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On the motion and collisions of rigid bodies in an
ideal fluid

Jean-Gabriel Houot* Alexandre Munnier®

September 11, 2006

Abstract

In this paper we study a coupled system of partial differential equations
and ordinary differential equations. This system is a model for the 3d inter-
active free motion of rigid bodies immersed in an ideal fluid. Applying the
least action principle of Lagrangian mechanics, we prove that the solids de-
grees of freedom solve a second order system of nonlinear ordinary differential
equations. Under suitable smoothness assumptions on the solids and on the
fluid’s domain boundaries, we prove the existence and C'*° regularity, up to a
collision between two solids or between a solid with the boundary of the fluid
domain, of the solids motion. The case of an infinite cylinder surrounded by
a fluid occupying an half space is tackled. By a careful asymptotic analysis of
a Neumann PDE, when the distance between the cylinder and the wall goes
to zero, we prove that collisions with non zero relative velocity can occur.

Keywords and Phrases: Fluid-solid interaction, ideal fluid, Lagrangian me-
chanics, collisions, PDE-ODE coupled system.

1 Introduction and main results

1.1 Modelling

This paper deals with the free motion of rigid bodies in an incompressible, inviscid
and irrotational fluid flow in R®. We denote by S(t) = U™ ,S!(t) the domain
occupied by a collection of n solids at the instant ¢ > 0 and by Q(t) the domain of
the surrounding fluid. We set Q(0) = Q and S%(0) = S*. The boundary of Q(¢) can
be decomposed into T'y = 9Q(t) \ S(¢) and Ta(t) = U, Th(t) with Ti(¢) = 9S*(t)
(see figure 1). We will assume in all the paper that 'y is either bounded, either an
hyperplan. The center of mass of the i—th solid occupies the position h’(t) and we
denote h'(0) = hj. By definition of a rigid motion, for any i = 1,...,n and for any
t > 0, there exists an orthogonal matrix [R'(¢)] € SO(3) (the rotation group) such
that the position x*(t) of a point occupying the position xj € S* at instant ¢ = 0 is:

x'(t) = [R'(1)](xp — hp) + h'(1). (1.1)

Thus, at any time, the location of the i—th solid is described by a couple P? =
([R?],h?) € SO(3) x R? and we denote P = (P!,...,P") € (SO(3) x R®)™. The
SO(3) group being an indefinitely differentiable 3—dimensional sub-manifold of
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Figure 1: The rigid bodies S*(¢) and the fluid domain Q(t).

M(3) (the vector space of the 3 x 3 matrices), (SO(3) x R3)" is a 6n—dimensional
sub-manifold of (M(3) x R3)"™. We denote P the open subset of (SO(3) x R3)™ of
all the physicaly admissible positions of the solids, that is to say the positions for
which any two solids do not touch or overlap each other. For any given P € P,
there exists an open subset Qp of (R®)" and an indefinitely differentiable diffeomor-

phism Ag from Qg onto a neighborhood of P (ie. (95, Agp) is a local chart of P).
We call the elements Q of Qg the local coordinates and we denote generically g;
(1 <4 < 6n) the coordinates of Q. The Lagrangian £(Q, Q) of the fluid-solids sys-
tem solves, according to the least action principle, the system of ordinary differential
equations:

d oL . oL
796 YY" 59

dt 6Q
We shall prove that there exists a 6n x 6n symmetric matrix [K(Q)], called the
virtual mass matrix (or the kinetic energy metric) such that £(Q, Q) = (1/2)Q -
[K(Q)]Q. Assuming this matrix to be differentiable with respect to Q and after
straightforward computations, we deduce that the Euler-Lagrange system of ODE’s
(1.2) takes the form:

(QaQ) = Ogn- (12)

[K(Q)Q+([T(Q)], Q. Q) = Oy, (1.3)
where [T(Q)] is the 6n x 6n x 6n three rank tensor defined by:
1 (0K, 0K, 0K, o
1@ = 5 (Feii@)+ 2@ - B2 (@), 1<igi<on (14
J2 J1 7

Various fluid-solids interaction models were studied during the last years. We refer
for example to [15] for a precise bibliography on this topic. The first works on solids
dynamics in a frictionless fluid go back to Thomson, Tait and Kirchhoff. They were
also the firsts who introduced the generalized coordinates and the Euler-Lagrange
equations to study this kind of problems. For the particular case of only one rigid
body and the system fluid-rigid filling the whole space, the analysis of the model
is well understood (see Lamb, in [14]). Indeed, in this case, the derivatives with
respect to Q and Q in (1.2) can be explicitly computed and we obtain a system of
ODE’s satisfying the assumptions of the Cauchy-Lipschitz Theorem. The situation
gets more complicated in the case of several rigid bodies or in the presence of
boundaries (which is the case, for instance, if the system fluid-rigids fills a bounded
domain of R?®). Our first contribution lies in showing that, also in this case, the



Lagrangian £ is twice differentiable with respect to Q and Q, so that we still can
apply the Cauchy-Lipschitz Theorem. The proof of this fact is based on shape
sensitivity analysis technics. Our second contribution is that we show that shocks
(i.e. contacts with non zero velocity) can occur within this model. This situation
heavily contrasts to that encountered for viscous fluids (see [16] [17], [13], [12]).

At last, we compute the explicit form of the virtual mass matrix and of the
tensor (1.4) arising in the ODE (1.3) in terms of the potential function and of the
geometric data of the solid. These expressions will be used in future work to perform
numerical simulations.

1.2 Statement of the mains results

The first Theorem concerns the existence, uniqueness and regularity of local solu-
tions for the Euler-Lagrange system of ODE’s (1.2):

Theorem 1.1 Assume that 0S) is Lipschitz continuous. Then, for any time t
0, any admissible position of the solids Pc?P and any initial data (Q,Q)
Qp x (RS)™, there emists an interval (t1,13) C R containing t and a unique so-
lution Q*(-,t, Q,Q) ct € (ty,tg) — Q*(t,f,é,é) € Qp to the ODE (1.2) sa-
tisfying Q*(t, f,Q,é) = Q and Q*(t, f,@,é) = Q Moreover, the function t —

Q*(t,t, Q, Q) is indefinitely differentiable.

2
€

Denoting T'SO(3) the tangent bundle to SO(3), [I3] the identity 3 x 3 matrix and
combining the Theorem above with an a priori estimate, it allows us to prove:

Corollary 1.1 Assume that 02 is Lipschitz continuous. Then, for any initial data
([RY],...,[R1]) € (TSO(3))" and ((hy,h}),...,(ha, h2)) € (R® x R®)" (initial
positions and initial velocities of the solids), there exists a times T* > 0 and a
unique indefinitely differentiable function:

P :[0,T")— P
t= (([R'(®)),h'(1)),..., ([R"(H)],h" (1)),
for which P*(0) = (([]3}711(1))’ .-+, ([L3], hy)) and P*(O) = (([R(l)]’ h(1))7 R ([R8]>h8))
t

and such that the trajectory of a point x'(t), occupying the position x§ € S at the
instant t = 0 be given by (1.1).

The time T* corresponds to the time of the first collision between two solids
or between a solid with the fluid domain boundary. If there is no collision, then

T = .

A particular case of interest concerns the vertical fall of an infinite cylinder of radius
1 in an half space. For symmetry reasons, the problem reduces to be planar and the
solid to be a disk. The Lagrangian /j(h, h) depends only on the vertical position A of
the center of the disk and on its velocity h. The virtual mass matrix is a scalar k(h)
and the Lagrangian reads £(h, k) = (1/2)|h|2k(R). Then the system (1.2) reduces
to the ode :

Jk(h) + %|h\2k’(h) —0.

After integrating, we get h/hy = \/k(ho)/k(h), where hy and hq are the given
initial position and velocity of the disk. We shall prove that k(h) tends to a positive
constant when h — 1 and hence that

Theorem 1.2 If we specify the solid to be an infinite cylinder and the domain of
the fluid to be an half space, then there exist initial data such that the cylinder hits
the boundary in finite time with non zero relative velocity.



Going back to the general case considered in the Theorem 1.1 and in the Corol-
lary 1.1 and assuming additional regularity on 02, we shall give an explicit ex-
pression for the tensor [T(Q)] involved in the equation (1.3). This is done in the
Theorem 6.1 latter in.

1.3 Outline of the paper

This paper is organized as follows : the following section is devoted to the notations
and the computation of the virtual mass matrix. In section 3 we deal with a generic
problem of shape sensitivity analysis. The results are used in section 4 for the proofs
of Theorem 1.1, Corollary 1.1 and in section 6 for Theorem 6.1. Then, in section 5,
specifying the solid to be an infinite cylinder and the domain occupied by the fluid
to be an half space, we shall prove that finite time collisions happen. In the same
section, we will also study the behavior of the solid just before the collision time.
In the last section, going back to the general case, we give the explicit form of the
system of ODE’s (1.2). The appendix contains the proofs of technical Propositions.

2 Notation and preliminaries

2.1 Notation

Throughout this article, we shall use bold print notations for vectors like x, h, Q
whereas we keep the usual characters for their coordinates x;, i, ¢; and in a general
way for any real valued functions like ¢, ¢. The canonical basis of the physical space
R3 is {e1,es, e3} and the canonical basis of the 6n dimensional space of the local
coordinates Q is {ef,...,e},e?,...,eZ,... et ... ef}. 0, is the null vector of R”.

A matrix is denoted in square brackets [M], its entries are M, j,, [M]" is the
transposed matrix and [I,] is the identity matrix of R%. The Jacobian matrix of a
differentiable function ¢ is [De].

We use double square brackets for three-rank tensors like [T]. Its entries are
T}, j,j5- We use the convention ([[T]]Q)jljfz = ng T}, j2js 455 and (<[[T]]7P7Q>)]1 =
ij ng T, 3235 Pj2js» Where ¢; and p; are the coordinates of Q and P.

In section 5, we will identify R? with the complex plane C and any vector
X = (x1,72)" with the complex number x; + izy where i> = —1. Due to this
identification and according to the rules of notations above, we shall use bold print
notations for complex numbers z = x1 + iz2. In the same way, we will make no
difference between a complex valued function f(z1+ize) = f1(x1+ixs)+ifo(x+izs)
and the vector valued one f(x1,12) = (f1(21,22), fo(z1,22)) 7.

2.2 Admissible positions of the solids, global and local coor-
dinates

For any P? = ([R],h?) € SO(3) x R3, we denote S*(P?) = [R!]S*+h’ and 'y (P?) =
0SH(P?). We call P = (P!,...,P") € (SO(3) x R®)" the global coordinates of the
solids and we introduce

P ={Pc (SO(3)xR*"|SHPHNSI(PI) = SHPH)NT1 =0, V1 <i,j <n,i#j}

The set P is the manifold of all the admissible positions of the solids. In order to
build a local chart of P, let us introduce the skew-symmetric tensors:

[Al] =e3®e; —exRe3, [A)]=e®e3—e3®e;, [Az]=e;Re —e; ®es.



For any given rotation matrix [E] € SO(3), we set the mapping;:

Rig: R? — SO(3), (2.1a)
0= (01,02,05) = Ry (6) = PSR (2
Denoting U =] — w,n[x] — w/2,7/2[X] — m, 7, the couple (U,R[E]) is a local C*

chart of SO(3) and R[ R is an indefinitely differentiable diffeomorphism from &/ onto

a neighborhood of [R] € SO(3). The coordinates 8 are the so-called Euler angles
(with the “xyz" (pitch-roll-yaw) convention, see [9] page 603). B

With the notations above, for any given P = (([R'],h'),...,[R"],h")) € P and
any

Q =((6*,h'),...,(6"h"))
=((01,0,03, hi, hy, h3), ..., (67,05, 05, kY, hy, hi) € (R? x R?)",
we define the function:
AS(Q) = (R (8Y),hY), .., (R (67),17)) € (SO(3) x RO, (2:2)
and the set
n -1
Qp = (U xR?) NAZ (P).

One can checks that (Qg, Ag) is a local chart of P and A is a C* diffeormorphism

from the neighborhood Qg of Q = ((03,h'),...,(03,h")) onto a neighborhood of
13, satisfying Af)(é) =P. Therefore, the set:

A={(9p,Ap), P € P},

is an atlas of P. The tangent space to P at the point P is denoted TP(IS) and
OA5/0Q(Q) is an isomorphism from (R°)™ onto TP(P).
For any Q € Qp and any i = 1,...,n, we denote

Qi = (0i7hi) = (9179376§7hi7 Z27h3) and A;’S(Ql) =(R

so that Q = (Q',..., Q") and A5(Q) = (A%(Ql),...,A%(Q")).

To simplify notation and if no confusion is possible, we shall denote merely Q
instead of Qp and R(6) instead of R (0). In the same way, in local coordinates,
St(Q?) will stand for Si(A%(Qi)), 'y (Q?) for Fé(A%(Qi)) with ['2(Q) = U, T5(Q%)
and Q(Q) for Q(As(Q)).

[R?] (01)7 hi)v

2.3 Computation of the virtual mass matrix
Using the Euler’s angles 8°(t) = (8% (t), 05(t),05(t)) and by deriving (1.1) with re-

spect to t we obtain:

3
(1) = Y2 04(0) 5 (0'(0) (oo — ) + 1),
k=1

Then, defining for all 8 € U the vectors:

wi(0) =e;, wy(0)=e"Mley  wy(0) =Ml
and the 3 x 3 matrix [w(@)] being obtained as the horizontal concatenation of the
column vectors wg (@) for k = 1,2,3, we get the following formula:

OR

%4mnwfxzwgmAx,vXeRiVOGMVk:Lza (2.3)
k



The Eulerian velocity vi(¢,x) at a point x of S(t) is hence given by:
vi(t,x) = [w(6")]0° A (x — hi) + B, (2.4)
To simplify notation, we set wi = wy(0"), k = 1,2,3 and [w'] = [w(0")].

Foralli=1,...,n, p' stands for the density of the solid S?, m* > 0 is its mass
and [J'] is its inertia tensor defined by:

0] =R | [ 5 (3~ B PI] - (x— ) & (x— ) x| (6T
The kinetic energy of the solid S% is K/(Q', Q%) = (1/2) fSi(Qi)pi|vi(7§,x)|2 dx.
Introducing [7%(Q?)] = [w']T[J?(8")][w], this expression can be rewritten:
K@ Q1) = 5 (8- 17/(@)8 +mii ).
Setting then the 6n x 6n bloc-diagonal matrix:
[Ks(Q)] = diag([7"(QN)],m' [I5], [7(Q*)], m*[Is], ..., [7™(Q™)], m"[I3]), (2.5)

the total kinetic energy of the n solids reads:

Ks(Q.Q) = Y K(Q, Q) = ;- [Ks(Q)Q

i=1

The Eulerian velocity u(t,-) of the fluid in Q(Q(¢)) is given by u(t, ) = V(t, )
where ¢(t, ) is the harmonic potential. It can be decomposed into

(,O(t, ) = Z @i(tv ')7

each function (¢, -) being harmonic in Q(Q(t)) and satisfying the Neumann bound-
aries conditions:

2 (1) = Vi) Q) on T3(Q' (1)),
aa‘f: (t,)=0 on I'y Ujx; F%(Qj(t)),

where the velocity vi(¢) is given by (2.4) and the vector n?(Q(¢)) stands for the unit
normal to I'5(Q(t)) directed towards the exterior of the fluid. According to (2.4),
©'(t,-) is a linear combination of the functions % (Q(t),-),i=1,...,n, k=1,...,6.
These functions are defined for any Q € Q as the solutions (in a sense that will be
made precise later in) of:

dpt o L
on (@) = 9(@) on T5(Q’), (2.60)
((j;fzc (Qa ) =0 on Fl Uj;,éi F%(QJ), (26C)

where ¢;(Q',-) = (w}C A (X—hi)) -n*(Q%,+) and g§+k(Qi,-) = e - n'(Q?,-) for
k=1,2,3.

Thus, denoting (Pi(Q7 ) = (QDzl(Q, ')7 ce awé(Q7 ))T and LP(Q7 ) being the verti-
cal concatenation of ¢?(Q, ) for i = 1,...,n, we obtain the formula:

Pt = Q1) - QM) wlt,) = Q1) - p(Q1), ). (2.7)



The kinetic energy of the fluid which is assumed to be of constant density pp, is
Kr(QQ) = (1/2)pr fyyq l(®)Pdx = (1/2)pr [oq [Vt x)[2dx. Taking into
account (2.7), we define for all Q € Q the 6n x 6n matrix:

[Kr(Q)] = pr / o [PP(@ D@ %] dx

We obtain that: )
Kr(Q,Q) = §Q [Kr(Q)Q.

Following Lamb [14], we will derive the governing equations for the solids motion
by using Lagrangian mechanics. In the absence of body forces, the Lagrangian of
the system is the sum of the kinetic energy of the fluid and the kinetic energy of
the solids:

) 1. )

£Q Q) = 5Q ([Ks(Q)] + [Kr(Q))Q. (2.8)
The matrix [K(Q)] = [Ks(Q)] + [Kr(Q)] is called the virtual mass matrix of the
system fluid-solids and the equations of the motion are given by (1.2) (see [3] page

53). Before going further in the computations, we need to study the regularity of
Q — [Ks(Q)] and Q — [Kr(Q)]. This is the aim of the next section.

3 Shape sensitivity analysis

This section is devoted to the study of an abstract problem of shape optimization.

3.1 The context

Let € be an open connected subset of R3. We denote I' = 9 and we assume that

I =T,UTy, I'1NTy = 0, Ty is bounded and T'; is either bounded

either an hyperplan. (Hi)

Following A. Henrot and M. Pierre in [11], we introduce for all m > 1 the Banach
spaces C™>°(R3,R3) = C™(R3,R?) N W™>°(R3, R3) endowed with the norm:

1O]|lm = Z |D*O|| &z, VO € C™>(R?R?),

le|<m

a = (aj,az,a3) € N3 and |a| = a3 + az + az. We consider also Cj"™°(R3,R3)
the subset of the functions compactly supported in C°°(R3,R?). In this section,
U stands for a neighborhood of [I3] in C%°°(R3,R?) small enough such that the
mapping © € U — [DO]~! € L>=(R3, M(3)) be well defined. In this case, it is also
indefinitely differentiable.

Let now Q be an open subset of R” (p > 1) containing 0, and consider a C*
mapping (a > 1):

Q=(q1,---,q) " € 2 4(Q,") € O™ (R’ R?), (3.1)
such that the following hypothesis be fulfilled:

CTForall Q € Q,0(Q) € U (4(Q,) — [Is) € G (R%,RY) and
¢(Op’ ) = [IS]'

For all Q € Q, ¢(Q,-) is the identity in a neighborhood of I'; and
#(Q, ) is a rigid motion in a neighborhood of T's.

(Ha)

(Hs)



We denote Q(Q) = ¢(Q,Q), I'(Q) = ¢(Q,T') and I'3(Q) = ¢(Q,T'2) and we define
for all Q € Q:

[A(Q,)] = [Dé(Q, )] ' [DH(Q, )] det[Dp(Q, -)]| € L= (R?, M(3)).

The hypothesis (Hz) leads to [A(0,,-)] = [I3] and [A(Q, )] — [I3] € C;"™°(R3,R?)
and (Hs) ensures that [A(Q,-)] = [I3] in a neighborhood of I'. Let 0 < § < 1 and
choose Q small enough such that:

11A(Q, )] — [I3]ll oo 3, m3)) <0, VQ€ Q. (Hy)

For any Q € Q, we consider the solutions (in a sense that will be made precise later
in) u1(Q,-) and u2(Q,-), of the following Neumann problems:

—Au(Q,-) =0 in Q(Q), (3.2a)
2L Q)= 0@ ) on T(@Q), k=12 (3.20)

where ¢1(Q,-) and ¢2(Q, ) are given functions on I'(Q). We are interested in
studying the sensitivity with respect to Q of the functional:

7(Q) = / Vur (Q, %) - Vua(Q, x) dlx. (3.3)
Q2(Q)

3.2 Some function spaces

We denote D’(Q) the distributions space and:

P2(T) = {G € A1) | G|, =0, / G(x) doy = 0},
s
HY*(T) = L*(D) n HY(D),
and the weighted Lebesgue spaces:

£2(9) = {ueD(Q)|(1+]x[*)"?u e L*(Q)}, when Q is not bounded,
{ueL?(Q)] [,u(x)dx =0}, when (2 is bounded.

We define also:
V= {u e D'(R%) |u/(1 + |x[?)}/? € L*(R3), Vu € LZ(R?’,RS)} ,

and, if € is bounded, we set for all Q € Q the quotient space:

VH(Q) = {u e D'(2Q)) |u € L*(AQ)), Vu € L*(Q(Q),R?) } /R.
If Q is not bounded, the definition above is replaced by:

VHQ) = {u e D(QAQ)) |u/(1+[x)!/? € LA(Q(Q)), Vu € L*(AQ),R?) | .
At last, we will need:

V2 = {ue V' |(1+ |x%) /2D € LA(R%, M(3)) },

and

V3(Q) = {u € VH(Q) | (1 + [x[*)"/2[D%u] € L*(Q(Q), M(3)),

Vu~nEOonF1,/Vu'ndax:O ,
I'2(Q)



where [D?u] stands for the Hessian matrix of u. We denote merely V! = V'(0,)
and V2 = V%(0,). The spaces V*(Q) and V?(Q) are endowed respectively with the
scalar products:

(u, v)y1(Q) = Vu - Voudx,
Q)
(U,U)VQ(Q) = (u,’U)Vl(Q) —+ /Q(Q)[Dqu] : [Dzv](l =+ |x|2) dx.

We refer to [4], [1], [2] for details about these spaces and for the proof of the following
Lemma when (2 is not bounded. The case 2 bounded is classical (see [5]).

Lemma 3.1 Assume that T is Lipschitz continuous and that m = 1 in (3.1). Then

for any gi(Q,) (k = 1,2) on T(Q) such that g(Q, (Q,-)) € LA(T), the system
(3.2) admits in VY(Q) a unique weak solution ui(Q,-) defined by:

Vur(Q, %) - Vip(x) dx = / 0(Q,x) p(x) dos, Vo e VIQ).  (3.4)

2AQ) IN(®))

If T is of class C%Y, m = 2 and g1(Q, #(Q, ")) € I:Tl/z(I‘) the solution uk(Q,-) is
inV3(Q) (k=1,2).

3.3 Regularity results

From now on we shall denote G1(Q, -) = gx(Q, ¢(Q,-)) and Up(Q, ) = ux(Q, #(Q, "))
foral Qe Q, k=1,2.

Proposition 3.1 Assume that I is Lipschitz continuous, m =1 in (3.1) and that
Q< 9 Gi(Q,-) € LAT) is of class CP, 3 > 1. Then the mappings:
Qe Q- U(Q,) eV, QeQ—T(Q)EeR,
are of class C™ B} in o neighborhood of Q = 0,.
If T is of class C*', m = 2 in (3.1) and Q € Q — Gr(Q,-) € HY*(T) is of
class C*, then:
Qe 2~ Ui(Q,") €V?,

is of class C' in a meighborhood of Q = 0,. Furthermore, for all compact set
K C Q, there ezists a neighborhood Qk of Q = 0, in Q such that K C Q(Q) for
all Q € Q. The mappings:

Qe 9k —u(Q,) |k € LK), Q€ Qkr Vur(Q,")|x € L*(K,R?),
are also of class C* with the following reqularity for the derivatives:

% 8(Vuk)

0q; 9q;
The local results of this Proposition which are available only in a neighborhood of
Q = 0,, can easily be extended to the whole set Q. Indeed, let us denote Q = ¢(Q, )
for any Q € Q and define for all Q in a neighborhood of Q = 0,, the function

%(Q» ) = ¢(Q + Qa ¢_1(Qa ))

Applying the Proposition with the function gzNS, one obtains the same results in a
neighborhood of Q = Q. Hence, it makes sense to define for all Q = (q1,...,¢,)" €
Q:

(0,,") € VY, (0,,") € L*(Q,R?) Vi=1,...,p.

9q;

8uk
9qi

(Q,") € VY(Q) and (Q,) € L*(Q(Q),R?), i=1,...p.



It is possible to compute explicitly the expressions of the partial derivatives of T
with respect to ¢;:

Proposition 3.2 Assume that T is of class CY', m = 2 in (3.1) and Q € Q
Gr(Q,-) € HY2(T) is of class C'. Then, we have:

or
9q;

Q= - / Vur (Q) - Van (Q)(VV(Q) - m) dor,
r>(Q)

X g B V! U o
+/FQ(Q) (5% (¢7(Q) = V-1(Q) - V (Q)> 2(Q) do,

o N "% U o
+/rz(Q) (5% (@7(Q) ~ Vr2(Q) - V (Q)> 1(Q) do,

2 / 01(Q)g2(Q)(Vi(Q) 1) do,
r>(Q)

- /F(%)(Q) +#2(Q))(91(Q)u2(Q) + 92(Q)u1(Q))(VI(Q) - m) dor,

g1 992
+ /F P4, (Qu2(Q) + Da. (Q)u1(Q) doy, (3.5)

where k1(Q) and k2(Q) stand for the principal curvatures of the surface I'y(Q) (we
refer to [7], page 129 for a definition), V., is the tangential gradient and

99
0q;

VI(Qa) = (Q7¢_1(Qa'))’ i= 17"'ap' (36)

The proofs of the Propositions are given in the Appendix.

4 Existence, uniqueness and regularity of the solids
trajectories

In this section we will give the proofs of the Theorem 1.1 and of the Corollary 1.1.

4.1 The problem in local coordinates

Considering the expression (2.8) of the Lagrangian and taking into account the
symmetry of the matrices, we deduce easily that £ is analytic with respect to Q
and that

oL

£<Q) = (Ks(Q)] + [Kr(Q)Q.

Assuming for a while the matrix [K(Q)] = [Ks(Q)] + [Kr(Q)] to be differentiable
with respect to Q and applying the chain rule

d _ /IK(Q)] -
air@i= (45 Q).
we obtain that:

d oL oL

kione s (PEQ) o\ o 1or [IKQ)
e 5g - maia+ (T aya-jar (ML Ha )

oQ 2 0Q

10



The Euler-Lagrange system of ODE’s (1.2) can formally be rewritten under the
normal form:

d[Q
at [ Q ] -
P ][R (5]

To study this system, we begin with the:

Lemma 4.1 Denote \; > 0 the smallest eigenvalue of the inertia tensor [J'] (see
[9] page 195) and
a=min{\;,m;,i =1,...,n},

where we recall that m; is the mass of the i—th solid. Then a > 0 and
XTK(QX = [[K(Q)X]* > ofX[’, VX e (R%)",VQeQ. (4.3)
In particular, the matriz [K(Q)] is invertible for all Q € Q.

Proof : The matrix [K(Q)] is the sum of [Kr(Q)] which is positive and [Kg(Q)]
which is definite positive for all Q € Q. Indeed, [Ks(Q)] is a bloc diagonal matrix,
each bloc being either a 3 x 3 diagonal matrix diag(m?, m¢, m*) with m® > 0 for all
i =1,...,n, either a matrix [w']"[J/][w’]. The matrix [J?] is definite positive and
simple computations yield det[w?] = cos(63) # 0 because 8° = (01,05, 00)T e U =
| —mw[x] —n/2,7/2[x] —m,x[. A

In order to apply the Cauchy-Lipschitz Theorem to the ODE (4.2), the key point
consists in proving that I[K(Q)]/0Q is well defined and to determine its regularity
with respect to Q. This task will be achieved using arguments of shape sensitivity
analysis developed in section 3.

According to the definition (2.5) of [Ks(Q)], the mapping:

Q € 2 [Ks(Q)] € M(6n),

is analytic. Moreover, the formula easy to prove:

Owp [ wi(0) ANwi(0), if1<j<k<3,
o6, @ 1o 1<k <)<, 44
leads to:
Ofw? . . . . Iw? . _
[w.] = e ® (w] Awj) +e3® (W] Aw}), [w] =e3® (wHAws), Vi=1,...,n
06} 064

The differential of the matrix [w?] with respect to Q is therefore the three-rank
tensor:

aa[g] =R WiAw)) Re +e3® (Wi Awh) ®e; +e3® (wh Awh) @ es.
After some algebra, one obtains that:
T Q) i\ &vi Lyt /OTQ)] N\ &y _ rrivrinT (v vy o
<8QZ7Q>Q_2Q <a@a>Q_<[[T(Q)HaQaQ>7 l_la"'an7

11



where the three-rank tensor [T°(Q?)] arising in the right hand side is defined by:

Tkjlj2 (Q ) = 92 [(wmin{jhjz} A wmax{jlajz})[J (0 )]wk
+ (w;1 A w};)[Ji(Oi)]w;2 + (w;2 A wz)[ﬂ(ai)]w;l], (4.5)

if 1< k,j1,j2 < 3 and T}, ;,(Q") = 0 otherwise. Thus, ([T°(Q")],Q",Q’) yields
a 6—length column vector. From the tensors [T’ {(Q")], we build the three-rank
6n x 6n x 6n tensor defined for all (Q, Q) € Q x (R%)" by:

S Ir@ILeny
([75(Q)). Q. Q) - z - (146)
(EACRINCIND

We get finally the equality:

IKs(Q)] 5\ 1T /9Es(Q)] \ ¢ -
(e a)a-jar (M da- e, wn
It is clear that [Ts(Q)] is analytic with respect to Q.

The use of the Proposition 3.1 will allow us to prove that [Kr(Q)] is indefinitely
differentiable with respect to Q if 9 is Lipschitz continuous. Nevertheless, the
explicit computation of I[Kr(Q)]/0Q is only possible when 99 is of class Ot
Each entry of the matrix [Kr(Q)] has the form of the functional T defined by (3.3)
in section 3. We define the function ¢ arising in (3.1) as follows: let O° be an open
set such that 'y € OY. For each S* it is possible to find an open set O such that
Si c O, O compact, O'NO° =P foralli =1,...,nand OTNOI = ( if i # j.
Then we consider a C* partition of unity {¢°, ¢%, i = 1,...,n} such that ¢’ =
in 0%, i =0,1,...,n. For any Q in a neighborhood of ((03,h}),...,(03,h%)) in Q,
the function

3(Q.x) = C(x)x + Y _ ('(x)(R(6")(x — hj) + h'),
i=1

is in C°>>°(R3,R3) and satisfies the hypothesis (Hz) and (Hs) of section 3. Then

we introduce, for all i = 1, ..., n, the following vectorial fields on I'(Q):
Vi(Q',x) = wi A(x—h'), k=1,2,3 onI'y(QY), (4.8a)
s(QLx) = e, k=1,2,3 onI's(Q"), (4.8b)
Vi(Q',x) = 05, F=1,...,6 on [(Q\THQ). (450

The boundaries values of 9% /On in the system (2.6) read for all i = 1,...,n and
k=1,...,6:

g1(Q',x) = n’(Q",x) - Vi(Q', %), on T%(Q"), (4.9a)
g}i(Qi7X) =0, on I'(Q) \Fé(Qi)7 (4'9b)

and the functions G%(Q°,-) = ¢.(Q%, ¢(Q,-)) are:
GL(Q',x) =n'- (R(6")Tw}) A (x — hp)), (4.10a)
3(Qhx) =n"-R(0") ey, onTh 1<k<3, (4.10b)
1 (Q',x) =0, on P\T%, 1<k<6.  (4.10c)

12



Since Gi(Q',) € L2(T) for all Q € Q, the Lemma 3.1 applies. It ensures the
existence and uniqueness of the functions i (Q,-) in suitable weighted Sobolev
spaces. The matrix [Kr(Q)] is hence well defined for all Q € Q. Moreover, it
is clear that the functions Q — G%(Q%,-) € ZQ(F) are indefinitely differentiable.
According to the Proposition 3.1, the mapping Q — [Kr(Q)] is also of class C* in
a neighborhood of ((03,h}),...,(03,hy)). The Cauchy Lipschitz Theorem applies
to the ODE (4.2) and the solutions are indefinitely differentiable. We have thus
obtained the conclusion of the Theorem 1.1.

4.2 The problem in global coordinates

Let (Po,Pg) € P x TP(Py) (namely, initial positions an initial velocities of the
solids) and define Qg = ((03,h}),...,(03,h})) € Op, and Qg € (R3 x R3)™ such

that oA
< 8QPO (Q0)7 Q0> = 1E)O-

We can apply the Theorem 1.1: there exists a real interval [0,7") and a unique C'*°
function Q*(-,0, Qo, Qo) that solves (1.2) on [0,7). We set then

P*(t) = Ap,(Q*(£,0,Qo,Qo)), Vte[0,T).

The principle of conservation of energy ensures that

‘C(Q*(t7 07 Q07 Q0)7 Q*(ta Oa QOa QO)) = ‘C(QOa QO)a Vit e [07 T)

The definition (2.8) of the Lagrangian and the formula (4.3) yield:

|Q*(t70aQ07QO)|2 < ‘C(QOaQO)? Vte [O7T) (411)

QI

Classical results on ODE’s (see for example [6] page 13) allow to make precise the
behavior of the pOint (tv Q*(t7 07 QOa Qo)a Q*(t7 07 Q07 QO)) €ERX Q(PO) X (RG)TL as
t — T. One of the following alternatives holds:

e cither T' = oo,

e cither |Q*(t,0,Qo, Q)] — oo as t — T but this case is excluded by the
estimate (4.11).

e cither Q*(t7O7Q07 QO) - Ql € aQPO and Q*(tvoa QOa QO) - Ql € (RG)TL as
t—T.

In the last case, if the point Q; does not correspond to a collision, we can set

P, = APU(Ql)’ Pl = <8AP0/6Q((§1)5 Ql> , and Q1 = A;}(Ql)v

L [OAs
Q={%q (Q1),Qu1 ).

We can then build a new solution with initial data (Qq, Ql) This solution does
continue P* to the right of T. The proof of the Corollary 1.1 is then completed.
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5 DMotion of an infinite cylinder

In this section we consider a two dimensional problem consisting in the vertical
motion of a disk of radius 1 in the half plane Q = {(z,y) € R* s.t. y >0} (this
situation can be seen as a particular case of our model when the immersed body is
an infinite cylinder). The aim is to show that with our model, the disk touches the
boundary in finite time with a non zero velocity. This situation contrasts with that
encountered for viscous fluid where it has been shown that the contact body-wall
is impossible (see [16], [17], [13], [12]). Another point tackled in this section is the
study of the influence of the “wall” (boundary of the model) on the velocity of the
solid. More precisely, we show that the velocity of the solid decreases when the
solid gets close to the boundary (see figure 5.2) and we investigate this “damping”
as function of the densities of the fluid and of the solid.

Denote by (0, h(t)) for ¢ > 0 the coordinates of the center of mass of the disk By,
and assume that the angular velocity and the first component of the linear velocity
are zero. In this case the system has only one degree of freedom, h, so the virtual
mass matrix reduces to the scalar k(h) = m+&(h) with E(h) = fQ\ma |Von|?(x)dx

and where the function ¢}, solves the following Neumann problem:

7Ag0h =0 x in \ Bh, (51&)
0
% =h—x2 on 0B, (5.1b)
% =0 on Of). (5.1c)

The Euler-Lagrange system (4.1) reduces to:

d oL oc 19€(h)

Baliaddad INh 4+ = N2
dioq aq  MTEWIRT S5, 0
and hence, after integrating, we get:
o [m+prE(hg)
h=hoy| ————, 5.2
N m+ prE(h) (52)

where hg and fio are the initial position and velocity of the disk.
The main result of this section is showing that:

Proposition 5.1 For hg > 1 and ho < 0, there exists Ty > 0 such that the Cauchy
problem (5.2) has an unique solution defined on [0, Ty] and which satisfies h(Tp) = 1
and h(Ty) < 0. In other words, the disk hits the wall in finite times with non zero
velocity.

The properties of the function h +— £(h) play an important role in the study of the
ODE (5.2) and are needed in the proof the Proposition 5.1. These properties are
summarized in the results below, which will be proved latter in.

Lemma 5.1 For all h > 1, E(h) is given by the series:

h? -1 s
£h) = 2”,; [(h+VRE—1)b — (h— VRE— D)2 4 (53)

Moreover we have the following limits:

7'('3 ™

I S I —
i &) =35 - lim e

e

So that £ can be extended by continuity on [1,400].
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Figure 2: Graph of the function £ with respect to h

5.1 Computation of an explicit solution

We shall compute explicitly the solution of (5.1) using a conformal mapping method.
In particular, we will obtain the expression of £, involving h, and we will show the
continuity and compute the finite limit of £ when h goes to 0. To conclude, we will
show that |A(Tp)| > a > 0.

We begin with considering the following holomorphic change of variables:

Lemma 5.2 For allt > 0, the conformal mapping G defined by:

zZ —1ia

G(z) =

z+ia’

where a = Vh? —1, maps By onto the disk D, of center 0 and radius o =
h—+vVh?—1 and Q\ By, onto A, = A(0,0,1), the annulus of center 0 and radii o
and 1. For all w € A,, the inverse function g = G~! is given by:

(w) 14w
W) = ia
g 1I—w’

and we have h = (671 +0)/2, a= (67 — 0)/2.

A proof of this Lemma below can be found in [10].
Let us recall some useful classical properties of an holomorphic change of vari-
ables:

Lemma 5.3 Let O and O be two open subsets of R? and P = Py +iPy : O — 9}
be a conformal mapping.

1. Let f € C?(0) and F = foP. Then F € C?(0) and we have the relation:

2 2
AF(ul,UQ) = (gi) + (gif) Af(P(u:[,UQ)),

for all (uy,us)" € O.

15



z plane

Figure 3: The conformal mappings G and g.

2. Let T be a Cj curve, I' C O and n be the unit normal to I'. Denote also
I'=P(T") C O and n the unit normal to T'. Then we have:

of

%(P(Ul,’ug)). (55)

Applying the Lemma 5.3, the new function ¢, (u1,us) = ¢n(g(u1,us)) solves the
Neumann problem:

Ado(u1,uz) =0 for (u1,uz) € Ag, (5.6a)

994

n (u1,u2) =0 for u? 4+ u3 =1, (5.6b)
2 _ 2

99 (u1,uz) = a20” = (1 + o7)ui] for u3 4 u3 = o2, (5.6¢)

On o1+ 02 —2uy)?

For t > 0, according to [8, Theorem 3.1], the harmonicity of ¢, ensures the existence
of an harmonic conjugate function 1 and of an holomorphic function F defined
in A, by F = ¢, + itp. Remark that, since A, is not a simple connected set,
this existence result is not obvious. The function F is defined up to an additive
complex constant because ¢, is the solution of a Neumann problem. From the
boundaries conditions (5.6b) and (5.6¢) for ¢, we derive the boundaries conditions
for F. On the boundary |w| = 1 of A,, the exterior unit normal is n = w, then
OF /on(w) = F/(w)w. On the boundary |w| = o, the normal vector is n = —w/o,
therefore we get —00F /On(w) = F/(w)w. Finally, with w = uy + iug, (5.6b) and
(5.6¢) yield for F the conditions:

R(F'(w)w) =0 for |w| =1, (5.7a)
—a[20% — (1 + 0?)uy]
(1 + 02 - 2’&1)2

R(F'(w)w) = for |w| = o. (5.7b)

The function F being holomorphic in the annulus A, , it admits an expansion under
the form of a Laurent series.

Lemma 5.4 The Laurent series of the function F, holomorphic in A, and satisfy-
ing (5.7) is:
2n
Fiw)=v-aY 0 (w'+w "), Ywe A, (5.8)

1— O.Zn
n>1

where v € C is an arbitrary constant.
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Remark 5.1 The above series converges for 0% < |w| < o~2. This implies in
particular that the series converges in A, .

Proof : Seeking the coefficients of the Laurent series (5.8), we write formally that:

F(w) =7+ Y _(an +iby)W" + (cn + idy)w ™" forall w € Ay, (5.9a)

n>1
and then
R(F'(w)w) = Z n[r"a, — r~"cy| cos(nf)
- —n[r"b, + 7 "d,]sin(nf) for all w =re.  (5.9b)

For r = 1, according to (5.7a), we obtain that a,, = ¢, and b, = —d,,. For r = o,
the identity (5.7b) allows us to compute the coefficients a,, and b,,. Thus, we get:

n

. —a" 1 2 —in _ —0 ~
. —o” 1 o inf —o " ~
cn + Zdn = m;/o 06(9)6 dd = ma(—n),

where @(n) is the n-th Fourier coefficient of «, the function:

—a0[20 — (1+0%) cos(0)]

0 eR— o) = [1+4 02 — 20 cos(6)]?

Plugging the expressions of a,, by, ¢, and d, in the formal expansion (5.9a), we
get:
—o" ~ n

where v € C is an arbitrary constant. We next compute explicitly the Fourier
coefficients of a. Setting z = e it follows that:

a(n) = - [ Zaolez—(1+0%)(e +1)]dz
Oz(ﬂ) T % /BD [(1 +02)Z _O_(Z2 + 1)]2 o (511)
Since:
AR 8 Y N K S
(14 02)z—0(z?+1)]? z—0)2  o2(z—o1)2]’

the relation (5.11), combined with (5.10) gives, according to the residue Theorem:

(n) = nac™ for all n > 1,

2 2

(n) = —nac ™" for all n < —1.

Plugging these identities into (5.10), we get (5.8) and the proof is then completed.
[ |

We give now proof of the formula (5.3) and we compute the limits of the func-
tion &.
Proof of the Lemma 5.1: An other expression for £(h) = fQ\Bh |Vion|2dx is:

Eh)=E(h—Vh?2—1)=E(0) = /A Vo |>dw, (5.12)

17



where ¢, is the solution of the system (5.6). The above formula comes from the
holomorphic properties of G and g. Hence, taking into account the Cauchy Riemann
conditions, their Jacobian matrices can be written as:

[Qe(x1,x2)] for all (x1,22) € Q\ By,

(2, 22)] = ]§§<>

7]

[Jg(ur,u2)] = ‘(,Mgl(uhuQ) [Qg(u1,us)] for all (u1,u2) € Ay,

where [Q¢] and [Q,] are orthogonal matrices. We deduce the expression of Vi, in
terms of Vo, :

[Qc (71, 72)|V o (G(z1,22))

(Qc(71,72)[V s (G(21,72)).

0G
Von(z1,22) = ‘%(xhxz)

e (CIE)

Since |V, (u1,us)|? = |[F’(w)|?, where F is defined by (5.8), we have in cylindrical
coordinates:

&) =2 [ 1 [;ﬂ / 71 (pcos(6). psin(®))? a6 pd.

In order to apply the Parseval Theorem, we need to prove that for all p € [0, 1] the
function 6 — F’(pcos(f), psin(h)) is in L*(0,27). We have the estimates:

[F'(pcos(6), psin(0))| < —

So we can apply the Parseval equality to |F’| and we obtain for all o €]0, 1[:

G ! ano® 1 2n—2 2n—2
g n>1
1+ o2
2 2n
= . 5.13b
Ta n; no T ( )

The well known identities /(1 —z) = >, 5, 2" and z/(1 —2)* = 33 o, na", for
all |z| < 1 together with (5.13b), allow us to turn the expression of & into:

E(o) = ma® Z n(1+ ") Z o2 forall 0 <o < 1. (5.14)

n>1 E>1

We can invert the order of both sums because all the terms are non-negative. We
get

E(o) = ma® Z Z no?"* 4 po?nk+n)

k>1n>1
2k 2(k+1)
_ 2 a o
—ma Z (1 — o2k)2 + (1 — g2(kt1))2 forall 0 <o < 1.
E>1
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We split the series into two parts and change the index in the the second one to get
the final expression for &:

2
5, T ok_o [ 1—0? 7r
g(g)_§ 1§>10 [10%} 1 forall0 <o < 1.

Introducing ¢ = h — v/h? — 1 in the above expression, £ reduces to (5.3). It
remains to prove the continuity of the function £. We apply Lebesgue’s Theo-
rem to establish the continuity of £ defined by the series (5.14) on ]0,1]. Let
fe(o) = o272 [1—0%/1 - 02’“]2 for o €]0,1]. These functions are continuous on
]0,1[ and can be extended by 1/k? for ¢ = 1. We have the following inequality for
all k£ > 2:

k—1
1— k
1 g :ZJPZkak_l forall 0 <o <1,
—0

p=0

and then
2
140 1-0 4
_  2k—2
fk(O‘)—O’ |:]_<|»O'k]_0'k:| Sﬁ for a110§0§1
Finally the terms of & are uniformly bounded by a convergent series for all 0 < ¢ < 1.
Then £ is a continuous function of . We can pass to the limit in the series as o
goes to 1 and as o goes to 0 and we get the values for the energy given by (5.4). W

It remains now to to give the

Proof of the Proposition 5.1:  Considering the ODE (5.2) we deduce that
h keeps the same signum as ho < 0. According to the Lemma 5.1, the func-
tion £ is continuous on [1,hg]. Let be k = sup{E(h),h € [1,ho]} and a =
ho+/(m + pr&(ho))/(m + prk). We have

h(t) < a < 0fort >0,
h(t) < at+ hg for t > 0.

When ¢ tends to +o00, h goes to —oo. We conclude that there exists T > 0 such
that h(Tp) =1 and |h(Tp)] > 0. N

5.2 Velocity damping at the collision point

We have seen that our model of fluid-solid interaction, dealing with an ideal fluid
flow, allows the rigid body to collide with the boundary of the fluid domain. Nev-
ertheless, the fluid has a damping effect on the velocity of the solid. Considering
again the configuration of the preceding section, we can rewrite (5.2):

(5.16)

'ﬁ_ 7+ pr/ps€(ho)
;L() 7T+PF/PSS(h) .

We have drawn in the figure 5.2 the disk velocity damping percentage 100(1 — //hg)

with respect to h for some values of pr/ps. Note that the d’Alembert’s paradox,
holding for a disk in the whole space R2, does not apply any more in our case. The
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resulting hydrodynamic force on the disk is non-null and the disk slows down when
approaching the fluid boundary.

40

35 b

w
o
T
!

N
[6;]

Velocity damping (%)
& S

10

0 L
1 15 2 25
h

Figure 4: Ball velocity damping for hg = 2.5

No surprisingly, the damping effect increases as h decreases and is maximum
at the collision point, that is to say for h = 1. Since £(1) = 73/12 — n/4 and
E(c0) = m/4, we can compute that a disk coming from infinity has lost 100(1 —
V(T + pr/psm/4)/( + pr/ps(m3 /12 — 7 /4))) percents of its initial velocity at the
moment of the impact. This quantity, represented in figure 5.2, increases with
pr/ps and tends to 100(1 — \/1/(72/3 — 1)) ~ 34% as pr/ps goes to infinity.

35

= = N N w
o [6;] o ol o

Velocity damping at collision point (%)

[é;]

0 5 10 15 20
pPFE/PS

Figure 5: Velocity damping at the collision point with respect to pr/ps
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In particular, even with an infinite density fluid, the disk does collide with the
boundary.

6 Explicit form of the Lagrangian system of ODE’s
in the general case

Assuming additional regularity for 9L, it is possible to make explicit the Fuler-
Lagrange equations (1.2). The expression shall involve ¢(Q, -) defined in section 2.3
and [Dp(Q,-)] on T'2(Q) and geometric data of the solids. It will be use in fu-
ture work to perform numerical simulations. For any x € I'4(Q%), 7 (Q?, x) and
75(Q¢, x) stand for the principal directions on I's(Q) at the point x and x¢(Q¢, x)
and x5(Q¢, x) are the principal curvatures. The set {74 (Q¢, x), 75(Q%, x), n*(Q¢,x)}
is a direct orthonormal basis of R? and IT*(Q?, x) = % (Q%,x)7 (Q!, x) @71 (Q', x)+
K5(Q% x)T4(Q x) ® T5(Q%,x) is the second fundamental form on I'i(Q) at the
point x. We refer to [7] for details and precisions on this topic. We introduce the
6—length column vectors defined on I'2(Q) by:

oy [911((x = B) A (@ x)
RACE R i (6.1)

7(Q",%)

and Wi (Q%,x) = WL (Q,x) = 0 if x € T3(Q7), j # i. The 6n—length column
vectors Wy, (Q, x) and W, (Q,x) are obtained by concatenating respectively the n
vectors Wi (Q',x) and the n vectors Wi (Q?,x). For all x € I';(Q) and k = 1,2
we set ki (Q,x) = Kt (QF,x) if x € T5(Q"). We define the 6n x 6n symmetric by
[B(Q,x)] =diag([B*(Q!',x)],...,[B"(Q",x)]). Each 6 x 6 symmetric sub-matrix
[B1(Q¢,x)] is given on T'4(Q?) by:

Wi (Q,x) = [[”i]((x —h) A T?;(Qiax))} . k=12 ifxeTH(Qi), (6.1b)

; W 0] | =, [w'] (03]
[B*(Qi,x)] = [ 03] (1] [B(Q", x)] [ 0] (5] ] ; (6.2)
with
E l(QZ,X) —ni(z; — hi), 1<k<l<3,
Qi x) = (x —h')-n’ — (z, —hi)ni, k=123,
Bkl(Qz,X) fnl(:ck —hY), 1<li<k<3,
Bkl(QhX) k>3orl>3.

On T%(QY) for j # i, we have [B{(Q",x)] = [0sxs]. We set the matrix [C(Q,x)]
which is also bloc-diagonal [C(Q,x)] :djag([Cl(Q X))y, [C™(Q™,x)]). Each
sub-matrix [C"(Q?, x)] is defined on I'(Q") by:
Wit 05 ]~ W] (03]

C'L ’l7X ,
03] [Is] Q) [ (03] [Is] ]

with [CH(Q%,x)] = 3°0_. el @ (n’ Aey) and on T3(Q7) for j # i by [C(Q,x)] =
[Ogx6]. We set at last the following three-rank 6n x 6n x 6n tensors:

[C*(Qi,x)] = [ (6.3)

[Tr. (Q)] = —pr / DEQIDAQT & Wa(Q) do.

+ o [ Wa(Q) © [De(Q)Dp(Q)] doy,  (6.4)
2 r2(Q)

21



and for k =1,2:

[Tr. (Q)] =
S e / ik(Q)p(Q) © (W, (Q) © W, (Q) — Wa(Q) ® Wa(Q)] do,, (6.5)
k=1 r2(Q)
and:
1@ = pr | ¢@=(B@IHC@)D+5(C@QI- Q) )ep(Q) dow. (66

In the following Theorem, the tensor [Ts(Q)] is defined by (4.6).
Theorem 6.1 Assume that OS2 is of class C1''. Then, the Euler-Lagrange system
of ODE’s (1.2) reads:
([Ks(Q) + [Kr(@)Q + ([Ts(Q)], Q. Q)
+(ITr. (QI. Q. Q) + ([T, (Q)]. Q. Q) + ([Tr(Q)], Q. Q) = Og..

Furthermore, all the matrices and tensors involved in this equation are well defined
and indefinitely differentiable with respect to Q for all Q € Q.

Proof : We recall that the vectors V}‘C and the functions g,i and G?C arising in
the sequel are defined respectively by (4.8), (4.9) and (4.10). Applying the formula
(2.3) and (4.4), we get:

aagi (R(O)Twi) = —R(O)T (Wi Awh) +R(O) T (WiAwi) =03, 1<I<k<3,
l
3691- (R(O)Twi) = —R(O) T (wi A wh), 1<k<i<3.
l
From these identities, we deduce that, on I'y and for all i = 1,...,n:
%if(Qi,x):(), 1<I<k<3,
l
3G}, i i iNT ([, i i i
891 (Q 7X) =n - (<_R(0 ) (wl /\wk)) A (X_ho))7 1 < k < l < 37
1
aGi;”i‘"(Qi = —R(6")n (Q’ EA 1<k1<3
89; 7X)__ ( )1’1 (va)'(wl ek)7 = Ryt >
and
%C}if(Qi,x):o, 1<1<3,1<Ek<6.
1
Using the generical notation (¢t,...,q5) = (0,05, 0%, hi, hi, k%), we have therefore
on I'y:
%(jf(qi,wl(cz,x)):o, 1<l<k<3,
1
G, (i -1 i A i) i (O
SoH(Q 07 Q) = (w] A (@) - VE(Q)
1
— (Wi, An'(QY) - VI(Q), 1<k<1<3,
oG" . oo .
S (@971 (Qx) = (0'(Q) Aew) - wi, 1<1<3, 1<k<3,
1
%Gf(Q",cé‘l(Q,x)):O, 3<1<6, 1<k<6.
q
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If 1 <1,k <3, we can rewrite, taking into account the definition of the vectors Vf
and the properties of the wedge product:

(wi An'(Q',x)) -V} = (wj An'(Q',x)) - (W A (x — h'))
= wi [((x—h") -n"(Q",x))[3] - n*(Q,x) ® (x — h')|w].
In order to apply formula (3.5), we need also to compute the quantities V., gi.(Q?, x)-
Vi(Q',x). Denoting merely Vi instead of VI(Q?,x) in the following, we have, for
alli=1,...,nand for all k=1,2,3:
Vo (0'(Q1,x) - (Wi A (x — 0))) - Vi = (IV,0(Q,x)]V}) - (@) A (x — b))
+0'(Q", x) - (Wi, A [V-(x —h")] V).
According to the definition of the tangential gradient in [11] page 192, we get:
and therefore:
V.9.(Q'x)- Vi = [V.n'(Q",x)]V} - V} — (wp An"(Q",x))- V], 1<k<3. (6.7a)
In the same way, we can compute:
V.0i(Q4,x) - Vi = (V,n'(Q",x)-V})- Vi, 4<k<6. (6.7b)

Denoting then 7TT%(Q¢) the tangent bundle of I'4(Q?), TS? the tangent bundle
of the 2-dimensional sphere S? and II' : TT%(Q%) x TT%(Q!) — TS, the second
fundamental form on I'y(Q?) (see [7] for a definition of these notions), we rewrite
(6.7):

VTg,i(Qi,x) V; = _<Hi(Qi7X)7V§vvz> - (""’;c A ni(inx)) ’ ?7 1<k<3,

V-01(Q,x) - V] = —(ITN(Q%,x), Vi, Vi), 41<k<6

According to the notation introduced earlier in, we have the identity:
I'(Q',x) = £1(Q", x)T1(Q",x) ® T1(Q", x) + r5(Q", x)75(Q", x) ® T5(Q", ).
Building now the 6 x 6 matrix [A?(Q?,x)] whose entries are:
_ 9G;,
dq;

Q%) = V,g:(Q", %) - Vi(Q',x)
= (k1(Q', %) + /5(Q",%))g:(Q", %) (VI(Q', x) - n'(Q", x)),

i:l (sz X)

we get the identity:
[0s]  [I3]
= [4(Q)] + [B(Q)] + (@)

Let us drop Q! and x in the sequel to simplify the notations. The matrix [A?]
decomposes into four 3 x 3 sub-matrices [Ag], 1 < k,1 < 2 defined by:

[AY(Q',x)] =

) = 3 s — 1) A Th @ (x—hf) ATk — (x—h) An’ © (x — h) An),
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The matrices [Bi] and [C] are defined by (6.2) and (6.3). Applying formula (3.5),
we get:

<3[Ii;(°§Q)]’ Q> Q=-er /Fz(Q) [D@][De] " Q(Wn - Q) dory

2

+ W-rk'. + W, Q W"'k'. do
> or / PV Q)4 W (o QYW Qo

tor [ Q7B+ (C)Q) + (B + [C) Qe Q) dow
I'2(Q)
p. / (k1 + 12) (Wi - Q) + Wl - Q) (W - Q) do
T'2(Q)

where the vectors W, (Q,+), W,,(Q,-) and W,(Q,-) are defined on I'2(Q) by
(6.1). Proceeding as well we get:

- JOER(Q)]
QT< 9Q

Ve e [ (@QIDAIDGT QW de,
r:(Q)

2
+2kZ:1pF /Fz( )nk(wQ)(Wm Q)W de+2/F2(Q)(<p-Q)[B}QdJI

+ / (0~ Q)(C] + [C])Qdo, — 20p / (k1 + 52) (- QW - Q) dor.
r'2(Q) r>(Q)

After some simplifications, we deduce that:
IKr(Q)] s\ o 1ot /0Kr(Q) S

or [ IDRDETQWn - Q)do, 4 sor [ |IDe]TQPWada,
ra(Q) 20 Jra

2
+ WTk'szwn'der
kz:jlpp /FZ(Q)W[( )2 (W Q) do

1

TP / P(QT(1B] + [CQ) + ~(1C] - [ Q¢ - Q) do,. (68)
r>(Q) 2

Introducing the tensors [T, (Q)], [Tr,.(Q)] and [Tr(Q)] defined respectively by
(6.4), (6.5) and (6.6) and plugging the expressions (4.7) and (6.8) into (4.1), we
obtain the formula of the Theorem 6.1. W

A Proofs of the Propositions of section 3

Proof of Proposition 3.1: Let ¢ be a function of V! and define $(Q,-) =
0(¢71(Q,-)). Simple computations yield:

VHQ.) = Vel Qu)IDHQu0 Q)]
[ ve@0Pax= [ VeeA@x)veT () dx,
2(Q) Q

and according to the hypothesis (Hy), ¢ 0 ¢~1(Q,-) lies in V(Q). The variational
formulation (3.4) can be rewritten with the test function ¢ o ¢~1(Q, ) and yields,
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upon a change of variables:

/Q VUL(Qu3)[A(Q, )]V () dx = / GQx)px)do,. (A1)

Notice that the expression of the integral on I' results from the hypothesis (Hs).
We define then the mapping:

Fl:ox vt — vty
(Qa U) HA(Q)Uigk(Q)v k= 1727
where A(Q) : V! — (V1) and Br(Q) € (V') are defined by

(AQU, @)y = /Q VUIAQ)IVy dx, YU,p € VY,
(B(Q). @) 1y syt = /F GL(Q)pdo,, Ve V.

The mapping Q € Q — Bx(Q) € (V) is of class C” because Q € Q — Gx(Q,-) €
L3(T") is and the mapping Q € Q — [A(Q)] € L>=(R3, M(3)) is of class C*, like ¢.
At last, the mapping
L=(R% M(3)) x V! — (V1)
([4],U) — AU,
defined by
(AU, ) 1y 1 = / VU[AIVe" dx, YU, p e V!,
Q

is of class C*°. Therefore (Q,U) € Q x V! — A(Q)U € (V') is of class C* and F}!
is of class C™{@8} (remark that Fl is of class C* with respect to U because it is
linear and continuous). Moreover, F}}(0,,u(0,,)) = 0 and OF} /0U (0,, ux(0,,-))
is an isomorphism from V! onto (V!)’, according to the Riesz representation Theo-
rem. Indeed, for all U, ¢ € V! we have:

OF}
ok (0,, uk(0,,))U, - / VU - Vi dx.
ouU o

(V1) xpt

Applying then the implicit function Theorem, we conclude that there exists a neigh-
borhood Qp of Q = 0, in Q and a function Q € Qy — Ui(Q,-) € V! of class
cmin{ef} gych that Fl(Q,Ux(Q,-)) = 0 for all Q € Qp. By uniqueness of the
solution of (3.4) in V1(Q), we conclude that U(Q,-) = ur(Q, #(Q, -)).

Proceeding as in (A.1), we rewrite T(Q):
T(Q = [ VU(QX)A(Q X TUAQx)T dx.

Since Q € Qy — VU(Q,") € L2(Q,R3) is of class C™™e8} and Q € Q
[A(Q, )] € L>®(R3, M(3)) is of class C°°, we obtain the expected regularity result
for Q € Qp — Y(Q), namely Cmin{a,8}

Assume now that T is of class C1'! and that G (Q,-) is like in the hypothesis
of the second part of the Proposition. We define
F?:QxV?— £2(Q) x HY*(T)

—div([A(Q)]VU)
(QU) ( VU|r -n—Gg(Q,-) ) .
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Taking into account (Hs), [A(Q)]—[I3] is compactly supported and div([A(Q)]VU) =
div([A(Q)]) - VU + [A(Q)] : [D?U] lies in £%(Q) when Q is not bounded. When
Q is bounded, we have to check furthermore that [, div([A(Q)]VU)dx = 0. Since
[A(Q)] = [I3] on T', we have

/ div([A(Q)]VU) dx — / VU - ndo, = 0.
Q T

Proceeding as for F}', we prove that F} is continuously differentiable. Moreover
Fk2(0p7uk(0p7 )) =0 and:

OF? [ -AU
W(Opauk(opf))[] - ( VU|F ‘n ) ’

Classical results for elliptic equations [5] when € is bounded or results of [1], [2]
and [4] when € is not, ensure that 9F?/0U(0,, ux(0p,)) is an isomorphism from
V2 onto £2(€)). At this point, let us stress that with our choice of functions spaces,
the classical compatibility condition fﬂ fdx + fr gdo, = 0, essential to solve the
Neumann problem —Awu = f in Q, Ou/0n = g on T' when Q is bounded, is not
needed when €2 is not bounded (see [1] and [4]). We apply then the implicit function
Theorem and conclude as for FF.

Let K be a compact subset in €2 and consider a function (x € C§°(£2) such that
Cx = 1in aneighborhood of K. The function Q — Ux(Q,-) = Cx (#(Q, ))Uk(Q, ) €
L?(R3) is continuously differentiable and

%[;k Q) =Uk(Q, ) V¢ (¢(Q,")[Do(Q, -)] + C(¢(Q, .))%zf Q. ).
In particular: N
8Uk _ % .

Since AUL/9¢;(Q, ) € A{{I(RS), we deduce from the Lemma 5.3.3 page 181 of [11]
that Q — ux(Q,") = Ur(Q, ¢~ 1(Q, ")) = (r()ur(Q,-) € L*(R?) is differentiable.

Furthermore Uy, and uy, are linked through the formula:

oy,
0q;

90,

(Q.67(Q.) -~ VU(Q,¢071(Q,) - Vi(Q,), i=1,...,p.

We can define the function duy/0¢;(0,,-) in the whole set Q by its restriction to
any compact subset of € :

8uk - 6ﬂk

P,y = Do, K Q.
S0 = G0, e

K
Since AUy /dqi(0,,-) € VI, VUL(0,,-) € L*(,R?) and V(0,,-) = 0 on I'y, we
obtain therefore that:

Ou Uk

aQi (Opv ) = aQi (Opa ) - VUk(Opv ) : Vi(Opv ) € Vla

where V' is defined by (3.6). We proceed as well to define OVuy/dg;(0,,-) €
L?(Q,R3), taking into account that Ux(0,,-) € V2. W

Proof of Proposition 3.2: The domain Q being of class C™!, we can extend
any function ¢ € V? to be a function of V? and for all Q € Q, ¢|q(q) lies in V(Q).
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Choosing this test function in (3.4), we compute the derivative of the variational
formulation:

Vur(Q.x) - Vplx) dx = / G1(Q.x)p(6(Q. %)) dor.
Q(Q) r

at the point Q = 0, with respect to ¢;. Applying the Corollary 5.2.5 of [11] page
173, we obtain that:

/ 6V“’“(op,x).w(x)der / Vur(0,,%) - Vo(x)(V? - n) do,
aQ) 94 Iy

_ Flaaif(owxw(x)daﬁcgi( A Gk(Q7X)<P(¢(Q,X))dJm>~ (A.2)

The Lemma 5.3.3 page 181 of [11] ensures that Q € Q — ¢(¢(Q, -)) is differentiable
and that
Iy

5, @(Q) = Vo(#(Q.) - VI(6(Q.)) € V.

In particular dp/dq;((Q,-))|r, € HY/?(T3) and we have :

d
dg; </F2 Gk(Q’X)QD(QS(Q,X))dUm) =
. %C;f (Q,x)p(d(Q,x)) + Gr(Q,x)Ve(4(Q, x)) - Vi(6(Q, %)) do.

Plugging this expression into (A.2), specifying Q = 0, and denoting merely uy,
G and V' for ui(0,,-), Gi(0,,-) and V¥(0,,-), we obtain on the one hand the
variational formulation for Vuy:

/ OV Vpdx +/ Vuy - Vo(Vi-n)do, =
o@ 94 rs

oG ~
+ / achp + GV -V;do,, VYee V2 (A.3)
Ty 4

On the other hand, computing the derivative at the point Q = 0,, of the expression
of T(Q) and applying the Corollary 5.2.5 of [11] page 173, we get:

d 0
T ( vul(Qa X) : V’LLQ(Q, X) dX) = aVUI : VUQ daa:
4di Q(Q) Q-o0, r 9q;
+ [NV e+ [ - Vus (VP -n)do,.
r 0g Ty

Since u; and uy lie in V2, we can use the identity (A.3) in order to transform both
right hand side terms. We get therefore:

d

d—qi = Vu; - Vue (V' -n)do,

rs

( Vui(Q,x) - Vue (Q, x) dx)
Q) a0,

+ / 0Gy ug + %ul do, + G1Vus - Vi + GoVuy - Vidoy,. (A4)
ry 9q; 0q; T

Then, decomposing V¢ into its normal and tangential part on 'y : Vi = (V.n)n+
Vi, one obtains that:

Vug - V' = %(Vi ‘n) + V,uy - Vi (A.5)
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where V. stands for the tangential gradient on I's. Using some results of differential
geometry (see [11] pages 192-197), we have on the one hand:

G1V,uy - Vi = div, (Giua VL) — V.G - Viug — Gyugdiv, (VY),
and on the other hand:
div, (VL) = div, (V%) 4 (k1 + k2)(VP-n), div.(V?) =div(V)) —n'[DV]n,

where k1 + k2 = —div,(n). Taking into account (Hjz), we deduce that div(V?) =0
and n'[DVin = 0 since [DV?] is a skew-symmetric matrix. We remark also,
applying Lemma 5.4.10 page 194 of [11], that:

diVT(GluQVi) do, = / ddi—(GlUQVi) do, =0,
T r

the first equality resulting from the hypothesis (H3) which means in particular that
Vi=0onTI;. Finally we get:

/ GV, uy - Vido, = 7/ (k1 + K2)Grua(VP-n) +uaV, Gy - Vido,. (A.6)
FQ FZ

Summarizing (A.5) and (A.6) and plugging the result into (A.4), we obtain the
expression (3.5) of the Proposition. W
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