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SUMS OF ALMOST EQUAL PRIME SQUARES

HONGZE LI' AND JIE WU

ABSTRACT. In this short note, we prove that almost all integers N satisfying N = 3 (mod 24)
and 5t N or N = 4 (mod 24) is the sum of three or four almost equal prime squares, respectively:
N =pf + -+ p? with [p; — (N/j)1/?| < NV/279/80+ for j =3 or 4 and 1 <i <.

1. INTRODUCTION

Motivated by Lagrange’s theorem, it is natural to conjecture that all large integers subject to
a natural congruence condition are the sum of four squares of prime numbers. Using the Hardy-
Littlewood method, Hua [5] has shown that an analogous result holds for sums of five squares of
primes. On the other hand, he has also proved that almost all integers n with n = 4 mod 24 are
the sum of three squares of prime numbers. Define

oy :={N € N: N =3 (mod24), 5t N},
Ay :={N eN: N =4(mod24)},

and denote by &j(z) the set of integers N € .o/; N [2/2,z2] such that N # pi +--- + p7. Hua
proved that |&3(2)] <4 z/(logz)? for some positive constant A. The study on size of &;(z) has
received attention of many authors such as Schwarz [15], Liu & Liu [7], Wooley [18], Liu [6], Liu,
Wooley & Yu [9]. The best record is due to Harman & A. V. Kumchev [4]: |&3(2)] < 2°/1*¢ and
|64(2)] < 28/7F¢ for any ¢ > 0.

In this short note, we investigate this problem in form of short intervals:

(1.1) N=pi+-+p? with |pi—(N/H)Y? <NV*? (1<i<y),

where § > 0 is a constant, which is hoped to be “large” as soon as possible.
In the case of j = 3 or 4, our result is as follows.

Theorem 1. Let j = 3 or 4. For any fized ¢ > 0, the equation (1.1) with § = 89—0 — ¢ 1is solvable
for almost all integers N € a7;.

Following Liu & Zhan [11], we shall use the circle method to prove Theorems 1 and 2. Our
improves essentially come from an estimate for exponential sums over prime numbers of Liu, Lii
& Zhan [8] (see Lemma 2.1 below) and a mean value theorem of Choi & Kumchev [3] (see Lemma
2.2 below). However in order to exploit these we need to introduce some new arguments in Liu &
Zhan’s method.

2. OUTLINE AND PRELIMINARY LEMMAS

Throughout this paper, the letter p, with or without subscript, denotes a prime number and ¢
an arbitrarily small positive number. Let j = 3 or 4 and N be a sufficiently large integer. Define

(2.1) T =)= (N/§)2, Y=y, = N1/2-9/80+4e

IThe work of the first author was supported by the National Natural Science Foundation of China (10471090)
2000 Mathematics Subject Classification. 11P32, 11P05, 11P55, 11L07.
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and
(2:2) P=P; =N Q=Q;:=N %y

The circle method, in the form we require here, begins with the observation that

1+1/Q )
(2.3) Ri(N) := > (logps) - - - (log pj) = / S(a)e(—aN)da,

z—y<p1,....p; STty /e
pite+pi=N

2mit and

(2.4) S@i= 3 (ogp)elap?).

z—y<p<z+y

where e(t) :=e

Clearly in order to prove our theorems 1 and 2, it is sufficient to show that 2;(NN) > 0 for almost
all integers NV € o7} if j = 3,4.
By Dirichlet’s lemma ([17], Lemma 2.1), each « € [1/Q, 1+ 1/Q)] can be written as

(2.5) a=a/q+f with 18] <1/(qQ)

for some integers a and ¢ with 1 < a < ¢ < @ and (a,q) = 1. We denote by I(a,q) the set of «
satisfying (2.5), and define the major arcs I = 91; and the minor arcs m = m; as follows:

(2.6) M = 1SEJJ§P 1;1}91 I(a,q) and m:=[1/Q,1+1/Q]\ M.
(a7q):1
Thus we can write

(2.7) %j(N)/mS(oz)je(aN)daJr/ S(a)Ye(—aN)da =: Z;(N; M) + Z;(N;m).

m

We shall establish an asymptotic formula for Z;(N;91) in Section 3 and treat Z;(N;m) in
Section 4. As indicated in the introduction, the new tools that we need are an estimate for
exponential sums over prime numbers of Liu, Li & Zhan [8] and a mean value theorem of Choi &
Kumchev [3], which are stated as follows.

Lemma 2.1. ([8], Theorem 1.1) Let k € N, 2 < y < z and a = a/q + [ be a real number with
with 1 < a < q and (a,q) = 1. Define
= = |Bla* + (z/y)*.
Then for any fived € > 0, we have
> Ame(an®) < (q2)° {y(q=/2)"/? + (qu) /2EVE 4 21012 4 2 PETVO 4 a(qm) 2},
rz<p<lz+y
where the implied constant depends on € and k only.

Lemma 2.2. ([3], Theorem 1.1) Let e N, R>1, T > 1, X > 1 and k := 1/logX. Then there
is an absolute positive constant ¢ such that

% T
> ¥,
Tﬁﬁx (mod )

A(n)x(n
Z (n)x(n)

nfi—i—i‘r

dr < (¢T'R*TX"/?0 + X)(log RTX)",

X<n<2X

where z; (modr) MeEAns summation over the primitive characters modulo r. The implied constant
s absolute.

In Choi & Kumchev’s original statement (in a more general form), there is no factor n=". Since
n +— n~" is completely multiplicative and n™" =< 1 for X < n < 2X, their proof rests available
with some trivial modification.
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Next we bound S(«) on the minor arcs m by combining Lemma 2.1 with Liu & Zhan’s estimate
for short exponential sums over prime numbers ([10], Theorem 2): Let 1 < a < ¢ < uv with
(a,q) =1 and u,v > 1 and let @ € R such that | —a/q| < 1/¢?. Then for any € > 0 we have

(2.8) Z A(n)e(an?) <. ' (g7 V4 4wt Bp 4 o 3y= 2 4 (qu)t /T3,

u<n<utu
where A(n) is von Mangoldt’s function and the implied constant depends on € only.
Proposition 2.1. With the previous notation, we have
(2.9) max |S(a)| <. N™*y (j =3,4).
The implied constant depends on € only.
Proof. Let
(2.10) Q = Q) = N"1271058,
By Dirichlet’s lemma, each o € m can be written as
a=afqg+p with 1<a<q¢<@Q, (a,q) =1 and |B| < 1/(¢Q").

We discuss three possibilities according to the size of ¢:

(i) If P < ¢ < @Q', we can use (2.8) with (u,v) = (z — y, 2y) to write
(2.11) 1S(a)| < N™%y.

(ii) If ¢ < P, we must have 1/(¢Q) < |a —a/q| < 1/(gQ’). We shall apply Lemma 2.1 with
k =2. Since Q7! > y2, we have

NQ™' < ¢E=q|fIN < NQ'™'.
Thus we have, for j = 3,4,
19()| <. Ns/lO{Nfl/ély(qE)l/Q + N3 (q=) 1/ +N3/20y1/2+N2/5E*1/6+N1/2(q5)*1/2}
<. Na/w{N1/4Q/—1/2y+N5/12P1/3Q/—1/6 NB/201/2 L N2/5 (N1 pQ)yL/o JrQ1/2}
<. Na/lO{Nl/Q-i-lan—l/Q +N3/20y1/2+N7/30+38y1/3+N—38y}
< N7%y,
provided y > N1/2-3/20+8¢ O

In order to exploit Choi & Kumchev’s mean value theorem effectively, we need to prove a
preliminary lemma.

Lemma 2.3. Let x be a Dirichlet character modulo r. Let Q > r, 2 < X <Y <2X, Tp :=
(log(Y/X))™Y, Th == (log(Y/X))™2, Ty := 87X?/(rQ), T5 := X* and k := (log X)~*. Define

(2.12) F(s,x) =Y An)x(n)n™.
X<n<2X
Then we have

Y .
Iﬁ\énl?%r@‘ Z A(n)x(n)e(ﬂnQ)’ < log (Y) /rng |F(k + i1, x)|dT

X<n<Y

(2.13) *’j[ 'Bigij%;glzlldT
Ty <|7|<T> |7|

a .
¢ Flrtim)l
To<|7|<Ts |7]
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and

S A(m)x(n) < log (%) /WTO [P+ i7,x)| dr

X<n<Y
r .

v Fls+inl
To<|7|<Ts |7]

(2.14)

The implied constants are absolute.
Proof. By Perron’s formula ([16], Corollary I1.2.1), for any ¢ € [X,2X] we can write

S A== [ B0t 4y o8B,
S T3

X<n<t rk—iT3

From this, a simple partial summation gives

Y
> Awxme(ant) = [ eya( 3 Awxm)
(2.15) X<n<y X X<n<t
’ 1 k+iT3
=5 [, PV mas+ o),
where
- dt
Vv = s t .
(5.0 = [ #7e(p?)
First for all § € R, we have trivially

Y
(2.16) |V (k +iT, B)| < / "t dt < log(Y/X).
X

On the other hand, the change of variables u = t? and the second mean value formula ([16],
Theorem 1.0.3) imply

2
1

V(s, ) = 5/}(2 u? Ye(Bu + (1/47) log u) du

XI{*Q
T2

XZ

>
/5 e(fu + (1/4m) logu) du + Y’;Q /gY e(fu + (7/4m) logu) du
for some £ € [X?,Y?]. We estimate the last two integrals by using Theorem 1.6.2 [16] if T < |7] <
T3 and Theorem 1.6.3 [16] if 71 < |7| < T, and use (2.16) for |7| < Ty. We obtain

log(¥/X) if || < T,
[V (s, B)| < { |7|~1/2 if Ty <|7] < Ty,

|7~ if Tp < |7| < Ts.

max
[BI<1/(rQ)

Now the inequality (2.13) follows from (2.15) by splitting the integral into three parts according
to |7] < Ty or Ty < |7| < Ty or T < |7| < T3 and by using the preceding estimates.
Similarly there is a real number ¢ € [X,Y] such that

£ L
(2.17) V(K +i7,0) = X”‘l/ 7 dt + Y”‘l/ tTdt < (7| + 1)L

X 3
Now the inequality (2.14) follows from (2.15) with 3 = 0 by splitting the integral into two parts
according to |7| < Tp or Tp < |7| < T3 and by using (2.17) and (2.16) with 8 = 0. This completes
the proof. (I
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Next we shall prove three estimates (see (2.21), (2.22) and (2.23) below), which play an impor-
tant role in Liu’s iterative procedure [6]. Define

(2.18) So(B):= Y e(Bn?),
(2.19) Wy (8) = (log p)x(p)e(Bp*) — 6x:S0()

and d,, =1 or 0 according as x is principal or not. We also set £ :=log N,

1/(r@Q)

1/2
(2.20) WQ = max |[W,(08)] and Wy ll2 := (/ W, (8) dﬁ) :

IBI<1/(rQ) -1/(rQ)
Proposition 2.2. Let d > 1 and j = 3,4. Let (z,y) = (z;,y;) and (P,Q) = (P;,Q;) be defined
as in (2.1) and (2.2), respectively. Then there is an absolute positive constant ¢ such that for any
e > 0 we have

(2.21) Z[d,r]*U*?)/?ﬂ Z Wi <. d-U=D/24eype
r<p X (mod )
22) SO S Wy, 4GB N
r<pP X (mod r)

Further if d =1, the first estimate can be improved to
(2.23) Rt S VAR
r<P x (modr)

for any fized A > 0.

Proof. Introducing

(2.24) Wo(B) = > Am)x(n)e(Bn?) — 6,S0(B),
z—y<n<z+y

we have, for all § € R,

(2.25) W (B) - (B)] <2 Y legp< Y. L<L?

z—y<p”<z+y z—y<p”<z+y
v>2 v>2

where we have used the fact that > ,_,<p»<z1y1 < L. Thus
v>2
WE<WE+0(L?).
The contribute of O(L?) to (2.21) is , writing [d,7] = dr/¢ and ¢ = (d,7),
<L NN (drjoyimREy

l|d, <P r<P,{|r

< d_(j—Q)/2+5£2P(9—j)/4+5

< d_(j—Q)/Q"‘Ey7

since PO=9)/4t¢ «_ 4 in view of our choice of P (see (2.2)).
Therefore in order to prove (2.21), it is enough to show

(2.26) Z[d,r]*(j%)/%rs Z* ’W}tﬁ < d-U=D/2ey pe
r~R X (mod r)

for any R < P, where r ~ R means that R < r < 2R.
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If R=1and r ~ R, we have x = x{ (mod 1) (the primitive character modulo 1). Thus
i< Y 2L <yl
z—y<n<z+y

This will contributes O(d~=2)/2+¢y L) which is acceptable.
For 2 < R < P and r ~ R, we have §,, = 0. Thus we can apply (2.13) to write

I .
VV'i <<y/ |F(n+z’7,x)|d7+/ 7| (5 + 7, )|
|T|<T T <|7|<T>

EER
.
o el
To<|7T|<T

(2.27)
||

where T < (x/y)?, To < 2?/(RQ) and T < z*

By Lemma 2.2, the contribution of the first term on the right-hand side of (2.27) to (2.21) is

< df(j72)/2+sx71y Z (R/E)f(jd)/“g(671R2T1z11/20+:c)
£|d, £<2R
(2.28) < d—(j—2)/2+ey(P(Q—j)/4+eN31/40y—2 + 1)£c

< d_(j_Q)/2+5y£C

in view of our choice of (P,y) (see (2.1) and (2.2)).

Introducing
2T/

M(,RT z):= > Z / F(k 47, x)| dr,

re~R, £|r x (modr)
the contribution of the second term on the right-hand side of (2.27) to (2.21) is

< d-U=2)/2+e pe Z (R/0)~G=D/2+e  pay (T’—1/2M(£,R,T’,z))

T <T'<Ts
¢|d, (<R ==
< d~i=2)/2+e pe Z (R/0)™ (43— 2/2+s(£—1R2T21/2z11/20JrTl—l/Qz)gc
(2.29) ¢|d, ¢<R

< d—(j—2)/2+ey(P(7—j)/4+8Q—1/2N31/40y—1 + 1)£c

< d-G-D/24ey pe.

in view of our choice of (P, Q,y) (see (2.1) and (2.2)).
Similarly the contribution of the third term on the right-hand side of (2.27) to (2.21) is

< d-i=2)/24e pe Z (R/0)==2/2 e max (T'"'M(¢,R,T',z))

To<T'<T
f|d, t<R
< d—i=2)/2+e pe Z (R/E) (j—2)/2+¢ (8_1R2x11/20 + T2—1$)£c
(2.30) 0|d, t<R

< d=UmD ey (pO=D/4e N0 =1 4 PQ(ay) ) L

< df(j72)/2+5y£c7

in view of our choice of (P, Q,y) (see (2.1) and (2.2)).
Finally the contribution of the last term on the right-hand side of (2.27) to (2.21) is
(2.31) < d~=2)/2+e Z (R/g)—(j—Q)/Q-F& < d~U=2/2Fe  g=(G=2) /242y,
€|d, <R
Now the inequality (2.26) follows from (2.28), (2.29), (2.30) and (2.31). This proves (2.21).
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The proof of (2.22) is rather similar. Therefore we shall only point out different places. First
the inequality (2.25) implies
[Wallz < [[Wall2 + £2(r/@Q)12.
The contribution of O(L2(r/Q)'/?) to (2.22) is
< L2072 Z Z (dr/£)~U=D/2+2,1/2

Ld, e<Pr<P,¢|r
« d-U=D/2te p2pl/2teg=1/2

<« d—=2/24e N =1/ay 172

since P1*N1/2 «_ Qy in view of our choice of (P,Q,y) (see (2.1) and (2.2)). Thus in order to
prove (2.22), it suffices to show that

(2.32) Z[d’ r]=U=) /24 Z [Wylla < d-G=2/2+e N=1/41/2 e

r~R x (mod r)

for any R < P. For this, by Lemma 1.9 of [14] we write, for r ~ R,

[Wllz < 2 ( / N ) (Am)x(n) = ) Zdv) "

R

Q\J-o v—RQ/3<n?<v+RQ/3
9 1/2
dv) ,

z—y<n<z+y
1 (z4+y)°+RQ/3
<25 ( /( > (Am)x(n) ~6y)
where X := max{(v — RQ/3)'/?, x — y} and Y := min{(v + RQ/3)'/?, x + y}.
If R=1, we have

RQ z—y)2—RQ ‘ X<n<Y

> (Amxm) 8| =| X Am -1 <2x-1)L

X<n<Y Y<n<X

<{w+Q/3)"? (v -Q/3)'?}L

< Qu 2L <« N7V2Qc,

which implies, in view of @ < zxy,

d*(ij)/2+s||’W/X* 1/2
0

o < d"U=2/24e )1 ((Nfl/QQﬁ)Q(zy +Q))

(2.33) )
< d_(J_Q)/2+8N_1/4y1/2£.

For R > 2 and r ~ R, we have 6, = 0. Thus we can apply (2.14) of Lemma 2.3 to write
= y 2 : (zy)'/? [F(s+in )] o ()2
(2.34) [Wll < () / |F(tir, )| dr+ dr+ ,
i @3 ITI<To RQ  Jn<iri<r 7] RQ
since Ty, ' = log(Y/X) < RQu~' < RQz~? and (z +y)? + RQ/3 — (z — y)?> + RQ/3 < xy.
As before, the contribution of the first term on the left-hand side of (2.34) to (2.32) is

& d=U=2)/2Fe (573, 1/2 Z (R/0)~U=2)/2+e (6’1R2T0z”/20 +a)
¢|d,<2R
(2_35) < d—(j—2)/2+aN—1/4y1/2 (P(5—j)/4+5Q—1N31/40 + 1)£c

< 4~V e N1/ 12 pe
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in view of our choice of (P, Q); the contribution of the second term on the left-hand side of (2.34)
to (2.32) is

L AU (@) V2(RQ)TILY Y (R/OTYTIAE max  (T'M(C,R, T, 7))

To<T'<T
£)d,¢<R
< df(j72)/2+s(zy)l/Q(RQ)flﬁc Z (R/g)f(j72)/2+s(671R2x11/20+TO—11,)EC
(2.36) ¢|d, (<R

< d—(j—2)/2+5N—1/4y1/2 (P(5—j)/4+aQ—1N31/40 + 1)£c
< d—(j—2)/2+5N—1/4y1/2£c;

the contribution of the last term on the left-hand side of (2.34) to (2.32) is
< d_(‘j_Q)/2+EQ_1(ZL'y)1/2 Z Z (r/g)—(j—Q)/Q-l-a

Lld,(<2Rr~R,L|r
2.37 —(§=2)/2+e Ny —1/4,,1/2 R(5—5)/4+e )—1
<d y'*R Q 'z
< d—(j—2)/2+aN—1/4y1/2£c’

since R(°=9)/4+ey < pB=i)/iteN1/2 < (.
Now the estimate (2.32) follows from (2.33), (2.36), (2.35) and (2.37). This proves (2.22).

The estimate (2.23) can be proved in the same way as Lemma 2.3 of [13] and we omit detail.
This completes the proof of Lemma 2.2. O

3. ASYMPTOTIC FORMULA FOR Z;(N;9M)
The aim of this section is to treat the integral Z;(IN; ) over the major arcs 9.
Proposition 3.1. Let j =3,4. Then for N € o/; with N — oo, we have
(3.1) /m S(aYe(—aN)da ~ C;&,;(N)N /2y~

where C; are some positive constants, ¢(q) is the Euler function and

i <Z 2miah /q) 727rzaN/q

:1
,q)=1

Proof. Since ¢ < P < x —y, we have (p, q) =1forall p € (x —y,z+y]. By using the orthogonality
relation, we can write

S(a/g+0) = Y e*riahi/a > (log p)e(3p*)

1<h<q z—y<p<z+y
p=h(mod q), (p,q)=1

= @ Z Z Y(h)e%riah?/q Z X(p)(lng)e(ﬁpQ).

x(mod q) 1<h<gq z—y<p<z+y

oo

(N) ;:Z¢

Introducing notation
(3.2) C(x,a) := Z X(h)eQmahZ/q and C(q,a) := C(xo0,0a),
1<h<q

where xg is the principal character modulo ¢, the preceding relation can be written as

(3.3) Stafa+9) = LD + 5 3 Clea (o)

#(q) (aoda)
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where So(8) and W, () are defined as in (2.18) and (2.19), respectively. In view of our choice of
P and @, we have 2P < . Thus the intervals I(a, q) are mutually disjoint and we can write, by
using (3.3),

. _ 1/(qQ) )
/ S(aYe(-aN)da= Y 3 e2ria/a / S(a/q + BY e(—BN) B
m 1<q<P 1<a<gq —-1/(4Q)
(3.4) (a,q)=1
= > L,
0<k<j
where

Iy = Z 1 Z C(q,a)j*ke*QﬂiaN/qx

Erey AU
(a,q)=1

x / v So(a)j_k< > C(x,a>WX<ﬂ))ke(ﬂN)dﬂ.

-1/(qaQ) x (mod q)

We shall see that Ip contributes the main term and the others I; are as error terms.
By the standard major arcs techniques, we can prove

(3.5) Iy = C;6,(N )y’ IN~Y2{1 4 o(1)}.

It remains to control the I (1 < k < j). We shall only treat I;, the others can be treated
similarly (even more easily). We can write

L= > > > BiNgxt- X)LV g X X),

1<g<P x1 (modgq)  x; (modq)

where
1 kK )
Bi(N,asx1, - X5) = g > Clxa,a)- - Clyy, a)e 2N/,
(@)1
1/(¢Q)
O = [ WG (8)- W (9)e(-8N) 48

Suppose that xj (modry) with 74 | ¢ is the primitive character inducing xx. Thus we can write
Xk = XoXj- 1t is easy to see that Wy, (8) = Wy« (8). By Cauchy’s inequality, it follows that

(3.6) T3 (N, @5 X1, x| < W oo W Wi W,

where W! and ||[W, |2 are defined as in (2.20) with 7 := [ry,...,r;]. From (3.6) and the inequality
(see [12] for j = 3 and [1] for j = 5. The general case can be treated in the same way.)

Z |Bj (N, 45 X1X05 - - -5 XjX0)| <e T_(j_Q)/2+8(1og 2)¢,

we deduce
perY Y owhe Y Y Wi
r1<P x1 (modry) rj—2<P x;j_2 (modr;_3)

< 3 ST W Sl 2 S

rj—1<Px;-1 (modr;_1) ry<p x; (modr;)
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By noticing that [r1,...,7;] = [[r1,...,7j-1],7;], we use consecutively (2.22) (2 times), (2.21) (j—3
times) and (2.23) (1 time) of Proposition 2.2 to write

I < N_1/4y1/2£c Z Z* W)Lzl Z Z* W)szix

r1<P x1 (modry) rj—2<P x;_2 (modr;_2)
X Z [Tl, ey 7’]',1]7(].72)/2+6 Z* WXj—l
rji_1<P Xj—1 (modr;_1)
B N Y Y Wh e Y ey U2 S W
r1<P x1 (modry) rj—2<P Xj—2 (modrj_2)
_ - e _ 72 2 *
< N~V%yi=2p Z Ty (G=2)/2+e Z Wﬁl

ri<P x1 (modry)

< N7H2yimipma

for any fixed A > 0.
Now the required asymptotic formula follows from (3.4), (3.5) and (3.7). O

4. PROOF OF THEOREM 1 (THE MINOR ARCS)

We first prove a preliminary lemma, which can be regarded as generalisation of Hua’s lemma
([17], Lemma 2.5) in the case of short intervals.

Lemma 4.1. Let X >Y > 2, k€ N and
Si(a) = Z e(an®)
X-Y<n<X+Y

Then for any e > 0 and 1 < j < k, we have
1 ) o
/ Sk (a)? da <. XY 77
0

Proof. We prove only the case of j = k = 2. The general case can be treated by recurrence. We
first write

S5 = Y, elam®—n?) (m=n+h)

X-Y<m<X+Y X-Y<n<X+Y

Z Z e(ah(2n + h))

—2Y<h<2Y X-Y<n<X+Y

= Z age(ah(2n + h))
d

with

Qaq = Z Z 1.

—2Y<h<2Y XY <n<X+Y
h(2n+h)=d

Clearly ap < 4Y and aq < 7(|d|) <. |d|¥/? <. (XY)*/? <. X¢ (d # 0) where 7(|d|) is the divisor
function. On the other hand, we can write

S5 (a)* = > Y. e(—am®=n?) = bae(—ad),
X-Y<m<X+Y X-Y<n<X+Y d

where
bg == Z Z 1.

XY <m<X+Y X-Y<n<X+Y
m2—n2=d
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Clearly by < 2Y and
Y ba= ST 0)F < (2v)%.
d

Thus
1 1
[ iss@itaa= [ (a0+ 3 avetad) (b + Y buse(-ads)) da
0 0 d1#0 d2#0
=aobo + Y _ aabs < V7 + XV? <. XV2.
d#0
This completes the proof. (I

Next we shall apply the device introduced by Wooley [18] to prove Theorem 1. Let j = 3 or 4
and denote by &7(2) the set of integers N € <7; N [2/2, z] such that

N#pi+-+p) with [pi— (N/j)V/2] < N0 (1 <i < ).
Introduce the generating function

Z(@):= Y  e(—aN).

Ne&f(z)
Clearly we have
1
/ S(a)? Z(a)da = 0.
0

By using Proposition 3.1 with j = 3,4, it follows that
/ S(a) Z(a) da / S(a) Z(a) da
m m
= Z / S(a)e(—aN)da
m

Ne&; ()

> & (2)|[N T2y

From this and (2.9), we deduce that

|67 (2)] < N2y~ H / |S(a)! Z(a)] da

m
1
< N1/2_2(j_2)5y_1/ |S(a)*Z(a)| dev
0

2

) 1 1/2 1 1/
<<N1/2_2(7_2)5y_1( / |Z(a)|2da) ( / |S(a)|4da) .
0 0

[ 1z@Paa=1g)
0

Clearly

and Lemma 4.1 implies

1 1
/ 1S()[4 da <</ 193 (a)]* da < Ny,
0 0

Thus
* 1/2—(25—5 * 1/2
|67 (2)| < NY2=CI=9) g (2)|1/2,

which is equivalent to &7 (z) < 21~ (47-10)¢ " Thig completes the proof of Theorem 1. O
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