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Abstract

Equilibrium statistical properties of occupancy distributions within
zeta urns are revisited and developed.
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1 Introduction and outline of main results

Ten years ago, motivated by simplicial quantum gravity and the statistics of
branched polymers, a model nicknamed the zeta-urn model was introduced (see
(1], [2] and [3]). This model consists in a symmetric balls in boxes model with
many interesting features both at and out of equilibrium (see [8]). The pur-
pose of this work is to further investigate the statistical equilibrium properties
of the zeta urn model. It is first underlined that the model is in the Bose-
Einstein statistics class where undistinguishable particles are allocated within
distinguishable boxes, the energy required to place particles within each box be-
ing independent of box label. As a result, it may be seen as a random allocation
scheme obtained while conditioning on its sum a vector of infinitely divisible
zeta-distributed discrete random variables. This class of models has recently
received considerable attention (see [11] and [4], for instance).

One of the specificities of this model is that it presents a phase transition
between a fluid and a condensed phase at finite inverse-temperature 5 > 1. This
is because box energy is sub-linear (actually logarithmic). The critical proper-
ties are governed by the Riemann zeta function ¢ (3). We recall this property
and investigate some further statistical consequences in some details. Then, we



focus on the canonical partition function when the number of boxes and parti-
cles are fixed. Next, the box occupancies are investigated in the thermodynamic
limit. Fixing the number of boxes, we give the asymptotic behaviour of box oc-
cupancies when the number of particles becomes large, for different regimes in
parameter space 3. The total energy of the configurations is next studied under
the same limiting conditions. We use singularity analysis of poly-logarithmic
functions to do so (see [6]). In the sequel, the number of states (boxes) with
prescribed number of particles is studied in the canonical ensemble. In partic-
ular, since the number of occupied states deserves interest, we shall study it in
some detail. Several other statistical issues of interest are briefly discussed.

The last Section is devoted to the occupancy distributions in the grand-
canonical ensemble after the number of particles was suitably randomized. In
a specific low temperature - large number of boxes asymptotical regime, it is
shown that occupancies are governed by uniques or singletons as in Fermi-Dirac
statistics.

2 Urn models and occupancies

To fix the background, we start with generalities on thermalized urn models
before concentrating on the remarkable zeta-urn sub-class.

2.1 Generalities on thermalized urn models

Consider an urn model with n distinguishable boxes within which k particles
are to be allocated ‘at random’. Suppose first the energy required to put k,,
particles within box number m, m =1,..,n, is e, .m > 0. Two cases arise:

1/ ek,, m depends explicitly on box label m. A famous example is eg,, m =
km€m Where €, is the energy required to put a single particle within box number
m, m = 1,..,n. Typically, €, = m®, for some a > 1. Note that ey, ,, is an
increasing sequence in both arguments (k.,,m). In this case, energy is box
dependent (BDE).

2/ eg,,.m does not depend on m, hence eg,, m = eg,, where ey, is simply
assumed to increase with k,,,. In this case, energy is box independent (BIE).

Occupancy distributions which we shall consider are Gibbs distributions
which can be obtained while maximizing occupancies distribution entropy un-
der the constraint that the average total energy (h) := (hg,) of the k—particle
system configurations within n boxes is fixed. In this setup, as usual, a parame-
ter S (the inverse of temperature) pops in; it is the Legendre conjugate to the
average energy (h). Let Ny :={0,1,2,..}. We shall be interested into the law of

Kk,n = (Kk,n (1) yeney Kkm (n)) S Ng



which is an integral-valued random vector which counts the occupancy num-
bers within the n different boxes in a k—system of particles. Depending now
on whether particles to be allocated are distinguishable or not, two additional
cases arise; finally, we are left with four cases:

e Assume first particles to be allocated within labelled boxes are distinguish-
able (Maxwell-Boltzmann statistics).

-With 3" _, kn, = kand ky, := (kq, ..., kn) € NJ, if energy is box dependent,
Ky, follows the BDE-DP (box-dependent energy, distinguishable particles)
distribution if:

1 noo
PK. =k m,m
( k.n ) Zk n ( 7r£[1 km
where partition function
n ka
Zk,n = H Qﬂ m z and Qﬂ,m. (z) — Z me—ﬂekm,m
m=1 km€Ng m

is a product of ‘exponential’ generating functions [In the latter formula, [2*] f (z)
stands for the z*—coefficient in the series expansion of function f(z)]. Here,
U,;f_m := e~ Berm.m are the usual Boltzmann weights. In addition, 3 and (h) :=

(hin) are Legendre conjugates, related as usual through —dglog Zy, ,, (3) = (h).

- when energy is box independent, Ky, ,, follows the BIE-DP (box-independent
energy, distinguishable particles) distribution if:

ﬂ

q

P(Kkn—kn):ﬁ H

)

m=1 m

Where, with O ‘= eXp €eg
n Z _Be
Ziw (B) = [2"] Qs ()" and Qp (2 Z e Bex
=, k!

In this case, the distribution of Ky, is exchangeable or symmetric (as a result
of its invariance under permutation of the entries).

e Assume now particles are undistinguishable (Bose-Einstein statistics).
- If energy is box-dependent, Ky, ,, follows the BDE-UP distribution if:

H %,
an 4 km m’

P (K, =k,



where partition function

Zypn(B) = [zk} H Pg . (2) with Pg ., (2) = Z ZFm e =Pekm,m
m=1 km €No

is now the product of ‘ordinary’ generating functions.

- if energy is box-independent, K, ,, follows the BIE-UP distribution if:

1 A
P (Kk,n - kn) - m H Ukﬂv

where
Zyn (B) = [Zk] Pg (2)" and Ps(z) = Z Ske—Pek

2.2 Zeta-urns: statistical properties

In this manuscript, we shall limit ourselves to the BIE-UP distribution. We
shall therefore suppose that the energy required to put k,, particles within box
number m, m =1,..,n, is eg, > 0 where ey, is an increasing function with k.,
independently of box label m. Assume ey := 0. We shall also further specify and

assume that
€k

— =
k koo

meaning that energy is sub-linear. For example, e, = k* with o € (0,1) and
er = log (1 + k) would do. Interest into such specific allocation models is because
they are likely to present a phase transition phenomenon at all temperatures in
the first case and when temperature is small enough in the second case. We shall
in fact further restrict ourselves to the BIE-UP model with e = log (1 + k) or
equivalently o, = 1 + k, which is the zeta urn model (see [1] and [8]).

e Occupancy distribution statistics

With Y _, ky, = k and ky, := (k1, ..., kn) € Nj, the zeta occupancy num-
bers Ky, within the n different boxes in a k—system of particles follows the
exchangeable distribution:

n

ey L -B
(2.1) P (Kin=k,) = AT m]‘:[1 o7,
with E (K, (m)) = k/n and o, = 1+ k. Clearly,
(2.2) Zyn (B) = [2"] Dp (2)"

where Dg (z) :=14+>",+, alzﬁzk is a thermalized ordinary generating function
(here, a Dirichlet series). Because all the information on the model is enclosed



in the two-parameters function Dg (z), let us first study it before proceeding
with the evaluation of Zj ,, (8).

e Some properties of the function Dg (2)

First, the (real) definition domain of Dg(z) is 8 > 0 and z € [0,1) or
B> 1 and z = 1. Incidentally, with I'(.) the Euler gamma function, Ds (z) has
alternative Bose-Einstein integral representation:

o] tﬁ—le—t

Dy =557 ), T

expressing the poly-logarithmic (multiplicative) Dirichlet series

zDg (z) = Z k=P 2*

k>1

as a Mellin transform of its additive counterpart 3, o, e #¥ 2% = ze=t/ (1 — ze™?),
t > 0. This straightforward number theoretic representation is well-known, es-
pecially for Dg (1) =: ( (), the Riemann zeta function. Next, when 5 > 0 and
z€[0,1)

1 z
Dywr (2) =1 [ Dy (e

From the statistical point of view, this suggests to consider the positive
random variable T , with generalized Planck density (see [12]), namely

1 th—le~t
t) = t>0
fTB,z() F(ﬂ)Dg(Z)l—ze*t’ >
where § > 0 and z € [0,1) or > 1 and z = 1. This family of probability densi-
ties includes the classical (standard) Planck density (z = 1) and the gamma(/3)
densities (z = 0). Actually, it is a discrete scale-mixture of gamma(3) distribu-
tions, since

FA+E) P A+k) 41w
f1s. (t):§z 5o T e

In other words, Tg . 4 Sp,2-Tp,0 where Sg . := (1 + Kg)z)fl is the random scale
2F(1+k)"°

Dg(z)
k € No; it is a (say) discrete zeta([3, z) —distributed random variable, indepen-
dent of gamma(f3) —distributed T30 with shape parameter 3. When g > 1,
z — Dg (z) is absolutely monotone on (0,1) in the sense that order [ derivatives
Dg) (2) > 0foralll >0 and z € (0,1). Indeed, Dg(2)/Dgs (1) is the gener-
ating function of the integral valued random variable K3 ;. Raising Dgs (z) to

change. In the latter expression, Kg . is such that P (Kg ., =k) =



the power n also gives an absolutely monotone z—function on (0,1) (because,
up to a constant, it is the generating function of the sum of n independent and
identically distributed (iid) copies of K3 1).

We finally note from the expression of fr, _ (t) that for > 0 and z € [0,1)

B (10 =1 (9

where I' (8) = E (Tf’gl). Thus Eﬁ (2) := 328 also interprets as the moment

function of S, := (1 + Kllz)fl, namely: Eg (z) = E (5¢71) recalling that

T, 4 Tio-S.

where T, has exponential distribution and is independent the lattice scale
random variable S, supported by (1 —|—k)71, k € Ny. As a scale mixture of
exponentially distributed random variables, the random variable T3 . is infinitely
divisible (see [13]).

This shows that, with z € [0,1), the function § — 155 (z) is completely
monotone as a function of 3 (in the sense that (—1)" 6;55 (z) > 0 for all

@8 > 1). Indeed, by Bernstein theorem, 55 (%) is the Laplace-Stieltjes transform
of —logS, > 0. Raising 155 (2) to the power n also gives rise to a completely
monotone f—function on (1, c0) (because it is the moment function of the prod-
uct of n iid copies of S,).

Since energy is sub-linear, the convergence radius of the series Dg(z) is
2. = 1. Function Dg (z) is absolutely monotone on (0, z.) . It increases with z
and its [—th derivative at point 1, say Dg) (1), is finite if and only if 8 > [+ 1.
In particular, Dg (1) is finite if and only 8 > 1 and both Dg (1) and Dj (1) are
finite if and only g > 2.

e Canonical partition function
Let us now turn back our attention to Zy ., (5) . Clearly, Z, ,, (8) fulfills the
recurrence:

k
Zinir (B) =Y Zkin (B)oy P n > 1
=0

with boundary conditions Z 1 (8) = (1 + k)P, k>0and Zon(B)=1,n>1.
Let N:={1,2,..}. By Faa di Bruno formula for potentials (integral powers),
with {n}, :==n(n—1)..(n —1+1), a closed-form solution is

k
Zim (B) = % > {n} Bri(elo?)
Ti=1



where, with ze := (21,22, ..), Bi,i (Ze) is a Bell polynomials in the variables x4
(see [5]):
!

By (4) = I;—" 3 I1 z’“:; I=1,..k

km€N: YU _ k=K =1

In other words, after some simplifications
kAn n p
Zin (B) =) < ) > (1+ k)"
p=1 P kmeN: Y0 _ km=k m=1
is the closed-form expression of Zj ,, (). Note that, with

o€ Span{H(l + km), when ki, ...k, € NZ and ki + .. + k,, = k}
1

we also have

Zkn (B) = Z |C.n (log o) oF

where |Ci,n, ()| = #C » (h) and

Crom (h) = {kl, ik € N§: by 4 ootk =k and log [ (14 km) = h} .
m=1

e The thermodynamic limit and evidence of a phase transition

Let p > 0 and assume k = k,, := |np], so that p interprets as the box density
of particles. When n " oo, we further get the thermodynamic limit. Observing
that

1
7 n - 7(k+1)D "
o (9) = i 27 0F0D ()"
a saddle point estimate gives
L 108 Zjnpyn (8) E (20 ()" Dy (25 (0))"]
n gL np|n oo n g |28 \P B\zp \p

W Plogza(p) —log Dy (26 (p)) = SF3 ()

where saddle point zg (p) is defined implicitly by

25 (0) ®) (2 (p)) = p and B (=) := log D (2).

The function Fg (p) is the free energy per box in the thermodynamic limit.
The range of the function 2@ (2) when 2 € (0,1) is (0, p.) where p. = oo if
B<2and po =05 (1) =C(B-1)/¢(B) =1 < ocif 3> 2. Since z € (0,1) —



z®7 () is monotone increasing, zs (p) is uniquely defined for each p € (0, pc).
By the Lagrange-inversion formula, when p € (0, p.):

1
() =1+ '%hl (8) with hy (8) == [z @) ()"

>1

For each 8 > 0, the free energy function p — Fj (p) is a convex function of p > 0.
Further Fj (0) = 0, Fj5(0) = —oo and Fjp (p) decreases with p. When 3 > 1,
Fs(pe) = —%10g((6) € (—00,0) and Fj (pc) = 0. Next, p. = oo if 8 € (1,2]
whereas, when 8 > 2, p. < co and Fg (p) = Fs(p.) in the range p € [p¢, 00).
In any case, when § > 1, Fg(p) is bounded below by Fp (p.) whereas it is
unbounded below when 8 € (0,1). When 8 > 2, the critical density p. < oo
separates a fluid phase (p < p.) from a condensed phase (p > p.). Clearly, the
critical properties of this phase transition model are dictated by the Riemann
zeta function.

The partition function behaviour shows that, in the thermodynamic limit,
K., n» is asymptotically iid in the sense that

n -3 km
1 1 ... %8 (p)
——logP (K, n=k, ~ ——log —_— .

m=1

e Additional aspects of the occupancy distribution
We now draw various immediate conclusions from the occupancy distribu-
tion expressions.

(1) The conditional probability to occupy state m is

Zk,nfl (6)
Zk,n (ﬂ) .

(i) If kK < n, with 1 := (0,1,0,...1,0,1) a vector with & “1” in any of the
(%) possible positions

T =P (Kgn(m) >0)=1-—

n crl_ﬂk
P =10= (1) 70

is the probability that the k particles will occupy any k distinct boxes.

(7it) (Bose-Einstein): When (3 tends to 0, the joint law of Ky, ,, looks uniform

1

("%

P (Kin=k,) =



and the 1—dimensional distribution reads

(")

n+k—1
(")
(tv) Occupancies Ky, , have exchangeable distribution. We observe from
Eqs. (2.1, 2.2) that

) _ 2] Doy D ()
E(,nr_[ " )‘ M D"

P (Kpn(1)=1) = 1=0,....k.

Putting uz = .. = u,, = 1, the one-dimensional distribution of K}, (1) can
easily be checked from the convolution formula to be

Ul_ﬂZk—l,n—l (ﬂ)
Zk,n (ﬂ)

(v) Using the saddle-point analysis of Z, ,, (6), in the thermodynamic limit,
we immediately have

(2.3) P (Kpn(1)=1) = L 1=0,... k.

d
K. (1 K
n()n;;o p

where K, has zeta(0, 23 (p)) distribution, namely:

0" z)
Dg (25 ()’

Assuming 3 > 1, when p /" p¢, 23 (p) /1 and K, has zeta(3) — distribution
with power-law tails:

P(]Cp:l)z € Np.

o, h
P(K, =1)=2L_ leN,.
AN
The critical random variable K, has finite moments of order strictly less than
B — 1. Its distribution is zeta(3) law, also known as Zipf law (see [10]).

(vi) Let us now investigate correlations.

The joint falling factorial moments of (Kj. (m)) _, are also available in
closed form. Let us also consider the falling factorial moments of Ky ,. Fix
L, :== (l1,..,1) € N}, summing to | with [ < k. Expressing the joint generating

function E (H:lzl uﬁ’“’"(m)) in terms of v,, = u,;, — 1, we have
- [Ty —i b [2"] Ty [vh] D (2 (0 + 1))
E {Kk,n (m)} = == e n :
nl_:[l b [2*] Dg (=)




Let {k}, ;= k(k—1)..(k — 1+ 1) stand for the [—falling factorials of k. Since
! [V ] D (2 (om + 1)) = 30 5 {km}y a,;f - 2zkm with k,, summing to k,
we get a

E ﬁ (Ko (m)} _ anzln [Th= {km}lm ka _ [Zk} H:;:1DgM) (2).
i Zyen (B) Zyon (B)
(2.4)
Particularizing l,, =1, m=1,...,7, l,, =0, m =r+1,...,n, we get the joint
moments

r [2%] (D} ()" Dg (2)" "
EOIMWWOZ (mef )

If in particular Iy = 2,1, =0, m=1,...,n

4] (D} (2) D (2"
ka (6)

E ({Kk,n (1)}2) =
in such a way that

" n—1
. a»_kﬂ@%mea )+ﬁ1_ﬁ
k.n - ka (6) n n .
Squaring > _; Ky, (m) = k, averaging and using exchangeability, for each
mi, mg € [n], my # ma, we get the covariance

0* (Kin (1)

OOU (Kk,n (ml) s Kk,n (mg)) = — p—]

(vit) Fixed number of boxes and large number of particles: We now prove
the following convergence in distribution.

Lemma 1 Assumen(l—p) ¢ {-1,-2,..}.

(1) Let (S1,..,5,) := Sy L D,, (1 =), the Dirichlet distribution on the
simplex with parameter 1 — 3. If B € (0,1), it holds that

(2.5) Kin/k%S, ask / oo
In particular,
Ki (1) /k % S, & beta(1 - B (n—1) (1 - B)) as k / .
(i) If B > 1,

0o + (1 — l) zeta(B), as k /" oo,

n

10



where a Ng—wvalued random variable has the zeta(3) distribution if its probability
generating function is Dg (u) /Dg (1).

Proof: Suppose n(1—03) ¢ {-1,—2,..} (If this were not the case, the
singularity would be logarithmic and would deserve a special treatment which
we skip).

(1) When 8 € (0,1), to the leading algebraic order, we have

Dj ()" rA-p)"(1-27""

~Y
2,/ z.=1

where Dg (2) 1= ;5 crk_ﬂzk. [The exact asymptotic equivalent of Dg (z) is

l
- (-togz) 0+ 3 E g2t
>0 ’

Dg (2)

~Y
z,/ zc=1

It follows from standard singularity analysis (see [6] for generalities on transfer
theorems and [7] for the specific poly-log functions) that

7 n I'1-23 " n(l—B)—
k,n (6) = [Zk] Dﬁ (Z) k;/ ﬁk (1-p)-1
Next, we have

Z11 (B) Zk—in—1 (B)
Zk,n (6)

P (Kyn(1)=1) = 1=0,..k

Thus, with s € (0,1), as k /" o0
Ken (D) ) I'(n(1-0) (1=B)=1 (1 _ oy(n—1)(1=B)—1
(P =)~ rrr ey 0

where one recognizes the density of a Beta(l — §,(n —1) (1 — 3)) distributed
random variable S,,. This shows that

K p (1) i
k koo

S, < Beta(1— 8, (n—1)(1—8)).

This limiting distribution is the marginal of a Dirichlet distribution D,, (1 — )
with parameters n and (1 — 3) towards which Ky, ,/k, more generally, converges

weakly as k " co. We recall that the density on the simplex of S,, 4 D, (1-70)
is exchangeable with

fs., (81, . Sn) = W H 55}176)*15(2?&”:1).

m=1

11



(ii))If B>1,Ds(z) ~ Dg(1)+T(1—=p)-(1—2)""". Thus,

z,/ zc=1

Dg (2)" Ds(1)" +nl (1—B) ¢ (BT (1—2) 17

~Y
z,/z.=1

By singularity analysis,

Ziw (B) = [2*] Ds (2)" Do 6 Bk
We have
Euken _ ] (D20 Da0)7) ~ (1_ 1) Dy (v)
Zk,n (6) koo n Dg (1)

because the dominant singularity of D (zu) Dg (z)" " is at z = 1 so that the
analysis of the numerator reduces to Dg (u) [2*] Dg ()"~ = Dg (u) Zn—1 (8).

This shows that, as k goes to oo, with probability 1/n, Kj , (1) = oo whereas
with probability 1 — 1/n, Ky (1) converges weakly to a zeta(8) distributed

Nyp—valued random variable whose generating function is g’; qu ,u€0,1]. 0

e Energy of the configurations
A random variable of interest: the total energy of the occupancy configura-
tions. It is the random variable

Hk,n = Z eKk,n(m)'

m=1
Clearly, it is characterized by its Laplace-Stieltjes transform (LST)
Zk n (6 + )‘)
E (Mn) = ZEn P T Ay 5
( ) Z,n (6)

With h € Sy, := Span{}_. _, ex,., when kq,..,k, € N} and ki + .. + k,, = k},

this is also

m )

n Hn: Uﬁﬁ
P [Hk}ﬂz = h] Z 1 <Z eKkyn(m) = h) M
kit 4kn=k \m=1 Zkn (B)
e |Chn (h)]
Zk,n (6) ’

where |C.r, (h)] = #C n (h) and

Crm (h) = {kl, ok €N ki btk =kand Y e, = h} .

m=1

12



Recalling ey,, = log (1 + k), we also have h € Sk, if and only if o := e and
o € Span {Hu + k), when ki, ...k, € NI and ki + .. + k,, = k} .
1

Next, Cin (logo) = {ki,..,kn € N§: k1 + ..+ k, = k and H’f (14 k) =0}
where o is an integer belonging to the above set. There is no known explicit
expression of the number of both additive and multiplicative integer ‘composi-
tions’, namely of |Cy ,, (logo)].

qe e PO, L (h)]
Note however that, as a probability, 0 < 1 so that

log |Cn (R)] < Bh + log Zk., (5) .

Finally, the joint law of the occupancies conditionally given Hy ,, = h is also
of interest in the micro-canonical ensemble: With k,, € Cy,, (h) and h € S p,

we have 1
| o [Kk,n = kn | Hk,n = h] = T i\
[Chn (R)]

and the distribution is uniform over the set Cj ,, (h).

Remark: As is well-known, in a neighborhood of 3 =1, ¢ (8) = (8—1)"" +
¢+ o0(1) where ¢ is Euler’s constant. Thus ¢ (3)" S (B—1)"". Let S, (¢') :=

Span{ky + .. + kn, when ki, ...k, € N§ and [} (1+ k,,) = ¢’} . It follows from
singularity analysis that

n—1

> X [Cknllogo)] s

o'=1keS, (c)

Note that 37, cs. (o) [Ckn (logo”)| = # {ki, ... kn € N§: [[7 (1 +km) = 0’} is
the number of multiplicative compositions of ¢’ with n summands each possibly
taking the value 0. $

We now supply limit laws for total configurational energy when k " oo in
the different regimes for .

Proposition 2 (i) Let 8 € (0,1). Let no > 0 be a random wvariable with
gamma(n (1 — B3)) distribution. With 1o independent of Hy n

k 4w
Hin—nlog| — | — m as k /' oo
K, g(%) > /

m=1

where (Nm;m = 1,..,n) are exp-gamma(l — ) real-valued iid random variables.

13



(ii) When 8 > 1 is not integer, we get

n—1

Hiw —logk % > 6, as k /o0

m=1

where (6m;m = 1,..,n) are #id infinitely divisible random variables with common
lattice exp-zeta(B) distribution

P (61 =logl) = %, leN:={1,2,..}.
Proof:
(1) B € (0,1): In this case,

ra-pg" n(1-A)-1

Zin (B) =105 ()" > Frra =gy

and so
Zgn (B) koo r'(1-p) F(n(1-5-2X)
From this, the law of 1y can be read: it is given by Ena)‘ = %, A<

n (1 — B3). Also, the ones of (1,,;m = 1,..,n) are seen to be given by Ee ™" =
W for A < 1 — B. Thus 19 and e~ are gamma distributed with the
announced parameters and Part (i) follows up.

(ii) B > 1: Recalling Zy,, (3) = [2*] Ds (2)" L n¢ (8)" ' kP, we indeed

oo
have

_ _ Zim (B+A) CB+M)\"!
E A Hy,n—logk) _ k}\ k, ~ < >
‘ Zin(B) ko \ (D)
which is a product LST of the &,,s, with E (™) = ¢ (34 X) /¢ (B). It is

known (see [9]) that d; is an infinitely divisible compound Poisson distribution,
namely:

p P
51 = E Eq
q=1

with (e4;¢ > 1) an iid sequence, independent of P iPoisson(logC (8)) and com-

mon law:
P (e1 =logi) = % (9) i=2,3, ..

~ log ¢ (B)’

A(Q;;ﬁ, where A (i) = logp - 1 (i = p') (for

some prime p > 2 and some integer [ > 1) is the von Mangoldt function. This

In the latter expression, ¢; (8) =

14



follows from taking the logarithm of Euler product representation of Riemann
zeta function, stating that, for § > 1

cB=T[-»""

p>2

where the infinite product runs over all prime numbers p. Stated differently, the
jumps law also reads

(€1 € dx) Z Z 51 logp (dz) . O

p>210>1

e Occupancy distribution as a random allocation scheme
Let z € (0,1). Let (&;,m;m > 1) be an iid sequence on Ny := {0, 1, ...}, with
discrete zeta((, z) distribution, namely

Uk_ﬂzk
2.6 P(.1=k) =p(k , k € Ny.
(2.6) (€ =) =t (k) = P
The generating function of &, ; is
Dg (zu)
2.7 E(uf) =222 0<u<1/z
(2.7) () = 3 5 /

The random variable £, ; has mean p = z D”Ezi and finite variance o2.

Let P (k) := Zklzop (k1) and P (k) := 1— P (k) the tail distribution of &, ;.
Then, 28 < > ¢ (0,1) and

» P(k—1)
kP 2
k ~ =
p (k1) ki 00 Dg(z)
_ LBk
P(k) ~ .
(k) koo Dg(z)

The distribution of &, ; can be obtained as follows: suppose we randomize
the success probability p of a geometrically distributed random variable N by:

p — P := ze X where z € (0,1] and X < gamma(f), independent of N. We
assume § > 0if z € (0,1) and § > 1 if z = 1. Then, with k£ € Ny

P (N >k)=E (PF) = 2"E (") = (1 + k)77 2*
N is a log-gamma-geometric mixture with mean E(N) =", ., (1 + k)P 2k =
Dg (2). R

Next, &,1 is the size-biased of N for which P (§,1 = k) =P (N > k) /E(N),
also interpreting as the limiting residual lifetime in a discrete renewal process

15



generated by N. Because of this representation, the sequence P (£, 1 = k) is
completely monotone and so &, is infinitely divisible, meaning that it is a
compound Poisson random variable, with

P-
=2 e
q=1

where P, is a Poisson random variable with intensity ®g(z) := log Dg (%),
independent of the iid sequence of jumps (e.,4;¢ > 1) with common generating
function

log D
(2.8) E (u 1) = 7;’(;2 ;ﬁ(é‘)).
Therefore, with ¢y (8) := [2*] (log Dg (2)) > 0
o Zer(8)
P(€z71—]€)— m, k e N.

Let Con := D oi 1 &2my m > 1, be the partial sum sequence of (&, ,;m > 1)
with ¢, 0 := 0. Then, for any p > 0, one can easily check that

P (Kk,n - kn) =P (gz,l - kla ---7§z,n - kn | Cz,n - k) .

The zeta-urn distribution is in the class of random allocation schemes as the ones
obtained by conditioning a random walk by its terminal value (see [11] and [4]).
Further, the involved random variables (£ n;m = 1,..n) are compound Poisson.

e Order statistics: Let

Ky (n) = (Kiyn) (1), o Ki (n) (1))

be the ordered version of K, with Ky ,,) (1) > ... > K}, () (n). Due to the
random allocation scheme representation of Ky ,,, it follows that

m—1 B
P (Kk,(n) (m) < r) = Z (7)? (’I”)l P (T)nfl | o (Cz,l + Cz,nl:—)l(g k |_§z)1, '-7§z,n < r).
=0 zmn —

In particular, if m = 1, with r > %

n P (CZ,TL =k | 52,17 --;fz,n < T)
P (Cz,n = k)

whereas, for m = n, with r < %

o nP .n=k|&, sy Szm
P (Ky () (n) <7) =1-P(r) = P(clilzk)g) =

16



Let k, = |np| in such a way that k,/n —,_~ p (the asymptotic occupancy
density). As n /" oo, the occupancy K, n) (1) of the box with largest amount
of particles satisfies

P (K,{m(n) (1) =71, — 1) — 671
P(K, ml)=r) — 1—e'

where 7, is the sequence fulfilling nP (r,) — 1, which is of order

n

(2:9) o =08yt (m 1ot (m)]ﬁ) |

The support of K, n) (1) law consists in the two points r,, — 1 and 7, where
rn, slowly moves to infinity as indicated. The discreteness of the distributions
involved prevents the maximum from converging properly and instead forces
this oscillatory behavior.

The smallest term K, () (n) tends to 0 with probability 1 as n " oco.

e Sampling without replacement from zeta urn
Let (&,,m;m > 1) be an iid sequence of zeta(s, z) distributed random vari-
ables on No, with mean p > 0. Let (., := Y 1 _; &0, 7 > 1. As noted above:

d
Kk,n = (é-z,la ~'~7§Z,n | sz = k) .

Assume the number of particles k is larger than n. We would like to extract
a random sub-sample of size n, without replacement, from Ky, ,,.

Let K,, := (K, (m),m =1,..,n) be the number of occurrences of energy
state m in this random size-n sub-sample, with > | K, (m) = n. With
(k1,....,kn) € Ni satisfying > _ ky, = n, the sampling without replacement
strategy yields:

P(K,(1)=ky,..K,(n)=k,) = ﬁn’%km'}: <H {Kkn (m)}km>

1 [T D5 (2) Jhn!

(k) ka (ﬂ) 7

n

m=1

where, in the second step, we used the expression of the falling factorial mo-
ments of Ky, , displayed in Eq. (2.4). In the sub-sampling without replacement
strategy, a knowledge of these moments is essential.

2.3 Frequency of frequencies: canonical approach

e The number of non-empty states

17



Let now Py, = > I(Kgy, (m) > 0) count the number of non empty
cells. With p < n Ak, using exchangeability of Ky, ,,, with k, := (k1, .., kp) € NP
summing to k

n) HZ:l Ul;qﬁ
p Zk,n (ﬂ)

is the probability that p cells only are occupied with occupancy numbers k,,.
Thus

(2.10) P(Pin=p) = <n> m Z H Uk_qﬂ

p k> 1:iki+..+kp=k g=1

- ()L
p) ¥ Ds(2)"

P(Kin(1)=ki,...Kin (p) =kp; Pon =p) = (

and

Hszl ‘71;5
[2F] (Dg (2) = )"

P (Kin (1) =Fk1,.., Kin (p) =kp | Pon =p) =

e The number of states with prescribed number of particles
This suggests to look at the frequency of frequencies distribution problem.
For i =0, .., k, let now

n

(2.11) A (1) = > T(Kn (m) = i)

m=1

count the number of cells visited ¢ times by the k—sample, with Ay, (0) =
n — Py n, the number of empty cells. Let (ao, a1, .., ar) be non-negative integers
satisfying 1" a; =n and Y., ia; = k. Then
n! boo P
P (Apn (0) =ag, Agn (1) = ay, .., Apn (k) = ai) = i i
(Akn (0) = ao, Ak (1) = a1, .., A, (k) = ax) Zk,n(ﬂ)g o

Note from this that, with >, ia; = k and Z]f a; < n, the normalization
condition gives

1 Mo P 2 (B
(2.12) 3 __kynaﬂ:kJX

From this, we get



Proposition 3 If p = n — ag, the joint distribution of (Ak, (1), .., Akn (k))
and Py, reads

(213) P (Ak,n (1) = a, --7Ak,n (k) = Qk; Pk,n = p) =

so that

Let us now compute the falling factorial moments of Ay, ,, (i), i =1, ..k.

Proposition 4 Let r;, i = 1,..,k be non-negative integers satisfying Zlf Ty =
r<n andzlfin =kr < k. We have

(2.14) B (11 ) ] =, 2 ) Hafﬁn.
i
Proof:
B|[[ e, | =2 ¥ —1 H{ o }
") T 2 2 o ) L)
L ey L] {Uiﬁw >}
Zkn (B) z‘:lai arran (n— ’fai)!izl (@i —r)! [

1 o7 "IN B (B)
alz,:ak (n_zlfai)|1l:[1{ ‘ "}_ ( )! .

Finally, we get

k
E H {Ak,n (Z)}n‘| = {n}r %{Tﬂ)@ H 0';6”, 0

In particular, if all r; = 0, except for one ¢ for which r; = r, then

Zkfi,nfr (6) O—;B
Zk,n (ﬂ) .

(2.15) E [{Arn (0)},] = {n},
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If all r; = 0, except for one i for which r; = r =1, then

Zi—im—1(8) Ui_ﬂ
Zk.n (B)
This shows that the expected number of cells visited i times is n times the

probability that there are i visits to (say) cell one. From this, we more generally
get

(2.16) E[Apn (i) =n

=nP (Kpp (1) =1).

Proposition 5 In the thermodynamic limit, with p € (0, p.):
1 a.s. .
EAanJ,n (i) = P (K, =1) asn / oo.

Proof: In the thermodynamic limit x,, = [np], n / oo, Ky, » is asymptoti-

] i
cally iid with components law: P (K, =1) = %, [ € Ny. The above state-
ment therefore follows from Ay, (i) = > o _ I(Kj, (m) =1) and the strong

law of large numbers. [

3 Grand canonical occupancies

In this Section, we investigate the grand-canonical occupancy distributions.

e Gibbs randomization of sample size. Assume sample size k is now
random, say K ,. Assume further that K, , has distribution:

Zka,n (ﬂ)

Pl =T o

k € Np.
The randomized version K, , of k has generating function
Dg (zu)\"
E (uf:n) = < b >
() Dg (2)
and so K, ,, is a sum of n independent zeta(, z) integral-valued random vari-
ables with common generating function Dg (zu) /Dg (%) .

e Grand-canonical occupancies. Now indexing cell occupancies by z
rather than by k, we can define the joint laws of cell occupancies vector K ,, :=
(Kyp(m);m=1,..,n) and K, as

LA
P (K. = kot Ko = k) = Dﬁ%z)(f)P (Kn = k)
k n
z -
= — o, .
Dpg (2) }_:[1 o
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Observing that K., = Y _; K., (m), regardless of the event K., = k, we
get

Proposition 6 For all k,, € Ng, m =1,.
n ka(fk n
P(Kz,n:kn):H H gzm: m)~
m=1 m=1

The law of the &, ,,s depends on z; further, z and x := E (K ;) are easily

seen to be related through k = nz DBE § (under this model, the expected number

of particles is proportional to n). In this interpretation, P (K, , (m) = ky,) =
P (&, = kn) and the law of K. ,, turns out to be a mere product measure.
Note that, if P,,, = > _ I(K,,(m) > 0) denotes the number of occupied

m=1

boxes, with k, = (k1, .., kp) € N?

p
P (Kz,p = kp; Pz,n = p) = (Z) P (&z,n = O)n_p H P (52,(1 = kq)

q=1

and, with P (¢,,, =0) = 1/Dg(z), for p € {0,..,n}

P(P,,=p) = (Z)P (& =0)""PP (& > 0)

giving a binomial distribution for P, ,. As required, we have P (P, , =0) =
1/Ds (2)" =P (K., =0). Next, E(P.,) = n (1 - ﬁ) .

When n / oo, f /' oo while n27% = 4 > 0, the binomial /Poisson ap-
proximation gives P, , % P, 4 Poisson(yz). We shall come back to this zero

temperature weak x—limit later.

Before that, let us first reconsider the frequency of frequencies problem after
having randomized sample size as described above. Let then

PA.,1)=a,.,Aink)=ap K.n=k) =

k
%{;)@P (Ak,n (1) =ai, .., Ak,” (k) = Clk) =

be the joint grand-canonical multinomial probablhty of the event A, , (1) =
a1, .., Az n (k) = ap; K, n = k. In other words, for all sequences (a;;i > 0)
satisfying the single constraint ;. a; =n:

2> lar a;
= P . — ; K
P(Azm (1):0,1,..,142,” (i):aiw') =nl- 1];([) {%}
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only depends on z. We have A, ,, (i) =>." _ I(K,, (m) = 1), so that

m=1
zn. :Z zn —Z ZP§z7n—Z
-8
ZO'
= P 21 =
n (6,1 ) Dﬂ()

The expected number of boxes with ¢ particles is n times the probability that
(say) box number 1 has i particles. Next, consistently,

izlo;
k=E(K,n) —Z@E nz B —nz@'ﬁ (2).
i>1 i>1
Proposition 7 (i) for all sequences (a;;i > 0) satisfying the single constraint
ZiZO a;=n:

s lar e
P (Ao (1) = a1, Ao (i) = i) =0l [] {W}

i=0

(i1) in the weak x—limitn / oo, 8/ o0 whilen2™" =~ >0, (A, (i);i >
converges to a sequence of independent random elements with limit law A, (1)
Poisson(yz) and A, (7) L 8o when i > 2.

(491) in the weak x—limit, the number of visited boxes P, converges to P, 4
Poisson(yz) .

2&’:‘/

Proof: it remains to prove (i7) and (iii). Observing Dg(2)" ~. €%, we
have

P (A (1) = 01, An () = 5,.) = ——— ] {M}

nZizl " (ZiO';B)ai (72)a1 e ? (O)ai
T Dy (2) 11 a;! Tl H{ ai! }

=P.(A4, (1) =a1,..,. A, (i) =a;,..).
In the limit, with the convention (0)* =1 (a; = 0), A, (i) # 0 with some posi-

)\{111 e M .,
1S

tive probability only when i = 1 (singletons) and P (A (1) = a1) = =
Poisson with intensity Ay = vz . This (low temperature, large number of boxes)
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asymptotic regime is the one of uniques or singletons. States whose occupan-
cies cannot exceed 1 are currently obtained in a Fermi-Dirac context. To prove

dr. 1 . 1 _ ..
(#41), recall that P, , NBm(n, 1-— W) with 1 — DA 5 7 2278, giving the

Poisson weak x—limit already discussed. Note finally that the limiting number
of particles is K, & Poisson(yz) . O
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