converges. Let u be the solution of (@), if there exist
positive constants Cy, and C!,, and p in N depending of u, such that

1@} 0 An o Pyu — Aul

ve < Cylhl?,
and

1Py o P — ullw- < CLINIP,
for every h € Hy, then the scheme is of order p.

Proof. We first prove that the numerical scheme is consistent. Let u be the
solution of (). There holds

1Qh Qn A* P* P u— Auly-

= |A* Py P u+ (Qf Qn —idy+)A* Py Pru— A ully+

= A" u+ Au+ A (P} Py, —idw+) u— (Q, Qn —idy«)A* Pl Py ully-

< APy Pn —idw+) ullv- + [(Qn Qn —idy+)A" Py Py ullv+

< NAM N powsvoll(Py Prn —ddw+) ullw+ + [(QF, Qn — idy+)A*|v+
+(Qh Qn — idy+)A™(Py P u—u)lv+.

Then, from definition @, it is immediate that the discretization process is
consistent.

We next prove that the discretization process is stable. Using the fact that
V is dense in V* and that the union of all Q;Vj for h € Hy contains V' we
deduce that there exist r,C > 0 such that, for every h € H such that |h| < r
and for every e in V},

IA*By, (un = un.e)llw+ < Cllellv,,

where uy, . is the solution of the Equation (E) when f, is perturbed by e. Then
using the fact A* is boundedly invertible, there exists C* > 0 such that

C*lun = unellwy, < |A™Fy, (un = une)lw+ < Clleflv,-

Hence the discretization process is stable, and using Theorem @, convergent.
We next prove the second part of the theorem. Let u solution of @) and up
solution of (). One has
Ap up = Qn f,
and

Au = f.

Hence
AnPru = Qnf + Qn(QhAnPyu — Au)
Set e, = Qy ApPyu — Au. By hypothesis, there holds

llenllv- < Culhf”.



The stability property implies that there exists C; > 0 such that, for every
h € Hy,
llup — P ul|y+ < C1Cy|RIP.

Then,
[P up —ullv+ = ||P*up —u+ P o Pyu— Py o Ppul|y+
< 1By o Pyu —ullv= + || Py (un — Pru)llv-
< CulhlP + 1B i, v CrCul PP,
and using Definition .] we conclude. O

Assuming A* is boundedly invertible is quite stringent. For example, it holds
for linear operators of compact inverse like the Laplacian operator provided the
spaces are well chosen. However, this fact cannot be assumed in general. In
the case of the finite difference scheme, in order to deal with pointwise values
of functions, we need to work in a C? space. For example, the Laplacian op-
erator sends W; = C?%([0,1]) in Wa = C°([0,1]). It is then natural to define
Wi = Wg = L?([0,1]), and thus, the definition of the extension A* becomes
problematic. A solution is to build Wi, and Ws j so that it is possible to set
W{ = Wy, and W3 = Ws,. Then the extension of the operator A raises no
problem and the convergence theorem is applicable.

In what follows, we describe a finite difference discretization of the wave
equation, first on H2(I)x H*(I), and in this case we recover the classical frame-
work of that method, and then on (H*(I)NH(I)) x (H*TY(I)NH (1)), s > 0.

2.2 The case of evolution problems

It may be convenient to discretize partially a problem. Typically, for evolution
problems, one may discretize the spatial variable only. In this section we focus
on such evolution problems. We investigate semidiscretization processes, and
total discretization processes.

Let T be a positive real number, W9 and V° be separable Banach spaces,
and P : WY — VO be a continuous linear operator. For f € V°, we consider the
evolution problem

It is a particular case of the latter section, with W = C1(0,T;W?), V =
C°0,T;V?), and A = 9; — P. The operator P extends canonically to P :
W — V.

Let (W07, WY, Pi)her, WP) and (Vor, (V2, Qn)nem, V) be two discretiza-
tion processes. Set W* = C(0,7; W), and V* = C°(0,T;V°"). For every
h € H, set Py, = Qn o P* o P, where P* : WO — V% is a linear operator
extending P.



As previously, we consider the following canonical extensions:
P Wr — V*,
Py W* — CH0,T; Wy),
Py C°0, T, W) — C°(0,T; W),
Qn:V*—C0,T,V)),
P, CH0,T; WP) — C°0,T; V9.

We make the following assumption.

Assumption. We assume that W°* ¢ V9 and that 8,W* C V*.

For the methods investigated in this paper, this assumption will be verified.

Remark 2.2. The assumption 0;WW* C V* is necessary because the operator
Oy may act as a spatial derivative, for instance in the case of the wave equation.

2.2.1 Semidiscretization processes

The aim of this paragraph is to set a precise framework in order to deal with
spatial semidiscretization processes.

Set fr, = Qnf. Then, seeking an approximation solution of (E) amounts to
seeking uy, € C1(0,7; W) so that

Qno: Pyup, = Prup, + f. (5)

Let ¢ : WO — V0 denote the canonical injection. It extends to ¢ : W* —
V*. Then, for every h € H, the operators 0; and P} commute, i.e.,

8tP,f = LP}Tat

(see the diagram of Figure ).

Ot
(0, T; WO*) o0, T; Vo)
by
Ph L
O Py
cro, ;W) ———  C0, ;W) ———————— %0, T; W)

Py,

Figure 2: Diagram



From (f]), one gets
QntPy O0pun = Prun + fa.

Define
Mh = QhLth

as a filtering operator. We obtain a semidiscretization scheme of the form
MpOyup = Prun + fn, (6)

called semidiscretization process.
Theorem E, applied to this particular case, yields the following result.

Corollary 2.1. Given two discretization processes (W*, (W, Pr)n>0, W) and
(V*, (Vi, Qn)n>0,V) and Ay, fn defined as above, under the assumption that
the infinitesimal generator P* is a bounded linear operator on W*, the scheme
() built on (@) converges.
Moreover, if u denotes the solution of (E), and if there exist C,,, C!, > 0, and
p € N such that
1@ o An o Piu— Aully- < Clhl?,

and
1Py o Pyu —ullw- < Cylh|?,

for every h € H, then the scheme is of order p.

Proof. This yields the existence of a nonempty open subset of H for which
the scheme is stable. Furthermore, the continuity and uniform boundedness
properties of operators P, P, @ and @} ensure the consistency. Theorem E
implies to the convergence of the scheme.

The second part of the corollary is deduced from the boundedness of the
infinitesimal generator P. O

2.2.2 Total discretization processes

A natural question is the following: is it equivalent to discretize first the spatial
variable, and then the time variable, or to discretize first the time variable, and
then the spatial variable?

The answer is actually positive if we deal with discretization processes, as
defined previously.

Let us prove this fact sharply, and without going into details. To make
short, the index h (resp. the index k) denotes a discretization with respect to
the spatial variable (resp. the time variable). Then, proving the fact amounts
to proving that

QroQroA* o PfoP;i=QpoQroA o Pl oPy.
On the one hand, it is clear that

PyoP;=P;oP.



On the other hand, since @7, and Qi are projection operators, and noticing that,
up to canonical injections, Qn(Im Qx) C (Im Q) and Qx(Im Qr) C (Im Qp),
one gets

Qr o Qn = QnoQy,
and the conclusion follows.

This important fact validates our approach by semidiscretization. Indeed,
to make numerical simulations on a semidiscretized model, it suffices to choose
a time discretization process whose order is greater than the order of the space
semidiscretization process. Theorem is used to prove the convergence of the
method. Let set

Vko,h = Vho,k = Qr(C°(0,T; V),
ng,h = Pk(CO(O, Ta W}?)a
Wik = Pu(Pi(C°(0,T; W),
then, one can announce the following corollary

Corollary 2.2. Given the discretization processes (C°(0, T5; W*), (Wh.k, PnPr)n>0.k>0,
CH0,T;W)) and (C°(0,T5V*), (Vak, QuQk)r>0,k>0, C1(0,T;V)) and

An = QnoQro A" o PyoPy,

3 Discretization of the 1-D wave equation in
H2(I) x H\(I)
In this section, we consider the 1-D wave equation with regular data, and show

how to recover the classical finite difference sheme within the abstract framework
introduced previously.

3.1 Theoretical framework

Consider the Cauchy-Dirichlet problem for the one-dimensional wave equation
on [0,T] x I, where I = [a,],

Utt = Uz,
u(oa) :uo(')a ut(oa') :ul(')a (7)
u(t,a) = g1, u(t,b) = go,
where ug € H?(I), u; € HY(I), g1 and go are real numbers. It is a standard
fact that this problem has a unique (weak) solution u € C°(0,T;H?(I)) N
CH0,T; HY (1)) N C?(0,T; L*(1)).
In order to point out the regularity difference between u and wy, it is relevant
to write ([]) in the form
Ut = U, V¢ = Ugg,
u(oa) :uo(')a U(Oa') :’Uo('), (8)

u(t,a) = g1, u(t,b) = ga,

10



Let 71 (resp. 72) denote the left (resp. right) trace operator on H*(I), and
let o9 denote the trace operator on C°(0,T), that is, viu = u(a), you = u(b),
for every u € H'(I), and oou = u(0), for every u € C°(0,T).

Set

W =(C°(0,T; H*(I)) n C*(0,T; H' (1)) N C*(0,T; L*(1)))

9
x CO(0,T; H(I)) n C*(0,T; L*(1)), ©)
and
V =R x (C°(0,T; H'(I)) N C'(0,T; L*(I))) x C°(0,T; L*(I)) 10)
x R x H*(I) x H*(I).
Define the operator A: W — V by
gal 0
O -1
-0 Ot
A — rxr
V2 0
(o) 0
0 (o)
Then, the previous problem is equivalent to determining U € W so that
91
0
0
AU = . 11
92 (11)
ug
Vo

In what follows, set
W* =C°0,T; L*(I)) x C°(0,T; L*(1)),
and
V* =R x C%0,T; L*(I)) x C°(0,T; L*(I)) x R x L*(I) x L*(I).
In order to write a finite difference approximation of this operator on L?(I),

we next make precise the spatial and time discretizations.

3.2 Spatial discretization
Let N be a positive integer, h = (b — a)/N, and ; = a+ih, i =0,..., N, be
discretization points on [a,b]. For every i € {0,..., N}, set w; = (zifé,xzﬁr%),

where z_1 =20, vy 1 = oy, and 7,1 = Ltz for i€ {0,...,N —1}. Let
Xw; denote the characteristic function of the interval w;.

11



Let /V[v/a n denote the set of functions on I whose restriction to each subinterval
wi, t =0,..., N, is polynomial with degree less than or equal to two.

For every positive integer m, every strictly ordered vector X € R™, and
every Y € Z™, where Z is a separable Banach space, let Jx(Y) denote the
Lagrange interpolation polynom of Y at points X, that is

Tx(¥)(x) = Zyi<H<x ) /Tl - wn)

j=1 j=1
G J#i

for every x € R. Note that
Ix(Y)(zi) =y, i=1,...,m.

For every i € {1,...,N =1}, set V; = {i—1,i,i+ 1}, and set Vj = {0}, and
Vn = {N}.
For every X € RV*! we use the notation X.x, = ZZJ.V:O Ti Xow, -

Definition 3.1. e The mean operator my, : L*>(I) — RNT1 is defined by

1
mp(u) = (ﬁ/ u(x) dm) ,
Wil Jw, i€{0,...,N}

for every u € L(I).

e Define po j, : RN+ Wo,h by

N
ﬁO,h(U) = Z ‘-7(Ij)j€Vi ((Uj)jEVi )wa
=0

for every U € RN+,
e Set Won = pon(RY 1) and W), = {u € Wy | u(0) = u(1) = 0}.
e Let Py : L*(I) — Wy, denote the linear mapping defined by up, — u et
Po.n(u) = po.n (M, 'my (u),

for every u € L*(I), where M}, is the (N + 1) x (N + 1) tridiagonal matrix

1o 1

24 12 24

1 11

My=|0 = 1

Do

=~

—

[

[\
—¥- o

12



Remark 3.1. It is clear that Py is an isomorphism from R¥*! onto Wy .
Indeed, Do, is surjective by construction, and is easily proved to be one-to-one
by iteration.

Remark 3.2. Notice that, for every U € RV *1 pg 1, (U) is constant on wy (resp.
on wy ), equal to Uy (resp. Uy ), and is polynomial with degree two on every w;,
i =1,...,N — 1. Therefore, Woo,h is the subset of functions of Wy ; that are
equal to zero on wy and wy (see Figure E)

@ o w6 Q2 Q1 @
NN
S S S S e T N N e
Xo X1 X2 Xn-2Xn-1%Xn
Function of W
_ on N\
— e g
N4
. 0
Function of W N

_ /\/_\ _—
Figure 3: Functions of Wy 5 and WOO, h

Lemma 3.1. The endomorphism mp, o po.p on RV is represented by the tridi-
agonal matriz My, in the canonical basis of RNTL,

Proof. For all U € RV*! and i € {0, ..., N}, one has

(o pon @) = = [ o)) ds

Wi
1

= | lepsen (Us)jevi)(s) ds.

Since Vp = {0} and Vy = {N}, there holds

_ 2 M2
(mn o po,n(U))o = 7 Uy ds = Uy,
0

and, similarly, (my, o po,n(U))ny = Un. For every i € {1,...,N — 1}, one has
Vi ={i—1,i,i+ 1}, and thus,

_ 1L [r? (s — @) (s — i)
(mn o pon(U))i = E/zi—h/Q (Uz’—l oh2
_p 8= 2im)(s — i)
3 h2
(s —wiz1)(s — =)
+U;41 252 ds
/2 -1 +1
= / (Uil%Ui(sl)(S+1)+Ui+l%) ds
—1/2
IR TN
1277 g



The conclusion follows. O

Corollary 3.1. The linear mapping Py, is a projection operator from L?(I)
onto Wy .

Proof. jFrom Remark @, it suffices to notice that, for every U € RN+,
Po.n(Bo.n(U)) = Po.n(My ' mn(po.n(U))) = po.n(My, ' MpU) = po.n(U).
O

Define Py, : Wo,, — L*(I) as the canonical injection.
We extend in a canonical way the operator Py, on W*, and Iy, on C°(0,T; Wo.p) x
CO (0, T; WO,h)-

Let \707 n denote the set of functions on I whose restriction to each subinterval
wi, 1 =10,..., N, is constant, and moreover is equal to zero on wy and wy. Set

‘707}1 =R x ‘701;1 X R,

and

Vo = C%0,T; Vo) x C°(0,T5 Vo) x Vou x Vo
Definition 3.2. Let iy, : R x L2(I) x R — Vp, be defined by

g1
mn(g1,u, g2) = | mn(u)
g2

Let gon : R x L2(I) x R — V1, be defined by

N—1

1

q0,n(91,U; 92) = g1 Xwo T 92Xwn + Z m/ )T Yo
i=1 Wi
and let Qo5 : V* — Vy , be defined by

QO,h(91;U792) gi u g2
q0,1(0,v,0) 0 v 0

b u7 U’ b u b u = =
Qonlgs g2, o, 1) qo,n(91, o, g2) o, g1 uo g2
qO,h(O; Uy, 0) 0 Uy 0

It is clear that Qo is a projection operator from V* onto Vg 5.

14



3.3 Recovering the usual finite difference method

Consider the discretization processes D1 = (W*, (Wo.p, Po.n)n>0, W) and Dy =
(V*, (Vo,ns Qon)n>0,V). As we will see, they actually permit to recover the
usual finite difference discretization of the Laplacian operator. However, due
to the fact that Au belongs to a subspace of H~?(I) whenever u € Wy, the
discretization process D; should be built on a subspace of H~2(I) instead of
L3(I). We are thus faced with the following alternative: either we should extend
the previous theory to subspaces of H~° s > 0, and this is the object of the next
section; or we use these discretization processes and in this case the Laplacian
operator has to be ”truncated”, in the sense that it should be replaced by the
operator A* : L2(I) — L3(I) defined by

. [ Au(x) ifuis C? at x,
Atu(x) = { 0 otherwise.

Let us investigate the second choice, and show that it leads to the classical finite
difference method. The first step is to project the truncated Laplacian operator
A* on the arrival discretization space Vjp p,, using the projection Q. Notice
that Wy, C L3(I), and that A*(Wp ) C Voo This justifies the following
definition.

Definition 3.3. The finite difference discretization operator Ay : Wy p, — ‘707;1
of the operator

1
1 cH*(I) - R x L*(I) xR
72
is defined by
gg!
Ah :ﬁlho AN Op&h.
V2

A straightforward computation leads to the following result.

Proposition 3.1. For every up, € Wy p,, one has

_ up(a)
An(un) = | Dpgp(un)-Xn |
uh(b)
where /N, denotes the (N — 1) x (N + 1) matriz
1 -2 1 0 --- 0
— 110 1 =2
Ah = ﬁ
1 0
0 o 1 -2 1
N—1
Here we use the notation X.xp = Z TiXw,, for every X € RV-1,
i=1
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In this way, we recover the classical discretization of the Laplacian operator
with Dirichlet boundary conditions using the finite difference method.

Remark 3.3. This method requires my, o A*.X(Wy 1) to be equal to ‘707h. This

requirement is natural because A(H2(I)) = L?(I). Therefore, if Vi, is defined
as the set of functions on I whose restriction on each subinterval w;, ¢ =0..., N,
is polynomial with degree p, and moreover is equal to zero on wy and wy, then
Wo.n has to be defined as the set of functions on I whose restriction on each
subinterval w;, ¢ = 0..., N, is polynomial with degree p + 2.

The method described previously actually consists in choosing p = 0. It is
built on local second-order interpolation processes.

Remark 3.4. Here, we dealt with Dirichlet boundary conditions. The trace
operator has degree zero. In these conditions, the interpolation polynomial
function corresponding to the extremities can be chosen with degree zero. If
we deal with Neumann boundary conditions, corresponding to the trace of an
operator of degree one, the interpolation polynomial function corresponding to
the extremities has to be chosen with degree greater than or equal to one.

3.4 Discretization of the time variable

We introduce the framework for the discretization of the time variable ¢ € [0, 7.
As it will be applied to discretize the wave equation, and since solutions of this
equation are continuous with respect to t, we restrict the following definitions
to the simpler case of continuous functions.

Let N be a positive integer, and let k = (k;);cqo,...,n} be a finite sequence
of positive real numbers so that Z;il kj =T. Set to =0, and t; = X", kj,
for i = 1,...,N. The subintervals 7; = (¢;,t;4+1), ¢ = 0,...,N — 1, form a
subdivision of the interval [0,7T]. Let x,, denote the characteristic function of
the interval 7;.

For every i € {0,..., N — 1}, let B; a set of distinct integers of {0,..., N},
such that:

e ¢ and ¢ + 1 belong to B;;
e max(B;) =i+ 1;

e there exists C' > 0 such that max;ep, [t; — ti| < Ck;, for every j €
{0,...,N — 1},

Set M = Hlan #Bj
Let Z; denote the set of functions on I whose restriction to each subinterval
Tyt =0,..., N — 1, is polynomial.

Definition 3.4. Let W be a Banach space.
e The value operator vy, : CO([0,T], W) — W is defined by

v (u) = (u(ti))ieq1,.... N}
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for every u € C°(0,T; W).

e Define g, : WV — Ek by

Z t7]€B jGB )X‘Fw

for every U € W/,
o Let 2, (W) = (W), and Sk : C(0,T; W) — Z (W) be defined by
Sk(u) = qr(vi(u)),
for every u € C°(0,T; W).
e The mean operator my, : L*(0,T; W) — L*(0,T; W) is defined by

/ ) dt | Xr,-
|Tl Ti ‘

Denote by mj a quadrature approximation formula of order 3 of my.

N—-1
Yu € L2(0,T; W), my(u

“M

o Set Ap(W) = i, (L2(0, T; W)).

Obviously, the linear mapping Sy, is a projection of C°(0,T; W) onto =y (W).
Define S} (resp. m}) as the canonical injection of Zx (W) in C°(0,7; W) (resp.
of Ag(W) in L2(0,T;W)). Discretization processes built on these continuous
and discrete spaces verify the assumptions of Definition @

Proposition 3.2. Consider the extension 9f : C°(0,T; W) — L2(0,T; W) of
the operator &, : CL(0,T; W) — C°(0,T; W) defined as follows: for every u in
CY0,T; W), set Ofu(t) = Opu(t) whenever u is C* at t, and dfu(t) =0 else.

The numerical scheme built on (ﬂ) with the extended operator 0, associated
with the discretization processes

(C2(0, T3 W), (Ex(W), Sk)i>0, C* (0, T; W))

and

(L2(07 T7 W)a (Ak(W)7 mk)k>0) 00(07 T7 W))a
is consistent and stable, and thus convergent.

Proof. For every u € (C°(0,T;W), on has

N-1 N-1
”Ska:ull%?(O,T;W Z ||Sk6t*u||%2(o,T;W) = Z HSkatu”%?(O,T;W) = HSkatuH%Z(O,T;W)'
i=0 i=0
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Given u solution of (f]), we have

H/\/lhm};mk&;“S,’;Sku — ||m7;mk’PhS,’:Sku — Mhaju + PhU”L2(O,T;W)
HMh (mkat*Sku — atu) — myPpSku + 'Phu|‘L2(07T;W)

< [IMallllmi0; Sku — Ovul| 2 0,7:w) + M PrSku — Prull 20, m3w)
< Chl|lmp0f Spu — 0:Spu + 0rSpu — Ol L2 (0, 73wy

+||mk77h5ku — P Sru + PpSru — PhU”LZ(O,T;W)
< Cull(my — I1d)(0eSku)|l20,75w) + 10:(Skw — )| 20, 73w

+(my — 1d)(PrSku)| L20.mw) + [|Pr(Sk — Id)ullL20,7;w)

Then, using the properties of the discretization processes given in Definition
, the consistency property follows. In order to prove the stability, for every
e € Ei(W), consider u and u, solution of

(Mhmkafsk — mkS;Ph)u =my [,
(Mpm0f Sy — mpSEPr)ue = my frn +e.

Set v = u — ue. On every subinterval 7; of (0,7, one has
My Sio(ties) — MuSio(t) — / SEPuStu(s) ds = / Sie(s) ds,
and thus,

Mp(Sio(tivr) — Spo(t;)) — SZPh/ Spu(s) ds :/ Sre(s) ds.
Hence,
Siviv1 = Sy JrM;lS;Ph/ Sru(s) ds +/ Sre(s) ds.

Ti Ti

By construction, there exists (c j)ie{o,...,n},jeB, such that

Siviy1 = Sivi +M;15;Ph Z Q4 jUj Jr/ Sre(s) ds.
JEB;: Ti
Then, choosing h such that the operator
SZ - ai1i+1ijlsZPh
is invertible, we have
_ * —1 o* —1 * —1 o* *
Vi1 = (Si—i i MG S PR) T (Sivi= M SE Py Y Oéi,jvj)+/ Sie(s) ds).
JEB;,jF#i+1 Ti

The stability property follows from the boundedness of (c ;)ieqo,... . n},jen, and

from the discrete version of Gronwall’s Lemma.
O
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3.5 Application to the wave equation on H?(I) x H(I)
For k,h > 0, set

Wih = Ex(Won X Won), Vin = A(Voon).
The operator Ay p : Wi, — Vi p is defined by
A =mp 0 Qoo A" o Po*.,h o Sj.
,From Proposition @, we can set

Ap = lim App.

k— 400

Proposition 3.3. For all up,v, € C°(0,T; Wy, 1), one has

A (un, vn) = An(Pg 1, (un), By, (0n))-Xs

where
71 0
Oy -1
7 —Ap  OyMy,
A 2 0
(o) 0
0 (oJs)

In other words, the semidiscretization of the operator A is Aj. If the mass
matrix M}, is approximated by the identity matrix (this can be realized by
approximating the operator my, by the one-point Gauss quadrature formula),
then we recover the classical framework of the finite difference method applied
to the wave equation.

4 Discretization of the 1-D wave equation in dis-
tribution spaces

In this section, we provide a space semidiscretization process of the 1-D wave
equation

U(Oa') ZUO(')a U(Oa') :'UO(')a (12)
u(t,a) = u(t,b) =0,

for nonregular initial data ug and u;.
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4.1 Theoretical framework

Let a, b two real numbers, and I = (a,b). We first recall well known existence
and uniqueness results for initial data up and w; belonging to subspaces of
H—5(I), s > 0, where the Sobolev space H *(I) is defined as the topological
dual space of H{(I), with the agreement that HO(I) = L?(I) (see [f]).

First of all, recall the following fact. Let A be a densely defined operator on
a reflexive Banach space X, of compact inverse, of domain D(A). Let 3 be a
real number belonging to the resolvent set of A. Define the Banach space X_;
as the completion of X for the norm | (31 — A)~'z| x. Then, X_; is isomorphic
to the dual space D(A*)’. Then, the operator A extends to an operator on X_1,
of domain X. By induction, one defines Banach spaces X_,,, for n integer, and
the operator A extends to an operator on X_,,_1, of domain X_,,. On the other
hand, define X; as the Banach space Xi, equipped with the graph norm. In
the same way, one defined the Banach spaces X,,, for n integer. It is clear that
X, = D(A™), for every integer n. The family of Banach spaces (X,,)nez, is
called scale of rigged spaces in [E] (see also [ﬁ, pp. 18-20] or [ for this standard
construction).

In the case of the wave equation with Dirichlet boundary conditions, set
Xo = L?(I) and X; = Hg(I). The scale of rigged spaces is built with respect
to the operator A = (—A)'/? of Xy, defined on the domain X;. It is clear that

Xy = H*(I) N Hy (1),
X = H&(I)’
XO = L2(I)a

X =HYD),
X o= (H*(I)NHY(I)) (w.r.t. the pivot space L*(I)),

With these notations, for T" > 0, if ug € X,, and vy € X,,_1 for some n € 7Z,
then ([[J) has a unique solution

u e C%0,T; X,)NCHO,T; X,,_1) N C*(0,T; X, o).

4.2 Discretization of the 1-D Laplacian operator

Let D(I) denote the set of smooth functions on I having a compact support on
(a,b), and let D'(I) denote the topological dual space of D(I) (set of distribu-
tions on I). For all p integer, u € D'(I) and ® € D(I), set

((00)'u, ) = (1) (u, O),

where (-, -) stands for the duality bracket between D’(I) and D(I).
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For h > 0, set

S

W0, = (02) Wiy,

p=0
0 . . e
where Wy, is defined in Definition B.1.

Lemma 4.1. For every h > 0, there holds

S

W, = Ean) wy,,.

p=0

Proof. This result is obtained directly using the independence of 6 and §()
(the derivatives of respective orders ¢ and j of the Dirac distribution ¢), for
i# j, in D'(R).

O

Remark 4.1. It is clear that Wgh C X_g, for every integer s, and every h > 0.

In the following definition, the notation g1 (resp. g2) stands for the Dirichlet
condition u(t,a) = g1 (resp. u(t,b) = g2) when dealing with the wave equation.

Definition 4.1. e For every positive integer s, set
W = {u+ giXewo + g2Xwy | © € W1

o Let Ps*, 5, denote the canonical injection from W j into X_,.

e Sect

S

Ve = Z(aﬁ)t Vo,h-

p=0

o Let Qg : Wsn + Vo — Vs n be defined as follows. For u € W), and
v € Vs, there exists, from Lemma @, a unique (ug,...,us) € Woo,h SO
that

S

U= Z(a}v)tul + 91Xwo + 92Xwn s
1=0

and we set
Qsn(u+v) = Z(@i)t(Qo,hui) + 91Xwo + g2 Xwn t v
i=0

e Let Q7 denote the canonical injection from Vj j, into H~*(I).

Remark 4.2. The operator Qs ) restricted to Vyj, is the identical mapping.
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Remark 4.3. The previous definition is related to a choice of representation
formula in H~=*(I). Due to the non-uniqueness of the representation on L?(I)
of H=*(I), Qs and P; ), cannot be explicitly defined, although Hahn-Banach’s
Theorem asserts their existence. More precisely, from this theorem, for every
u € H™5(I), there exist ug, u1,...,us € L*(I) so that

<u,sa>:/uw+/ulsa’+-~+/fssa[s],

for every ¢ € Hi(I), where (-, -) stands for the duality bracket between H (1)
and Hg(I) (see [, Th. 12.1 p. 78]). In the previous notations, this means that

u =g+ Ohuy + -+ (02) us.

This decomposition is however not unique. This explains why operators Py,
and @) 5 are not canonical.

In view of constructing a discretization of the Laplacian operator A : X_; —
X _s_o, introduce the discretization processes

Dl = (X—sa (Ws,ha Ps,h)h>0; X—s)a

and
Dy = (X_s—2, Vita,n, Qst2,0)h>0, X—s—2).

Definition 4.2. The discretized Laplacian operator Ay @ Wy — Vsyop of
the Laplacian operator A : X_3 — X_,_o is defined by

As,h - Qs+2,h oAo P:h

Remark 4.4. Contrarily to the previous section, we use here the complete
Laplacian operator, and not a truncated one.

The following lemma is straightforward.
Lemma 4.2. For every u € Wy, there exists a unique (Uy,Un,...,Us) €
RNFL x RV=1 ... x RV such that
_ o 1
w=pon(Uo) + > _ ()" Pon(0U,) + 7 ((z—a)g2 —(z = b)g1) + g2 — g1,
p=1

where

for every U € RN—1,
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It is clear by construction that Wy, C Wsi2 5. Define 7y 5, as the canonical
projection of W9 onto Wy ;. More precisely, for u € Wy, there exists a
unique (ug, ..., Ust2) € WOOJL so that

s+2 1
i\t
u = z;(a;) ui + m((l’ —a)g2 — (x —b)g1) + 92 — g1,
i—
and we set

S

- 1
Ts,h U = Z((’);)tui + m((l’ —a)g2 — (z = b)g1) + g2 — g1.
=0

The next proposition describes the matrix Zs 42, associated to the operator
DNspomspy: Wsron — Vigon.

Proposition 4.1. For every up, € Wsyop, there exists a unique U = (Uy, ..., Ust2) €
RN+ x RV=1 x ... x RV 50 that

Aghomsn(un) = (DgyonlU)-Xn,

where Zs+2,h denotes the matriz

A{),h 0 0
0 Ag,h 0
B E-10, K, 0 DY 0
Dgion = 0 E-109 K10 0 AQ
0
0 ... 0 Eileo Ki0] 0 Ag,h
with
1 -2 1 0 0
110 1 -2 1
Pon = - € My—_1,n+1(R),
0
0 0o 1 -2 1
b 0
Lh= Do,n € Mu+1,nv+1(R),
0 0
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, 1 -2 1 :
A().,h - A()-,he() = ﬁ 0 0 S mel,Nfl(R%
1 -2 1
0 1 -2
0 0 0 0
1 0 0
1 0 : . .
0 1 L
=10 1 . €My_1,v-2(R), O=|" € My1.n-1(R),
: . - 0
0 0 0 1
0 0 1 0 0
1 _3 3 _1
3 g 8 3
0 .
K= € My—2,n+1(R),
0
1 _3 3 _1
8 s 8 8
1 0
-1 1
p=|0 -1 1 € My_1,nv-1(R),
0 -1 1
and thus
1 0
Et=1:
1 1

Proof. One has Wy 5, = po,n(RV*1), and for every U € RN+,

N—-1

Po.n(U) = X UoXen : Un+ Y Uimapi(z — 2:) + (Uipa(x — 23) + (Usaps (@ — 21)) ,
=1
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where

z(x —h
pi(x) = X[—h/Q,h/Q]%a
3 z—h/2
pi(z) = §5—h/2 + X[—h/Q,h/Q]T/ + =0n/2,
p/f(fc) = 85—h/2 + -0 n/2 + X[=h/2,h/2] 75 72 + 5}1/27
h—x)(x — h)
p2(7) = X[~h/2, h/Q]Ta
3 2
Ph(r) = %5 hj2 — 2X[ h/2,h/2] 75 h2 15}1/2,
1 3
Ph(x) = 45 hj2 T 7 5 n/2 + 5 hj2 = 2X[=h/2.h/2] 75 21 2/2,
(x+h)
p3(x) = X[ h/2, h/z]TLQ,
r+h/2 3
p3(z) = *§5 h/2 T X[=h/2, h/z]T/ §5h/2,
3
ps(r) = ~3 Lhje— E‘S—h/2 + Xi—h/2,n/2) 33 ~ 552/2

Here, the derivatives are considered in the sense of distributions on (—h, k). In
the following computations, we consider the derivatives in the sense of distri-
butions on (h/2,1 — h/2), i.e., the first and last cells of the discretizations are
omited in terms of derivatives as in the continuous case on (0,1). Then, no
Dirac corrections will appear in h/2 and 1 — h/2.

We compute the derivatives of pg ,(U). Here, the notation § stands for
the element of (D’(0,1))V =2 such that, for every i € {1,---, N — 2}, one has
0i = 0p—z,+n/2- The notation x stands for the element of L?(0,1)N*1 such that,
for every i € {0,---, N 4+ 1}, one has x; = Xw,;. There holds

0 $z+1/2 T — T T —Xj1/2
270, w(U) = 5+Z ( i - U o+ Ui+1T :
and

0% _
@])07}71((]) = (KlU)(SI + (Alo,hU)X
We next compute the second derivative of elements of W& h- For every v € WOO, s
there exists V' € RV =1 such that v = pg (V). Then,
v _ / /
@poyh(GV) = (K10V).0" + (A0.,0V).x-
The second derivative of elements of W(S{ 5, and of Wy 3, belongs to V_s .
Hence, there exist Uy, Uy, Us and Vp, Vi, Vs in RV 1 such that
aQU _ / "
57220 (U) = (0U0).x + ((0U1)-x)" + ((0U2)-x)",

and
O 5o n(0V) = (6V0) X + ((6V1) ) + (0V2)0)"
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Then,

Up = A, U,

U, =0,

Uy = E_190K1 U,
Vh = ALV,

Vi =0,

Vo = E_190K19‘/,

and the conclusion follows. O

4.3 Numerical simulations

In this section, we provide numerical simulations of the Dirac propagation phe-
nomenon for the 1-D wave equation investigated above. To discretize the time
variable, we use the framework of Section @ To compare the multi-level scheme
and the classical scheme, we compare solution for the two discretisations and
the optimised time discretisation provided by matlab, ode45.

In the following results, the solution is soften in order to have a good visu-
alisation of the solution. This is achieved using a filtering operator. The mean
is taken over seven successive discretization cells.

The results provided here are obtained for initial data in H~(I).

temps : 2.7679-06 temps : 2

YUV

Figure 4: initial and final data on level 1 for the double Dirac derivative (non
filtered solution).
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