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COMBINATORIAL PROPERTIES OF VIRTUAL BRAIDS
VALERIJ G. BARDAKOV AND PAOLO BELLINGERI

ABSTRACT. We study combinatorial properties of virtual braid groups and we describe
relations with finite type invariant theory for virtual knots and Yang Baxter equation.

1. INTRODUCTION

Virtual knots were introduced by L. Kauffman [[Kd] as the geometric counterpart of Gauss
diagrams. A virtual knot diagram is a generic (oriented) immersion of the circle into the
plane, with the usual positive and negative crossings plus a new kind of crossings called
virtual. The Gauss diagram of a virtual knot is constructed in the same way as for a classical
knot excepted that virtual crossings are disregarded. Gauss diagrams turn to be in bijection
with virtual knots diagrams up to isotopy and a finite number of “virtual” moves around
crossings, which generalise usual Reidemeister moves. Using virtual Reidemester moves we
can introduce a notion of “virtual” braids (see for instance [B], [, [M]). Virtual braids on n
strands form a group, usually denoted by V B,,. The relations between virtual braids and
virtual knots (and links) are completely determined by a generalisation of Alexander and
Markov Theorems [[K]].

The paper is mainly devoted to the study of the kernels of two different projections of V' B,
in S, the normal closure of the braid group B,,, that we will denote by H,,, and the so-called
virtual pure braid group V' P,, which is related to the quantum Yang Baxter equation (see
Section f).

The paper is organised as follows: in Section P we recall some definitions and classical
results on combinatorial group theory and in Section [] we provide a short survey on lower
central series for (generalised) braids and their relations with finite type invariant theory. In
following Sections we determine the lower central series of the virtual braid group V' B,, and
of its subgroups H,, and V P,. Finally, in Section 7 we determine the intersection of H,, and
V P, and in Section f we provide a connection between virtual pure braids and the finite
type invariant theory for virtual knots defined by Goussarov, Polyak and Viro in [[GPV].

2. DEFINITIONS

Given a group G, we define the lower central series of G as the filtration I';(G) = G 2
[y (G) O ..., where I';(G) = [I.1(G),G]. The rational lower central series of G is the
filtration D;(G) 2 Dy(G) O ... obtained setting D,(G) = G, and for i > 2, defining
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2 BARDAKOV AND BELLINGERI

D;(G) = {z € G|2" € I';(G) for some n € N*}. This filtration was first considered by
Stallings [§] and we denote it by the name proposed in [GI].

Let us recall that for any group-theoretic property P, a group G is said to be residually
P if for any (non-trivial) element x € G, there exists a group H with the property P and
a surjective homomorphism ¢ : G — H such that ¢(z) # 1. It is well known that a group
G is residually nilpotent if and only if (),, I;(G) = {1}. On the other hand, a group G is
residually torsion-free nilpotent if and only if (-, Di(G) = {1}.

The fact that a group is residually torsion-free nilpotent has several important conse-
quences, notably that the group is bi-orderable [MR]]. We recall that a group G is said to be
bi-orderable if there exists a strict total ordering < on its elements which is invariant under
left and right multiplication, in other words, g < h implies that gk < hk and kg < kh for all
g,h, ke G.

Finally we recall that the augmentation ideal of a group G is the two-sided ideal I(G) of
the group ring Z[G] generated by the set {g—1|g € G}. We denote by I¢(G) the dth power
of I(G).

The residually torsion free nilpotence of a group G implies that (), I%G) = {1} ([P4],
Theorem 2.15, chapter VI). -

3. LOWER CENTRAL SERIES FOR GENERALIZED BRAID GROUPS

Artin-Tits groups and surface braid groups. Let us start by recalling some standard
results on combinatorial properties of braid groups. It is well known (see for instance)
that the Artin braid group B, is not residually nilpotent for n > 3 and that the abelianization
of B, is isomorphic to Z and T's(B,) = I's(B,). We recall that classical braid groups are
also called Artin-Tits groups of type .A. More precisely, let (W, .S) be a Coxeter system and
let us denote the order of the element st in W by ms ; (for s,t € S). Let By be the group
defined by the following group presentation:

By = (S|st--,=¢ts -, forany s #t € S with m,; < +00) .

ms, t Mms, t

The group By is the Artin-Tits group associated to W. The group By is said to be of
spherical type if W is finite. The kernel of the canonical projection of By, onto W is called
the pure Artin-Tits group associated to W. As explained in [BGG], it is easy to show that
the lower central series of almost all Artin-Tits groups of spherical type also stabilise at the
second term, the only exception being Artin-Tits groups associated to the dihedral group
Is,,, for m > 1.

When one considers surface braid groups (see [BGG for a definition) new features appear.
Let B,(X) be the braid group on n strands on the surface ¥. In [BG(] it is proved that,
when ¥ is an oriented surface of positive genus and n > 3, the lower central series of B,,(X)
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stabilises at the third term. Moreover, the quotient groups associated to the lower central
series form a complete (abelian) invariant for braid groups of closed surfaces.

Pure braids and finite type invariants. Let A, C' be two groups. If C' acts on A and the
induced action on the abelianization of A is trivial, we say that A x C is an almost-direct
product of A and C.

Proposition 1. ([FR]) Let A,C be two groups. If C acts on A and the induced action on
the abelianization of A is trivial, then

I(AxC)? ZI I(C)7* forall d>0.

Proposition 2. If A x C is an almost-direct product then I',,(A x C) =T',,(A) x ' (C)
and D, (A x C) = D, (A) x D, (C).

Proof. The first statement is proved in [FRJ]. Remark that the exact sequence 1 — A —
A x C — C — 1 induces the following exact (splitting) sequence:

1> Dp(AxC)NA— Dyu(AxC)— D,(C)— 1.

Therefore the second statement is equivalent to prove that D,,(A x C)N A = D,,(A) which
is a straigthforward consequence of the first statement and of the definition of rational lower
central series. U

The structure of almost-direct product turns out to be a powerful tool in the determination
of algebras related to lower central series (see for instance [[CCP]) and more generally in the
study of finite type invariants.

The pure braid group P, is an almost-direct product of free groups and this fact
has been used in [[] in order to construct an universal finite type invariant for braids with
integers coefficients. In [GP] Gonzalez-Meneses and Paris proved that the normal closure
of the classical pure braid group P, in the pure braid group on n strands of a surface X
is an almost-direct product of (infinitely generated) free groups. Adapting the approach
of Papadima, they constructed a universal finite type invariant for surface braids, but not
multiplicative [BE].

Remark 3. Free groups are residually torsion-free nilpotent [E], M]. It follows from Propo-
sition [} that pure braid groups are residually torsion-free nilpotent (see also [FRJ]). More
generally, using the faithfulness of the Krammer-Digne representation, Marin has shown
recently that the pure Artin-Tits groups of spherical type are residually torsion-free nilpo-

tent [Mad].
4. LOWER CENTRAL SERIES OF VIRTUAL BRAIDS

Theorem 4. ([V])) The group V B, admits the following group presentation:
e Generators: o;, p;, 1 =1,2,....n— 1.
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e Relations:

(1) 0i0i410; = 01410041, 1= 1,2,...,m — 2;
(2) 0i0; =004, |i—j| > 2;
(3) Pi Pit1 Pi = Pit1 Pi Piv1, t=1,2,....mn—2;
(4) pipPj = PjpPi, [t —J] > 2;
(5) pi=1i=1,2...,n—1;
(6) oip; = pjoi, |i —jl = 2;
(7) Pi Pit1 0i = Oip1 Pi Pir1, 0= 1,2,...,n — 2.

Remark 5. Note that the last relation is equivalent to the following relation:

Pit1 Pi Oix1 = 0 Pig1 Pi-
On the other hand, relations
PiOit1 03 = Oit1 04 Pit1; Pi+10iOit1 = 04 0it1 Pi
are not fulfilled in V B,, (see for instance [GPV] ).
Proposition 6. Let o1,...,0,_1 and respectively sy, ..., S,_1 be the usual generators of the
Artin braid group B, and of the symmetric group S,. The morphism v : B, — V B, defined

by 1(o;) = o; and the morphism ¥ : S, — V B, defined by V(s;) = p; are well defined and
injective.

Proof. An easy argument for the injectivity of ¢ is given in [K]. Another different proof is
given in [R]. Now, let p: VB, — S,, be the morphism defined as follows (this morphism
will be considered in Section [):

wlo)) =1, plp) =si, i =1,2,...,n—1,
The set-section s : S,, — V B,, defined by pu(s;) = p; is a well defined morphism and thus the
subgroup generated by p1, ..., p,_1 is isomorphic to S, and ¥ is injective. U

Notation. In the following we use the notations [a,b] = a~'b"'ab and a® = b~tab.

Proposition 7. Let VB, be the virtual braid group on n strands. The following properties
hold:
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a) The group V By is isomorphic to 7 * Zo which is residually nilpotent.
b) The group T'1(VB,,)/Ts(V B,,) is isomorphic to Z & Zs for n > 2.
c) The group I's(V Bs)/T's(V Bs) is isomorphic to Zs. Otherwise, if n > 4 then I's(VB,,) =

I'3(VB,).

d) If n > 3 the group V B,, is not residually nilpotent.

Proof. a) The group Z % Zs can be realised as a subgroup of Zy % Zs * Zo which is residually

b)

c)

nilpotent (see [G and [BGQ)). It also follows from a result of Malcev [M].

The statement can be easily verified considering V' B,, provided with the group presenta-
tion given in Theorem .

Consider the quotient G = V B3 /T'5(V Bs). This group is generated by o, = 011'3(V B3),
09 = 0'2F3(VBg), ﬁl = plrg(VBg) and ﬁ2 = ngg(VBg) Since,

02 = [01702]017 P2 = [p17p2]p1'

then 7o = @, and p, = p; in G. So G = (71,p,) is 2-generated and 2-step nilpotent
hence its commutator subgroup I'y(G) is cyclic. In T'y(G) the following relation is true
[1,0,]* = [71,p1] = 1. Hence the commutator subgroup I'>(G) is generated by [y, 7]
and has order < 2.

To see that [71,,] # 1 we recall that the unitriangular group UT5(Z) over Z is gener-
ated by two transvections, t12(1) and t3(1) (where ¢;;(1) = e+e¢;;), and it is a free 2-step
nilpotent group.

Now, there is a homomorphism ¢ of G onto the unitriangular group UT3(Zs), where
Zoy =7)27 = {0,1}, by the rule p(7;) = t12(1), ©(p;) = ta3(1), It is easy to see that

p([71,71]) = [t12(1), tas(1)] = t13(1) # e.

Hence, [71,7,] # 1 in G and so 'y (V B;) /T'5(V B3) = I'3(G) is isomorphic to Zo.
Now, in order to prove the statement for n > 4, one can easily adapt an argument pro-
posed in [BGG]. Denote I'; = I';(V B,,) and consider the following short exact sequence:

1 —>P2/P3 — Fl/rg £> Fl/rz — ]_,

Since any generator o; in I'1/I'3 projects to the same element of T'; /'y, for each 1 <
i < n — 1, there exists t; € I'y/I's (with ¢t; = 1) such that o; = t;01. Projecting the
braid relation ([]) into I'y/I's, we see that t;01t;1101t;01 = tiy101t;01ti101. But the t;
are central in I'; /T, so ¢; = t;41, and since t; = 1, we obtain o1 = ... = 0,_1. In the
same way one obtains that p; = ... = p,_; in I';/T'3. From relation () one deduces that
p1 and o7 commute in I';/T's. Therefore, the surjective homomorphism p is in fact an
isomorphism.
The group VB, contains B, (see Proposition f) which is not residually nilpotent for
n > 3.

O

The group T's(B,) is perfect (i.e. T'y(B,) = [['2(B,),T2(By)]) for n > 5 [GolJ]. An

analogous result holds for the group I's(V B,,).
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Proposition 8. The group I'y(V B,,) is perfect for n > 5.

Proof. Let A, be the alternating group. The groups I's(B,,) and I'5(S,) = A, are perfect
for n > 5 (moreover, A, is simple for n > 5). Consider a commutator [u,v] € I's(V B,). In
order to prove the claim we need to show that [u,v] € I'3(V B,). Since VB, = (B,, S,) we
can use the following commutator identities

[ab, d] = [a, d’[b, c], [a,bc] = [a,d[a,b]%, [a,b] = [b,a]™", [a~',b] = [b,a]*
and we can represent the commutator [u, v] as a product of commutators
[Uiuaj]au [plup]]ﬁa [O-Z'7pj]77 1 S Z?j S n— 17 04757’7 S VBn

Since T'y(B,,) and TI's(S,) are perfect for n > 5, then [0, 0] € [T2(By), L2(Bn)], [0, ps] €
[T2(S,.), T2(S,)], and so [0y, 05]% and [p;, p;]° belong to [[2(V B,),[9(V B,)]. Therefore we
need only to prove that commutators of type [0}, p;] belong to [['2(V B,,), ['2(V B,,)].

Consider [o;, p;]. If |i — j| > 1, then [0y, p;] = 1. Let |i — j| < 1. Then there are a pair
k,l,1<k/l<n-—1,|k—1>1and two elements ¢;; € I';(B,) and d;; € I's(S,,) such that
0; = C; 10k, pj = djp. Hence,

04, pj] = [cikon, djupi]-
Using commutator identities we have
[CikOks djapr] = [Cixor, pilCinor, djg)™ = [Cin, p1]7 [0k, pi] ([Cik, dj ] ™[Ok, dja])" =

= [cik, p1)7* [Cig, djg) " o, dja]
It is clear that [c;x,d;i] € [['2(VB,),['2(VB,)] and therefore also [c;,d;;]7*”" belongs to
[2(VB,),T2(VB,)]. Now, let us consider the commutator

[Cir, p]7F = (ci_klcfli)ak .

Since ¢y lies in I'y(B,,) and I'y(B,,) is perfect, then ¢ lies in [I's(B,), '2(B,,)] and hence
(i, p1)7F € [D2(V B,),I'2(V B,)]. Analogously one can prove that the commutator [0y, d;;]”
belongs to [I's(V B,,),'2(V B,,)]. Hence I'y(V B,,) is perfect for n > 5. O

5. GENERATORS AND DEFINING RELATIONS OF THE VIRTUAL PURE BRAID GROUP V P,

In this section we study the virtual pure braid group V' P,, introduced in [B]. Define the
map
v:VB, — S,
of V' B,, onto the symmetric group .5,, as follows:
vie)) =v(p) =pi, 1=1,2,...,n—1,
where S, is generated by p; fori = 1,2,...,n— 1. The kernel ker v is called the virtual pure

braid group on n strands and it is denoted by V P,.
Define the following elements

-1 -1 .
)\i,iJrl =pi0; )\iJrl,i = pPi )\i,iJrl pPi =0; pPi, 1= L,2,...,n—1,

Aij = Pi1Pj=2 - - Pit1 Nii+1 Pit1 - - - Pj—2 Pj—1,
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Nji = Pj—1Pj—2 - Pir1 Nix1i Pir1---Pj2pj-1, 1 <i<j—1<n—1

Theorem 9. ([B]) The group VP, admits a presentation with the generators A\, 1 < k #
[ < n, and the defining relations:

(8) i Nt = A1 Aig s

9) Nkyi Akj Nij = Aij Akj Aksi s

where distinct letters stand for distinct indices.
Remark 10. [t is worth to remark that the group V P, has been independently defined and
studied in [BY] in relation to Yang Bazter equations. More precisely, according to [BE], the
virtual pure braid group on n strands is called the n-th quasitriangular group QT'r, and it

is generated by R; ; with 1 <1 # j < n with defining relations given by the quantum Yang
Bazter equations

RijR, = RpiRi;;
Rk,i RkJ’ Ri,j = Ri,j Rk,j Rk,i .
Since the natural section s : S,, — V B,, is well defined one deduces that VB, = VP, xS,.
Moreover we can characterize the conjugacy action of S,, on VP,. Let VP, x S, be the

semidirect product defined by the action of S, on the set {\;; |1 < k # [ < n} by
permutation of indices.

Proposition 11. ([B]) The map w : VB, — VP, x S,, sending any element v of V B,, into
(w((sov)())™ v(v) € VP, xS, is an isomorphism.

Let us define the subgroup
Vi = (A1, A2t 1y« o5 ik 15 ik 1,15 Aik1,25 - -5 Aip1i)s e =1,...,m— 1,
of VP,. Let V;* be the normal closure of V; in V P,. We have a “forgetting map”
p: VP, — VP, 4

which takes generators \;,, 1 =1,2,...,n—1,and A, ;, ¢ =1,2,...,n — 1, to the unit and
fixes other generators. The kernel of ¢ is the group V,*_,, which turns out to be a free group
infinitely generated.

Theorem 12. ([B]) The group V P,, n > 2, is representable as the semi-direct product
VP, =V ) VP, 1=V x (Vi yx(...x(VFxV))..),

where V' is a free group of rank 2 and V¥, v+ = 2,3,...,n — 1, are free groups infinitely
generated.

The group V,*_; is the normal closure of the set {1, Ao, - o A1y Ants An2s - o5 A1}
We refer to [B] for a (infinite) free family of generators. In the following we set a*® for b='a*'b.
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Lemma 13. ([B]) The following formulae are fulfilled in the group V P,:

1) )\;\Lll’ = Ao, maz{i,j} < mazx{n,l}, ¢ = £1;

—1
A
n7j ?

-1
i s i s _ A _
2) Nl = AN A s, A = AN A

n7j ’

1<j<mnorj<i<n,

-\ S .
ng Anidng, 1< J<morj<i<mn;

3) N = A A A AN = )
) n,Z - n?j n72 n7] ) n7z -
PV U W P W 2 S w5 S D U WS W O g <<
4 in T AMnAinAngNnAng T Ajn T Ajn T Ay AjnAngAig, U] <N OT ] <1<,

where different letters stand for different indices.

Lemma [[J provides the action of VP, on V" ;. Therefore one can deduce that the
semi-direct product given in Theorem [J fails to be an almost-direct product.

Nevertheless we can give a partial result on lower central series of virtual pure braids. Let
us start considering the group V P;. It is generated by the elements

)\2,17 )\1,27 )\3,17 )\3,27 )\2,37 )\1,37
and defined by relations

>\1,2()\1,3>\2,3) = ()\2,3>\1,3))\1,2, )\2,1()\2,3)\1,3) = ()\1,3)\2,3))\2,1,
>\3,1()\3,2>\1,2) = ()\1,2>\3,2))\3,1, )\3,2()\3,1)\2,1) = ()\2,1)\3,1))\3,2,

>\2,3()\2,1>\3,1) = ()\3,1>\2,1))\2,3, )\1,3()\1,2)\3,2) = ()\3,2)\1,2))\1,3-

Define the following order on the generators:
)\1,2 < )\2,1 < )\173 < )\273 < )\3,1 < )\3,2.

With this order we can consider the following 15 commutators as the basic commutators of

V Py /Ts(V Py).
[As2, Az, [As2, Azs], [Asz, Aus]s [As 2, Aol [As 2, Aval,
A1, 23], [As1, Avs)s [As1s A2al, [As1, Mgl
(A2, Ara], [A2s, A2al, [Aos, A,
(A1, A2, [Aas, Al

[)\2,17 )\1,2]-
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In V P3/T'3(V P3) the defining relations will have the following form (relations are written in
terms of basic commutators):

1) A2z, Aual[Aas, Arel[Ais, Adie] = 1,

2)  [ag Aal T s Al Ao, Aaa] = 1,
3) sz Asa] s, Aia) Az, Aig] = 1,
4)  [Aa2, Azal[As 2, Aaal[As 1, Aan] = 1,

5)  [Aaxs Aas] T Az, o] T Aas, Aon] = 1,

6)  [As2s Aro)[As.2s Ais][As, Aot = 1.
We see that each from the following commutators
[A23, A1), [A1.3; A2a], [Ass Aral, [As2, A2als [As1, Aas]s [As2, Avs),

is included only once in the list of relations 1) - 6). Hence, we can exclude these commutators.
Then we get the following result.

Lemma 14. Ty(V ) /T3(V P;) ~ Z°.
Now, let us outline the general case. The group V P, contains n(n — 1) generators. Define
the following order on the generators:
A2 <A1 < A3 <3 <Az <A3a<...<Ap < Ap<...<
< et < A1 < A2 <o < Ay
The group I'y(V B,)/T3(VP,) is generated by M = n(n — 1)(n> —n — 1)/2 of the basic

commutators [A; j, Ag ] with A;; > Ag ;.
There are two types of relations in V' P,,:

AijAk, 1 = AN,
ki A = Aij A j i
The number of relations of the first type is equal to
n(n—1)(n —2)(n —3).

Hence, the number of basic commutators which are trivial in I'y(V R,)/T'3(V P,) is equal
to

M, =n(n—1)(n—2)(n—3)/2.
The number of relations of the second type is equal to
My =n(n—1)(n—2).
The relation of the second type modulo I's(V P,) has the form
[Aijs Mgl [Aigs Akl [ Ak Akl = 1.
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Each commutator in this relation is basic or inverse to basic commutators. As in the case
n = 3 one can check that the commutator [\;;, Ay, itself and its inverse (i.e. [A;, Aij])
don’t include in other relations. Therefore we can exclude from basic commutators [A; j, Ak ]
and its inverse. Hence, the number of non-trivial basic commutators in I's(V P,)/T's(V P,)
is equal to M — M; — M,, and we have the following result.

Proposition 15. The group T's(V P,)/Ts(V P,), for n > 3, is a free abelian group of rank
n(n —1)(2n — 3)/2.

The group V' P, is free of rank 2. Remark also that Proposition [[J implies that for n > 3
the quotient Do(V P,)/Ds(V P,) is a free abelian group of rank n(n — 1)(2n — 3)/2 since
for any group G, I';(G)/I';41(G) is isomorphic to D;(G)/D;41(G) modulo torsion (see for
instance [H]).

Question. The group V P, is residually torsion-free nilpotent?

6. THE GROUP H,,

In this section we prove another decomposition of VB, as a semidirect product. Let
w: VB, — S, be the morphism defined as follows:

:u<0-1> = 17 :u(pl) = Pi, L= 1,2,...,77,— 17

where S,, is generated by p; for e = 1,2,...,n — 1. Let us denote by H,, the normal closure
of B, in VB,.

It is evident that ker p coincides with H,,. Now, define the following elements:

Tiip1 = 04, Tij = Pj—1- " Piy10iPip1 - pj—1 for 1 <1 <j—1<n—1,

Tip1, = pioip; and Tj; = pj_1 -+ Piy1Pi0iPiPit1 - pj—1 for 1 <1 <j—1<n—1.

Since the subgroup of V' B,, generated by p1, ..., p,_1 is isomorphic to the symmetric group
S, (Proposition f]), we can define an action of S, = {(p1,..., pn—1) on the set {z;;, 1 <i#
j < n} by permutation of indices, i. e., xﬁj = Zp@i),p(j)s P € Sn-

Lemma 16. Letp € S,. The element px; jp~" is equivalent to ) 5y for 1 <i# j <n—1.

Proof. 1t is sufficient to prove the statement only for generators pg, for 1 < k <n —1. If
Pk F Piy Pit1, pi—1 from relation (6) in Theorem [ one obtains that pg o;pr = 0y = xi41 =
Tp(i),pi+1)- Otherwise pii10ipi1 = Tiige, pioipi = Tip1, or, by relation (7) in Theorem H,
Pi—10iPi—1 = Pi Oi—1Pi = Ti—1-
Let Tij = Pj—1""" Pi+10iPit1 " " Pj—1 forl1 <i< 7 — 1<n-1.
i) Let k > j or k <i— 1. Then p;, commute with z;; and the claim holds.
ii) If k = j, by definition, p; z; jp; = x;j+1. Since p;(i) = i and p;(j) = j + 1 the claim
holds.
iii) If k = j — 1 one deduces that p;_; z; jpj—1 = z; j_1 = Ty 1 (i)pj-1(j—1)-
iv) If i < k < j — 1 it suffices to remark that pgpj_1---pit1 = pj_1- - pit1pk+1 and that
Prs1Pis1 " Pj—1 = Piy1- - pj_1pk. Therefore pyx; ipp' = i = X pyo (i), 00 ()
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v) If k =i, we remark first that the equality
PiPi—1 " Pi410iPi+1 " Pj—1Pi = Pj—1" " Pi Pi+10iPi41Pi " " Pj-1
holds in V' B,,. Applying relations (4) and (7) of Theorem [ and we obtain the following
equality:
PiPi+10iPi+1Pi = Oit1

and then Pi i P = Tity15 = $p(i),p(i+1)~
vi) If k =i — 1 it suffices to remark that applying relations (4) and (7) of Theorem H one
obtains the following equalities:
Pi-10iPi—1 = PiPiPi—10iPi—1 =
Pi0i-1PiPi-1Pi—1 = Pi0i—1p5 -

The case of x;41, and z;; for 1 <i < j—1 < n — 1 are similar and they are left to the
reader. O

Proposition 17. The group H,, admits a presentation with the generators xy ;, 1 <k # 1 <
n, and the defining relations:

(10) Tij Tl = Th,1 Tij,

(11) Tik Thj Tik = Thyj Tik Thjs
where distinct letters stand for distinct indices.

Proof. We use the Reidemeister—Schreier method (see, for example, Chapter 2.2 of [KMJ)).
The set of elements of (py, ..., p,—1) in normal form:

A = {(pisPir 1 Pir—r1 ) (PisPir—1" " Pig—ry) ** (Pz‘ppip—l t 'Pz‘p—rp) |
1<ii<ipg<---<i,<n-—1,0<r; <i;}

is a Schreier set of coset representatives of H,, in V B,. Define the map ~ : VB, — A,
which takes an element w € V B, into the representative w from A,,. The element ww !
belongs to H,. The group H, is generated by

Sp,a = pa ' (m)717

where p runs over the set A, and a runs over the set of generators of V' B,, (Theorem 2.7

of [KM]).

It is easy to establish that s, , = e for any p € A,, and any generator p; of VB,
On the other hand,

Spa = P01 (P03) " = poi (B) T = poip”t = T piiry) -

It follows that each generator s, ,, is equal to some z; j, 1 <7 # 7 < n. The inverse statement
is also true, i. e., each element z;; is equal to some generator s, ,.
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To find defining relations of H,, we define a rewriting process 7. It allows us to rewrite a
word which is written in the generators of V' B,, and presents an element in H,, as a word in
the generators of H,,. Let us associate to the reduced word

_ €1 €2 € —
u=aj'a?...a’, eg==2x1, a € {01,009, ..., 00_1,P1,02 -+ Pn-1},

the word

__ L€l €2 Ev
T(“‘) - Skl,al Sk‘g,a2 e Skmau

in the generators of H,, where k; is a representative of the (j — 1)th initial segment of the
word u if ; = 1 and k; is a representative of the jth initial segment of the word uif e; = —1.
The group H, is defined by relations

Tup =T(p1up™"), p € An,
where 7, is the defining relation of V' B,, (Theorem 2.9 of [KMY]). Denote by

1 -1 -1
TN =0;0i410;0;10; 0,4

the first relation of V' B,,. Then

-1 8_1 8:1 =
s ol o o gLl 5 TLHOi41
0i0i4+10i0;,1,0i+1 0i0i4+1040,,10; ,04

Tle = 7‘(7“1) = Se,0; 563,0i41 55:0,41,00 S

= T T T T -1 -1

= Se,0i Se,0i41 Se,0i Se,oi1 Se,oi Se,oipr — Lii+l Litli+2 Liit 1T 401 j19 Ly i1 Lig1i42 -
Therefore, the following relation

L i1 Tit1,i4+2 Lii+1 = LTit1,i+42 Tii+1 Titl 542

is fulfilled in H,,. The remaining relations 7, ,, p € A,, can be obtained from this relation
using conjugation by p:

- -1 1 -1 —1 _
1,0 = PLii+1 Tit1,i+2 Liit1Liq1 42 Lijp1 Tig1i42P0 =

-1 -1 -1
= Lp(i),p(i41) Tp(i+1),p(i+2) Lp(@),p(i+1) T p(i41),p(i+2) L p(i),p(i+1) T p(i+1),p(i+2)

and we obtain relations ([[T]).

Let us consider the next relation of V B,,:

ry=0,050; oyt [i—j] > 2.
Applying the rewriting process defined above we obtain that following equality holds in H,,:
T2 = T(T2) = Se,0; 5570, 5% _ 5;—21701. = 'Iz_zl+1 %-_,}H g1 Tjji1 -
0050, " ,0;

Conjugating this relation by all representatives from A, and applying Lemma [[§ as above,
we obtain relations ([[0).

Let us prove that only trivial relations follow from all other relations of V' B,,. It is evident
for relations (fJ)-(f) defining the group S, because s,,, = e for all p € A,, and p;.

Consider the mixed relation ([]) (relation (f]) can be considered similarly):

-1
T3 = 0i4+1 Pi Pi+1 0;  Pi+1 Pi-
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Using the rewriting process, we get
~1
T3,e = T(T3) - Se,ai_,_l 37_1 -
Oi+1PiPi+10; 0%
= Ziy1iv2(pi pisr Tk pi ) =
= Li+1,i4+2\Pi Pi+1 T; 541 Pi+1 Pi) = €.
U

The following Corollary is a straigthforward consequence of Lemma [[f and of the fact
that the natural section S,, — V' B,, is well defined.

Corollary 18. The group V' B,, is isomorphic to H, x S,, where S, acts by permutation of
indices.

From Proposition [L7] we derive that H,,, which is the normal closure of B,,, is an Artin-Tits
group, but not of spherical type. It is also easy to verify that the lower central series of H,,
is similar to the one of B,,.

Proposition 19. The following properties hold:

a) The group Hy is isomorphic to Z x 7, which is residually nilpotent.

b) The quotient T'y1(H3)/Ty(Hs) is isomorphic to Z ® 7 and if n > 4 then 'y (H,)/Ts(H,) is
1somorphic to 7.

c) If n > 3 then the group H, is not residually nilpotent and U'y(H,) = T's(H,).

d) If n > 5 the group T's(H,) is perfect.

Proof. We prove the point b). If n = 3, from the six defining relations one deduces that
T1o = Tog = x31 and 13 = T39 = X9 in I'1(Hs)/T'y(Hs) which turns to be isomorphic to
7 & 7. When n > 4, given two elements z; ; and z,; we have the following cases:
i) If j = k and ¢ # [ from the relation w; jz; x; ; = x; 12; jx;; one deduces that x; ; =
ii) If j # k and ¢ = [ we conclude as above that xy; = z;; in I'1(H,)/T2(H,).
iii) If j # [ and i = k there exists 1 < m < n distinct from j, [, k such that x;; = x;,, =
Tmk = Tk, in Fl(Hn)/F2<Hn)
iv) If ¢ # k and j = [ we proceed as in previous case and we obtain that z;; = =z ; in
Iy (H,) /Ty (H,y).
v) If4, j, k, [ are distinct, using the element x; it is clear that z; ; = x4 ; in I'y (H,) /T2 (H,,).
vi) Finally if ¢ = [ and j = k, we choose 1 < m, p < n distinct from ¢ and j and we obtain
the following sequence of identities

Lij = Ljm = Tmp = Lpj = Lji
holds in I'y(H,,) /T2 (H,,).
Therefore all z; ; are identified in I'y (H,,) /T2 (H,).

To prove c) and d) we recall that H,, is the normal closure of B, and therefore is not
residually nilpotent for n > 3. Moreover, we recall that from the Artin braid relations, it
follows that I'y(B,,) is the normal closure in B,, of the element o105 ' (see for instance [BGG]),
and thus I'y(H,) coincides with the normal closure in VB, of the element oy0,"'. Since
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o105 = [[o1,09),01]7" in B,, then o0, = [[o1,03],01]°* in VB, and therefore T'y(H,,) =
['3(H,). In the same way, since I'y(B,,) is perfect for all n > 5 [[GI]], so is T's(H,,). O

Remark 20. The group Hs decomposes as a free product G1*Gy, where Gy = (212, X233, 31),
Ga = (x13,T32,%21). The group G;, i = 1,2 is isomorphic to the 2nd affine Artin-Tits group
of type A, also called circular braid group on 3 strands (see [A]]).

The decomposition of V' B,, into semidirect product provided in Corollary [L§ was earlier
proposed by Rabenda ([R]). More precisely let K, be the (abstract) group with the following
group presentation:

e Generators: z;; for 1 <i# j <n.
e Relations: z; ;i ; = x5 x;; ;1 for 4, 7, k distinct indices.

The symmetric group S, acts transitively on K,, by permutation of indices: for any o in
Sh, T = To(i) o) Let GG,, be the semi-direct product of K,, and S,, defined by above action

and let sq,...,s, be the generators of S,, considered as generators of G,,.
Rabenda defined a map ¢ : G, — VB, as follows; ¢(s;) = p; for i = 1,...,n — 1,

O(Tiiv1) = 04y O(Xi5) = pj—1 - Pit1 Oipis1- - pj—1 for 1 <i < j—1 <n—1, ¢(Tit1,:) = pioip;
and ¢(x;) = pj—1--+ Piy1Pi OipipPit1 - pj—1 for 1 <i < j—1 < n—1 and he outlined a
proof of the fact that the morphism ¢ is actually an isomorphism.

7. THE EXTENDED PURE BRAID GROUP EP,
In this section we determine the relations between the group H,, and the group V P,.
Proposition 21. The group H, and V P, are not isomorphic for n > 3.

Proof. Tt suffices to remark that the abelianisation of V P, is isomorphic to Z™™ 1 and to
compare with the abelianisation of H,, (part b) of Proposition [[J). O

Let ¢ be the map S,, — Hom(S,) defined by the action of the symmetric group on itself
by conjugacy.
Proposition 22. The semidirect product S,, X, S, admits the following group presentation:
e Generators: s;,t;,i=1,2,...,n—1
¢ Relations:
ti=s2=1i=12,....,n—1
$iSj = 8jS;, |1 —j| >2
8iSit1Si = Si11SiSivr1, ¢t = 1,2, ... ,.n—2
tit; = tt;, IZ —j| > 2
titiat; = tigititin, 1=1,2,...,n—2
tisit; = sj, |i—j| >2
tisit; =5, 1=1,2,....n—1
tit1Sitit1 = Si+18iSit1, ¢ = 1,2, ... ,.n—2
ti_18itii1 = Si-18;8-1, 1t =1,2,...,n—1
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In the following we set M,, the semidirect product S, %, S,. Let VB, and M,, be provided
with the group presentations given respectively in Theorem [] and in Proposition P2 and let
X : VB, — M, be the morphism defined by x(0;) = s; and x(p;) =t; fori =1,2,...,n— 1.
We call extended pure braid group on n strands the kernel ker x and we denote it by EP,.
Let n; and 7y be the maps from M,, to S,, defined respectively as follows:
n(s;)) =1and m(t;) =p; fori=1,2,...,n—1;
na(s;) = p; and mo(t;) = p; fori=1,2,... ., n—1,
where p;, for i = 1,2,...,n — 1, are the usual generators of .S,,.

Proposition 23. Let V P, and H,, be provided with the group presentations given respectively
in Theorem [ and Proposition [I7.

i) The group H, coincides with ker(n; o x).
it) The group V' P, coincides with ker(ng o x).
iii) The group H, NV P, coincides with ker x.

Proof. We recall that u(o;) =1, u(p:) = pi, v(0;) = p; and v(p;) = p; fori =1,2,...,n— 1.
Therefore p1 = n; o x and v = 19 0 x and part i) and ii) follow and then ker y C H, NV P,.
Now let z be a non trivial element of H,,. Since H,, is the normal closure of B,,, the element
x(z) belongs to the subgroup generated by si,...,s,_1 which is isomorphic to S,. Since
ne(s;) = t; for i = 1,2,...,n — 1, it follows that ns(x(z)) = 1 if and only if x(z) = 1
and then 7, is injective on x(H,). Therefore, if z belongs to H, NV P, then = belongs to
ker y. U

There is also another possible definition of E'P, as a generalisation of the classical pure
braid group P, (actually, it contains properly the normal closure of P, in V B,,).

Proposition 24. Let € : H, — S, be the map defined by e(x; ;) = e(x;;) = p{™ """ for
1 <1< j <n. The morphism € is well defined, the group EP, is isomorphic to kere and
the normal closure of P, in V B,, is properly included in EP,.

Proof. The morphism ¢ coincides with the restriction to H,, of the morphism v and therefore
EP, is isomorphic to kere.
Denote by ((P,))vs, the normal closure of P, in VB, Remark that e(z7,) = 1. Since
((Pn))vs, is actually the normal closure of 0} = 7 ,, one deduces that ((P,))vs, C EP,.
On the other hand, let us consider the following exact sequence:

1— {(P))vs, = VB,— HB, — 1,
where HB, is the group obtained adding relations o? = 1 to the group presentation of
V B,,. The group H B,, contains elements of infinite order (for instance, consider the element
(0ip;)?). Therefore it is not isomorphic to M, and we deduce that ((P,))yp, does not
coincide with EP,. O
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8. FINITE TYPE INVARIANTS FOR VIRTUAL BRAIDS

We recall a possible definition of finite type invariants for classical braids, which is the
algebraical version of the usual definition via singular braids (see []] or Section 1.3 and
Proposition 2.1 of [[GH] in the case of surface braids).

In the following A will denote an abelian group. An invariant of braids is a set mapping
v: B, — A. Any invariant v : B,, — A extends by linearity to a morphism of Z-modules
v: Z|B,] — A.

Now let V be the two-sided ideal of Z[B,] generated by {o; —o; ', |i=1,...,n — 1} and
let V¢ the d-th power of V. We obtain this way a filtration

ZIB,) DV DOV*D...

that we call Goussarov-Vassiliev filtration for B,,.

A finite type (Goussarov-Vassiliev) invariant of degree d is a morphism of Z-modules
v : Z[B,] — A which vanishes on V4*1.

The Goussarov-Vassiliev filtration for B, corresponds to the I-adic filtration of P, (i.e.,
the filtration associated to the augmentation ideal of P,). More precisely, we denote by p the
canonical projection of B,, on S,, and we recall that the set section s : S,, — B,, sending p; to
o; (fori =1,...,n—1) determines an isomorphism of Z-modules II : Z[B,| — Z[P,] ® Z[S,]
defined as

I1(8) = B((p o s)(8)) " @ p(B),for § € By,

Proposition 25. (Papadima [P]). The additive isomorphism 11 : Z|B,] — Z[P,] ® Z[S,]
sends isomorphically V? to I4(P,) ® Z[S,] for all d € N*, where I(P,) is the d-th power of
the augmentation ideal of P,.

Gonzalez-Meneses and Paris proved a similar proposition for braid groups on closed sur-
faces (Proposition 2.2 of [GH]).

In the case of virtual braids we can define a new notion of finite type invariant. This
notion was introduced in [GPV] for virtual knots. Let J be the two-sided ideal of Z[V B,,]
generated by {o; — p;|i=1,...,n—1}.

We obtain this way a filtration

ZIVB,DJD>J*D ...

that we call Goussarov-Polyak-Viro filtration for V B,,. We will call Goussarov-Polyak-Viro
(GPV) invariant of degree d a morphism of Z-modules v : Z[V B,,] — A which vanishes on
Jd+1'

This notion of invariant corresponds to the remark that stating with a virtual knot and
replacing finitely many crossings (positive or negative) we eventuelly get the (virtual) unknot.

On the other hand, one can also remark that a GPV invariant restricted to classical braids
is a Goussarov-Vassiliev invariant. In fact, since (o;—p;)—(0; ' —p;) = (0;—0; ') one deduces
that J¢ D V¥ where V¢ is the d-th power of V, the two-sided ideal of Z[V B,,] generated by
{o;—o; ' |i=1,...,n—1}.
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The Goussarov-Polyak-Viro filtration for V' B,, corresponds to the I-adic filtration of V P,.
The map w : VB, — VP, xS, defined in Proposition [[I determines an isomorphism of
Z-algebras ) : Z[V B,| — Z|V P,|®Z|S,], where Z[V P,|®Z[S,,] carries the natural structure
of Z-algebra induced by the semi-direct product V P, x .S,,.

Proposition 26. The Z-algebras isomorphism  : Z[V B,| — Z[V P,| ® Z[S,] sends isomor-
phically J¢ to I4(V P,) ® Z[S,] for all d € N*.

Proof. Let us denote V B,, by B. In order to prove the Proposition we need only to verify
that:
J*=BI'B=BI"=I"B.

In fact using this equivalences we can repeat word by word the proof of Proposition 2.2 in
IGH| and therefore prove the claim.

Now, since V P, is a normal subgroup it suffices to prove that J = BIB. The inclusion
J C BIB is obvious. In order to prove the other inclusion we only have to show that
p—1¢€ Jforp e VP, Now let po € VP,, let m denote the number of crfEl (for i =
1,...,n—1) in the word py and let py the word obtained replacing each of the first k letters
o' (fori = 1,...,n — 1) by p; in py. The word p,, is the identity in V B, and therefore
po—1=po— 307 1(pk — k) — Pu = D1 (01 — Prs1) belongs to J. O
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