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Hypothesis H and the prime number theorem

for automorphic representations

JiE Wu (Nancy) & YANGBO YE ! (Iowa)

Dedicated to Jean-Marc Deshouillers on the occasion of his sixtieth birthday

Abstract. For any unitary cuspidal representations m, of GL,(Qa), n = 2,3,4,
respectively, consider two automorphic representations IT and I of GLg(Qa), where
I, = A?my, for p # 2,3 and w4, not supercuspidal, and II' = 7o X 3. First,
Hypothesis H for IT and II' is proved. Then contributions from prime powers are
removed from the prime number theorem for cuspidal representations w and =’ of
GL,,(Qa) and GL,,/ (Qn), respectively. The resulting prime number theorem is
unconditional when m,m’ < 4 and is under Hypothesis H otherwise.

Keywords. Hypothesis H, functoriality, prime number theorem

¢ 1. Introduction

Recent developments in functoriality by the Langlands-Shahidi method have many profound
applications in prime distribution. To name a few, we recall a recent proof of Hypothesis H for
any cuspidal representation of GL4(Q,) and for Sym* () by Kim [2], where 7 is an automorphic
cuspidal representation of GL3(Qa). Here Hypothesis H predicts the convergence of a certain
Dirichlet series associated with (L’'/L)'(s,m x 7) taken over prime powers.

More precisely, let 7 = ®,m, be a unitary automorphic cuspidal representation of GL,,(Qa).
Or more generally, let 7 be an automorphic representation irreducibly induced from unitary
cuspidal representations, i.e., 7 = Ind 0y ® --- ® o}, where o; is a cuspidal representation of
G Ly, (Qa), with my +---+my = m. The local component 7, with p < co can be parameterized

by the Satake parameters diag[a(p,1),. .., az(p,m)]. For v > 1 define
(11) aﬂ'(py) = Zaw(paj)y'
j=1

Let 7 be the contragredient representation of 7, and L(s, 7 x 7) the Rankin-Selberg L-function.
Then for Res > 1, we have (see [10], RS 1)

(1.2) (%)’(S,W cH) =3 (log n)A () ax (n)|*

nS
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Here A(n) = logp if n = p” and A(n) = 0 otherwise, so that the series in (1.2) is taken over

primes and prime powers.

Hypothesis H. (Rudnick and Sarnak [10]) For any fixed v > 2,
5 (1ogp)21|)cvbw(p”)|2 .
P
Hypothesis H is trivial for m = 1. When m = 2 it follows from bounds toward the Ramanu-
jan conjecture |a(p, )| < p? with 6 = 7/64 (see [9]), another result based on the Langlands-
Shahidi method proved by Kim and Sarnak in [1]. For m = 3, Hypothesis H follows from
the Rankin-Selberg theory [10]. The G L4 case was proved by Kim [2] based on his proof of the
(weak) functoriality of the exterior square A?7 from a cuspidal representation m of GL4(Qa) (see
[1]). Beyond G Ly, the only known special case for Hypothesis H is the symmetric fourth power
Sym® () of a cuspidal representation 7 of GLo(Qy), which is an automorphic representation of
GLs5(Qa).
The first goal of the present paper is to prove Hypothesis H for two types of automorphic
representations of GLg(Q4).

Theorem 1. Let m be a cuspidal representation of GL4(Qa). Denote by T the set of places
consisting of p = 2,3 and those p at which m, is supercuspidal. Let II be the automorphic
representation of GLg(Qa) such that I, = A%, if p ¢ T, according to [1]. Then Hypothesis H
holds for 1II.

Theorem 2. Let my (resp. m2) be a cuspidal representation of GL2(Qga) (resp. GL3(Qa)).
Let TI' be the automorphic representation of GLg(Qa) equal to m X o according to [3]. Then
Hypothesis H holds for T'.

As an application, one can use Hypothesis H to deduce the following Mertens’ theorem for
automorphic representations, or the so-called Selberg orthogonality conjecture, from uncondi-

tional results on similar sums taken over primes and prime powers:

(1.3) ZM = loglogz + O(1);
(1.4) 3 @ = 0(1),

when 7 % 7/, Here (1.3) was proved by Rudnick and Sarnak [10], while (1.4) was proved by Liu,
Wang and Ye ([6], [4]). Results in (1.3) and (1.4) played crucial roles in the n-level correlation
of nontrivial zeros of automorphic L-functions and random matrix theory ([10], [5], [7]).

Another application of Hypothesis H is on the prime number theorem for automorphic
representations. For any self-dual cuspidal representation 7 of GL,,(Qa), Liu, Wang and Ye [4]
showed that there is a constant ¢ > 0 such that

(1.5) > Am)lar(n)? =z + O(w exp(—cy/log 7).

n<zx
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In [8], Liu and Ye proved that

Z A(n)ar(n)a. (n)

n<lz
1+i1o
(1.6) f-i— — + O(zexp(—cy/logz)) if 7' =7 ®|det|™ for some 75 € R;
= 170
O(z exp(—cy/logx)) if 7' %27®|det|"” for any 7 € R,

where 7 and 7’ are cuspidal representations of GL;,(Qa) and G L,/ (Q4), respectively, such that
at least one of them is self-dual.

The second goal of the present paper is to use Hypothesis H to remove terms on prime
powers from the left side of (1.6) and deduce a prime number theorem over primes.

Theorem 3. Let m and ' be as above. (i) If m,m' < 4, then

> " (log p)ar(p)ax (p)

p<z
(1.7) zitim o _
i + O(zexp(—cy/logz)) if 7' =7 ®|det|™ for some 7 € R,
= 0
O(z exp(—cy/logz)) if 7' % 7 ® |det | for any T € R.

(ii) If max(m, m’) > 5, (1.7) is true under Hypothesis H with error terms replaced by O(z/ log ).

We remark that (i) is an unconditional result.

§ 2. Proof of Theorems 1 and 2

Lemma 2.1. Let m be a unitary cuspidal representation for GL,,(Qa), or an automorphic
representation irreducibly induced from unitary cuspidal representations. Then for any vy >
(m*+1)/2+1, e >0, and integer £ > 0,

(2.1) 3 (ogp)lan(p”)]P < @' MDY w00,
v>vg, p¥<z
(log p)*[ax(p)|?
p

Proof. From (1.1) and the bound toward the Ramanujan conjecture ([10])
(2:3) lan(p, )| < pH2TVOID (=1, m),
we know that
2
|a/ﬂ_(p1/)|2 < m2p{1—2/(m +1)}1/_

Then )
> (ogp)lar()P <m® > Y (logp)pt! T/ m I

v2vo, pr<u vo<v<2loga p<al/v

<m 2172/ (m*+1)+1/vo log .

Eqn. (2.2) follows from the fact that the ¢th-derivation of log L(s,m x ) converges absolutely
for RRes > 1. O
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Lemma 2.2. Let ' (resp. ©") be a unitary cuspidal representation, or an automorphic rep-
resentation irreducibly induced from unitary cuspidal representations, for GL, (Qa) (resp.
GLy,(Qa)). Let v > 2 be an integer and P a set of prime numbers. If there are fixed constants
8" € (0,1] and 6" € (0, 3] such that

13
(2.4) |ar (p")? <o |ann (p)PpE =00 ¢ =D 4 p(1/2=8"

for all p € P, then for any € > 0 we have

(2.5) > (ogp)lax ()] <pe '™

p¥ <x,peP
with 0 := min{d'/(2+0") — ¢, §"}.

Proof. By (2.4) and the Rankin-Selberg theory, for any n > 0 we can write

Z (1ng)|a7rl(py)|2 <, Z (logp>|a7r//(p>|2p(175’)(1/—1) +x1/2+1/1/75u

p” <z p’<x
peP peEP
(log p)|ax(p)|? (logp)laxr(p)I* | 1 g
<y 2t Z P+ =1 +z Z P+ (=) +z :
p¥<ax" " <p’<zx
pEP peEP

By (2.2) with 7 = #” and ¢ = 1, it follows that

3 (log p)lax(p)[?

Vg P1+5'(V—1) <1
=
and 9 2
Z (log p)lar(p)l < 1 Z (logp)lax(p)|
140 (r=1) = /o (v—1)— Ite
R (gniv)rv=t=e =, P
peEP peEP

< gl =D=el/v,

Inserting these two estimates into the preceeding inequality, we find

v\ (2 n 1-n[8' (v—1)—¢]/v 1-6"
™ v, .
> (logp)lan (p)]* <pe 2" + 2 +a
p” <z
pEP

Taking n = v/{(1+ §)v — &'} + &, we obtain

S (ogp)lam (p)[? e ¥/ (0004 g 120"

p¥<z,peP / ' 1
e 210 /(248 ) ke | p1-6
e ey
In the second inequality, we have used the fact that v > 2. (I

Remark. In proving Hypothesis H, an inequality of the form of (2.4) plays a crucial role.
Lemma 2.2 has more flexibility as 7" is allowed to be different from ’.
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Lemma 2.3. Let II"” be either II or II' as in Theorems 1 and 2. Then for any € > 0, we have

(2.6) S (ogp)lams (0 <. a7,
v>2, pv<z

Proof. In view of (2.1) with the choice of m = 6 and vy = [37 x 38/39] + 1, it suffices to show
that for any fixed € > 0 and v > 2 we have

(2.7) > (ogp)lan(p”)® e a5 N " (logp)lam (pY)” <pe 271/

p¥<z p¥<z

First let us consider the case of II. Let m = ®m, be a cuspidal automorphic representation
for GL4(Ag). Recall that II is irreducibly induced from unitary cuspidal representations. Let
So be the set of places where II, is tempered. Then

(2.8) S (log p)?an(p”)? < oo.

PESo

Eqn. (2.8) is also true if we replace Sy by T, which is given in Theorem 1, because at most two
terms for p = 2,3 will then be added to (2.8).
If p ¢ So UT, the Satake parameters of 7, are in one of the following forms:

St : diag[u1p®, usp®, uip~*, uep~ ], where 0 <a < § — 1=,
(2.9) Sy : diag[ulp‘I, U2, U3, Uﬂfﬂ, where 0 < a < % - 1—17,
Sg : diag[ulpal’ U2pa’2, ulp_lh’ qu_QZ}’ where 0 < as < ay S % — 1—17,

where w1, us, u3z are complex numbers of absolute value 1 and we have suppressed their depen-
dence on p for the simplicity of notation. As in [1], the corresponding Satake parameters of
I, ~ A%, are as follows:

N 2a 2 2 —2a
Sl . dlag [ulqu ; UtU2, Up, U, UIU2, ULUD }a

T a a 2 —a —a
So @ diag [u1u2p , urusp®, ul, ugus, urusp” ¢, urusp },

a1+asz a1 —as —(a1—az2)

—(a1+a2)} .

. 1; 2 2
S3 . dlag [ulqu , UrUzp y Ug,y U, ULUD , UiU2p

Since II is a automorphic representation for GLg(Ag) which is irreducibly induced from unitary
cuspidal, (2.3) gives

1 1 .
3 7 37 lfp€S1,
(2.10) 0<a<i—4 if p€ Sy,

0<a2<a1§%—%7 and a1+a2§%—§ if peSs.

If p € 51, then
|lan(p”)] = [(wruz)” (P +p~2% +2) +uf” +u3”| < p** +5,
|an(p)| = |urua(p™ +p~% +2) +ui +uj| > p*.

From these and (2.3) with m = 6, we deduce that

lan(p”)? < (Jan(p)|” +5)* < lan(p)[* + 1 <y Jan(p)Pp" 230~ 41,
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where the implied constants are all independent of p.
Similarly if p € Sa, then

lan(p”)] = [uf (us +u5)(p™ +p~") +ud” + (ugus)”| < 2p™ +4,
lax(p)| = |ur(p® +p~) + uz + ug| > p* — 2.
These and (2.3) with m = 4 imply
(2.11)  Jan(@")* < {2(jax(p)]| +2)" + 4} < |ax(p)* + 1 <y |ax(p)Pp /D= 4 1.
Finally if p € S3, then
lan(p?)| < 2p'F 44, an(p)| > pm e -1,

from which we deduce, as before,

(2.12)  Jan(@”)* < {2(jan(p)| + 1) +4}* <y lan(®)|? + 1 <, |an(p)[?p =230 41,

Now we apply Lemma 2.2 with the choice of parameters

2 1 : o
(ﬂ_/ i 5//) _ (H,H, 379 §) if P=5;0rS;s
’ ’ ’ (Haﬂ-a%a%) 1f P:SQ

to write

p1=1/38+e if j=1,3.

x171/19+5 if j=2,

(2.13) > (logp)lan(p”)* < {

p¥ <z, p€S;

Now the required estimate (2.7) for II follows from (2.10) and (2.13).

Next let us turn to the case of IT'. Let m = ®,m1, (resp. m2 = ®pma2,) be a cuspidal
representation of GL2(Qa) (resp. GL3(Qa)). We may just consider those p such that at least
one of 7y, and 7 5, is not tempered. Then the Satake parameters of 7y, and 72, are as follows:

Tip - diag[mpa7 ulp*a], where 0 <a < 6147

o, © diag [qub, us, qu_b], where 0 < b < % — %,

where uy, us us are complex numbers of absolute value 1. Thus the Satake parameters of
I, = m1 p W my , are:

: b b— - —(b— —(a+b
d1ag[u1u2p“+ s urugp” %, uruzp®, urusp”®, urugp ( a)a ULU2p (ot )}

with
(2.14) 0<a+b<3— 3.
Then

(2-15) |a1—[/ (pu)| _ ‘(ulUQ)V(p(a-i-b)u +p(a—b)u +p(b—a)u +p—(a+b)u) + (ulug)y(pau +p—a1/)|_
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From (2.15) we can see that
(2.16) lare (p)] < 6p°T, amw (p)| > p* TP — pt.

Thus in view of (2.14), (2.16) and the fact that a < &

8 4, we can deduce

(2.17) |GH/(pV)|2 < (|aH’ (p)l +pa)2u <, |aH/ (p)|2y +p2a,/
< Jam (p)2p(=2/3DW=1) 4 ,(1/2-9/32)

Applying Lemma 2.2 with 7/ = 7"/ =1II', §' = 2= and 6" = =%, we now conclude that
> Gogp)lam (p")* < ' =1/,
pv<z

This completes the proof.

The proof of Theorems 1 and 2.
Let IT” be either IT or IT'. We can write

Z (log p)* |aH” Z Z (log p)?|an~ (p*)?

174
pY>z,v>2 j=>0 211<p"<21+11 v>2 p
10g J+1
<> > (log p)az (p
3=>0 2ix<pv<2itlg v>2
Using Lemma 2.3, we have
(log p)?|am (p log
(20+1 1-1/384¢

E 7 << E x)

pY>x,v>2 7=>0

log(27+1x)
<<Z (27 1z 1/38 c

< x—1/38+25.

This implies the required result.

§ 3. Proof of Theorem 3

Theorem 3 follows immediately from (1.6) and the following lemma.

’)

Lemma 3.1. Let 7 be a unitary automorphic cuspidal representation for G L,(Qy).

(i) For each m € {1,...,4}, there is a constant ¢,, > 0 such that

> (logp)lax(p”)? < 2!~

pY<z,v>2

(ii) If m > 5, under Hypothesis H we have

Z (logp)|ax(p")|* < z/logz.

pr<z,v>2

2
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Proof. In view of (2.1) of Lemma 2.1 with a suitable choice of vy, it suffices to show, for fixed
v > 2, that (i)

(3.1) > (ogp)lax(p”)]® <y 2",

p¥<z

if m <4, and (ii)

(3:2) > (logp)lax(p")]* <y z/logx

if m > 5 under Hypothesis H.
First we prove (3.2):

> (ogp)la(p)’ = > (ogp)lax("))*+ >  (logp)lar(p*)

p¥ <z pv <zl/2 zl/2<pr<z
< 1/ Z (logp)2|aw(17")|2+ 2z Z (log p)?|ax(p*)|?
- o logz o ’
pr <zl/2 zl/2<pr <z

which is < 2/ log x under Hypothesis H.

Next we prove (3.1) for m = 4, since other cases are easier. As before it suffices to consider
the sum on the left side of (3.1) taken over p # 2,3 with 7, being not tempered. Then for such
a p, II, 2 A?m,. There are then three possibilities.

If p € Sy as in (2.9), using 1T, we get 0 < 2a < & — 2= as in (2.10). Then

1
2 37
lax(p)|? = [(uf +ul)(p™ +p~ ) < 16p1/271/30r,

From this, we deduce that

(3.3) > (ogpla(p))> < D (logp)p!FHI < gt

p¥ <z, pES1 p¥ <z, pES1
If p € S5, we have
laz(p”)| = |uf (p™ +p~") +us +ug| < p™ +3,
lax(p)] = |ur(p® +p~*) +ug +uz| > p* —2
with 0 <@ <1/2—-1/17. Then
(3.4) lax(p")1? < {(lax(p)] +2)" + 3} <o |ax(p)[* + 1
<, |aﬂ_(p>|2p(172/17)(u71) +1.
Similarly if p € S3, then

|ax ()] = [u (p™" +p~"") +uz (p** +p~ )| < 2™ + 2,

|ar(p)] = |us (p™ +p™") +u2(p™ +p~")| = p™ — 2p™.
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From this, (2.3) with m = 4 and the last inequality of (2.10), we deduce that

lax(p”)> < {2(Jax(p)| + 2p™)" + 2}* <, |ax(p)[* + p**>*

(3.5) 2 (1-2/17)(v—1) (1/2—1/37)v
<y lax(p)[*p +p :

As before, we can apply Lemma 2.2 with the choice of parameters

2 1 : _
(ﬂ/ 7§ 5//) _ (W’W’ 17 5) if P =25,
, o (7T57T31_2733_17) if P:SB
to write
(3.6) > (ogp)lar(p¥)]> <, 2T (j=2,3).
p¥ <xz,p€ES;
Now the required result follows from (3.3) and (3.6). O
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