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THE FIRST EIGENVALUE OF DIRAC AND LAPLACE OPERATORS ON
SURFACES

J.F. GROSJEAN ET E. HUMBERT

ABSTRACT. Let (M, g,0) be a compact Riemmannian surface equipped with a spin structure o. For any
metric § on M, we denote by p1(g) (resp. A1(g)) the first positive eigenvalue of the Laplacian (resp. the
Dirac operator) with respect to the metric §. In this paper, we show that
o >\1(§~)2 <L
ni(g) 2
where the infimum is taken over the metrics § conformal to g. This answer a question asked by Agricola,
Ammann and Friedrich in [

! MISC 2000: 34115, 53C27, 58J05.
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1. INTRODUCTION

Let (M, g,0) be a compact Riemannian surface equipped with a spin structure o. For any metric § on M,
we denote by X5 M the spinor bundle associated to g. We let A be the Laplace-Beltrami operator acting
on smooth functions of M and Dj be the Dirac operator acting on smooth spinor fields with respect to
the metric g. We also denote by p1(g) (resp. A1(g)) the smallest positive eigenvalue of Ay (resp. Dj).
Agricola, Ammann and Friedrich asked the following question in [AAF9Y):

When M is a two dimensional torus, can we find on M a Riemannian metric § for which A\1(3)? < u1(g) ¢

The main goal of this article is to answer this question. We prove the

Theorem 1.1. There exists a family of metrics (ge)e conformal to g for which

lim sup A (g2)*Vol,_ (M) < 47
e—0

lim iélf t1(ge)Volg (M) > 8m.
£E—

Date: September 18, 2006.
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2 J.F. GROSJEAN ET E. HUMBERT

Theorem clearly answers the question of [] but says much more: first, the result is true on any
compact Riemannian surface equipped with a spin structure and not only when M is a two-dimensional
torus. In addition, the metric g can be chosen in a given conformal class. Finally, this metric g can be
chosen such that (2 —9)A1(g)? < p1(g) where 6 > 0 is arbitrary small. More precisely Theorem [L.1] shows

Corollary 1.2. On any compact Riemannian surface (M,g), we have

M(9)? 1
inf Lg} <=
11(9) 2
where the infimum is taken over the metric g conformal to g.

Theorem E has other interesting consequences. Indeed, it proves

Corollary 1.3. For any compact surface (M, g) equipped with a spin structure o, we let

A (M, g, 0) = inf Ay (§)Vol2 (M)

min
where the infimum is taken over the metrics g conformal to g. Then, we have \t. (M, g,0) < \F, (S?)
where X (S?) is the same invariant computed on the standard sphere S%.

This corollary is an immediate consequence of the fact that A, (S?) = 2\/7 (see ) This result
was announced in [JAHMOJ]. The conformal invariant )\Ln has been studied in many papers (see for
example |@1]8 ) , Amm03, AHMO03, AHO€] ). Indeed, it has many relations with Yamabe
problem (see [LP87). Corollary has been proved in all dimensions by Ammann in [Amm03] if
either n > 3 or is D is invertible. Corollary B extends the result to the remaining case: n = 2 and
Ker(D) # {0}. In [AHMOJ], an alternative proof of the case n > 3 is given and the proof of the case

n = 2 is skectched.

In the same spirit, a consequence of Theorem is

Corollary 1.4. For any compact surface (M,g), we let

1
pisup (M, g) = sup p1(g) Volg (M)
where the infimum is taken over the metrics g conformal to g. Then, we have pisup(M,g) = psup(S?)
where psup(S?) is the same invariant computed on the standard sphere S.

The invariant fis,, has been studied in [CoES03| and Corollary [[.4 is a particular case of Theorem A in
this paper. We obtain here another proof.

Acknowledgement: The authors are very grateful to Bernd Ammann for having drawn our attention to

the question in [AAF9Y.

2. GENERALIZED METRICS

Let f be a smooth positive function and set § = f2g. Let also for u € C>°(M)

Vulgdvg
Ig(u) — fl\/[| 2|9 g-
Sy udvg
It is well known that p1(g) = inf Ij(u) where the infimum is taken over the smooth non-zero functions

u for which [ 2 udvg = 0. We now can write all these expressions in the metric g. We then see that for
u € C(M), we have
Vul2dv
Ig (u) —_ f]\/f | |9 g
Ju?f2dvg

and p1(g) = inf Iz(u) where the infimum is taken over the smooth non-zero functions u for which
Sy uf?dvg = 0. Now if f is only of class C%*(M) for some a > 0, we can define g = f2g. The 2-
form g is not really a metric since f is not smooth. We then say that g is a generalized metric. We can
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define the first eigenvalue 11(g) of Az using the definition above. Now, by standard methods, one sees
that there exists a function u € C*(M) with [, uf?dv, = 0 and such that I(u) = p1(g). Writing the
Euler equation for u, we see that

Agu = p1(g) f2u. (1)
We prove the following result

Lemma 2.1. If (f,) is a sequence of smooth positive functions which converges uniformily to f, then
11(frg) tends to pu1(g).

Proof. Let u, be a eigenfunction function associated to pi(f2g). Without loss of generality, we can

uandvg
assume that / u? f2 = 1. We set v, = up, — 24— We then have / vnf2dvg =0 and hence
M 2 M
fedvg
M
Ml(g) < IE(Un)- (2)

We have

/M |an|2dvg = /M |Vun|2dvg = /M UnAgUndvg.

By equation ([l), we get that

AﬂVmebzumﬁw)A{5ﬁm@=umﬁm. (3)

We also have

/ fAdv,
M

<cAﬁMq+nfnﬂﬁmm-

2
/M fro2dv, = /M P2t (/M uandvg>

Now,

/ uandvg
M

Since the sequence (f,), tends uniformly to f and since / fﬁuidvg = 1, we get that lim,, / Uy devg =
M M

— ‘/ un(f2 - fﬁ)dvg
M

0. In the same way,
/ fruldv, = / 2udvg +o(1) = 1+ o(1).
M M
Finally, we obtain
/M fAoidvg, =1+ o(1).

Together with (H) and (), we obtain that () < liminf, u1(f2g). Now, let u be associated to 1 (g)

uf2do,
SM_———— We have / v? f2dv, = 0 and hence
M

and set v = u —
/ fndvg
M
11 (frg) < Ip2g(v).

It is easy to see that lim,, Iy2,(v) = Iz(u) = p1(g). We then obtain that () > limsup,, p1(f2g). This
proves Lemma @ 0
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In the same way, if § = f2¢ is a metric conformal to g where f is positive and smooth, we define
[ 1D,
/ _ JM
Ty) = .
/ (Dgtp, ) gdvg
M

The first eigenvalue of the Dirac operator Dy is then given by Af(g) = inf J5(p) where the infimum
is taken over the smooth spinor fields ¢ for which fM<Dg1/),1/)>dvg > 0. Now, it is well known (see
[, ) that where can identify isometrically on each fiber spinor fields for the metric g and spinor
fields for the metric g. Moreover, we have for all smooth spinor field:

_1 _3
Dg(f724p) = f72 Dy

This implies that if we set ¢ = f_%w, we have
| 1Dyt s,

= M

/ (Dgep, p)duyg
M

and the first eigenvalue of the Dirac operator Dy is given by A (g) = inf J;(p) where the infimum is

J5(%)

taken over the smooth spinor fields ¢ for which / (D, p)dvg > 0. With the definition above, we can

M
extend the definition of A1 (g) when g is a generalised metric. By standard methods, there exists a spinor
fields p € C1(M) such that A\f (g) = J;(¢) and such that

Dyp = A (9)f¢. (4)
We then have a result similar to Lemma @:
Lemma 2.2. If (f,) is a sequence of smooth positive functions which converges uniformly to f, then

A1 (f2g) tends to M\1(g)-

The proof is similar to the one of Lemma @ and we omit it here.

3. THE METRICS (ga,c)a,e

In this paragraph, we construct the metrics (gq.c)a, Which will satisfy:

lim sup Al(ga76)2Volgaws (M) <4m+ C(a) (5)

e—0

where C'(«) is a positive constant which goes to 0 with « and

lim iélf p1(ga,e)Volg, (M) > 8. (6)
E—

Clearly this implies Theorem E By Lemmas and E, one can assume that the metrics (go.c)a.e
are generalized metrics. We just have to define the volume of M for generalized metric by Vol (M) =
/ uf 2dv,. At first, without loss of generality, we can assume that g is flat near a point p € M. Let o > 0
be a small number to be fixed later such that g is flat on B,(c). We set for all x € M and ¢ > 0,

2 .
626? if r < «

fa,s(x) = &2 .
2ra? if r >«

where r = dg(.,p). The function f, . is of class C*® for all a €]0,1[ and is positive on M. We then
define for all € > 0, go.e = figg. The 2-forms (ga,c)a,ep Will be the desired generalized metrics. For these
metrics, we have

VOlga,a(M> :/ fi,sdvg :/ fi,sdvg+/ fi,sdvg'
M Bp(a) M\Bp (o)
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Since g is flat on B, (), we have
x

2m
-d 5 drd®.
/Bp((l vg / / 52 + T2 "
Setting y = £ we obtain:

f=3 —+oo
2 2 [ r 2 r 2 2
2 dv, = 27e / ————dr =2me (/ 7dr+0(1)) = me” + o(e”).
[ facte ) P A

Since f3 . < 2—i on M \ By,(«a), we have fM\BP(a) [ .dvy = o(e?). We obtain
Vol,_ (M) = 72 + o(e?). (7)

In the whole paper, the notation “o(.)” must be understood as ¢ tends to 0.

4. PROOF OF RELATION (f))

Let f: R? — R? be defined by f(x) = ﬁ
[0l = 1. As in [AHMO3], we set on R?

¥(z) = f5(2)(1 - 2) - o

Let 1o be a non-zero parallel spinor field on R? such that

As easily computed, we have on R?

Dip = fip and [¢] = f=. (8)
Now, we fixe a small number ¢ > 0 such that g is flat on B,(d). Then, we take ¢ < aw < §. We Wﬂl let €
goes to 0. We let also i be a smooth cut-off function defined on M such that 0 < 7 < < 1 n(Bp(9)) = {1},

n(M \ Bp(26)) = {0}. Identifying B,(d) in M with By(d) in R?, we can define a smooth spinor field on
M by 9. = n(x)i (£). Using ®), we have

v (EY L0 (2 d
Dy(e) =Vn-v (2) + 25 (2) v (2). (9)
Since (V7 -(2),4(%)) € iR and since |Dytpe|* € R, we have
| 1D gk, =+ k (10)
M
where
2
2 _ N~ 2 1
I = / V| ]w ‘ dz andlg—/MEQf ( )‘w( )’ f7lda.
At first, let us deal with I;. E

I < C/Mf (g) folde = C’/Bp(a)f (g) f;;dx+0/3p(26)\3p(a)f (g) folde

where, as in the following, C' denotes a constant independant of o and €. On Bp(a), f (—) fol =2

Hence,
/ f (f) folde < Co?.
By(a) NE/

On B,(26) \ Bp(«a), since ¢ < «,
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Hence,
4 2 27 )
/ (&) ratar < [ [ e
B,(20)\By(a) ‘€ = Jo Ja (14 (2))
)
E r
< 8ma? | ——d
wa[; ) r
2 2
< 8ma’ln ﬂ .
€2+Oé2
We get

262
/ f (f) f(;;dac < Ca?ln (—2)
Byp(20\Bp(a) NE7 «

Finally, we obtain

2

26
I <Ca?+Cln (?> = a(a) (11)
where a(a) goes to 0 with a. Now, by (§),
3(Ty -1
e
By2s) €%

Since fa,e = 5f(2), we have

1
2

2
L< 72()dz.
€% JB,(26) €

Mimicking what we did to get ([]), we obtain that
I, < 8m+0(1)
when ¢ tends to 0. Together with ([L]) and ([L1)), we obtain

/ Dyt £ Ly < 87 + ala) + o(1). (12)
M

In the same way, by (), since / (Dg(e), e )dvy € R and since (V- 9(2),%(%)) € iR, we have
M

/M<Dg(ws),ws>dvg = /M T (E) o ()] v

[ st vt = [ L (2)av,

With the computations made above, it follows that

By (E), this gives

/ (Dyg(e), e )dvg = 4me + o(e).
M
Together with ) and (ﬂ), we obtain

81+ a(a) + o(1)
dme + o(e)

M0 Vol () € (s (62)* Vol . ) < ) (ret4ole) = £ am + afe) + o).

Relation () immediatly follows.
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5. PROOF OF RELATION (ff))

First we need the following estimate

Lemma 5.1. For any ¢ > 0 and u € C°(By(a)), then

2 2
2 2 € 2 1 2
dv, < — Vul|“d — d .
/ u”fo dvg 3 / [Vul*dvg + = (/ ufy . vg>

2 2
Proof. Let g. = f2 .g. Then (B,(c), gc) is embedded in a canonical sphere of volume / (%) dx =
’ R2 \ & r

7e?. Then from the Poincaré-Sobolev inequality, we have

1 1 2
/ udv,, < / |V5u|25dvg5 + — (/ udvgs)
M Hie S Ve \Unm

where g1 = 8% is the first nonzero eigenvalue of the Laplacian on the sphere of volume V, = me?
and Veu denotes the gradient of u with respect to the metric g.. Now since |V5u|§€ = ;§|Vu|§ and
dvg. = ffy,advg, we get the desired result.
O
Lemma 5.2. For any u,v € C*°(M), we have
/ (Au)uv?dv, = / |V (wv)|2dvg —/ w?|Vo|2dvg.
M M M
Proof. The proof is an elementary calculation.
O
Because of the relation (f), the inequality (f) is equivalent to the following
limi%f e2u1(ge) = .8 (13)
£—

In order to prove this inequality, we assume that for any € small enough, there exists k, 0 < k < 1 so that

u1(ge) < E%k (14)

Let u. be an eigenfunction associated to p1(g:). Then u. € C?(M) and A, us = pi(ge)u. where A,
denotes the Laplacian associated to the metric g.. Since the dimension is 2, A, = f%A and

Au, = Nl(ga)fisua- (15)
We normalize u. so that |luc||gz = 1. Up to a subsequence we can assume that / |Vue|*dv, — 1 and
M

/ udvy, — 1" with [+’ = 1. Since (u.) is bounded in H, there exists a subsequence so that u. — u

weakly in H?. In the following, all the convergences are up to subsequence. We sometimes omit to recall
this fact.

Lemma 5.3. There exists a constant cg such that u = cg.
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Proof. Let ¢ € C*°(M) and
1 on B, (p)
P =00 on M\ B,(2p)

satisfying 0 <7, < 1 and |Vn,| < +. We have

1
p

/ (Vu, V) = / (Y, ¥ (,0))dv, + / (Vai, V(1 — 1)) . (16)
M M M

Now we have

/ (Va, ¥ (1,0)) v, = / (Vu, V) pdvg + / (Va, Vghpdo,
M M M

1/2 1/2
C </ |Vu|2dvg> </ |V7]p|2dvg>
Bp(2p) By (2p)
1/2 1/2
+ </ |Vu|2dvg> </ |V<p|2dvg> .
Bp(2p) By (2p)

The limit of the last term is 0 when p — 0. Moreover from the definition of 1, and from the fact that M

/N

1/2
|V77p|2dvg> is bounded in a neighborhood

is a 2-dimensional locally flat domain, the limit of < /
By (2p)

of 0. Then we deduce that

A (Y Vp))de, — 0 (17)

when p — 0. On the other hand

/M<Vu, V(1= 1,)¢))dv,| = lim /M<Vu6, V(1= 1,)¢))dv,

= lim /M(Aue)(l — Np)pdvg

£—>

= Jim i(ge) [ 2 et =)oy
M

Now from the definition of f, . and from (@) we get

3 1/2 1/2
< 6—2k054 (/ ugdvg) (/ (1- np)@deg)
M M

where C is a constant depending on the compact support of (1 —17,)e. Then making ¢ — 0, we deduce
that

Ml(ga)/ fi,eua(l — Np)ipdug
M

/ (Vai, ¥ (1~ 1))y = 0.
M
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Now, reporting this and ([[7) in ([[§) we obtain that / (Vu,Ve)dvy = 0 and Au =0 on M in the sense
of distributions. This implies that © = ¢y on M for a constant cg.
0

Lemma 5.4. Let (c.). be a bounded sequence of real numbers. Then

/ fifugdvg < O(EQHUE - CsH%z + 64).
M

Proof. Let n be a C*° function defined on M so that

1 on By(a/2)
n= {0 on M\ B,(a)

satisfying 0 < p < 1 and |Vn| < 1.

From the lemma EI, we have

e

g2 1 2
[ = coppatan, < 5 [ 19 = comlPany + 5 ( [ (0 - cnsav, )
M M M

and applying the lemma @ to the first term of the right hand side, we get

/ (ue —ce)® 2,5772657)9 <
M

g2 2 1 2
5[ @t - e - eontdo, + 5 [ (e e VaPdu, + 5 ([ (ue-cnfdu,)
8 Ju 8 Ju me M

From ([L) we deduce that

/ (ue — C€>2 2,5772dv9 <
M

g2 g2 1 2
gﬂl(ge)/ Ua(“e - 08)772f§,edvg + gHUE - CaH%Z +— </ (Ue - Ca)nfiedvg> .
M e M

First case : assume that / Ue(ue — cg)aniEdvg > 0.
M

The relation (@) implies

2 2
€ 1
/ (us - Cs>2 024,5772dvg < k/ us(us - Cs)nzfo%,sdvg =+ g”us - C€||%2 +— (/ (us - Cs)ﬁffy,sd“g) :
M M e M

A straightforward computation shows that

(=0 [ gt [ g2t <
M M

g2 1 2
(2—k)e. /M Usfi,aUdeg + g”us - C6||2L2 + el (/M(Us - Cs)nfo%,advg) : (18)

Now note that
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/ usfi,aTIdeg :/ uffgz,a(n2*1)dvg+/ usfi,ad’l)g
M M M
:/ usfia(nQ—l)dvngL/ Aucdy,
M ' 11(9e) S
— [ et = 1)y
M

/ wef? (7 — 1)dv,
M\By(a/2)

and from the definition of f, . and n and from the fact that u. is bounded in L?, we deduce that

N

/ usfi,andeg = 0(eh).
M

Since ¢ is bounded ) becomes

g2 1 2
(1 - k)/ Ug 024,5772dvg + Cg/ f2,5n2dvg < 0(54) + _HUE - cé‘H%Z + 2 / (UE - Ca)nfisdvg
M M 8 e M

g? 2
= 0(54) + g”“e C€||L2 + (/ ffy Lue(n — 1)dvg + / fa cuedvg — CE/ 3,877)
M

g2 2
=0 + Sl el + =5 ([ et vydoy . [ 2.0) (19)
e M M

where in the last equality we have used the fact that / fi Uedvg = / Aucdvg = 0.
Mo 11(9e) Jar

Using the same arguments as above we see that / figus(n —1)dvy = O(e*). Reporting this in ([[d) we
M
get

2
€
(1—k)/ ug iﬂgndeg—i—cg/ figndeg <O(€4)+§Hue—
M M

2 2
c
o, eNdvg~+- 82 (/ figndvg)
M e M

Now

2
/ 12 endvg = /B » dvg = / / Za 7“2 55 drd®
= 27e? / i+ t2 dt
dt
/ 1+ t2

This gives
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& (] )

2
9
= 0" + Sl — celfa + 2 / 2 vy,
M

2
g

(1- k) / 2f2 vy + / 2 ntdvy < O(E") + & Jlue
M M 8

Finally we have

52
(=8 [ 2f ey < OE + e — e+ ¢ [ 72001,
M 8 M
4 5_2 2 2 2
< O(E ) =+ ] ||u€ C€||L2 + Ce fa,sdvg
p(a)\Bp(r/2)

2
9
= 0(") + g llue = eeZ- (20)

Second case : Assume that / e (us — ce)n’ f2 cdvg < 0.
M

In this case, we have

/ ug 276n2dvg—2ce/ ueffy,andeg—l—cg/ fiEndeg <
M M M
4 e’ 2 1 2 ?
0 + Sl = e+ = ([ we = conslaan,) 1)
e M

and we conclude as in the previous case.

Then we have proved that

/M u? 275772611’9 = 0(54 + 52”“8 - C€||2L2)-

To finish the proof, we write

[ fzedn, = [ a2 opdn, [ gy,
M M M

and the last term is O(e?) which completes the proof.
O

Proof. of Relation @) First we apply the lemma @ to c. = ¢g and we see that ¢y # 0. Indeed, let us
compute the L?-norm of the gradient of ..

/ |Vu5| d’Ug —/ (Aus Usdvg / a,e Edvg

8k
= —20((€2||u8 —col2s + %)

=o(1).

Then we deduce that up to a subsequence
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/ |Vue|*dv, — 0.

M

But we have chosen u. so that ||u.|| 2 = 1. Then ||u.||;2 — 1 and ¢y # 0.
Hl

Now let us consider u, = W / uedvg and ae = ||ue —UEHle. Then v, — ¢p and a, — 0. It follows
M

Ue

that the function v, =

= satisfies [|vc||yz = 1 and there exists v € HY so that v. — v weakly in H7}
and strongly in L2.

To prove ([1J) we will consider two cases.
First case : Assume that up to a subsequence a. = O(e).
We have

/M(Aug)deg = p11(g:)? /M fi,sugd”g

< p(g.)? / 12 uldv,
M

64k _

< 6—40(52”11,5 — UEH%2 + 54)
64k

< 6—40(52(15 + €4>

< M.

Then ||Aucl|z2, ||Vuel|r2 and |Jue||z2 are bounded. It well known that the norms
o=l Av ez + | Vo 2 + [l v |2

and || v ||z are equivalent (it is a direct consequence of Bochner formula). Hence, this implies that
(ue)e is bounded in H22 which is embedded in C°. Then u. — cg uniformily up to a subsequence. Since
co # 0 it follows that for € small enough u. has a constant sign, which is not possible because u. is an
eigenfunction in the metric g..

Second case : Assume that ¢ = a.o(1). In this case we have the

Lemma 5.5. v, — ¢y in Hl2 where ¢1 s a constant.

Proof. The proof is similar to this of lemma @ Indeed we consider ¢ € C*°(M) and the function 7,
defined in this previous proof. Then

/M<w, Vo) = /M<w, V(np))dvg + /M<Vv, V(1 = 1)) v,

By the same arguments we have / (Vv, V(n,¢))dvg — 0 when p — 0. Moreover
M

\ [ 0.9 (= e,

~ Im, /M<w5, V(1 - 1,)9))dug

e—0

= lim A(AUE)(l—Up)@dUg

1
= lim M/ figvs(l—np)gadvg
Qe M

e—0
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1/2
Now < a8’§2 Ce||ve| 2 (/M(l - np)@deg) . Since € = ac0(1), we de-

ulégs) / fz Ue(1 = mp)pdug| <
e M )

duce that / (Vo,V (1 —np)e))dug

= 0 and then / (Vu,V¢) = 0. Therefore Av = 0 in sense of
M M
distributions and v = ¢; on M.
0

Now let ¢. = U. + acci. Then ¢ — ¢g. We denotes by p(g) the smallest positive eigenvalue of the
Laplacian with respect to the metric g. From the definition of a. and the definition of u(g), we have

a?<2</ Vu|*dv Jr/ uEE€2d0)§2< )/ Vu|2dv

o | | g M( ) g M(g) | | g
),

211+ — Augugdv

( u(g)) !

=2 (1 + L) 11 (ge / fg RYO (22)

u(g)

Applying lemma @ we get

| 1 cuido, = O u. — et + )
M

= 0(?|lue — . — agclﬂiz +eh)
2

+e
L2

=0 a2 || !
- €

-

Qe
= 0@ . — 1|2 + %)
= 0(e*) + o(aZe?).

Now reporting this in (29) with the estimate ([l4) we find

8k
2
2

<C
=0l(e

(O(e") + o(aZe?))
) +aZo(1).

But € = aco(1). Then a? < Ca2o(1) and for e small enough a. = 0 and wu. is a constant which is
impossible.

O
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