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CHANGING THE BRANCHING MECHANISM OF A CONTINUOUS
STATE BRANCHING PROCESS USING IMMIGRATION

ROMAIN ABRAHAM AND JEAN-FRANCOIS DELMAS

ABSTRACT. We construct a continuous state branching process with immigration (CBI)
whose immigration depends on the CBI itself and we recover a continuous state branching
process (CB). This provides a dual construction of the pruning at nodes of CB introduced
by the authors in a previous paper [m] This construction is a natural way to model neutral
mutation. Using exponential formula, we compute the probability of extinction of the orig-
inal type population in a critical or sub-critical quadratic branching, conditionally on the
non extinction of the total population.

1. INTRODUCTION

We consider an initial Eve-population whose size evolves as a continuous state branching
process (CB), YO = (Y,2,¢ > 0), with branching mechanism 1 defined by formula ([[) (see [H]
for a definition of CB as limit of Galton-Watson processes). We assume this population gives
birth to a population of (irreversible) mutants. The new mutants population can be seen as
an immigration process with rate proportional to the size of the Eve-population. This second
population also evolves according to the same branching mechanism as the Eve-population
(i.e. the mutations are neutral). This population of mutants gives birth to a population of
other (irreversible) mutants, with rate proportional to its size. And so on. We are interested
in the law of the total population size X = (X;,t > 0), which is a CB with immigration (CBI)
proportional to its own size. If the mutations are neutral, we expect X to be a CB. We give
in Theorem .9 the law of the CBI X. Then we check, Corollary [L.1, that under some natural
condition on the immigration process, the CBI X is indeed a CB whose branching mechanism
is given by a shift of the branching mechanism of the Eve-population: more precisely, the
branching mechanism of X is

b_g(N) = (X =) — (=), A > 0,
for some 6 > 0. This corresponds in some sense, see Corollary [l.9, to the dual of the pruning
at nodes introduced in [[ll] for critical or sub-critical CB.

Then we use this model to compute the joint law of the Eve-population and the whole
population at given time: (Y,?, X;). In particular, we compute P(Y? = 0/X; > 0), the
probability for the Eve-type to have disappeared at time ¢, conditionally on the survival of
the total population at time ¢, see Remark f.3, as well as limy_.o P(Y? = 0/Xs > 0), the
probability for the Eve-type to have disappeared, conditionally on the population to never
be extinct, see Proposition p.5.

In the particular case of CB with quadratic branching mechanism (v(u) = Bu?, 8 > 0),
similar results are given in [L0] (using genealogical structure for CB) and in [[L1]] (using
a decomposition of Feller diffusion and []). In the critical (¢/(0%) = 0) or sub-critical
(4'(0T) > 0) case one could have used the genealogical process associated to CB introduced
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by [[] and to CBI developed by [f] to prove the present result. This presentation would have
been more natural in view of the pruning method used in [[]]. Our choice not to rely on this
presentation was motivated by the possibility to consider super-critical cases (¢/(07) < 0).

The paper is organized as follows: In Section [}, we recall some well known facts on contin-
uous state branching processes (CB) and continuous state branching processes with immigra-
tion (CBI). In Section B, we built a CBI X whose branching mechanism is ¢ and immigration
rate at time ¢ proportional to X;. We prove in Section ] this process is, under some condition
on the immigration process, again a CB and we give some link with the pruning at nodes of
CB introduced in [fl]. Eventually, we compute the joint law of the Eve-population and the
whole population in Section f], as well as some related quantities.

2. CB AND CB WITH IMMIGRATION

The results from this section can be found in [] (see also [§ for a survey on CB and CBI,
and the references therein). Let ¢ be a branching mechanism of a CB: for A > 0,

(1) P(N) = agh + BA% + /

m(de) [ =1+ M ggeyy
(0:0)

where ap € R, > 0 and 7 is a Radon measure on (0, c0) such that f(07oo)(1 A% 7 (dl) < oo.
Notice 1 is smooth on (0,00) and convex. We have ¢'(0") € [—o00, +00), and ¥/(07) = —oc0
if and only if f(Loo) ¢ w(dl) = oo. In order to consider only conservative CB, we shall also
assume that for all € > 0 small enough

€ 1
@ | ) =

2.1. CB. Let P, be the law of a CB Z = (Z;,t > 0) started at > 0 and with branching
mechanism 1. The process Z is a Feller process and thus cadlag. Thanks to (), the process
is conservative, that is a.s. for all t > 0, Z; < 4+o00. For every A > 0, for every t > 0, we have

(3) E, [e—AZt] — o—ult))

where the function u is the unique non-negative solution of

(4) u(t,A) + /Ot¢(u(s,)\))d5 =\ A>0, t>0.

This equation is equivalent to

A dr
5 / —t A>0, t>0.
(5) u(tn) Y(r)

The process Z is infinitely divisible. Let ) be its canonical measure. In particular, under P,
Z is distributed as Y., Z%, where 3, 6 is a Poisson measure with intensity zQ(dZ).

The CB is called critical (resp. super-critical, resp. sub-critical) if ¥'(07) = 0 (resp.
P (0F) <0, resp. ¢'(07) > 0).

We shall need inhomogeneous notation. For ¢t < 0, we set Z; = 0. Let P, ; denote the law
of (Zs—t,s € R) under P,, and let Q; be the distribution of (Zs_¢, s € R) under Q.

For p a positive measure on R, we set H* = sup{r € R;pu([r,00)) > 0} the maximal
element of its support.
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Proposition 2.1. Let u be a finite positive measure on R with support bounded from above
(i.e. H* is finite). Then we have for all s € R, x >0,

(6) E, [e*fZT-s u(dr)] (s

where the function w is a measurable locally bounded non-negative solution of the equation

(7) w(s) + /Ooi/)(w(r))dr = /[ ),u(dr), s<HM and w(s)=0, s> H"

If ¥'(07) > —oo or if p({H"}) > 0, then ([I) has a unique measurable locally bounded non-
negative solution.

Proof. Let n > 1. We set Zt(n)’s = Zi2+_nlis fort € [i/2",(i4+1)/2™). Using that Z is cadlag, we
get a.s. lim Zt(n)’s = Zy_s for all t,s € R. Since the process Z is finite, we get by dominated
converge%zgo theorem a.s. for all s € R
/ Zy_s p(dr) = lim ZMs u(dr).
[—s,HH] =00 J[—s,HH]
Using the Markov property of Z, we get that
E, {e— [z M(dr)} _ o—mw™(s)

)

where w(™ is the unique non-negative solution of

([HH#2™]41) /2™
W™ (s) + / P(w™ () dr = / u(dr),
s [k/27,00)

with k s.t. k/2" <s < (k+1)/2™.

Let T > H* 4+ 1. Notice that for all s € [-T,T], we have fZﬁn)’su(dr) < sup{Z,t €
0, 2T} u([~T, H*]) < oo as. Let C be defined by e ¢ = E,[e~ sup{Zot€l02Tu((=TH* )],
Notice C' < oco. This implies that for all n > 1, s € [-T,T],

0<w™(s) < C < .

By dominated convergence theorem, w(™ (s) converges to w(s) = — log (El[e_fZT*S“(dr)]),

which lies in [0, C], for all s € [-T,T]. By dominated convergence theorem, we deduce that w
solves (ff). Since T is arbitrary, the Proposition is proved but for the uniqueness of solutions
of (D).

If 9/(07) > —oo, then % is locally Lipschitz. This implies there exists a unique locally
bounded non-negative solution of ([f).

If ¢/(0%) = —oo, and u({H"}) > 0, we get that [ Z,_s p(dr) > aZgu_s, where a =
w({H*}) > 0. This implies that w(s) > u(H" — s,a) > 0 for s € R. The function u(-,a) is
strictly positive on Ry because of condition (B]) and equation (). Since ¢ is locally Lipschitz
on (0,00), we deduce there exists a unique locally bounded non-negative solution of ([f). O

2.2. CBI. Let z > 0, @ > 0, v be a Radon measure on (0, c0) such that f(o C>O)(1 Nz) v(dr) <
00. Let By denote the set of non-negative measurable functions defined on R. Let h € B
be locally bounded. We consider the following independent processes.

® > icr 0 gi zi, a Poisson measure with intensity h(t)1y>oydt v(dz) Py (dZ).
e 7, distributed according to P,.
® > ics 0, 2. a Poisson measure with intensity ah(t)1y>0ydt Qi(d2).
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Fort e R,letY; = Zt"'Zz‘eI Z§+Zj6] Z) € ]0,00]. Wesay Y = (Y;,t > 0) is a continuous
state branching process with immigration (CBI) started at x, whose branching mechanism
is ¢ and immigration is characterized with (h,¢) where the immigration mechanism, ¢, is

defined by
d(\) = aX +/ v(dz)(1 —e %), X>0.

(0,00)
One gets Y is a conservative Hunt process when h is constant, see [[]. Notice that Y is a
non-homogeneous Markov processes. We also have Yy = z, and Y; = 0 for ¢t < 0.

Using Poisson measure property, one can construct on the same probability space two
CBI, Y! and Y?, with same branching process 1, same starting point and immigration
characterized by (h',¢) and (h?, ¢) such that Y;! < Y;? for all t < T as soon as h'(t) < h%(t)
for all t < T. We can apply this with h' = h and h?(t) = sup{h(s);s € [0,T]} for t € R and
some T > 0, and use that Y2 is conservative (see [[J]) to get that Y'! has a locally bounded
version over [0,7]. Since T is arbitrary, this implies that any CBI has a locally bounded
version. We shall work with this version.

The following Lemma is a direct consequence of the exponential formula for Poisson mea-
sure.

Lemma 2.2. Let p be a finite positive measure on R with support bounded from above (i.e.
H" is finite). We have for s € R:

)

(8) E [e*fYr—s ﬂ(dr)] — efmw(s)ffo‘x’ h(t)p(w(s+t))dt

where the function w is defined by ().

3. STATE DEPENDENT IMMIGRATION

3.1. Induction formula. Let (73)ren a sequence of non-negative real numbers. Let Y be
a CB with branching mechanism v starting at xg. We construct by induction Y™, n > 1,
as the CBI started at x,, with branching mechanism 1 and immigration characterized by

(YL, ).

Lemma 3.1. Let (ug, k € N) be a family of finite measures on R with support bounded from
above. We have for allm € N, s € R,

B [e, oo S YE (dm} — o Sheown-ruwV(s)
where wén) is defined by (8) with p replaced by ji,, and for k > 1, w,(gn) is defined by () with

w replaced by pu,—(dr) + ¢(wg—1(r)) dr. In particular, wy is a locally bounded non-negative
solution of the equation

(9) / Y(w dr—/soo),unkdr / gbwk 1())dr, s €R.
(Notice wi(s) =0 for s > max{H"+ k" € {0,...,k}}.)

Proof. This is a consequence of the computation of E e Lh=o [ Yy i (dr) YO, ... ,Y"il],

using Proposition .1 This also implies that (fl) holds. Then, by induction, one deduces
from (f]) that wy, is locally bounded. O
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3.2. Convergence towards a total mass process. We consider the sequence (Y",n > 0)
defined in the previous section with 29 = z > 0 and x,, = 0 for n > 1. We set X = > _1_, V¥
for t € R. Let X; be the increasing limit of X" = (X/',n > 0) for all ¢ € R. We have
X € [0,400]. We call X = (X;,t € R) a CBI with branching mechanism ¢ and immigration
process (X, ¢).

The process Y? describes the size process of the Eve-population, Y! the size process of
the population of mutants born from the Eve-population Y, Y?2 the size process of the
population of mutants born from mutant population Y'!, and so on. The size process of the
total population is given by X = 3", ., Y*. In neutral mutation case, it is natural to assume

that all the processes Y* have the same branching mechanism. Since we assume zj, = 0 for
all £ > 1, this means only the Eve-population is present at time O.

Theorem 3.2. The process X, which is a CBI with branching mechanism ¢ and immigration
process (X, ¢), is a CB with branching mechanism ¥ — ¢.

Remark 3.3. For A > 0, we have

v =60 = (a0 -~ |

14 y(dﬂ)))\+ﬁ)\2+/ (m(d0) +v(de)) [e M =1+ Mgy |,
0.1] B

(0,00)

which shows that ¢ — ¢ is a branching mechanism.

Remark 3.4. As a consequence of Theorem B.2, X is a Markov processes. Notice that
(YO, ..., Y™) is also Markov but not X}* for n > 1.

Proof. Let p be a finite measure on R with support bounded from above (i.e. H* < 00). We
shall assume that p({H*}) =a > 0.
We keep the notations of Lemma B.1], with s, = p. In particular we see from (f) that w,gn)

does not depend on n. We shall denote it by wg. By monotone convergence, we have

E {effx*‘s “(dr)} = lim E {efzgﬂfyrk—s “(dr)] = lim e *wn(s)

n—oo n—oo

)

where the limits are non-increasing. This implies that (w,,n > 0) increases to a non-negative
function ws,. By monotone convergence theorem (for fSHM Y(w(r)) 1w, ()01 dr and the
integral with ¢) and dominated convergence theorem (for sz“ Y(w(r)) 1w, <oy dr), we
deduce from (), that ws solves w(s) =0 for s > H* and

H* H#*
(10) w(s) + (w(r))dr = / w(dr) + o(w(r)) dr, s < HM.
s [s,00) s

Notice that we(s) € [0,00] and the two sides of the previous equality may be infinite.

Thanks to Proposition R.]|, and since ¢ — ¢ is a branching mechanism (see Remark B.3),
there exists a unique locally bounded non-negative solution of ([[0), which we shall call .
Therefore to prove that wo, = w, it is enough to check that wy, is locally bounded. This will
be the case if we check that ws < w. In particular, we get ws, = w, if we can prove that
w, < w for all n € N. We shall prove this by induction.

We consider the measure p%(dr) = p(dr) + ¢(w(r))1y<pny dr. Notice H* = H* and

pO({H""}) = p({H"}) = a > 0. We define @y by
eTT0(s) — | [e— [RE uo(dr)] ,
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The function wy is a locally bounded non-negative function which solves
HH HH
w(s) + (w(r))dr = / w(dr) + o(w(r)) dr, s < H".
s [s,00) s
Thanks to Proposition R.1], wy is unique. Since w solves the same equation, we deduce that
wo = w. We also have

e—mm@)zﬂgk—fxismwf]ZH;F—IKQSWW”].

This implies that wy < wy = w.

Assume we proved that w,_1 < @ for some n > 1. Then we can consider the measure
un(dr) = p(dr) + [B(0(r)) — 6(wn 1(")|Lr<rny dr. Notice H¥" = HF and un({HM"}) =
a > 0. Recall z =z¢9 > 0 and z; =0 for k > 1. We define w,, by

e 7n(s) _ [e, Jye, u"(dr)} ,

The function w,, is a locally bounded non-negative function which solves for s < H*
HH* HH

ws)+ [ ww(r)dr = /[ o+ [ o) dr
HE

- /[ )+ [ gt ar

Thanks to Proposition .1, @, is unique. Since w solves the same equation, we deduce
that w, = w. We also have

e un(s) = {ef e, u(dn} >E [ef Sy, u”(dr)] ,

This implies that w,, < w. Therefore, this holds for all n > 0, which according to our previous
remark entails that w., = .

By taking p(dr) = Y21 My, (dr) for K € N*, Aj,..., g € [0,00) and 0 < #; < ... <
tx, we deduce that X has the same finite marginals distribution as a CB with branching
mechanism 1 — ¢. Hence X is a CB with branching mechanism ) — ¢.

O

4. THE DUAL TO THE PRUNING AT NODE

For # € R, we consider the group of operators (Ty,0 € R) on the set of real measurable

functions defined by
Ty(f)() = f(O+-) = f(O).

In 1], see Theorem 6.1, a pruning with intensity 8 > 0, for the continuous random tree
(CRT), with branching mechanism 1) is introduced and gives a CRT with branching mecha-
nism g = Tp(¢).

Recall the local time of the height process of the CRT is a (sub-critical or critical) CB
process with branching mechanism 1) (see [J]). The above pruning procedure gives a natural
construction of a CB process of branching mechanism g, which we shall called a pruned CB
with intensity 6 > 0, from a CB process of branching mechanism . Notice this construction
was done under the assumption that § = 0 (see also [ when 8 > 0 and 7 = 0). The
case > 0 and 7 # 0 could certainly be handled in a similar way. Intuitively, the pruning
correspond to removing all the descendants of an individual with a probability e %2, where
A correspond to the “number” of its children.
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Using the previous Section, we can give a probabilistic interpretation to Ty(¢)) as a branch-
ing mechanism for some negative values of 6.

Let 6y = sup{f > 0; f(LOO) e m(dl) < oo}. Notice that 6y = 0 if ¥/(0F) = —oo,
as ¢'(07) = —oo is equivalent to f(lvoo)ﬁ w(dl) = +oo. We assume 6§y > 0. and we set
© = (0,6p] if f(LOO) et 7(dl) < oo and © = (0,6p) otherwise. Let # € ©. Recall the Lévy
measure 7 in the definition (f[) of 1. We define

do(X) = 200\ + / (% —1)(1 — e ) n(dx)
(0,00)

and ¥_g = 1 — ¢g. It is straightforward to check that ¢y can be seen as an immigration

mechanism and that ¥_g = T_p(¢»). The next Corollary is a direct consequence of the

previous Section.

Corollary 4.1. Let 0 € ©. A CBI process Y with branching mechanism v and immigration
(Y, ¢p) is a CB with branching mechanism T_g(1)).

In a certain sense the immigration is the dual to the pruning at node. In particular, to
build a CB process of branching mechanism v from a CB process of branching mechanism
g = Ty(¢p), with € > 0, one can add an immigration at time ¢ which rate is proportional to
the size of the population at time ¢ and immigration mechanism (59 defined by:

do(N) = 1hg(N) — (N\) = 286 + /(0 )(1 — e ") (1 —e ) n(dx), for A > 0.

can be seen as an immigration mechanism.
In conclusion, we get the following result, whose first part comes from Theorem 6.1 in [fl].
As in [[ll], we assume only for the next Corollary that 5 =0 and f(o 't m(dl) > 0.

Corollary 4.2. Let X be a critical or sub-critical CB process with branching mechanism 1.
Let X9 be the pruned CB of X with intensity 0 > 0 : X is a CB process with branching
mechanism g. The CBI process, Y, with branching mechanism 1y and immigration (Y, g —
V) is distributed as X .

5. APPLICATION : LAW OF THE INITIAL PROCESS

We consider a population whose size evolves as X = (X;,t > 0), a CB with branching
mechanism . We assume 1) satisfies the hypothesis of Section B This population undergoes
some irreversible mutations with constant rate. Each mutation produce a new type of indi-
vidual. The mutation is described by the pruning at node, with rate § > 0, given in [f] if
B =0orin [} if = 0. In the quadratic case (m = 0) this corresponds to the limit of the
Wright-Fisher model, but for the fact that the “size” of the population is not constant but
is distributed as a CB. In the case § = 0, intuitively a mutation occurs to an individual with
probability 1 — e~ %2, where A is its “number” of children.

We assume the population at time 0 has the same original Eve-type. We are interested in
the law of Y0 = (Y,?,# > 0), the “size” of the sub-population with the original type knowing
the size of the whole population. In particular, we shall compute P(Y;" = 0|X; > 0), the
probability for the Eve-type to have disappeared, conditionally on the survival of the total
population at time ¢.

We keep the notation of the previous Sections. Following the idea of Corollary [.9, we
shall assume Y is a CB with branching mechanism vy = Ty(¢)), where > 0, and X the CBI
with immigration (X, vy — ) considered in Section B.3. Thus, we model the mutations by an
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immigration process with rate proportional to the size of the population. This interpretation
may be more natural than the a posteriori pruning.
The joint law of (Xy,Y}?) can be easily characterized by the following Lemma.

Lemma 5.1. Lett > 0, A\, A2 € Ry, We assume Xg = YOO =z > 0. We have

E [ef,\lxﬁ,\gyto] _ efsz(O),

where (w,w*) is the unique measurable non-negative solution on (—oo,t] of
t t

(11) w(s) + / Q,Z)(w(r))dr =\ + X+ / qS(w*(r))dr,
: -

(12) w*(s) —|—/ Y(w(r))dr =\ —i—/ o (w*(r))dr.

Proof. Recall notation of Section B.3. In particular zo = x and x, = 0 for all n > 1. Let us
apply Lemma B.1 with

po(dr) = (A1 + A2)éi(dr),

pg(dr) = Mde(dr) for k> 1.

We get
E {e—(mxzwzn“)] _ 2wt (0)

)

where for s <t
t
w(()n)(s) + / ¢(w(()n) (r))dr =\,

wl(cn)(s) + /t¢(wl(€")(r))dr = A1+ /t gzﬁ(w,(:_)l(r))dr for 1 <k<n-1,
t t
W)+ [ o )=+ e+ [ ol (0)dr

We let n goes to infinity and use similar arguments as in the proof of Theorem .9 to get the
result. O

Some more explicit computations can be made in the case of quadratic branching mecha-
nism (see also [[L1]] when ag = 0). Let ap > 0 and § > 0 and set

P(u) = agu+u?,  Pg(u) = (ag + 20)u + u’.
The CB which models the total population is critical (g = 0) or sub-critical (o > 0). The
immigration mechanism is ¥p(u) — ¢ (u) = 26u.
We set b = (ag + 26) and for t > 0,
1— —aqt .
h(t) _ {1 —{—)\1370 if ag > 0,

13
( ) 1+ At ifaozo.

Proposition 5.2. Lett > 0, A1, A2 € R.. We have

E [efhxﬁxgyﬂ} _ o—wv0()
where

1
A2

t —1
vo(t) = e P h(t) 2 ( —i—/o e lr h(r)2dr> +Are *p(t)L
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Proof. By the previous lemma, we have
(14) E [ehx?] = mul0)

where for s <t
t t
(15) w(s) +/ w(r)(w(r) +b)dr = A\ + Ao + 26?/ w*(r)dr,

t
w*(s) +/ w* (r) (w*(r) + ag)dr = 1.
S
The last equation is equivalent to

(16) (w*) —w*(w* +ag) =0 on (—oo,t], w"(t)=\;.

1
The function z* := — is thus the unique solution of
w

1
(") +apz"+1=0 on (—oo,t], 2*(t)= IVE
1
If a9 > 0, this leads to
1 1
* _ = op(t—s) L ao(t—s)
Z°(s o (e 1) + N e
1
If ap = 0, we have z*(s) =t — s+ FVR We get
1
(17) w(s) = ' (t —s)h(t —s)™H = A\ e =) p(t — 5)7L,

Equation ([[J) is equivalent to
w' —w(w+b) = =20w* on (—oo,t], w(t) =\ + Ao.
Set y = w — w* and use the differential equation ([Lf), to get that y solves
Y —y? —yw* +b) =0 on (—oo,t], y(t) = Ae.

Then the function z := 1/y is the unique solution of

1
24+ (2w +b)z2+1=0 on (—oo,t], 2(t) = o
2
One solution of the homogeneous differential equation 2 = —(2w*+b)zg is 2(s) = e? =) h(t—
5)2. Looking for solutions of the form z(s) = C(s)zo(s) gives
1 ! 1
z(8) =zp(s) | — + [ zo(u) "du).
Ao S
We conclude using ([4) and w = w* + 271 O

Remark 5.3. We can compute the conditional probability of the non extinction of the Eve-
population: P(Y? > 0|X; > 0). However, this computation can be done without the joint
law of (X¢,Y?) as
PY?>0,X,>0) PY2>0 1-PY=0)

P(X; > 0) CP(Xy>0) 1-P(X;=0)’

P(Y > 0|X; > 0) =
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with P(X; = 0) = lim Efe Y] = e #9(0)™" and P(YY = 0) = lim Efe 2¥] =

)\1 — 00 )\2 — 00
- —1
e 29O where

-1 if >0
18 t)=4{ ¢ ’
(18) g(a,t) {t oo

The same kind of computation allows also to compute the joint law at different times.

Proposition 5.4. Let 0 <u <t, A\;, A2 € R, We have
E |:e—)\1Xt—)\2Y19:| _ e—xvl(u,t)

where

-1
—b(t—u) )2 t
U1 (u, t) = e_bt h(t)_z <e i(t U) + / e_br h(T‘)_zd’l"> + )\1 e_o‘ot h(t)_l
2 t—u

Proof. Recall notation of Section B.2. In particular o = x and x, = 0 for all n > 1. Let us
apply Lemma B.1] with

Ho = A0t + A204,

e = A10¢ for kK > 1.
Let n goes to infinity as in the proof of Lemma .1 to get that

(19) E [ef,\lxﬁ,\gyg] _ efxw(0)7
where (w,w*) is the unique non-negative solution on (—oo,¢] of
t t
(20) w(s) + / ¢(w(r))dr =AM+ Aalgecyy + / gb(w*(r))dr,

t t
w*(s) —i—/ ¢(w*(r))dr =)\ +/ gb(w*(r))dr.
Notice w* is still given by ([]). For s > u, we have w(s) = w*(s) and, for s < u, Equation
(RJ) is equivalent to
w —w(w+b) = —20w* on (—oo,u], w(t)=w"(u)+ \a.
From the proof of Proposition p.3, we get
1 b(t—s) o [P Bt —u)~? /u —b(t—r) 9
—— = * h(t — ") h(t — dr | .
o(5) — 0 (s) e (t—s) w + i e (t—r)"dr
We conclude using ([19). O

At this stage, we can give the joint distribution of the extinction time of X, 7 = inf{t >
0; Xy = 0}, and of Y, 0 = inf{t > 0;Y;" = 0}. For u < ¢, we have P(7r < t,0 < u) =
limy, oo, Ap—oo V1 (u, t) that is

t
P(r <t,o <u)=exp—2x <e_bt(/
t

—Uu

e—br g(a()at)Qg(aO’r)_Q dr)_l + g(ao,t)_1> .

We can compute the probability of the Eve-population to live up to time 7 conditionally on
the value of 7:
limyj OP(0 < u,7 <)

— — — — _2(a0+6)t
Plo=71lr=t)=1 aP(r <1) e .
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See also proposition 5 in [[L1]], where oy = 0.
We can deduce from the latter Proposition the law of Y,? conditionally on the non-extinction
of the whole population. We set

1
A(b,u) = " e g (b,u).

Proposition 5.5. Let u > 0, Ay € Ry. We have

Iim E {ef)‘QYS

X¢ > 0} = ¢ @Al (1 — A(b,u)*G(ag,w)) ,

t——4o00
where
9 g(b+ao,u)—g(bu) .
G(a,u):—eb“g(ao,u)+ 2 ag Z.fa>0,
A2 2019(b, ) if a=0.

Proof. We have

E |:e—>\2Y79:| _E |:e—)\2Y1? 1{Xt:0}]

X, >0| = .
¢ } P(X; > 0)

_ 0
E [e A2Yy

Using Proposition .4

)

E |:ef)\2Y19 l{Xt:(]}:| — A hm E |:ef)\2Yu07)\1Xt:| — effl'f}l(u,t)
1—+0o0

with 01 (u,t) = limy, 400 v1(u, t).
Definition ([[§) implies

bu 2 t 2 -1
t t
01(u, t) —< e glao, ) D) {—ebt/t e lr 79(040, ) dr) +e " g(ag, t) 7.
—U

A2g(ao,t — u) g(ap,7)?
Performing an asymptotic expansion of v; as ¢ goes to oo leads to the result. O
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