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COMBINATORIAL PROPERTIES OF VIRTUAL BRAIDS

VALERIJ G. BARDAKOV AND PAOLO BELLINGERI

Abstract. We study combinatorial properties of virtual braid groups and we describe
relations with finite type invariant theory for virtual knots and Yang Baxter equation.

1. introduction

Virtual knots were introduced by L. Kauffman [Ka] as the geometric counterpart of Gauss
diagrams. A virtual knot diagram is a generic (oriented) immersion of the circle into the
plane, with the usual positive and negative crossings plus a new kind of crossings called
virtual. The Gauss diagram of a virtual knot is constructed in the same way as for a classical
knot excepted that virtual crossings are disregarded. Gauss diagrams turn to be in bijection
with virtual knots diagrams up to isotopy and a finite number of “virtual” moves around
crossings, which generalise usual Reidemeister moves. Using virtual Reidemester moves we
can introduce a notion of “virtual” braids (see for instance [B, K, V]). Virtual braids on n
strands form a group, usually denoted by V Bn. The relations between virtual braids and
virtual knots (and links) are completely determined by a generalisation of Alexander and
Markov Theorems [K].

The paper is mainly devoted to the study of the kernels of two different projections of V Bn

in Sn, the normal closure of the braid group Bn, that we will denote by Hn, and the so-called
virtual pure braid group V Pn, which is related to the quantum Yang Baxter equation (see
Section 5).

The paper is organised as follows: in Section 2 we recall some definitions and classical
results on combinatorial group theory and in Section 3 we provide a short survey on lower
central series for (generalised) braids and their relations with finite type invariant theory. In
following Sections we determine the lower central series of the virtual braid group V Bn and
of its subgroups Hn and V Pn. Finally, in Section 7 we determine the intersection of Hn and
V Pn and in Section 8 we provide a connection between virtual pure braids and the finite
type invariant theory for virtual knots defined by Goussarov, Polyak and Viro in [GPV].

2. Definitions

Given a group G, we define the lower central series of G as the filtration Γ1(G) = G ⊇
Γ2(G) ⊇ . . ., where Γi(G) = [Γi−1(G), G]. The rational lower central series of G is the
filtration D1(G) ⊇ D2(G) ⊇ . . . obtained setting D1(G) = G, and for i ≥ 2, defining
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2 BARDAKOV AND BELLINGERI

Di(G) = { x ∈ G | xn ∈ Γi(G) for some n ∈ N
∗ }. This filtration was first considered by

Stallings [S] and we denote it by the name proposed in [GL].
Let us recall that for any group-theoretic property P, a group G is said to be residually

P if for any (non-trivial) element x ∈ G, there exists a group H with the property P and
a surjective homomorphism φ : G → H such that φ(x) 6= 1. It is well known that a group
G is residually nilpotent if and only if

⋂

i≥1 Γi(G) = {1}. On the other hand, a group G is
residually torsion-free nilpotent if and only if

⋂

i≥1 Di(G) = {1}.
The fact that a group is residually torsion-free nilpotent has several important conse-

quences, notably that the group is bi-orderable [MR]. We recall that a group G is said to be
bi-orderable if there exists a strict total ordering < on its elements which is invariant under
left and right multiplication, in other words, g < h implies that gk < hk and kg < kh for all
g, h, k ∈ G.

Finally we recall that the augmentation ideal of a group G is the two-sided ideal I(G) of
the group ring Z[G] generated by the set {g−1 | g ∈ G}. We denote by Id(G) the dth power
of I(G).

The residually torsion free nilpotence of a group G implies that
⋂

d≥1 Id(G) = {1} ([Pa],
Theorem 2.15, chapter VI).

3. Lower central series for generalized braid groups

Artin-Tits groups and surface braid groups. Let us start by recalling some standard
results on combinatorial properties of braid groups. It is well known (see [GoL] for instance)
that the Artin braid group Bn is not residually nilpotent for n ≥ 3 and that the abelianization
of Bn is isomorphic to Z and Γ2(Bn) = Γ3(Bn). We recall that classical braid groups are
also called Artin-Tits groups of type A. More precisely, let (W, S) be a Coxeter system and
let us denote the order of the element st in W by ms, t (for s, t ∈ S). Let BW be the group
defined by the following group presentation:

BW = 〈S | st · · ·
︸ ︷︷ ︸

ms, t

= ts · · ·
︸ ︷︷ ︸

ms, t

for any s 6= t ∈ S with ms, t < +∞〉 .

The group BW is the Artin-Tits group associated to W . The group BW is said to be of
spherical type if W is finite. The kernel of the canonical projection of BW onto W is called
the pure Artin-Tits group associated to W . As explained in [BGG], it is easy to show that
the lower central series of almost all Artin-Tits groups of spherical type also stabilise at the
second term, the only exception being Artin-Tits groups associated to the dihedral group
I2m, for m > 1.

When one considers surface braid groups (see [BGG] for a definition) new features appear.
Let Bn(Σ) be the braid group on n strands on the surface Σ. In [BGG] it is proved that,
when Σ is an oriented surface of positive genus and n ≥ 3, the lower central series of Bn(Σ)
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stabilises at the third term. Moreover, the quotient groups associated to the lower central
series form a complete (abelian) invariant for braid groups of closed surfaces.

Pure braids and finite type invariants. Let A, C be two groups. If C acts on A and the
induced action on the abelianization of A is trivial, we say that A ⋊ C is an almost-direct
product of A and C.

Proposition 1. ([FR]) Let A, C be two groups. If C acts on A and the induced action on
the abelianization of A is trivial, then

I(A ⋊ C)d =

d∑

k=0

I(A)k ⊗ I(C)d−k for all d ≥ 0 .

Proposition 2. If A ⋊ C is an almost-direct product then Γm(A ⋊ C) = Γm(A) ⋊ Γm(C)
and Dm(A ⋊ C) = Dm(A) ⋊ Dm(C).

Proof. The first statement is proved in [FR2]. Remark that the exact sequence 1 → A →
A ⋊ C → C → 1 induces the following exact (splitting) sequence:

1 → Dm(A ⋊ C) ∩ A → Dm(A ⋊ C) → Dm(C) → 1 .

Therefore the second statement is equivalent to prove that Dm(A ⋊ C) ∩A = Dm(A) which
is a straigthforward consequence of the first statement and of the definition of rational lower
central series. �

The structure of almost-direct product turns out to be a powerful tool in the determination
of algebras related to lower central series (see for instance [CCP]) and more generally in the
study of finite type invariants.

The pure braid group Pn is an almost-direct product of free groups [FR] and this fact
has been used in [P] in order to construct an universal finite type invariant for braids with
integers coefficients. In [GP] González-Meneses and Paris proved that the normal closure
of the classical pure braid group Pn in the pure braid group on n strands of a surface Σ
is an almost-direct product of (infinitely generated) free groups. Adapting the approach
of Papadima, they constructed a universal finite type invariant for surface braids, but not
multiplicative [BF].

Remark 3. Free groups are residually torsion-free nilpotent [F, M]. It follows from Propo-
sition 2 that pure braid groups are residually torsion-free nilpotent (see also [FR2]). More
generally, using the faithfulness of the Krammer-Digne representation, Marin has shown
recently that the pure Artin-Tits groups of spherical type are residually torsion-free nilpo-
tent [Ma].

4. Lower central series of virtual braids

Theorem 4. ([V]) The group V Bn admits the following group presentation:
• Generators: σi, ρi, i = 1, 2, . . . , n − 1.
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• Relations:

(1) σiσi+1σi = σi+1σiσi+1, i = 1, 2, . . . , n − 2 ;

(2) σiσj = σjσi, |i − j| ≥ 2;

(3) ρi ρi+1 ρi = ρi+1 ρi ρi+1, i = 1, 2, . . . , n − 2 ;

(4) ρi ρj = ρj ρi, |i − j| ≥ 2 ;

(5) ρ2
i = 1, i = 1, 2, . . . , n − 1 ;

(6) σi ρj = ρj σi, |i − j| ≥ 2 ;

(7) ρi ρi+1 σi = σi+1 ρi ρi+1, i = 1, 2, . . . , n − 2 .

Remark 5. Note that the last relation is equivalent to the following relation:

ρi+1 ρi σi+1 = σi ρi+1 ρi.

On the other hand, relations

ρi σi+1 σi = σi+1 σi ρi+1, ρi+1 σi σi+1 = σi σi+1 ρi

are not fulfilled in V Bn (see for instance [GPV]).

Proposition 6. Let σ1, . . . , σn−1 and respectively s1, . . . , sn−1 be the usual generators of the
Artin braid group Bn and of the symmetric group Sn. The morphism ι : Bn → V Bn defined
by ι(σi) = σi and the morphism ϑ : Sn → V Bn defined by ϑ(si) = ρi are well defined and
injective.

Proof. An easy argument for the injectivity of ι is given in [K]. Another different proof is
given in [R]. Now, let µ : V Bn → Sn be the morphism defined as follows (this morphism
will be considered in Section 6):

µ(σi) = 1, µ(ρi) = si, i = 1, 2, . . . , n − 1 ,

The set-section s : Sn → V Bn defined by µ(si) = ρi is a well defined morphism and thus the
subgroup generated by ρ1, . . . , ρn−1 is isomorphic to Sn and ϑ is injective. �

Notation. In the following we use the notations [a, b] = a−1b−1ab and ab = b−1ab.

Proposition 7. Let V Bn be the virtual braid group on n strands. The following properties
hold:
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a) The group V B2 is isomorphic to Z ∗ Z2 which is residually nilpotent.
b) The group Γ1(V Bn)/Γ2(V Bn) is isomorphic to Z ⊕ Z2 for n ≥ 2.
c) The group Γ2(V B3)/Γ3(V B3) is isomorphic to Z2. Otherwise, if n ≥ 4 then Γ2(V Bn) =

Γ3(V Bn).
d) If n ≥ 3 the group V Bn is not residually nilpotent.

Proof. a) The group Z ∗ Z2 can be realised as a subgroup of Z2 ∗ Z2 ∗Z2 which is residually
nilpotent (see [G] and [BGG]). It also follows from a result of Malcev [M].

b) The statement can be easily verified considering V Bn provided with the group presenta-
tion given in Theorem 4.

c) Consider the quotient G = V B3/Γ3(V B3). This group is generated by σ1 = σ1Γ3(V B3),
σ2 = σ2Γ3(V B3), ρ1 = ρ1Γ3(V B3) and ρ2 = ρ2Γ3(V B3). Since,

σ2 = [σ1, σ2]σ1, ρ2 = [ρ1, ρ2]ρ1.

then σ2 = σ1 and ρ2 = ρ1 in G. So G = 〈σ1, ρ1〉 is 2-generated and 2-step nilpotent
hence its commutator subgroup Γ2(G) is cyclic. In Γ2(G) the following relation is true
[σ1, ρ1]

2 = [σ1, ρ
2
1] = 1. Hence the commutator subgroup Γ2(G) is generated by [σ1, ρ1]

and has order ≤ 2.
To see that [σ1, ρ1] 6= 1 we recall that the unitriangular group UT3(Z) over Z is gener-

ated by two transvections, t12(1) and t23(1) (where tij(1) = e+ eij), and it is a free 2-step
nilpotent group.

Now, there is a homomorphism ϕ of G onto the unitriangular group UT3(Z2), where
Z2 = Z/2Z = {0, 1}, by the rule ϕ(σ1) = t12(1), ϕ(ρ1) = t23(1), It is easy to see that

ϕ([σ1, ρ1]) = [t12(1), t23(1)] = t13(1) 6= e.

Hence, [σ1, ρ1] 6= 1 in G and so Γ2(V B3)/Γ3(V B3) = Γ2(G) is isomorphic to Z2.
Now, in order to prove the statement for n ≥ 4, one can easily adapt an argument pro-

posed in [BGG]. Denote Γi = Γi(V Bn) and consider the following short exact sequence:

1 → Γ2/Γ3 → Γ1/Γ3
p
→ Γ1/Γ2 → 1,

Since any generator σi in Γ1/Γ3 projects to the same element of Γ1/Γ2, for each 1 ≤
i ≤ n − 1, there exists ti ∈ Γ2/Γ3 (with t1 = 1) such that σi = tiσ1. Projecting the
braid relation (1) into Γ1/Γ3, we see that tiσ1ti+1σ1tiσ1 = ti+1σ1tiσ1ti+1σ1. But the ti
are central in Γ1/Γ3, so ti = ti+1, and since t1 = 1, we obtain σ1 = . . . = σn−1. In the
same way one obtains that ρ1 = . . . = ρn−1 in Γ1/Γ3. From relation (6) one deduces that
ρ1 and σ1 commute in Γ1/Γ3. Therefore, the surjective homomorphism p is in fact an
isomorphism.

d) The group V Bn contains Bn (see Proposition 6) which is not residually nilpotent for
n ≥ 3.

�

The group Γ2(Bn) is perfect (i.e. Γ2(Bn) = [Γ2(Bn), Γ2(Bn)]) for n ≥ 5 [GoL]. An
analogous result holds for the group Γ2(V Bn).
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Proposition 8. The group Γ2(V Bn) is perfect for n ≥ 5.

Proof. Let An be the alternating group. The groups Γ2(Bn) and Γ2(Sn) = An are perfect
for n ≥ 5 (moreover, An is simple for n ≥ 5). Consider a commutator [u, v] ∈ Γ2(V Bn). In
order to prove the claim we need to show that [u, v] ∈ Γ3(V Bn). Since V Bn = 〈Bn, Sn〉 we
can use the following commutator identities

[ab, c] = [a, c]b[b, c], [a, bc] = [a, c][a, b]c, [a, b] = [b, a]−1, [a−1, b] = [b, a]a
−1

,

and we can represent the commutator [u, v] as a product of commutators

[σi, σj]
α, [ρi, ρj]

β, [σi, ρj ]
γ, 1 ≤ i, j ≤ n − 1, α, β, γ ∈ V Bn.

Since Γ2(Bn) and Γ2(Sn) are perfect for n ≥ 5, then [σi, σj] ∈ [Γ2(Bn), Γ2(Bn)], [ρi, ρj ] ∈
[Γ2(Sn), Γ2(Sn)], and so [σi, σj]

α and [ρi, ρj ]
β belong to [Γ2(V Bn), Γ2(V Bn)]. Therefore we

need only to prove that commutators of type [σi, ρj ] belong to [Γ2(V Bn), Γ2(V Bn)].
Consider [σi, ρj ]. If |i − j| > 1, then [σi, ρj] = 1. Let |i − j| ≤ 1. Then there are a pair

k, l, 1 ≤ k, l ≤ n − 1, |k − l| > 1 and two elements ci,k ∈ Γ2(Bn) and dj,l ∈ Γ2(Sn) such that
σi = ci,kσk, ρj = dj,lρl. Hence,

[σi, ρj] = [ci,kσk, dj,lρl].

Using commutator identities we have

[ci,kσk, dj,lρl] = [ci,kσk, ρl][ci,kσk, dj,l]
ρl = [ci,k, ρl]

σk [σk, ρl] ([ci,k, dj,l]
σk [σk, dj,l])

ρl =

= [ci,k, ρl]
σk [ci,k, dj,l]

σkρl[σk, dj,l]
ρl.

It is clear that [ci,k, dj,l] ∈ [Γ2(V Bn), Γ2(V Bn)] and therefore also [ci,k, dj,l]
σkρl belongs to

[Γ2(V Bn), Γ2(V Bn)]. Now, let us consider the commutator

[cik, ρl]
σk =

(
c−1
ik cρl

ik

)σk .

Since ci,k lies in Γ2(Bn) and Γ2(Bn) is perfect, then ci,k lies in [Γ2(Bn), Γ2(Bn)] and hence
[ci,k, ρl]

σk ∈ [Γ2(V Bn), Γ2(V Bn)]. Analogously one can prove that the commutator [σk, dj,l]
ρl

belongs to [Γ2(V Bn), Γ2(V Bn)]. Hence Γ2(V Bn) is perfect for n ≥ 5. �

5. Generators and defining relations of the virtual pure braid group V Pn

In this section we study the virtual pure braid group V Pn, introduced in [B]. Define the
map

ν : V Bn −→ Sn

of V Bn onto the symmetric group Sn as follows:

ν(σi) = ν(ρi) = ρi, i = 1, 2, . . . , n − 1,

where Sn is generated by ρi for i = 1, 2, . . . , n− 1. The kernel ker ν is called the virtual pure
braid group on n strands and it is denoted by V Pn.

Define the following elements

λi,i+1 = ρi σ
−1
i , λi+1,i = ρi λi,i+1 ρi = σ−1

i ρi, i = 1, 2, . . . , n − 1,

λi,j = ρj−1 ρj−2 . . . ρi+1 λi,i+1 ρi+1 . . . ρj−2 ρj−1,
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λj,i = ρj−1 ρj−2 . . . ρi+1 λi+1,i ρi+1 . . . ρj−2 ρj−1, 1 ≤ i < j − 1 ≤ n − 1.

Theorem 9. ([B]) The group V Pn admits a presentation with the generators λk, l, 1 ≤ k 6=
l ≤ n, and the defining relations:

(8) λi,j λk, l = λk, l λi,j ;

(9) λk,i λk,j λi,j = λi,j λk,j λk,i ,

where distinct letters stand for distinct indices.

Remark 10. It is worth to remark that the group V Pn has been independently defined and
studied in [BE] in relation to Yang Baxter equations. More precisely, according to [BE], the
virtual pure braid group on n strands is called the n-th quasitriangular group QTrn and it
is generated by Ri,j with 1 ≤ i 6= j ≤ n with defining relations given by the quantum Yang
Baxter equations

Ri,j Rk, l = Rk, l Ri,j ;

Rk,i Rk,j Ri,j = Ri,j Rk,j Rk,i .

Since the natural section s : Sn → V Bn is well defined one deduces that V Bn = V Pn ⋊Sn.
Moreover we can characterize the conjugacy action of Sn on V Pn. Let V Pn ⋊ Sn be the
semidirect product defined by the action of Sn on the set {λk, l |1 ≤ k 6= l ≤ n} by
permutation of indices.

Proposition 11. ([B]) The map ω : V Bn → V Pn ⋊ Sn sending any element v of V Bn into
(v((s ◦ ν)(v))−1, ν(v)) ∈ V Pn ⋊ Sn is an isomorphism.

Let us define the subgroup

Vi = 〈λ1,i+1, λ2,i+1, . . . , λi,i+1; λi+1,1, λi+1,2, . . . , λi+1,i〉, i = 1, . . . , n − 1,

of V Pn. Let V ∗
i be the normal closure of Vi in V Pn. We have a “forgetting map”

ϕ : V Pn −→ V Pn−1

which takes generators λi,n, i = 1, 2, . . . , n − 1, and λn,i, i = 1, 2, . . . , n − 1, to the unit and
fixes other generators. The kernel of ϕ is the group V ∗

n−1, which turns out to be a free group
infinitely generated.

Theorem 12. ([B]) The group V Pn, n ≥ 2, is representable as the semi-direct product

V Pn = V ∗
n−1 ⋊ V Pn−1 = V ∗

n−1 ⋊ (V ∗
n−2 ⋊ (. . . ⋊ (V ∗

2 ⋊ V ∗
1 )) . . .),

where V ∗
1 is a free group of rank 2 and V ∗

i , i = 2, 3, . . . , n − 1, are free groups infinitely
generated.

The group V ∗
n−1 is the normal closure of the set {λ1,n, λ2,n, . . . , λn−1,n, λn,1, λn,2, . . . , λn,n−1}.

We refer to [B] for a (infinite) free family of generators. In the following we set a±b for b−1a±1b.
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Lemma 13. ([B]) The following formulae are fulfilled in the group V Pn:

1) λ
λε

i,j

n, l = λn, l, max{i, j} < max{n, l} , ε = ±1;

2) λ
λi,j

i,n = λ
λi,j

n,j λi,nλ
−1
n,j, λ

λ−1

i,j

i,n = λ−1
n,jλi,nλ

λ−1

i,j

n,j , i < j < n or j < i < n;

3) λ
λi,j

n,i = λn,jλn,iλ
−λi,j

n,j , λ
λ−1

i,j

n,i = λ
−λ−1

i,j

n,j λn,iλn,j, i < j < n or j < i < n;

4) λ
λi,j

j,n = λi,nλj,nλn,jλ
−1
i,nλ

−λi,j

n,j , λ
λ−1

i,j

j,n = λ
−λ−1

i,n

j,n λ−1
i,j λj,nλn,jλi,j, i < j < n or j < i < n,

where different letters stand for different indices.

Lemma 13 provides the action of V Pn−1 on V ∗
n−1. Therefore one can deduce that the

semi-direct product given in Theorem 12 fails to be an almost-direct product.
Nevertheless we can give a partial result on lower central series of virtual pure braids. Let

us start considering the group V P3. It is generated by the elements

λ2,1, λ1,2, λ3,1, λ3,2, λ2,3, λ1,3,

and defined by relations

λ1,2(λ1,3λ2,3) = (λ2,3λ1,3)λ1,2, λ2,1(λ2,3λ1,3) = (λ1,3λ2,3)λ2,1,

λ3,1(λ3,2λ1,2) = (λ1,2λ3,2)λ3,1, λ3,2(λ3,1λ2,1) = (λ2,1λ3,1)λ3,2,

λ2,3(λ2,1λ3,1) = (λ3,1λ2,1)λ2,3, λ1,3(λ1,2λ3,2) = (λ3,2λ1,2)λ1,3.

Define the following order on the generators:

λ1,2 < λ2,1 < λ1,3 < λ2,3 < λ3,1 < λ3,2.

With this order we can consider the following 15 commutators as the basic commutators of
V P3/Γ3(V P3).

[λ3,2, λ3,1], [λ3,2, λ2,3], [λ3,2, λ1,3], [λ3,2, λ2,1], [λ3,2, λ1,2],

[λ3,1, λ2,3], [λ3,1, λ1,3], [λ3,1, λ2,1], [λ3,1, λ1,2],

[λ2,3, λ1,3], [λ2,3, λ2,1], [λ2,3, λ1,2],

[λ1,3, λ2,1], [λ1,3, λ1,2],

[λ2,1, λ1,2].
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In V P3/Γ3(V P3) the defining relations will have the following form (relations are written in
terms of basic commutators):

1) [λ2,3, λ1,3][λ2,3, λ1,2][λ1,3, λ1,2] = 1,

2) [λ2,3, λ1,3]
−1[λ1,3, λ2,1][λ2,3, λ2,1] = 1,

3) [λ3,2, λ3,1]
−1[λ3,1, λ1,2][λ3,2, λ1,2] = 1,

4) [λ3,2, λ3,1][λ3,2, λ2,1][λ3,1, λ2,1] = 1,

5) [λ3,1, λ2,3]
−1[λ3,1, λ2,1]

−1[λ2,3, λ2,1] = 1,

6) [λ3,2, λ1,2][λ3,2, λ1,3][λ1,3, λ1,2]
−1 = 1.

We see that each from the following commutators

[λ2,3, λ1,2], [λ1,3, λ2,1], [λ3,1, λ1,2], [λ3,2, λ2,1], [λ3,1, λ2,3], [λ3,2, λ1,3],

is included only once in the list of relations 1) - 6). Hence, we can exclude these commutators.
Then we get the following result.

Lemma 14. Γ2(V P3)/Γ3(V P3) ≃ Z
9.

Now, let us outline the general case. The group V Pn contains n(n− 1) generators. Define
the following order on the generators:

λ1,2 < λ2,1 < λ1,3 < λ2,3 < λ3,1 < λ3,2 < . . . < λ1,n < λ2,n < . . . <

< λn−1,n < λn,1 < λn,2 < . . . < λn,n−1.

The group Γ2(V Pn)/Γ3(V Pn) is generated by M = n(n − 1)(n2 − n − 1)/2 of the basic
commutators [λi,j, λk, l] with λi,j > λk, l.

There are two types of relations in V Pn:

λi,jλk, l = λk, lλi,j,

λk,iλk,jλi,j = λi,jλk,jλk,i.

The number of relations of the first type is equal to

n(n − 1)(n − 2)(n − 3).

Hence, the number of basic commutators which are trivial in Γ2(V Pn)/Γ3(V Pn) is equal
to

M1 = n(n − 1)(n − 2)(n − 3)/2.

The number of relations of the second type is equal to

M2 = n(n − 1)(n − 2).

The relation of the second type modulo Γ3(V Pn) has the form

[λi,j, λk,j][λi,j , λk,i][λk,j, λk,i] = 1.
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Each commutator in this relation is basic or inverse to basic commutators. As in the case
n = 3 one can check that the commutator [λi,j, λk,i] itself and its inverse (i.e. [λk,i, λi,j])
don’t include in other relations. Therefore we can exclude from basic commutators [λi,j, λk,i]
and its inverse. Hence, the number of non-trivial basic commutators in Γ2(V Pn)/Γ3(V Pn)
is equal to M − M1 − M2, and we have the following result.

Proposition 15. The group Γ2(V Pn)/Γ3(V Pn), for n ≥ 3, is a free abelian group of rank
n(n − 1)(2n − 3)/2.

The group V P2 is free of rank 2. Remark also that Proposition 15 implies that for n ≥ 3
the quotient D2(V Pn)/D3(V Pn) is a free abelian group of rank n(n − 1)(2n − 3)/2 since
for any group G, Γi(G)/Γi+1(G) is isomorphic to Di(G)/Di+1(G) modulo torsion (see for
instance [H]).

Question. The group V Pn is residually torsion-free nilpotent?

6. The group Hn

In this section we prove another decomposition of V Bn as a semidirect product. Let
µ : V Bn → Sn be the morphism defined as follows:

µ(σi) = 1, µ(ρi) = ρi, i = 1, 2, . . . , n − 1 ,

where Sn is generated by ρi for i = 1, 2, . . . , n − 1. Let us denote by Hn the normal closure
of Bn in V Bn.

It is evident that ker µ coincides with Hn. Now, define the following elements:
xi,i+1 = σi, xi,j = ρj−1 · · · ρi+1σiρi+1 · · ·ρj−1 for 1 ≤ i < j − 1 ≤ n − 1,
xi+1,i = ρiσiρi and xj,i = ρj−1 · · · ρi+1ρiσiρiρi+1 · · · ρj−1 for 1 ≤ i < j − 1 ≤ n − 1.
Since the subgroup of V Bn generated by ρ1, . . . , ρn−1 is isomorphic to the symmetric group

Sn (Proposition 6), we can define an action of Sn = 〈ρ1, . . . , ρn−1〉 on the set {xi,j , 1 ≤ i 6=
j ≤ n} by permutation of indices, i. e., xρ

i,j = xρ(i),ρ(j), ρ ∈ Sn.

Lemma 16. Let ρ ∈ Sn. The element ρ xi,jρ
−1 is equivalent to xρ(i),ρ(j) for 1 ≤ i 6= j ≤ n−1.

Proof. It is sufficient to prove the statement only for generators ρk, for 1 ≤ k ≤ n − 1. If
ρk 6= ρi, ρi+1, ρi−1 from relation (6) in Theorem 4 one obtains that ρk σiρk = σi = xi,i+1 =
xρ(i),ρ(i+1). Otherwise ρi+1 σiρi+1 = xi,i+2, ρi σiρi = xi+1,i or, by relation (7) in Theorem 4,
ρi−1 σiρi−1 = ρi σi−1ρi = xi−1,i.

Let xi,j = ρj−1 · · · ρi+1σiρi+1 · · · ρj−1 for 1 ≤ i < j − 1 ≤ n − 1.

i) Let k > j or k < i − 1. Then ρk commute with xi,j and the claim holds.
ii) If k = j, by definition, ρj xi,jρj = xi,j+1. Since ρj(i) = i and ρj(j) = j + 1 the claim

holds.
iii) If k = j − 1 one deduces that ρj−1 xi,jρj−1 = xi,j−1 = xρj−1(i),ρj−1(j−1).
iv) If i < k < j − 1 it suffices to remark that ρkρj−1 · · · ρi+1 = ρj−1 · · · ρi+1ρk+1 and that

ρk+1ρi+1 · · · ρj−1 = ρi+1 · · · ρj−1ρk. Therefore ρk xi,jρ
−1
k = xi,j = xρk(i),ρk(j).
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v) If k = i, we remark first that the equality
ρiρj−1 · · · ρi+1σiρi+1 · · ·ρj−1ρi = ρj−1 · · ·ρi ρi+1σiρi+1ρi · · · ρj−1

holds in V Bn. Applying relations (4) and (7) of Theorem 4 and we obtain the following
equality:

ρiρi+1σiρi+1ρi = σi+1 ,

and then ρi xi,jρi = xi+1,j = xρ(i),ρ(i+1).
vi) If k = i − 1 it suffices to remark that applying relations (4) and (7) of Theorem 4 one

obtains the following equalities:

ρi−1σiρi−1 = ρiρiρi−1σiρi−1 =

ρiσi−1ρiρi−1ρi−1 = ρiσi−1ρi .

The case of xi+1,i and xj,i for 1 ≤ i < j − 1 ≤ n − 1 are similar and they are left to the
reader. �

Proposition 17. The group Hn admits a presentation with the generators xk, l, 1 ≤ k 6= l ≤
n, and the defining relations:

(10) xi,j xk, l = xk, l xi,j ,

(11) xi,k xk,j xi,k = xk,j xi,k xk,j,

where distinct letters stand for distinct indices.

Proof. We use the Reidemeister–Schreier method (see, for example, Chapter 2.2 of [KMS]).
The set of elements of 〈ρ1, . . . , ρn−1〉 in normal form:

Λn = {(ρi1ρi1−1 · · · ρi1−r1
)(ρi2ρi2−1 · · · ρi2−r2

) · · · (ρipρip−1 · · · ρip−rp
) |

1 ≤ i1 < i2 < · · · < ip ≤ n − 1, 0 ≤ rj < ij}

is a Schreier set of coset representatives of Hn in V Bn. Define the map − : V Bn −→ Λn

which takes an element w ∈ V Bn into the representative w from Λn. The element ww−1

belongs to Hn. The group Hn is generated by

sρ,a = ρa · (ρa)−1,

where ρ runs over the set Λn and a runs over the set of generators of V Bn (Theorem 2.7
of [KMS]).

It is easy to establish that sρ,ρi
= e for any ρ ∈ Λn and any generator ρi of V Bn.

On the other hand,

sρ,σi
= ρ σi · (ρσi)

−1 = ρ σi · (ρ)−1 = ρ σiρ
−1 = xρ(i),ρ(i+1) .

It follows that each generator sρ,σi
is equal to some xi,j , 1 ≤ i 6= j ≤ n. The inverse statement

is also true, i. e., each element xi,j is equal to some generator sρ,σi
.
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To find defining relations of Hn we define a rewriting process τ . It allows us to rewrite a
word which is written in the generators of V Bn and presents an element in Hn as a word in
the generators of Hn. Let us associate to the reduced word

u = aε1

1 aε2

2 . . . aεν

ν , εl = ±1, al ∈ {σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1},

the word

τ(u) = sε1

k1,a1
sε2

k2,a2
. . . sεν

kν ,aν

in the generators of Hn, where kj is a representative of the (j − 1)th initial segment of the
word u if εj = 1 and kj is a representative of the jth initial segment of the word u if εj = −1.

The group Hn is defined by relations

rµ,ρ = τ(ρ rµ ρ−1), ρ ∈ Λn,

where rµ is the defining relation of V Bn (Theorem 2.9 of [KMS]). Denote by

r1 = σi σi+1 σi σ
−1
i+1 σ−1

i σ−1
i+1

the first relation of V Bn. Then

r1,e = τ(r1) = se,σi
sσi,σi+1

sσiσi+1,σi
s−1

σiσi+1σiσ
−1

i+1
,σi+1

s−1

σiσi+1σiσ
−1

i+1
σ−1

i ,σi

s−1
r1,σi+1

=

= se,σi
se,σi+1

se,σi
s−1

e,σi+1
s−1

e,σi
s−1

e,σi+1
= xi,i+1 xi+1,i+2 xi,i+1x

−1
i+1,i+2 x−1

i,i+1 x−1
i+1,i+2 .

Therefore, the following relation

xi,i+1 xi+1,i+2 xi,i+1 = xi+1,i+2 xi,i+1 xi+1,i+2

is fulfilled in Hn. The remaining relations r1,ρ, ρ ∈ Λn, can be obtained from this relation
using conjugation by ρ:

r1,ρ = ρ xi,i+1 xi+1,i+2 xi,i+1x
−1
i+1,i+2 x−1

i,i+1 x−1
i+1,i+2ρ

−1 =

= xρ(i),ρ(i+1)xρ(i+1),ρ(i+2)xρ(i),ρ(i+1)x
−1
ρ(i+1),ρ(i+2)x

−1
ρ(i),ρ(i+1)x

−1
ρ(i+1),ρ(i+2)

and we obtain relations (11).
Let us consider the next relation of V Bn:

r2 = σi σj σ−1
i σ−1

j , |i − j| ≥ 2.

Applying the rewriting process defined above we obtain that following equality holds in Hn:

r2,e = τ(r2) = se,σi
sσi,σj

s−1

σiσjσ−1

i ,σi

s−1
r2,σj

= x−1
i,i+1 x−1

j,j+1 xi,i+1 xj,j+1 .

Conjugating this relation by all representatives from Λn and applying Lemma 16 as above,
we obtain relations (10).

Let us prove that only trivial relations follow from all other relations of V Bn. It is evident
for relations (3)–(5) defining the group Sn because sρ,ρi

= e for all ρ ∈ Λn and ρi.
Consider the mixed relation (7) (relation (6) can be considered similarly):

r3 = σi+1 ρi ρi+1 σ−1
i ρi+1 ρi.



COMBINATORIAL PROPERTIES OF VIRTUAL BRAIDS 13

Using the rewriting process, we get

r3,e = τ(r3) = se,σi+1
s−1

σi+1ρiρi+1σ−1

i
,σi

=

= xi+1,i+2(ρi ρi+1 x−1
i,i+1 ρi+1 ρi) = e.

. �

The following Corollary is a straigthforward consequence of Lemma 16 and of the fact
that the natural section Sn → V Bn is well defined.

Corollary 18. The group V Bn is isomorphic to Hn ⋊ Sn where Sn acts by permutation of
indices.

From Proposition 17 we derive that Hn, which is the normal closure of Bn, is an Artin-Tits
group, but not of spherical type. It is also easy to verify that the lower central series of Hn

is similar to the one of Bn.

Proposition 19. The following properties hold:

a) The group H2 is isomorphic to Z ∗ Z which is residually nilpotent.
b) The quotient Γ1(H3)/Γ2(H3) is isomorphic to Z⊕Z and if n ≥ 4 then Γ1(Hn)/Γ2(Hn) is

isomorphic to Z.
c) If n ≥ 3 then the group Hn is not residually nilpotent and Γ2(Hn) = Γ3(Hn).
d) If n ≥ 5 the group Γ2(Hn) is perfect.

Proof. We prove the point b). If n = 3, from the six defining relations one deduces that
x1,2 = x2,3 = x3,1 and x1,3 = x3,2 = x2,1 in Γ1(H3)/Γ2(H3) which turns to be isomorphic to
Z ⊕ Z. When n ≥ 4, given two elements xi,j and xk, l we have the following cases:

i) If j = k and i 6= l from the relation xi,jxj, lxi,j = xj, lxi,jxj, l one deduces that xi,j = xj, l

in Γ1(Hn)/Γ2(Hn).
ii) If j 6= k and i = l we conclude as above that xk,i = xi,j in Γ1(Hn)/Γ2(Hn).
iii) If j 6= l and i = k there exists 1 ≤ m ≤ n distinct from j, l, k such that xk,j = xj,m =

xm,k = xk, l in Γ1(Hn)/Γ2(Hn).
iv) If i 6= k and j = l we proceed as in previous case and we obtain that xi,j = xk,j in

Γ1(Hn)/Γ2(Hn).
v) If i, j, k, l are distinct, using the element xj,k it is clear that xi,j = xk, l in Γ1(Hn)/Γ2(Hn).
vi) Finally if i = l and j = k, we choose 1 ≤ m, p ≤ n distinct from i and j and we obtain

the following sequence of identities

xi,j = xj,m = xm,p = xp,j = xj,i

holds in Γ1(Hn)/Γ2(Hn).

Therefore all xi,j are identified in Γ1(Hn)/Γ2(Hn).
To prove c) and d) we recall that Hn is the normal closure of Bn and therefore is not

residually nilpotent for n ≥ 3. Moreover, we recall that from the Artin braid relations, it
follows that Γ2(Bn) is the normal closure in Bn of the element σ1σ

−1
2 (see for instance [BGG]),

and thus Γ2(Hn) coincides with the normal closure in V Bn of the element σ1σ
−1
2 . Since
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σ1σ
−1
2 = [[σ1, σ2], σ1]

σ1 in Bn, then σ1σ
−1
2 = [[σ1, σ2], σ1]

σ1 in V Bn and therefore Γ2(Hn) =
Γ3(Hn). In the same way, since Γ2(Bn) is perfect for all n ≥ 5 [GL], so is Γ2(Hn). �

Remark 20. The group H3 decomposes as a free product G1∗G2, where G1 = 〈x1,2, x2,3, x3,1〉,
G2 = 〈x1,3, x3,2, x2,1〉. The group Gi, i = 1, 2 is isomorphic to the 2nd affine Artin-Tits group
of type A, also called circular braid group on 3 strands (see [AJ]).

The decomposition of V Bn into semidirect product provided in Corollary 18 was earlier
proposed by Rabenda ([R]). More precisely let Kn be the (abstract) group with the following
group presentation:

• Generators: xi,j for 1 ≤ i 6= j ≤ n.
• Relations: xi,j xj,k xi,j = xj,k xi,j xj,k for i, j, k distinct indices.

The symmetric group Sn acts transitively on Kn by permutation of indices: for any σ in
Sn, xσ

i,j = xσ(i),σ(j). Let Gn be the semi-direct product of Kn and Sn defined by above action
and let s1, . . . , sn be the generators of Sn considered as generators of Gn.

Rabenda defined a map φ : Gn → V Bn as follows; φ(si) = ρi for i = 1, . . . , n − 1,
φ(xi,i+1) = σi, φ(xi,j) = ρj−1 · · · ρi+1 σiρi+1 · · · ρj−1 for 1 ≤ i < j−1 ≤ n−1, φ(xi+1,i) = ρiσiρi

and φ(xj,i) = ρj−1 · · · ρi+1ρi σiρiρi+1 · · · ρj−1 for 1 ≤ i < j − 1 ≤ n − 1 and he outlined a
proof of the fact that the morphism φ is actually an isomorphism.

7. The extended pure braid group EPn

In this section we determine the relations between the group Hn and the group V Pn.

Proposition 21. The group Hn and V Pn are not isomorphic for n ≥ 3.

Proof. It suffices to remark that the abelianisation of V Pn is isomorphic to Z
n(n−1) and to

compare with the abelianisation of Hn (part b) of Proposition 19). �

Let ϕ be the map Sn → Hom(Sn) defined by the action of the symmetric group on itself
by conjugacy.

Proposition 22. The semidirect product Sn ⋊ϕ Sn admits the following group presentation:
• Generators: si, ti, i = 1, 2, . . . , n − 1
• Relations:

t2i = s2
i = 1, i = 1, 2, . . . , n − 1

sisj = sjsi, |i − j| ≥ 2

sisi+1si = si+1sisi+1, i = 1, 2, . . . , n − 2

titj = tjti, |i − j| ≥ 2

titi+1ti = ti+1titi+1, i = 1, 2, . . . , n − 2

tisjti = sj, |i − j| ≥ 2

tisiti = si, i = 1, 2, . . . , n − 1

ti+1siti+1 = si+1sisi+1, i = 1, 2, . . . , n − 2

ti−1siti−1 = si−1sisi−1, i = 1, 2, . . . , n − 1
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In the following we set Mn the semidirect product Sn ⋊ϕ Sn. Let V Bn and Mn be provided
with the group presentations given respectively in Theorem 4 and in Proposition 22 and let
χ : V Bn → Mn be the morphism defined by χ(σi) = si and χ(ρi) = ti for i = 1, 2, . . . , n− 1.
We call extended pure braid group on n strands the kernel ker χ and we denote it by EPn.

Let η1 and η2 be the maps from Mn to Sn defined respectively as follows:
η1(si) = 1 and η1(ti) = ρi for i = 1, 2, . . . , n − 1 ;
η2(si) = ρi and η2(ti) = ρi for i = 1, 2, . . . , n − 1,

where ρi, for i = 1, 2, . . . , n − 1, are the usual generators of Sn.

Proposition 23. Let V Pn and Hn be provided with the group presentations given respectively
in Theorem 9 and Proposition 17.

i) The group Hn coincides with ker(η1 ◦ χ).
ii) The group V Pn coincides with ker(η2 ◦ χ).
iii) The group Hn ∩ V Pn coincides with ker χ.

Proof. We recall that µ(σi) = 1, µ(ρi) = ρi, ν(σi) = ρi and ν(ρi) = ρi for i = 1, 2, . . . , n− 1.
Therefore µ = η1 ◦ χ and ν = η2 ◦ χ and part i) and ii) follow and then ker χ ⊆ Hn ∩ V Pn.
Now let x be a non trivial element of Hn. Since Hn is the normal closure of Bn, the element
χ(x) belongs to the subgroup generated by s1, . . . , sn−1 which is isomorphic to Sn. Since
η2(si) = ti for i = 1, 2, . . . , n − 1, it follows that η2(χ(x)) = 1 if and only if χ(x) = 1
and then η2 is injective on χ(Hn). Therefore, if x belongs to Hn ∩ V Pn then x belongs to
ker χ. �

There is also another possible definition of EPn as a generalisation of the classical pure
braid group Pn (actually, it contains properly the normal closure of Pn in V Bn).

Proposition 24. Let ε : Hn → Sn be the map defined by ε(xi,j) = ε(xj,i) = ρ
ρi+1...ρj−1

i for
1 ≤ i < j ≤ n. The morphism ε is well defined, the group EPn is isomorphic to ker ε and
the normal closure of Pn in V Bn is properly included in EPn.

Proof. The morphism ε coincides with the restriction to Hn of the morphism ν and therefore
EPn is isomorphic to ker ε.

Denote by 〈〈Pn〉〉V Bn
the normal closure of Pn in V Bn. Remark that ε(x2

1,2) = 1. Since

〈〈Pn〉〉V Bn
is actually the normal closure of σ2

1 = x2
1,2, one deduces that 〈〈Pn〉〉V Bn

⊂ EPn.
On the other hand, let us consider the following exact sequence:

1 → 〈〈Pn〉〉V Bn
→ V Bn → HBn → 1 ,

where HBn is the group obtained adding relations σ2
i = 1 to the group presentation of

V Bn. The group HBn contains elements of infinite order (for instance, consider the element
(σiρi)

2). Therefore it is not isomorphic to Mn and we deduce that 〈〈Pn〉〉V Bn
does not

coincide with EPn. �
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8. Finite type invariants for virtual braids

We recall a possible definition of finite type invariants for classical braids, which is the
algebraical version of the usual definition via singular braids (see [P] or Section 1.3 and
Proposition 2.1 of [GP] in the case of surface braids).

In the following A will denote an abelian group. An invariant of braids is a set mapping
v : Bn → A. Any invariant v : Bn → A extends by linearity to a morphism of Z-modules
v : Z[Bn] → A.

Now let V be the two-sided ideal of Z[Bn] generated by {σi − σ−1
i , | i = 1, . . . , n − 1} and

let V d the d-th power of V . We obtain this way a filtration

Z[Bn] ⊃ V ⊃ V 2 ⊃ . . .

that we call Goussarov-Vassiliev filtration for Bn.
A finite type (Goussarov-Vassiliev) invariant of degree d is a morphism of Z-modules

v : Z[Bn] → A which vanishes on V d+1.
The Goussarov-Vassiliev filtration for Bn corresponds to the I-adic filtration of Pn (i.e.,

the filtration associated to the augmentation ideal of Pn). More precisely, we denote by p the
canonical projection of Bn on Sn and we recall that the set section s : Sn → Bn sending ρi to
σi (for i = 1, . . . , n−1) determines an isomorphism of Z-modules Π : Z[Bn] → Z[Pn]⊗Z[Sn]
defined as

Π(β) = β((p ◦ s)(β))−1 ⊗ p(β), for β ∈ Bn

Proposition 25. (Papadima [P]). The additive isomorphism Π : Z[Bn] → Z[Pn] ⊗ Z[Sn]
sends isomorphically V d to Id(Pn) ⊗ Z[Sn] for all d ∈ N

∗, where Id(Pn) is the d-th power of
the augmentation ideal of Pn.

González-Meneses and Paris proved a similar proposition for braid groups on closed sur-
faces (Proposition 2.2 of [GP]).

In the case of virtual braids we can define a new notion of finite type invariant. This
notion was introduced in [GPV] for virtual knots. Let J be the two-sided ideal of Z[V Bn]
generated by {σi − ρi | i = 1, . . . , n − 1}.

We obtain this way a filtration

Z[V Bn] ⊃ J ⊃ J2 ⊃ . . .

that we call Goussarov-Polyak-Viro filtration for V Bn. We will call Goussarov-Polyak-Viro
(GPV) invariant of degree d a morphism of Z-modules v : Z[V Bn] → A which vanishes on
Jd+1.

This notion of invariant corresponds to the remark that stating with a virtual knot and
replacing finitely many crossings (positive or negative) we eventuelly get the (virtual) unknot.

On the other hand, one can also remark that a GPV invariant restricted to classical braids
is a Goussarov-Vassiliev invariant. In fact, since (σi−ρi)−(σ−1

i −ρi) = (σi−σ−1
i ) one deduces

that Jd ⊃ V d where V d is the d-th power of V , the two-sided ideal of Z[V Bn] generated by
{σi − σ−1

i , | i = 1, . . . , n − 1}.
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The Goussarov-Polyak-Viro filtration for V Bn corresponds to the I-adic filtration of V Pn.
The map ω : V Bn → V Pn ⋊ Sn defined in Proposition 11 determines an isomorphism of
Z-algebras Ω : Z[V Bn] → Z[V Pn]⊗Z[Sn], where Z[V Pn]⊗Z[Sn] carries the natural structure
of Z-algebra induced by the semi-direct product V Pn ⋊ Sn.

Proposition 26. The Z-algebras isomorphism Ω : Z[V Bn] → Z[V Pn]⊗Z[Sn] sends isomor-
phically Jd to Id(V Pn) ⊗ Z[Sn] for all d ∈ N

∗.

Proof. Let us denote V Bn by B. In order to prove the Proposition we need only to verify
that:

Jd = BIdB = BId = IdB .

In fact using this equivalences we can repeat word by word the proof of Proposition 2.2 in
[GP] and therefore prove the claim.

Now, since V Pn is a normal subgroup it suffices to prove that J = BIB. The inclusion
J ⊂ BIB is obvious. In order to prove the other inclusion we only have to show that
p − 1 ∈ J for p ∈ V Pn. Now let p0 ∈ V Pn, let m denote the number of σ±1

i (for i =
1, . . . , n− 1) in the word p0 and let pk the word obtained replacing each of the first k letters
σ±1

i (for i = 1, . . . , n − 1) by ρi in p0. The word pm is the identity in V Bn and therefore

p0 − 1 = p0 −
∑n−1

k=1(pk − pk) − pn =
∑n−1

l=0 (pl − pl+1) belongs to J . �
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